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where [, are positive constants atcl
e <o < <y <00

are given; §(x) is the Dirac measure with unit mass at r = 0.

This problem was recently studied by Friedman and Ou [2] in case ng(x) 1s a continuous
nonnegative function with eompact support. The system describes a model of crystal
precipitation [B]; see also [1] [3] [4]. Tl initial values of the form (1.6) are of particular
interest for the model.

In §2 we establish a solution for (1.1)-(1.5). In §3 we prove that, as { — oo, the radii
of all the crystals that have not disappeared {in finite time) converge to a eritical radius
£, which is either one of the two zeros of the transcendental equation

N
(1.7} Brn€® + ctet = ey + B Z fm Ty = €.

T?|'.=[

Tt follows that for a large class of mitial data,
et < lim eft) < e g
f—on

this is in shmp contrast to the asymptotic behavior in case ng(x) is a continuous function
where (see [2]).

lim eft) is equal to elther ¢ or  ef.
e daal]

In §4 we analyze for a given ¢ the three sets of initial data (all having the same eq)
for which all the crystals disappear in finite tnne, converge to £ as t — oo or converge to
£ az il — oo

2. Solution of the crystal precipitation problem. In order to arrive at a natural
definition of the solution to the crystal precipitation problem we approximate wng{x) by
smooth initial data ng;{z). Let p;(a} be smooth functions satislying:

. 1
pi =0, pile)=0 if |z|> ; , f pilx) de=1.
Then we take
N
(2.1) fggla) = z pam il — ) .
=0

[ ]



By [2] there exists a solution (n{x, £}, ¢(t)) of the crystal growth problem; we denote 1t by
(ni{z,1), ¢;{x,¢)). Then

(2.2) eF <D ept) < ey
where
N Lo ]
c== oy o [ —Tgpldr = e as j— oo
Cly=tpT4# o [ & @yLE = Lo ) €T 21 g .
m=1 0

Recall the relations

it) = 1= B [ePns(et) do
a

(2.3) u!':'}_ii} = =33 f&:%lﬂm,f]éﬂﬂhi} di
£
0

where

N Lo lof#) = e*eT /=)y if x>zt
(25” Gj{m:' £} = T{ @ - J ; . j( ]

—hslctelF — o(t))® if &< x}(t)
anid
. ! I‘
(2.5) 23t = ——r .
log —“Jiﬂ

Denote by x;(t) = ;(t; 2) the solution of

de;

= G et
(26) i =Gt

zi(0) ==

Asin [2],

i
—L =
i

and thus (1) < C(t + 1) 0 <t £ T. Using these estimates, we deduce from (2.3) that

Gz, 1) < C,

. el TH1)
ii;'fi = -3 j :ﬂgn.j{grjt}{?j{m?t) da
11

i)

= f (e, t) de = —C

a3 (1)
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since [ n;(x,t) de < [ ngj{a) de < O see [2].
0 b

It. follows that the functions ¢;(t) -+ C't are monotone increasing and uniformly bounded
for 0 < ¢ < T. Hence, by Hellys theorem, we can extract a subsequence ¢;(f) which is
pointwise convergent, say to a function ot). We conclude, by diagonalization, that for
some subsequence,

(2.7) ci(t) — eft) for all t=0.
Frem (2.3)-(2.7) we thus easily deduce that, for any € > 0,
ziit) — x(t)

uniformly in bounded #-intervals as long as 2(f) > €, where

ix -
N
() =,

and Gz, 1) is given by {1.3).

