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ENTROPY, CHARACTER THEORY AND
CENTRALITY OF FINITE QUASIGROUPS

JONATHAN D.H. SMITH*

Abstract. The paper introduces concepts of entropy and asympotic entropy for finite quasigroups. A
quasigroup is abelian if and only if its entropy is maximal. Tt is a 3-quasigroup if and only if its asymptotic
entropy is maximal.

1. Introduction. Let (X, S, u) be a probability space with probability measure 7
defined on the o-field S. A (finite} partition &€ = {Cy,...,C,} of (X,S, 1) is a set of
pairwise disjoint elements of S whose union is X. The entropy of the partition is

(1.1) H(¢) = —Zu(Cf)log#(Ce),

where the logarithms are taken to an appropriate fixed base (usually 2, 10, or e), and
where (u(Ci)log u(C;) = 0 if u(C;) = 0. The entropy H(€) satisfies the inequality

(1.2) 0 < H(E) <logs,

in which equality obtains on the left if and only if p(C;) = 1 for some 7, and equality
obtains on the right if and only if x(C;) = 1/s for each i [CS,§10.6.]. A second finite
partition n = {Dy,..., D} of (X, S, ) is said to be a refinement of ¢, written £ <, if
each D; in 7 is contained in some C; in €. Then

(1.3) ¢ <n= H(£) < H(n),

equality holding only if each D; in % differs from @ or some C; in £ by a set of measure
0. The concept of entropy in this form originated in information theory, and subsequently
played an important role in ergodic theory [CS, Ch. 10]. It is also closely related to the
classical entropy concept of statistical mechanies.

The intention of the current paper is to initiate the use of the entropy concept in
combinatorial character theory. The probability spaces (X, S, i) appearing will be finite
sets X, on which the o-fleld S is just the power set 2% and the measure u(A) of a subset
A of X is just the ratio |A|/|X| of the cardinalitites. To begin with, consider the case of
a finite group G, partitioned by its set £ of conjugacy classes. This partition associates an
entropy H(£) or H(G) to each finite group G. Since a group has all its conjugacy classes
being singletons precisely when it is abelian, the inequality (1.2) (together with its cases
of equality) gives the following
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PROPOSITION 1.1. Amongst all groups G of given finite order n, those of maximal
entropy logn are precisely the abelian groups.

This paper is almost exclusively concerned with the maximisation of entropy. Never-
theless, in the opposite direction it is natural to make the following conjecture.

CONIECTURE 1.2. Let n be the order of a finite simple group G. Then H(G) is a
minimum for the set of entropies of groups of order n.

Now recall that a quasigroup @ or (Q, ) is a set Q) equipped with a binary multiplication
denoted by - or juxtaposition, for which knowledge of any two of z,y, or z in the equation
T -y = z specifies the third uniquely. The multiplication group G or MIt @ of Q is the
subgroup of the group Q! of all bijections @ — Q generated by all the bijections L{y) :
Q — Q; z— yxrand R(y) : Q — Q; 2 — zy as y ranges over Q. The (quasigroup)
conjugacy classes [J1, §2] of the quasigroup @ are the orbits under the diagonal action
of G on @ x Q. If Qis a group with identity element 1 and centre Z(Q), then the
multiplication group G of @ is given by the exact sequence

(1.4) 1—2(Q) 5 09xQ-5 6 —1,

in which A: Z(Q) ~— @ xQ; 2= (z,2) and T : Q@ x Q — G; (z,y) — L(z) 1 R{y).
Each quasigroup conjugacy class C of ) is of the form {(z,cz)lc € C',z € Q}, for some
(group) conjugacy class €' = [C'N ({1} x Q)]r2. Thus one may define the entropy of a
finite non-empty quasigroup in the following way as a generalization of the group entropy

defined above.

DEFINITION 1.3. Let @ be a finite, non-empty quasigroup, with the set ¢ = {Cy,...,C,}
of quasigroup conjugacy classes. Then the entropy H(Q) of Q is the entropy H(£) of the
partition £ of Q) x Q.

