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LEMMA 5.4. If an integral curve z(t;zq), with 5(0,1p) = zq satisfies #(t; o) > 0 for

ailt = 0, and if lhimsup =(t;z4) = co then ng (#) =0 for all z > 24 and, more generally,
T—ro

et =0 if z>z(ha), t20.
Froof. Tale any sequence t, — oo such thai

Na =2ty 20) — 0.

I'y Lemmas 5.1, 5.2,

' 1
f Tll:.?‘:,-ﬁ) dy = / 'F‘lli.r,'.’.‘,,_:l di = % ﬁ — [
2laren) i ey

as 1 — oo. Hence n{z,$) =01 2 > =({s; 7) for any s = 0.

THEQREM 5.5. Ieloo) = Im olt) exists then

=

L=
(5.5) fﬂ(m,f} de —0 if t >0
0
and
(5.6) either c(oo) =c* or o) =c; .

Notice that
i) W0

and therefore ¢* = c{oo) < ¢;. Thus (5.6) asserts that ¢{co) cannot take any value in the
interval [¢*, ¢, ] other than one of the end—points.

FProof. 'Lo prove (5.5) consider first the case ¢(oo) = ¢*, Then
| A L : x 1" — .
(5.7) f]ﬂﬂm () = oo
For any large positive number A, let £y be such that

A+1<z't) Vi >4y .

Then the integral curve =(1) of (2.3) with z{#) = A is the solution to

&
I: - r
{5.8) CEE' = —kg [ﬂ*ﬂjf-: E*Em} for ¢4
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and, as easily seen, « = =({) must intersect {2 = 0} at some finite time 45+ T, T depending
on A. It follows that any integral curve :_r:{f.) with xz{fy + T) = 0 must satisfy z(#g) = A
Consequently, by Lemmas 5.1 and 5.3,

%1 =5 1
/n{z:tu +T) dz < fn{:a:,{t.}} dr < % o
i A
Since A is arbitrary, (5.5) follows.
Consider next the case ¢{oc) = ¢*. Then
T * I
r*{t) — %) = T 0 as t— 00 .
log =2
For any € > 0 there exists a 1y > 0 such that
(5.9) |2*(4) — " (co)] {g A S

Denote by =(#;ty,y) the integral curve z(f) of (2.3) with z(ts) = y. Consider z(#) =
zt; by, o *(oe) + €). Taing (5.9} we casily see that 2'(t) > 0 for all £ > #g and

dx

(5.10) = = ke’ e —cteR )T for i3>l .
It follows that
Jim a{E b, y) = o0 ;
henee, by Lemma 5.4,
(5.11} n{z, i) =0 f =>a(f; fo,2%(co)+e), 214 .

Consider next the integral curve z(1) = z(#; £y, 77(00) — €). Using {5.8) we easily find
that z'{} < 0 and z(#) is the solution of (5.8) for ¢+ > fp. It follows that & = x(t) must
tend to zero as 4 iy + T, for some T, = (.

From the above considerations we doduce that if 0 < y < z(ty + T4y, 2% (o0] +¢) then
the integral curve z(f) of (2.3) with ={ty + T.) = y must satisfy:

x*(oo) —e < wlln) < w00} — ¢,

By Lemma 5.1 and Cerollary 5.2 it follows that

el lp+ Ttz {oo)4<) " {oa)te
n{z,bp +7;) do < f iz, ty) dr
o T*{oo)—e
< 2Ce
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since n{z,#) < €. Recalling (5.11) we deduce that
fn[;r..,t} dr-22Ce if 1>4+T,
0

andd {5.5] followrs.

Tt remains to prove (5.8). We shall instead prove the following stronger resulé:

TuroreM 5.6. If iminf ¢(t) > ¢* (hen tlim i) exists and
—+iZED

t—roa
5.12) lim eft) = e .
(5.12} Jim eft) = &
Proof. There exist { < T < T2 < oc such that

(5.13) T <zt (t)<F  forall 30,

Dy o continuity argument we can deduce that there is an integral curve @ = x+(2) which is

uniformly bounded, but any integral curve to the right of = = 2,1} converges to +oo as

t —+ oo; here we use (5.13) and note that if an integral curve & = a{t) satisfies x{tg) > T

zt somne time ¢ = fy, then z(t) T oo if # T co.

If z4(1) < 7, for some ¢ > 0 then any integral curve =(#) with |[#{0) — =(0}| sinall

enough must mbersect the f.axis af some finite time. Since however this econtradiets the

definition of xg(t), we deduce that z2(t) > T for all £ = 0. Thus

(5.14) Ty < ap(t) <Fy  forall £30.
By Lemma 5.4

(5.15) n(z,f)=0 if z>z(t), t20.

In the sequel we may exclude the case

(5.16) n{z, ) =0 for some § >0,

sinee in this case n{z, ) = 0 for £ > £, so that &t} = ¢ if ¢ > £, and the proof is complete.

If £4(¢1) = 2*(#;) for some &; = 0, then by (5.15},

_ 0

)| g4 fa,-’*n G dx
[
)

=i

e
fy |
=
=2

p—

:?:%1(::*;3% —c(t1)de > 0,

I
=
L
5
b=
) H-l
""--___‘_‘1'__::
A
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since {5.16) is excluded, and

dz*{11) r c'(t)
{5.18) = — o
dt (log if.ﬂ)z et} o=y,

<0,

whereas duo(ty )/dt = Glz*{t;).84) = (.
From the above remark it follows that z = #*(t) and = = z4(f) can intersect at most
for one value of £. It follows that, for some 1y > 0, either

(5.19) m(t) < z*t) Vixt
or
(5.20) w(t) > 2™ (t)  Wimt.

If {53.19) holds then, as in (5.17), de(t)/dt = 0 and a‘.li.':n c(t) exists. Consider next the
— 0

case (5.20). Then

dza(t)
dt

(3.21) >0 i t>
and, in particular (since x9(f) 1s wnilormly bounded)

L= iI_ileLﬂzz{f] exists.
We claim that

(5.22) lim #*(t) exists and equals L .

Indeed, otherwise there is a sequence ¢, T oo and o > 0 such that

(5.23} woltn)— o (in) = 200,
But
d f'\ O
Z'a*' > —36k, f 2n{c(t) — c* e Vide > —K

=" ()

for all ¢, since z,(f) is uniformly bounded. Recalling also {5.21), we deduce from (5.23)

that ihere exists a A > 0 such that
(5.24) oty =z () > if 4, <E<H, A

a4



We now computc

Iri|JL A= n T .
Folln + ;i #2fln) . r‘; (tn + 8nA) = Glas(t, + ), ta + 8,4)

= Koleg(ta 4 8,0) — 2™(t, + 83" =2 Ky o

by (5.24), where 0 < #, < 1 and Ky, K are positive constants. Since the left-hand side
tends to =zoto as n — 0o, this s a contradiction.

We have thus completed the proof of (5,22} in case (5.20) holds, and therefore 1111.130 eft)
exists in both cagses (5.19) and (5.20). Appecaling to the first part of Theorem 5:51 we
conclude that (5.5) holds. Recalling (5.15) and the fack that x4(t) is uniformly bounded,
it follows that

oo wy (1)
.
f hn(e,t) de = f i n(z,1) da
& ]
a0t}

E{?j e d)de—0 if +—o00.
L

Therefore e(f) — ¢ if £ — oo,

REMARE 5.1. Numerical work carvied out by Serpe Litlkewitsch indicates that, for

some choices of initial data ngfx), lim ot) = ¢
I—0o0
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