Suppose x(t;zp) = e for 0 <t < T. Then x(t;2) = ef2iL0<t<Tand |z —z9| <¢
for € small enough, and =;(#; ) — x(t; 2} uniformly in te[0,T), & € [wo — &', 2y +€']. By
[2; Lernna, 5.1] we get

i (Gapte') wpt e
i, i) de = f ni(z} de = po .
x;{tyente) Lp—¢

The same considerations apply to each of the points x,,; further

.r{t,?:

f ni{x,t) de =10

FEIET]

if the interval {& <« £ ?} does contain any points x, and 7 iz large enough. [t follows

that, for sny 0 < e < b < oo,

]

b
J.W
fnj.-i'\:r;,fj el — [ Z penblw{ty 2y, ) — o) de
' b M=l

2

as j — oo, Thus, in the sense of weak convergence of measures, forany t =0
nilr,t) — nlx,t)
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where, upen setting ©.,.0t) = 2t 20 )

M
{2.9} e t) = 2: tm Sz m(t) — ).
=1
We also have
N
(2.10) ety =61~ B pmth(t)
7]E=1
ael, if 2*(#) is defined as in (1.4],
dm'nt
(2.11) G = Glemelt)),
m?.u.{_n-]l = im
1-‘.?']__]"}11_‘.-
boyle + E: ,ﬁlr.f.j:r.;’-[i} — nc:"'n.'-ﬁ]:'n“]T if ep = 2™(E),
(2.12) G, cft)) =
— (e e — Z B e {ﬂ if @y < 2*(E).
=1

TuponeyM 2.1. There exists & unique solution of the differential system (2.11} with G
deffued by (2.12).

Indeed, existence was already proved. To prove uniqueness we suppose that there is
another solution with @,(#), &), From (2.12) we then deduce that, for 0 <1 < T,

Gl (£).e()) — G (2, E(1))]
< Gz = &z + e — al|7)

where @ = (z1,...,2x5), & = (F1,...,Ex) |lullr = sup [|uft)], and from (2.10) we get

Qi
e — f.:”'y = || Thus

|Gam(D), e(d)) — GEL{thEE)] = Oz - E]lr,

and using {2.11) uniqueness easily follows.

From the tniqueness part of Theorem 2.1 it follows that the limit function n{z,!) is
independent, of the choice of the approximaling sequence pj, and that the full sequence n;
is comvergent to 1t tlis motivates:

[ |



DErNITION 2.1, The function n(z,t) defined (uniquely) by (2.9} (with (2.10)- (2.12))
is called the solution of the erysial growth probiem.
43, Asymptaotic hehavior. Set

i.hlli"
(3.1} 01 =cep+ 3 Z T

m=1
Smee the function
JTIN; g i

15 convex and fends o 400 as £ — 0 and as £ — co, there exdst at most two positive zeros
£1, & of the equation

{3.2) it 38T el 16 = .
We choose them so that & < &2 We shall prove:

TusoREM 3.1. (a) Foranywm < N, wn,(t) — 0in finite time; (b) either (1) o ni(t) — 0
in figte iime, or (it} an(t) — & (fori=1ori=2) as{ — ca.

We note that case b)) cannot occur if (3.2} has no positive solutions.

Clearly =;{f) < x;41(#) for cach j as long as #;{1) remains positive. If all the z,(t)
comverse to zero in finite thne, then the assertions {a), (b){1) follow. Thus it remains to
consider the case where, for some k < N, zg(t) = 0 for all # > 0 whereas z;_,{{) converges
to zero mn fmite time ¢ = £y, For simplicity we take 4 = 0.

We first consider the case L < N,

LeMMA 3.2, Foranym > Lk + 1,

(3.3 Tt} — e (t) iz strictly increasing in ¢,
and
173
(3.4) () < ( “ )
o T\ fpw
Proof. Since Gz, oft)) 1 strictly monotone increasing in i,

dx . d it
E— Gln(t), e8] > Gloma (D), dt) = =5
ot ' dt

and (3.3) follows. Next, since et) = 0,

N

Hitn ;t:"_.E.,_;{J‘.:I < f Z T, :L'fu{i] <

=k

and (3.4) follows,



Levua 3.3, There exisis g such that either

{3.5) anlt) = (1) far all £ > iy,
or
{3.0) ) < =%(t) for afl £ = 1.