A quasigroup is said to be abelian if it is both commutative and associative, and thus
is either empty or an abelian group. A rank 2 guasigroup Q is a quasigroup with just 2
conjugacy classes, namely the relations of equality and inequality on @ [J2, §5]. One then
has the following strengthening of Proposition 1.1.

PROPOSITION 1.4. Let @ be a quasigroup of finite positive order n. Then
logn — (1 =n""log(n —1) < H(Q) < logn.

Equality obtains on the right if and only if Q is abelian. Equality obtains on the left if
and only if () has rank 2.

Proof. Since G is transitive on €}, there are at most n conjugacy classes, The right
hand inequality follows by (1.2). Equality obtains there if and only if each element of Q
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has trivial stabiliser in G. This is equivalent to @ being abelian (cf. [CP, Th. IIL 6.4],
[J3,Prop. 7.2(a)]). The left hand inequality follows by (1.3). O

Quasigroups are interesting because they cover a much broader range of phenomena
than groups, while still retaining many of the structural features that groups possess,
possibly recast into new form. One example of such retention is the conjugacy class
partition and its associated entropy. Another example is furnished by quasigroup character
tables, which have much of the structure of group character tables {J1] - {J5], [S2,Ch.5).
In particular, quasigroup character tables encode the sizes of the conjugacy classes, so
that the entropy of a quasigroup may be calculated from its character table. Indeed, the
calculation is direct and numerical, merely involving rational functions and logarithms with
character table entries [J1,Cor. 3.5][S2,Cor. 542]. This is why the present applications of
the entropy concept are attributed above to combinatorial character theory.

An illustration of the phenomenal richness of quasigroups is provided by the way
the abelian/non-abelian dichotomy for groups becomes a trichotomy for quasigroups. A
quasigroup @ is said to be a 3-quasigroup if the diagonal § = {(z,z)lz € Q} is a normal
subquasigroup of %, i.e. a congruence class for a congruence on Q2. Groups that are 3-
quasigroups are just abelian groups. A quasigroup @) with an identity element 1 such that
1z =z =zl for all z in @ is called a loop. Then even loops that are 3-quasigroups are just
abelian groups. But in the full generality of quasigroups, a wide gap opens up between
abelian groups and 3-quasigroups. Many interesting examples, such as the projective
geometries discussed in Example 2.2 below, are found in this gap. In general netther the
entropy of a quasigroup @, nor even its character table, can specify whether @ lies in the
class 3 or not {J3, Prop. 7.7 (b)]. The character table of @ does determine whether @ lies
in 3 or not [J4, Th. 3.1], but the determination is indirect and non-numerical, requiring
analysis of the structure of the congruence lattice of Q? (which by [J1, Th. 3.6] is encoded
in the character table). One is thus led to the second main definition.

DEFINITION 1.5. For a finite non-empty quasigroup @, the asymptotic entropy h(Q)
. . 1
is defined to be limsup —H(¢™).
m

nm —0C

By Proposition 1.4, 0 < H(Q™) < log ™|, whence

(1.5) 0 < A(Q) < log|Qf

If Q is a loop, H(Q™) = mH(Q), so the asymptotic entropy h(Q) just coincides with the
entropy H(Q) of Definition 1.3. If @ is a non-abelian 3-quasigroup of positive order n, how-
ever, the sequence H{Q™) exhibits interesting behaviour. It begins by staying well below
mlog n, and then tends asymptotically to (m logn)—k for a constant k. Thus k(Q) = logn.
From the point of view of hierarchial information theory [BCL][S3], the sequence of powers
Q™ may be used to model processes in which a large degree of self-organisation is built
up initially, only to decay ultimately to a small residual level. The entropic behaviour of
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3-quasigroups is examined in Section 2. The third section then presents the main Theorem
3.1 characterising finite non-empty 3-quasigroups @ by the property h(Q) = log|Q]. This
gives a direct, numerical method of recognising 3-quasigroups  from character tables, at
the price of requiring the character tables of the sequence of powers Q™ rather than just
the character table of @ needed for the indirect, non-numerical method of [J4, Th. 3.1].

