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Abstract.

This is the first in a series of three papers in which spectral and pseudospectral methods
are analyzed for a class of time dependent nonlinear partial differential equations. In this
paper, we prove optimal order of convergence of the Fourier-Galerkin method for the 2-D
Navier-Stokes equation in various energy norms and in L?-norms of the velocity field. The
optimal order of convergence of the Fourier-collocation method is also proved. We briefly
outline the extension of these results to 3-D Navier-Stokes equation in the original form
and the rotational form, Semigroup formulations and the variation of constants formula
are essential tools in the analysis.

§ 0 INTRODUCTION

Spectral and pseudospectral methods for the full incompressible Navier-Stokes equa-
tion provides an example where a large number of calculations have been done but the
analysis of the methods is still unsatisfactory. It is now proper to say that spectral and
peeudospectral methods, using trigonometric series, Chebyshev and Legendre polynomials,
are among the most effective and popular numerical methods for the incompressible fluid
flow in simple geometries.

For the analysis of these methods, with full time dependent models, there have been
two papers by Hald [5], [6] which we should mention. [5] appears to be the first attempt
to give the order of convergence of the classical Fourier method for the full Navier-stokes
equation (hereafter abbreviated NSE), Probably due to the fact that energy estimates was
the essential tool, Hald did not get the optimal order of convergence in the sense that the
error of the numerical solution is of the same order as the error in the initial approximation.
Also the error constant he had grows exponentially in time which is not necessary because
the flows he considered was stable in time. In [8], the same type of analysis was carried out
for the Fourier-collocation method with stream function-vorticity formulation. There the
nonlinear terms drop out and the analysis boils down to a careful treatment of the aliasing
error. The final results have the same deficiencies mentioned above and more importantly



the analysis does not apply to the formulation with primitive variables which is used much

more in practice.

The analysis is much more complete for the steady NSE. Important work has been down
by Canuto, Maday, Quarteroni and their co-workers using variational techniques [1], [8],
[9], [10]. Two fundamental ingredients in their analysis are: the generalized Babuska-Brezzi
condition for the mixed formulation and the basic approximation theory for the spectral
expansions and interpolations in Sobolev spaces {1}, {3], the later being used constantly
in our analysis. An abstract framework of Brezzi, Rappaz and Raviart plays the role of
bridging the gap between linear and nonlinear problems [2].

It is the purpose of this series of papers to analyze convergence properties of the most
commonly used spectral type of methods. We use the semigroup formulation and the
variation of constant formula. The argument is an extension of the usual one for proving
local existence of solutions te an evolutionary equation [7]. We apply this argument to
the semi-discretized equation. The observation is & standard one in numerical analysis.
By consistency, the true solution to the continuous problem satisfies the numerical scheme
approximately. This enables us to work in a neighborhood of the true solution, Once we
have a good initial approximation, it will never get much worse, And an a priori estimates
of the numerical approximation follows from that of the true solution.

This approach should be useful for a wide class of numerical methods and evelutionary
equations which admit a semigroup formulation. In [4), some general results are proved
upon assuming a very weak stability condition. These results are then applied to the
Burgers’ equation.

There has been some discussion in the literature about whether aliasing error would
make the Fourier-collocation method unstable if it is used for the original form of the NSE
(see equation (1.1)). Indeed the rotational form of the NSE was suggested to avoid the
“aliasing instability”[14], The error estimates proved later in this paper shows rigorously
that at least for smooth flow, aliasing should not be a problem even if the original form of

the NSE 1s used.

The analysis starts with the Fourier-Galerkin method. In § 1, we put the NSE in a
dynarmical form and prove some a priori estimates for the 2-D NSE. In § 2, we analyze
the Fourier-Galerkin method in various energy norms and a LP-norm of the velocity field.
Here the a priori estimates for the numerical solution follows in the same fashion as for
the true solution. In § 3, we deal with the Fourier-collocation method. Here more work
has to be dene to obtain uniform a priori estimates for the numerical solutions. Following
that, optimal order of convergence is proved in the H'-norm of the velocity.
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§ 1. FUNCTIONAL SETTING OF THE NAVIER-STOKES EQUATION AND
SOME A PRIORI ESTIMATES

1.1 The Navier-Stokes Equation (NSE).
We adopt the notations and some standard results on NSE from Temam [186].

The NSE, in velocity-pressure formulation, reads,

%%A—U-Vu-—&u-i-\?pzu y on Q= (-mm)

2

Veu=0
(1.1)

periodic boundary conditions

| (0, 2) = a(x)

Here u stands for velocity, p for pressure. The constant density and viscosity are set to be
1 for simplicity.