Proof. Tt suffices to show that whenever 2 = 2n(t) and & = &*(¢) intersech at some
e t = £y, then dey(ty)/dl = 0 and de*(4}/dt < 0. The equality is obvious. To prove
the inequality we wse

de(t) Y, o dT(t)
- = -3 m ot I
- B2, 1 TG
N
= 38 Z: e T2 (VG (2, (2),6(£)) > 0 at 2 =14
=k

since Glaar(t), olf1)) = 0 wherens G{u, (1) e(fH)) < 0if k < m < N. Hence, from (1.4),
('J'-;JJ'I'I:?H :JJ."I{.EE' < 0,

Consider first the case (3.6). Then

o oy

_ffi

(3.7) = Gl n(t), (1)} < 0

and sirilarly digfdt < 030 & <0 m < N, From (2.10) we then deduce that defdi = 0,

Henee ofoc) = tlil_];ﬂ eft) exists. From (3.7) we also deduce that & y{oo) = Lim (1) exists

arud
(3:3) G i), e(00)) = 0.
From Lemma 3.2 we see that, for some gy > 0,
(3.9) am(t) < anloo) — (k=< m< N)

for all  large enough and therefore, by (3.5),

-
oft

(3.10) = Glzw(t),c(l)) < —n <0

for all such #'s. It follows that w,.({) must converge to %ero in finite time, which is a
contracdiction.

=1




It remains to consider the case (3.5). In this case duy/dt > 0 for all £ > 0, and
#aloa) = ;]l—tl; (1) exisls and is finite {by (3.6)). Proceeding as in [2; §5] we can prove
that 2*{oc) = ;.liﬂ-,'ﬁ*{” exists and a*(o0) = zy{oo). But then eloo) = t]_ijl':;ﬂf:{\‘r] exists
anc therefore (3.8) must hold, Irocceding to argue as in (3.9), (3.10) we again derive a
COTh T '-.t“i'.t;ﬂﬂ.

We have thus proved that the case & < N cannot cecur. Thus all the w,(#) with
mt < N must tend to zero in fnite time. If 2 = zn(f) intersects x = x*(1) for sone § =4
then wa(f) = @ 4(2y) is a solution of the differential equation (2.11) with ¢(2) = e(fo} for
t > tg. It follows that £ = Llifm 2w (E) satisfies (3.8) with 2*(o0) = £; consequently £ is a
solntion of (3.2), and (){ii) fnﬁo'ws.

Tt remains to consider the ease where x = wny(t) does not intersect x == z7(#). In
tlis case either (3.5) or (2.6} hold. In hoth cases we can argue as before and deduce that
2y oo) and 2% (oo} exist and are equal. In view of {3.8), their common value must satisfy
(3.2}, and this completes the proof of Tleorem 3.1.

In §4 we shall show that the case (b){(i1) oceurs for a large class of initial data e, ... 5.

COROLLARY 3.4, In case (D1} oceors,
(3.11) e <l eloo) <l ey .

This is in sharp contrast to the situation when wy(x) is a continuous functions; in fact,
in that case, as shown in [2], efea) must be equal either to ¢ or to e*,

14, Asymptolic behavior (continued). We define

(4.1} ] = 11.1111{{:*{:5 + By 7},
) =0
J’l.f
(4.2) c) = min{c*er + f( E fin)a”}
x>0 1
m.=

and notice thal C;‘ = r:f1 if AN =1

I oy = ¢} then the equation
(4.3) ¢ eF — (e — Byt =0
has two roots which we have labeled & and £, For ¢ < ¢} this equation has no roots, If
¢1 > ¢f then the equation
-

(4.4) "t — (e — A Z prn)2”) =0

m=l

8



has two roots which we shall denote by o and #z,m < 72, For ¢) < ef this equation has
1o roots.