Together, Proposition 1.4 and Theorem 3.1 show how the two numerical invariants, the
entropy H(Q) and asymptotic entropy A(Q), may be used to locate quasigroups within the
trichotomy. The entropy H(Q) is maximised (at log|Q]) precisely by the abelian quasi-
groups, while the asymptotic entropy 2(Q) is maximised (again at log |Q]) precisely by the
3-quasigroups. The projective geometries P(q} of Example 2.2 have the curious property
of simultaneously minimising the entropy and maximising the asymptotic entropy.

2. Entropy of 3-quasigroups. The class 3 was defined in the introduction to be
the class of quasigroups @ for which the diagonal § is a normal subquasigroup of Q2 i.e.
a congruence class for a congruence on Q2. In order to examine the entropic behaviour of
3-quasigroups, it is convenient to use the alternative characterisation of the class 3 given
by the Structure Theorem [S1, 418], [CP, Th. IIL.5.6]. This characterisation depends
on some concepts of centrality theory [S1][CP, Ch. III]. To begin with, a congruence V
on a congruence & on a quasigroup @ is said to respect the equivalence of « if the three
conditions

(RR) Vz,y € Q,(z,2)V(y,y);

(RS) Y(z1,29),(¥1,92) € o, (z1,22)V (1, 92) = (22, 21)V (y2, 11 );
(RT) Y(z1,z2), (22, %3), (¥1,¥2), (y2,¥3) € a,

(z1,22)V(y1,y2) and (z2,23)V(y2,¥3) = (21, 23)V(y1, ya)

(2.1)

are satisfied. Then V is said to centre a if V respects the equivalence of a and
(2.2) Y(z,y) € aymy : (3,4)" = Qs (21,72) > 71 bijects.

If V centres e, then @, being a V-class, is a normal subquasigroup of a. Conversely [CP,
Prop. IIL 3.5], if § is normal in , then there is & congruence V' centering «. A congruence
a on () with these properties is said to be central. Each quasigroup Q has a unique maximal
central congruence [S1, 228][CP, Th. IIL3.10] called the centre congruence ¢(Q). Thus
@ is a J-quasigroup if and only if ((@) = Q2. This is the origin of the designation 3:
3-quasigroups are “all centre” (3enfrum). If Q is a group or loop, then the centre Z (@) is
the ((@Q)-class containing the identity element.

From the standpoint of universal algebra, a quasigroup (Q,.) is best defined as a set
@ equipped with three binary operations (multiplication . as before, right division /, and
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left division \) satisfying the identities

(ER) (z/y)y=z;
(UR) (z.y)/y = =;
(EL) z(z\y)=1y;
(UL) z\(z.y)=1y.

(For the equivalence of this definition with the one given in the introduction, see [$2, 117].)
A quasigroup (@, .,/,\) is then said to be a ceniral isotope of a second quasigroup (P, ., /,\)
if there is a bijection 8 : Q — P, called a central shift, such that for each of the operations
-/, \, denoted by w, there is an element {p.,,P,,) of {((P) such that

(2.3)

(2.4) (Puwr Pu)V (99’ w8, ¢8¢'8w)

for each pair ¢, ¢’ of elements of @, V being a congruence centering ((P). Central isotopy
is an equivalence relation [S1,412][CP,Th. III.4.5].

PROPOSITION 2.1. If two finite, non-empty quasigroups P and @Q are centrally isotopic,
then they have the same entropy and the same asymptotic entropy.

