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Abstract. We analyze the approximately optimal conirol of queues in tandem with heterogeneous
gervers. The quenes are assumed to be under heavy traffic. The controls are putting offfon various
inputs and services. Discounted cost structure is considered. It is shown that the scaled controlled system
converges weakly to controlled limit reflected diffusion. We also prove that the optimal polices for limit

when adapted to the physical system is nearly optimal,
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1. Introduction

A standard approach to analyze queues in heavy traffic is the following. Assuming
that the arrival and service channels are independent, take the difference between the
properly scaled arrivals and departures and use some form of central limit theorem and
weak convergence to get a limit process. Then identify the limit process by specifying its
moments. Usually, the limit is a Brownian motion with some drift. On the approximation
of queues, we refer to the work of Reiman [14], Harrison [4], and Lemoine [11] for a nice
exposure to the field. While these results are attractive, they do not specify how to manage
a given system with certain specific limitations, such as finite buffers. Getting a ”good”
control policy to the queues in heavy traffic is important in order the limit analysis to be
useful.

For special classes of control problems, such as queues are stable in the sense that the
traffic intensity is less than unity, the optimal control of queues have been analyzed by Lin
and Kumar [12], Crabill, Gross and Magasine [2], Stidham and Prabhu [15]. Assuming
Markov structure of the problem, an essential role in these problems is played by dynamic
programming equations, but when queues are unstable, as is the case in heavy traffic, and
when the service and arrival rates are not mutually independent, we encounter a lot of
problems. Due to the control effects, there will be impulses of standard type and also
a non-standard problem of "multiple simultaneous” impulses. The weak limits are not
simply just Brownian motions. In Kushner and Ramachandran [9], Ramachandran [13],
the problem for tandem queues with single server at each service station was considered,
optimal and nearly optimal controls were developed.

In the present paper, we consider an extension of the model developed by Lin and
Kumar [12]. More realistic situations are taken into account. Consider the open queueing
systems in tandem.

The buffer sizes are finite. Fach service station P* consists of two servers with different
mean service rates which can depend on state. After being served at P!, the customer
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either leaves the system as a partially finished product or proceeds to the next station and
joins the queue there. After being served at P2 the customer leaves the system. Here,
we consider the control of this system with general arrival and departure rates and service
rates are state and control dependent. The heavy traffic assumptions will be made precise
later. The model considered in this work can be extended and generalized to the situation

of more than two servers for each station.

An expression of a queue at each service station can be put as follows, For each i = 1,2;

Queue at P* = (external arrival to P*)
+ (arrivals from other stations P7) + (departures)
+ ( increase of queue length due to shutting off services)
— (decreases of queue length due to shutting off input)
+ (departures when the queuc is empty)
— (arrivals from other stations when they are empty).

We are now in a position to obtain a precise expression for the queues. Since we have
to keep track of multiple impulses and the action times, the notations are not foo nice.
Nevertheless, it seems that this is not avoidable.

Let ¢ denote the traffic intensity. Let {a"¢(n)} be the sequences of interarrival times
of the customers from the exterior of the network to P!, and let £5¢(n) be the indicator
of the event that there was an arrival from exterior to P' at time n. We shall use the
following convention that the processor keeps processing even if the queue is empty, with
the errors accounted for by an added reflection term. We denote Pj ag the jth processor
for the queue at station P'. Let -[Aj-‘e('n)] denote the sequences of service times for Pj
with a,b‘l-’é(n) being the indicator of the event that a service at P} is completed at time n.

Let I%¢(n) be the indicator function of the event that a completed service at P? at time
n is scheduled to be sent to P’ (j=0 denotes the exterior). Let {p;;,%,f = 1,2} denote the

probability that a completed service from P is to be routed to P7, and p;p = 1— Zﬁﬂ Pij-
Under the e scaling, the buffer size at P is %, for some B; > 0. For simplicity we will
assume that ps; = 0 always.

‘We use the following control actions. The processor Pj can be shut off for a time, at
a cost k; > 0 and the exterior inputs to P? can be shut off for a time, at a cost k%% > 0,
all the costs to be paid at the moments of actions. We can shut off the link between P?
and P/, by shunting out the partially finished product (customer) with a cost ¢;; > 0.
There is a cost ¢;j+/e per lost customer, g;; > 0. If the buffer of Pt is full, then all the
inputs to P* must be turned off. There will be no change in the formulation if we allow
all customers in P? who have completed service are destined to return to P* immediately.

Let P;’E(n) be the indicator of the event that P} is working at time n, P%"¢ the

indicator that the exterior input is not shut off at time n, and C%4¢(n) be the indicator
that the link connecting P* to P’ is open at time n. The following definition is necessary
to keep track of the precise impulse times. Let N}*(n) (respectively N}*(r)) denote the
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nth time that P} is turned off (respectively, turned back on). Let Lb3¢(n) (resp., L e(n))
denote the nth tlme that the link connecting P* to P? is shut off (resp., turned back on).
Let u_: s(i= EN; ‘(n) and I73¢(n) = eL*¥*(n), and similarly for #“(n) , [%9%(n), the
scaled times.

Let X*¢(n) = /€ (number of customers in or waiting for service at P? at time n). Set
the interpolation X*¢(¢) = X"%(t/e). Assume without loss of generality that all processors
and links are working at time ¢ = 0. Then #;°(0) = [v9¢(n) = 0 and V” ‘(n) > V’ “(n),
[hde(n) > [49¢(n), for all n > 0.

To keep track of the flows in the system for purposes of the control problem and limit
theorem, we specify separately the corrections to the flow due to empty queues and to the
flow components due to the control actions. For notational simplicity, e will be omitted in

the terms in summands or integrands. The subscript ¢ is for the phrase ”combined” since
we use it when there is a condition on the status of two controls simultaneously.

Define the arrival and departure processes as

e
A4(H) = VB E¥(n) (1.La)
2 b ,
D) = VEY_(i(n) + S (m), i #0 (1.1

Zui¢ defined below represents the lost output when the link from P* to P7 is shunted to
the exterior, for ¢ # § and ¢,5 # 0.

tfe
Zui4(2) = Ve Y (wi(n)Pi(n) + $5(n)Pi(n))
n=1
(1= GV () (X (m)o) (1.1.c)

Define the reflection term Y##¢(-) and the impulse control terms U:"(\), k = 1,2 as
follows.

. t"‘ﬁ . . . ' .o
Y99<(t) = Ve ($i(n)Pr(n) + %5(n) Py (n)) I (n)I{ xi (ny=0) (L.1d)
tfe
Uphe(t) = fz¢= )T (n)(1 — Pi(n)), 1 j, i #0 (1.1.e)

tfe
US5(t) = Ve ) _&(n)(1 — P%(n)), i #£0 (1.1.f)

) t'fé o L ) 5
U (8) = VEY i mIFH(n)(1 - CFm)Pi(n), 5 #4,5 £0  (Llg)