Az easily seen from (4.3),

..r.j.él_ =) _dfz

. <0
ity flji
anc therefore
(4.5) Ey <y <y < £a for g =
with strict inegualities if NV = 1.
We defime
. hie — ceE)? i w> at(t)
(4.6) Glre,e) = ¢ s B _
whgleer — ) if < z¥(t)

where » = o) 1s defined hy ¢ = e*el/2 We would like to analyze the asymptotic behavior

of the solution (=, {),...,exy(¢)) given initial dala (£1,...,2x) in the set
N
3
Soem s (@, .,enl # Z P Ty = €1— Co ¢ 5
=l

each such data yiclds the same concentration c¢;, and thus, the roots £1,£2.m,%2 are
independent of the particular point in 5.

Introduce
So=1{{z1,....2n) €8 zx(t) = 0 in finite time },

for § = 1,2. Then, by Theorem 3.1, § = Sa U 5 U Sa.

Consider first the case N = 1 and assume that ¢; > ¢]. Then

CGlen,c) <0 il ay<&h o zy>&
anul
Glew.e) >0 if & <ay <.

Henee 2 p(f) — 0 in finite fime if enl0) < € an(t) — £ if 25(0) = &, and znlt) =& if
zp{0) =&

For N = 1 the situation is much more difficult to analyze. We shall give some partial
results.

If o, < ¢} then Theorem 3.1 imphes that § = §y. We also have, for fixed ¢y >k
(4.7) §=8, if e —e¢ 1ssufficiently small.

Indeed, zx(0) is then sufficiently small and, as easily seen, @y () | 0 in finite time.

0



THEOREM 4.1. If ey > of and

M
(4.8) e —en < AY . i

m=1
then § = Sy,

Proof. Sel

i
(4.9) E=e— (Y pmii ; T<co

=1

Since ¢ — ¢g = BTp, 2o, (0}, it follows from (4.8} that £ x(0) = #:. We claim that
(4.10} wn(t) = m forall £

Inceed otlierwise consider the smallest  such that 2x(2) = m; then ’]"i\r{?‘) < (. Also

e
et} =¢ — 8 z: fm To (8) > by (4.9)

m=1

(some of the a,(2) may vanish). Since Gy 1,Z} = 0. {by the definitions of 1y and ) and
G is strictly monotone inereasing in e,

0 < Gin, (1)) = Glzp(t), e(t))

and thus drp(t)/dt = 0, a contradiction.

The above proof of (4.10) shows also that n(t) = 11 + € for some sufficiently smiall
e = 0. Tk follows that tlim x5t} > 5y and, in view of (4.5) and Theorem 3.1, lim 2 () = &,

Le, (#p,...,7n) € 8 for any (zy,...,2x) in 5.
THEOREM 4.2, The sets Sy and Sy are open subsets of 5.

[t follows that §; is closed in S; further if §5 and Sp are both nonempty then any
continuous etrve in S which eonnects a point in Sp to a point in Sa mmst intersect Si.
Thus §; “separates” Sq {rom S.

Proof. To prove that Sy is open, let {2,.. ., 2§} € 5o and let (F,,... JEn) € 5 with
Y|x? — ;| < &, § small. Denote the rorresponding solutions by {z3(¢), ..., z%{f)) and
(@:2),.. ., @n(t)). Then, for some tp > 0, 21} > 0for 0 <& < fp and 2n(ig) = 0.
Further, if #x(¢) > 0 for ¢ < {g, the

#n(te) < ald)

10



where o(§) = 0 if 6§ — 0 (by contimious dependence of solutions on the initial data). If
o) is small enough then

din(thfdt <0 for ty<it<iq,

for some tq, and Fpn(t;) = 0. Thus (#1,...,Fx) € 5y and, consequently, 5y is open.
0

We next prove that Sy is open. Let (2., 2%) € 53 and #q,...,3n) € 5 with
B! - &) < 48, 6 small. Choose T large enough such that
e By =0, F.{f)=0 if t2>T.