Proof. Two finite quasigroups A and B are centrally isotopic if and only if there is
a finite quasigroup Z such that Z x A and Z x B are isomorphic [S1, 4.2]. Since P
and @ are centrally isotopic, there is a finite quasigroup Z; with Z; x P and 2, x @
isomorphic. Suppose, as an induction hypothesis, that there is a finite quasigroup Z, with
Z,xPr2Z,xQ". Then (Z1xZ,)x P 2 (Z; xPYx(Z, xPT) =2 (Z; xQ)x(Z,x Q") =
(Zq % Z,) x Q7L It follows that PT is centrally isotopic to QT for each positive integer r.
Now centrally isotopic quasigroups have similar multiplication group actions [CP, Th. IIL
4.6), and accordingly have the same entropy. Thus H(PT) = H(Q") for each r (including
r = 1, of course), whence A(P) = A{Q).

An element e of a quasigroup @ is said to be an idempotent if e.e = e. For example,
the identity elements of groups and loops are idempotents. A central shift § : @ — P
mapping an idempotent of ) to an idempotent of P is an isomorphism [CP, Prop. III.
4.3]. The Structure Theorem for 3-quasigroups [S1, 418][CP, Th. III. 5.6] states that each
non-empty 3-quasigroup @ is centrally isotopic to a 3-quasigroup P with idempotent 0,
unique up to isomorphism. (Essentially, P with {0} is Q%/Q with {Q}.) By Proposition
2.1, the respective entropies and asymptotic entropies of (finite) P and @ coincide. Thus
it suffices to examine the entropic behaviour of finite 3-quasigroups with idempotent. The
Structure Theorem describes the structure of a 3-quasigroup (P, ., /,\) with idempotent 0
as follows. Set R = R(0) and L = L{0). Then 0 is the zero of an abelian group (P, +) on
P having R and L as automorphisms. The multiplication on P is given by

(2.5) z.y =R+ yL.




Conversely, any pair of automorphisms R, L of an abelian group (P, +) gives a 3-quasigroup
via (2.5), having 0 as an idempotent. In the multiplication group of (P,.), the stabiliser
of 0 is the subgroup generated by R and L, a subgroup of the group of automorphisms of
(P,+). To calculate the entropy of P, it is often more convenient to calculate it as the
entropy of the partition of P given by the orbits of this stabiliser subgroup.

EXAMPLE 2.2. (Projective Geometries). Let P be a Galois field of order . Let R and
L both denote multiplication by a generator of the cyclic group P* of non-zero elements
of P. Define a quasigroup multiplication on the full set P via (2.5), giving a quasigroup
denoted P(g). The stabiliser of 0 in Mlt P(g) is P*. Since this stabiliser is transitive
on P¥, the quasigroup P(q) has rank 2, and thus minimal entropy by Proposition 1.4.
Now consider P(q)™, an m-dimensional vector space over P. Except for the singleton
consisting of the origin, the orbits of P* on P(g)™ are the sets of non-origin elements of
lines in P(q)™ through the origin, i.e. the points of the (m — 1)-dimensional projective
space over P. There are (g™ — 1)/(g — 1) of these, each of size ¢ — 1. Thus

(2.6) H(P(q)™) =log g™ — (1 — ¢"™)log(q — 1)
and
(2.7) A(P() = Jim_[losg - P 10g(q — 1] = 1oga,

the maximurm allowed by (1.5). O
The behaviour A(P(q)) = log {P(q)| of projective geometries is typical for 3-quasigroups:
PROPOSITION 2.3. Let @ be a finite, non-empty 3-quasigroup. Then h(Q) = log Q.

Proof. By Proposition 2.1 and the Structure Theorem for 3-quasigroups, it suffices to
consider the case of a finite 3-quasigroup P with idempotent 0, centrally isotopic to Q. Let
¢ be the order of P, and let r be the order of the stabiliser F of 0 in Mlt P. The stabiliser
of (0,...,0) in Mt P™ is then F,, = {(£,..., f)|f € F}, again of order r. The entropy of
P™ (and hence of @™) is equal to the entropy of the partition of P™ given by the orbits
of Fy,. This entropy is

m

(2.8) > s g

LS,
i=1 J
where the non-negative integer n; is the number of orbits of size j. The n; satisfy