The spaces we will work with are: for m e N

(12)  HPQ)={u, u=3 cxe®® G=cor, Y, [k[*™es® <00}
kck? keZ?

(L.3) HPQ) = {ue BN(Q), co=0)

The subscript p stands for “periodic”. For any @ € R, we define HJ{Q) by duality and
interpolation in the usual way. | |, will denote the usual H*-norm for s € R. We may

4



use various equivalent definitions of the Sobolev norms. To represent the velocity field,
we need Sobolev spaces for vector-valued functions. But for simplicity we will use the
same notations as those for the scalar functions, This should not cause any confusion. We
introduce also

V= {uec Hy(DQ), div w =0}

H={ueH)Q), divu=0 in the weak sense}
(1.4) V={ueH)Q), divu=0}

H={ueH)R), divu=0inthe weak sense}

G={ueHYN), u=Vqg,q€H}Q)

Note that G is the orthogonal complement of H in H ;’ (2).

For u(t) € C([0,T], H*(f1)) , we set

(1.5) | Nu(@)llls = sup [lut)]s
0<t<T

The Projection Operator P

P denotes the projection operator HB{Q) — H under the usual L?-inner product. If

fe H;j, and f = Z Fre® it is easy to see that
kEZ?

kT .
Pi= Y (-EE ) peteyy

|E[?
kEZ2 kA0



‘We note that P commutes with derivation.
The Stokes Operator A

ForueDA)={uecH, AucH) =H§(Q)DH, define

(1.6) Au = —Au

A can be extended as & positive definite, self-adjoint operator on H. Thus we can define
the powers of A, A%, for & € R. In fact,

D(AY) = {u € HI*Q), divu=0}

is a closed subspace of H2%(f2), Moxeover, there exists a constant ¢ (depending on a),
such that,

(L.7) ¢ |[ull2a < [[A%ullo < Elull2e,  for u € D(A%)

These results can be proved easily by using the explicit formulas for A and A~! estab-
lished in [18).

For our analysis, it is essential that the equation admits a semigroup formulation, It
is easy to see that —A generates an analytic semigroup on H, denoted by {e=4¢},30, with
the following estimates:

(1.8) l4% 4 < Mi™%e¢™% |, t>0,a>0

for some constants M and 6.



(111 f() S ca exp {efTt} , 0St<ST

with a positive constant ¢ which depends only on ».

We also recall the standard estimates for the trilinear form [16],

2
b(u,v,w)= Z / u..,-D.-fvjwjdw
f

=1

(1.12) [, v, )| < clleflmy [[¥llmaqs [0llma
with my, mq, mg satisfying:

ml,mg,msz(}
mi+megt+ma > 1

or my+mp+mg=1 but my,ma,mgs#l

The next lemma summarizes some standard estimates,

LEMMa 1.2, There exist positive constants C and & , and a function k(-), such that
foraceV, ¢t>0

(1.13a) lu(®llo < cllalloe™?
(1.13b) 4% u@)llo < [|A%allo exp {c[lall? — 5t}
(1.13¢) A3 u(@)]lo < A% allo exp {c[alls — 62}

and for a € D(A)



(1.13d) lAu(t)ilo < k(llalls)

This lemma, is proved in [18] for no-slip boundary condition. The proof works equally
well for periodic boundary condition.

Lemma 1.3 is an extension of Lemma 1.2.

LeMMA 1.3, For r > 1, there exist constants €', § and = funetion L (a) depending on
various norms of ¢ , such that for a € D(A"),

(1.14) lA™()fo < Cf|A"allo exp{L;(a) — 6t}

where for 2 < r < 8, L!(a) is a function of |43 al|o exp(c]al|§) , for 2 < < 1, Lifa)
is a function of ||A%ally exp(clla|?) , for 1 < » < &, Li(a) is a function of | A%ally and
| 4%a|lo exp{e||al|?), andforr > & , L' {a) isa function of lAdalo, |A%ally and |A%allo exple]al?)

Proof. By using variation of constants formula, we can write (1.10) formally in the
following form

t

(1.15) u(t) = e 4 %f e~ 409 Py(s)ds
0

Hence

¢
ATu(t) = e"MATa — / ATe™ A2 Fy(s)ds
0

t
=e MA%a —/ APe=AU=8) AT=B Py(s)ds
0
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Here 8 > 0.

Case 1. 2 <r < 1. Choose §, such that r < § < 1. We claim that

(1.16) |47 P Fu(s)[lo £ §A™FP(x- Vulllo < cllully ullzr.