“n—1

Denote the concentrations cft) corresponding the solutions (z1{#), ..., % ()} and (&1{¢).. .., Ewnlt}),

respectively, by ey(#) and £(¢#). Consider the functions

19(t) = (2) — ¢* T = (cg b SBju(el)?) — Bk (1)) — et eI

Ty = #t) = e* ) = (e - BB 5,) — pBlE (1)) — c* /A
Since lim x y(1) = £, we may assume that

E_J-I-{:a
ij

Pl

{SEN{ELJ Yi=T;

hence I%(t) > 0 and dxfy(t)/dt > 0 for t > T (as in case N = 1) as long as af(?) < &2
Siralarly, as long a3

Eliéi < Enlt) < £y

we have 1 (£} = 0 and d&p(t)/dt = 0. We can choose 6 small enough so that & anlIY =
&1+ 6

2
previous ebservation, & y(t) cannot decrease to (€1 + £2)/2 for any ¢ > T. It follows, by
Theorem 3.1, that Bm &x3{(#) = & and tls (Fy, ..., 8 x5) € 5.

Ly continuons dependence of solutions on the initial data) and, then, by the

THEOREM 4.3, If §1 £ ¢ then S\ NS¢ # ¢ and 5 NS, # 0; consequently int 5, = ¢.
Proof. Let (af,...,z%) € .55 and set
Bi={(F1,...,8n) € §; T|#; — 2" < 6%}, 6> 0.
Choose T such that x%,_ (1} = 0. For any € > 0 there is § > 0 such that for each solution
with initial cdata i s

Fn-1(th=0 forall 2= T4 ¢,

11



We have, by assumption,
(4.11) al(t) — & as t—o00.
We claim that actually
(4.12) sty =6 forall =T,
Inceed, if 2% (Ty) = & for some Tj = T then, as in the proof of Theorem 4.2,

i aft
M8 >0 and E%“) =0 for t>Ty,

and thus (4.11) cannot ocenr. Similarly 23 (Th) < £ implies

d 2%t

g <0 if +t=T1,

" <0 and

and (4.11} camiot oecar.

From the diffecrmorphism
(E1oee @) — (@11, ., Ep(t))
(for t fixed) it lollows that for any 0 < 4" < 4 there exists a point (£,...,&y) m By, with
fy < Bn(T+e) <&
Arguing as above we find that
eyt = (T +e) = & forall ted +¢;

consequently (71, ...,4n) € S2. Thus S2NS1 # ¢. Similarly one can prove that S1N5; #

I'rom the above proof we got:

Copontary 4.4, If(aq,....2x) € 8 then an(t) — & Is finile itme.

Set.

-_":{:1.‘) =L — .'j Z Frand l'm 1

=l

5= .. enliz; >0 Vi, e <elz) = e }

12



and consider the dynamical system

da: ;
(4.13) é?- =Gzelz)) (r1S@2<- < ap)
with initial values (x1(0), ..., xa(0)) in 5. Then the flow remains in § {since G{&x;.e*) > 0).

The roots £,%; can be defined as hefore (they depend only on ¢;), and we also define:

5o = {all (xq,...,2n) €8 such that zy(f) — 0 in finite time ,

§j; = fall (z1,...,2n) E 5 such that zp(t) — & asi— ool
For each ey € (0, ¢; — %) the sets
g — S {elz) = e, — e}, S = g, N{elz) = oy — ep}

cotncide with the sets 5,5, defined above, for the same ¢g. The previous analysis can
easily be extonded to the present sets; in particular:

(4.14} Sy and 5, are open suhseta of 5,
(4.15) it S #£¢ T Si#d.
N L w LB
(4.16} Su=[0,—E1), 5y = {&1), Sz = (£, (‘—L—i—) ] if N=1.
P

The system (4.13) is autonomous and this suggests that some dynamical system ap-
proach may be useful for analyzing the set 5. It can he shown that Gle{x), 2;) < 0 along
the set 5, for all ;.

Plase diagrams of the dynamical system is given below for N = 2:
(a) e <&, (h) &) < e <ef, ) cf <& .
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