(2.9) ny+2ng+ -+ rn.=q".
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For non-negative real numbers z;,...,zr, consider the problem of minimising
"z, q™ 1
(2.10) Z—Jlog*}:—:—m logq ZCL’J Z.’L'Jlogj
j=1 =1 =1

subject to
(2.11) Ty + o4 Fzo=4g"

In view of (2.11), the problem reduces to maximising E;=1 z;log j subject to (2.11). The
desired extremum is attained at z,. =¢™, 2,1 = --- = z; = 0, which gives log¢™ ~ logr
as the minimum value of (2.10). Setting z; = jn; makes the value of {2.10) equal to {2.8).
Thus

(2.12) logg™ > H(¢™) > log¢™ —logr,
whence

1
(2.13) MQ) = lim H(Q™) = logg

as required. [

Comparing (2.7) and (2.13) with Definition 1.5 raises the following
PROBLEM 2.4. For which quasigroups @ does the limit lim -}—H(Qm) exist?
m—oo M

Finally, recall that a quasgroup (@, .) is said to be entropic (cf. [Et, (3)]) if
(2.14) zy.zt = T2yt

for all z,y,2z,t in @. For instance, the projective geometries P(g) of Example 2.2 are
entropic (by (2.5) and the commutativity of the group P*).

COROLLARY 2.5. A finite, non-empty entropic quasigroup @ has maximal asymptotic
entropy log |@!.

Proof. By (2.14), each subquasigroup of an entropic quasigroup is normal. In partic-
ular, the diagonal subquasigroup ) of the entropic quasigroup @? is normal. Thus ¢ is a
3-quasigroup, and the result follows by Proposition 2.3. [



3. Asymptotic entropy. This section is devoted to the proof of the main

THEOREM 3.1. A finite non-empty quasigroup Q is a 3-quasigroup if and only if

h@) =log Q.

The “only if” direction has been covered by Proposition 2.3. Let Q be a finite non-
empty quasigroup not in the class 3. Tt must be shown that A{Q) < log|Q!. In fact, it will
be shown that there are positive constants w and ¢ such that

1 1
(3.1) ZH(Q™) < log|Q| — wlog2 + 52
m m

for all sufficiently large m.

To begin with, fix an element e of (). For any positive integer m, set z = (e,...,¢) €
Q™. Since (} is not a 3-quasigroup, the diagonal € is not a normal subquasigroup of Q2.
The first lemma gives a sufficient condition for normality of subquasigroups (cf. [Br,Th.
I. 3C] for the loop case).

LEMMA 3.2. Let P be a finite quasigroup with multiplication group G. Let h be an
element of a subquasigroup H of P. Then H is a normal subquasigroup of P if it is
invariant under the stabiliser G, of h in G.

Proof. It will be shown that the right cosets H(Ah\p) of H in P form a quasigroup
P/H under complex multiplication. Indeed, for p and ¢ in P, one has H(h\p).H(k\q)
— (HR(A\RR(r (M) R\ [p.r (Ma)) RO\ [pr (M) | - € H} = {HR(A\[pr(h\q)]) |
r e B} = H(W\[pH(\)) = H(WHR(A\Q)L(p) R(\pg) " RU\pa)]) = H(WH(R\pg)])
(HROANF(\pa))) | » € H} = {HR(MD)R(Np) RO (B\pg))) RO (\pg)]) | » €
H} = H(h\pgq). The second equality holds since R(h\p)R(r(h\g))R(P\[p.r(h\g)})~! fixes
h. The fourth equality holds since R{h\q)L{p)R(h\pq)~! fixes h. The last equality holds
since R(R\r)R(B\p) RO [r(M\pg)])~" fixes h. Thus P — P/H; p — H(k\p) is a quasi-
group homomorphism, with H as the preimage of the coset H. [J

If F is the stabiliser of (e, €) in Mlt @2, Lemma 3.2 shows that QF contains Q properly.
[n particular,

(3.2) Jge Q3(a,B) e Mt Q* ea=efi=c¢, gr =s £t =qp.