We prove (1.16) by duality argument. Let w € Hg{ﬂ), Setmy =g, mp=2r—1,my=
2(8 —r) in (1.12), we get

(A" P Fu(s), w) = (uVu, PA"Pw) < f—'||“||;-"u||2r‘||w||ﬂ

This proves (1.16). Now from (1.8) and (1.16) we obtain
t
4wl < =4 A%alo + [ 4964 A7 Fu(e)od
0
t
< Mo A%alo+ OM [ (¢ 9)Pem 0 ul  ulard
0

I3
< Me=%Y| A7allo + L(a) f (t — 8)=Pe=80=5)|| ATu|lods
0

where L(a) = ¢l|A¥alla exp(c]lallf),see (1.13b).

Let () = %] A™u(t)||o , use Lemma 1.1, we get

o) < d|A"allo exp {L(a)TFt}

Hence,
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IATu(t)]lo < cl|ATallo exp {L(a)™7 — &}

In order to get a decaying factor, we use the following trick which I learned from
Ckamoto [13].

For any tp > 0, carry out the above procedure for ¢ > £y, we get
A u(@)llo < ol ATu(to)llo exp {L(u(te)) =7 — 6}t — to)
r 1.
< c||ATulty)|o exp {5‘&0} exp {L(u(tu)):.—,u —5}?
< cf|Aallo exp {L(a)™Tto exp {L(u(to)) ™7 — 6}t

where Z(u(to)) = A u(to)lo exp cluto)l} < || 4%alo exp {llalld - bto)
Put

1 Ala llall2
tp = max {U, 3 log I ||(°;)’1{?E:”G||n)}
2

then

L{u(ty)) ™7 <

b3 on

to < cllA¥afeclels

Therefors for ¢t >ty

472l < el A"allo xp{L(a) T to} exp{~3%}

4
< cfA"allo exp{L/(a) - 5
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where L'(a) = L(a)™7 1,

For 1 < 1,

jATu(@)lo < cll A7 allo exp{L(a) =T to} exp(—6t)
= el A"allg exp{L'(a) - &)
Lemma 1.3 is proved in this case by setting

L'(a) = L(a)T7 - - || A} aflo explcfjal2)

Case 2. 15?‘5% Set B=r—1
Notice that for v € V
(1.17) fu-Vu de =10
1]

Therefore

|AEF(u)|o < [ AZP(u - Vau)||o < cflu- Vully
< || D(u - Vu)o

In the last step, Poincare inequality was used because of (1.17).

By Sobolev Imbedding Theorem, we have

HE(Q) = WHQ),  HYD) > Io(Q)

Therefore from
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43 Pu(o) < 1D Tl < o [ 1Valtde+ [ fu- D2uf? i)
Q 194

< of||ullfpen + el 2]3)

we obtain,

1A% Fu(s)llo < ellu(s)lls/z luls)liz < clluls)llasz [ A(s)llo

< L{a)|| A™u(s)lo

where we have L(a) = c||A%allo exp{L'&(a)} from Case 1. From these we get,
t i
4l < [ 47e 4l + 31 [ (¢ = s)Pe -t Puls)]ods
0

]
< Me¥|Aallo + cL(a) [ (8= 9)Pe oD Aru(s)]o d
0

Now the lemma can be proved in this case by the same arguments as in Case 1.

Case 3. r> 2

i
147 ()]0 < A7 allo +f |43 AC=| AT Fu(s)]|o ds
0

In this case, we use the Moser type of calculus inequalities [11]. For s > 1, there is a
constant ¢,, such that for any f,¢ € H*(Q0),

17+ glls < eslllFllzeollglls + Nlgll zeo 151l

Note that H2r—% —» L | H$ — WL and the imbeddings being continuous. There-

fore we have,
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[[A7=% Fu(s)|lo < ellu(s)  Vu(s)llar-g < cllullze [Vellzr—g+
+ [ Vul e jfull2r—3

< cllu(s)llg l[u(s)llzr < L(a)[ATu(s)llo

where L{a) = ¢||4%al|o exp{L; ()} from Case 2.
%

Again Lemma 1.3 can be proved by the same arguments used in Case 1.

i 3
Case 4, ger<i

We first use duality argument to estimate |Fu(s)
1, mg =2r—1,my =0in(1.12). We get

lo. For ¢ € HJ)(), set my =

(Fu(s), ) = (u(s)Vu(s), Pe) < cllu(s)lltllu(s)ll2r[lllo

Therefore

[[Fuls)llo < elfuls)ll [[uls)llzr

From (1.15) we obtain,

.
47u(@)l < e~ 4avallo+ [ 147640 | Fu(s)lo ds
0
i
<M A7allo + OM [ (6= &)™ (o) [ muls)lo ds
0

i
< M {|Adllo + CML(a) f (t = 8)~"e= 0=} A7u(s)[ o ds
0

Here L(a) = || A% al|o exp(e]ja]|3) from (1.13¢). The argument used in Case 1 can also be
used to prove the lemma in the present case. Now the proof is complete. 0
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§ 2. ANALYSIS OF FOURIER-GALERKIN METHOD FOR NSE
2.1 Fourier-Galerkin Method.