Consider a random element y = (y1,...,ym) of @™. The probability that its :-th compo-
nent y; coincides with ¢ is 1 — p = |@]™!. The following lemma bounds the probability
that y does not have even a certain small proportion u of its components coinciding with g.
The lemma gives an appropriate and immediate version of the “Chernoff bound” of large
deviation theory [Cr|, [ES, §3], [Sp, Lectures 4,7].
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LEMMA 3.3. For each p in the open unit interval |0, 1{,there are positive constants u, v,
and ¢ (with ¢ 2 1 and v irrational)} such that

lum]
Z (?)(1 _p)kpm-—k < 27
k=0

for all non-negative integers m.

Proof. For given 0 < r < 1, let I denote the circle of radius r centered on the origin in
Lum ]

the complex plane. Then kz::o (T;:) (1 _p)kpm-k — "2_%; /P[z(l —p) 4Pl
1 1 — m G l+|um] _q
z"L“mJ]z_ldz = / 1= Lp) j—p} z dz. For z on I, one has the estimates
27t Jp zlem z(z —1)
1+ jum] _ 1 14 [um] 1 )
(3.3) e <l __—Too
z(z —1) r(l—r) r(l —r)
and
A-p)+p™| _ rA—p)+p]™ _[rQA-p)+p]"
(34) zlum] < rl_u?n] ] < (_—;;)_ ?
T
whence ij i (1-p)p™* < 2_[rd=p)+p]” N 1 1, whil
2o \p) T T | - Now r(1=p)+p <1, while

lim r* = 1. The positive irrational constant u is thus chosen so small that b = r*/[r(1 —

u—0

p) + p] > 1. The lemma follows, with ¢ =2/(1 —r) > 1 and v = log, 4. (]

The irrationality of u in Lemma 3.3 is merely a technical convenience to separate the floor
of um from its ceiling, regardless of the choice of the integer m.

An element y = (y1,...,ym) of @™ is called good if the number of its components
coinciding with ¢ exceeds um, the irrational constant u being associated by Lemma 3.3
with p = (|Q| ~ 1)/|@Q|- A quasigroup conjugacy class of @™ is called good if it contains
a pair (z,y) with good y. If elements and classes are not good, they are called bad. By
Lemma 3.3, there are at most ¢|Q|™.27™ bad elements y. Each bad class contains at
least one pair (z,y) with bad y. Thus the number of bad classes is at most

(3.5) Q™. 270,

On the other hand, good classes are fairly large:
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LEMMA 3.4. Each good quasigroup conjugacy class of Q™ contains at least

elements, for all sufficiently large m.

Proof. Without loss of generality, one may consider the good class containing the pair
(z,y) with y = (g,...,¢,Yr41.---,Um), where r = [um]. For each subset I of {1,...,7},
there is a certain element s of the stabiliser of z in Mlt @™. This element ~; is chosen
to have the property that yyr = (21,..., 2, ¥011,. ., Y} for some y! in Q, where z; = s
for ¢ in I, but z; = ¢ for j not in I. Thus the i-th components of v; may be taken as
the a of (3.2), while the j-th components may be taken as 8. As I ranges over the 27
different subsets of {1,...,r}, one obtains 2" different elements (z,y)(vs,v1) = (z,y77) in
the conjugacy class, each having z in its first half. The result follows. [)

Since Q™ x Q™ has |Q|*™ elements, and each good quasigroup conjugacy class has at
least [Q{™.2"™ elements, there are at most

(3.6) Q™. 2—um

good classes. Let w be the minimum of the two positive constants u and v. Recall ¢ > 1.
Since each class is either good or bad, (3.5) and (3.6) show that the total number of classes
is at most {Q[™ (.27 +-27%™) < 2¢|Q|™.27"™. By (1.2), H(Q™) < log |Q|™ ~log 2¥™ 4
log 2¢. The required inequality (3.1) follows.
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