Let

Sy={p(), ¢= Y,  act?}

—N<ky k2N
(21) Py = Sy X Sy
Py=PynHYQ) , Sn=SnNHIQ)

V=V NPy, Vy=VNPy

Denote also by Py the projection operator from L? to Py in the L?-inner product.
It is easy to see PyP = PPy. Therefore we have Py(H) C Vy, Le. Pyp € Vy, for any
w € H.

The semi-discrete Fourier-Galerkin approximation to (1.1) can be formulated as

Find un(t) € CH([0,4+00), Py), pr(t) € C([0,+0c0), Sn)

such that for vy € Py, en€8n, t>0

8
(2.2) (-—;T”-auw+uN-wN+va, vy) =0

(V'uNs ':PN)ZO

| un(0) = Pya
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(2.2) can also be written as a dynamical system in Vy

run(t)eVy , fori>=0
d‘U,N
(23) W +AELN+FNHN(1F) ={
H'U-N(O) = Pya

where Fyun(s) = PyFun(s) = PnP(un - Vun(s))
Notice that for (2.3) we have

(2.4) %/umd&‘c=0
Q

Thus if @ € V, then un(t) € V for all + > 0 and (2.3) actually defines a dynamical system
in Vi .

From the variation of constants formula, we get an integral form of (2.3):

i
(2.5) un(t) = e 4" Pya — / e~ A=) Py un(s)ds
0

The Fourier projection operator Py has the nice property that it commutes with
derivation. Because of this, all the a priori estimates we have mentioned for NSE carry
over to its Fourier approximation, We will not list these results here as they are exactly
the same as those for the true solution. But we will use them in the error analysis.

2.2 Error Analysis in the Energy Norms.

In this subsection, we will prove optimal order of convergence for the Fourier-Galerkin
method, in the sense that the error in the numerical solution is of the same order as that
of the projection operator Py.
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First of all, let’s recall the basic approximation properties of Py, We have for 0 < u <
m, u€ Q)

c

1B
where (' is some constant independent of NV and u .

THEOREM 2.1. For m > %, 0<r < %, there exists a constant C, such that for

a € D(A™), t 20, we have

(2.6) () = un(B)llzr S ON™ [lallam exp {L7,(a) — bt}

where Li, (a) was defined in Lemma 1.8.

Proof. Let en(t) = u(t) — un(t). By (1.15) and (2.5) one has

en(t) = e 4 (a - Pya) — f! e~ A=) (Fy(s) — Fyun(s)) ds

0

= e~ (- Pya) — fﬂ e~ AU—S)(Fy(s) — PyFuls))ds

_/U e~ A Py Fu(s) — Fyun(s)) ds

=0 - - I

Roughly speaking, the estimates of I; and Iz involve consistency argument, whereas
the estimates of J3 involve stability argument.
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Iy = e~ 4(a — Pya)
[L1llor < € |ATe™ 4 (a — Pya)lo
< eN2=m) | 4me=Hg)lg < CNHT"™e™" |la]|2m
1
I = (I- Py) ﬂ e~ A=) Fy( 5 ds
= (I — Py)(e”Ma —u(t))
Hence

I 72ll2r < &A™ Lllo < € NX™=™ (e lallm + |2e()l|2m)
< ON*T™ lallzm exp {L}(a) — 6t} .

by Lemma 1.2 and Lemma 1.3

t
Iy = / e~ AU Py Fu(s) — PyFuy(s))ds
0

= Py ‘/03 e~ M=) P(u - Vu) — Pluy - Vuy))ds

1
= PN] E_A“_S)P(EEN -Vuuw- VGN) ds
0

Fer0<r< %, we can choose B, such that r + 1 < § < 1. Then
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i
0

We estimate A" ~?P{ey - Vu) by duality argument. Let w € H]E, set my =2r, mgp =
0, mg=2(8—r)in (1.12)

(A™FP(ex - Vu), w) = (en - Vu, A Pw) < ¢ [lenlar llulls Il
Therefore,
AP Plen - Vu)llo < ellen(s)llzn [[uls)ll

Next, we estimate A" PP(uy - Vey). Let w € H)(Q). Notice that uy € V. Using
integration by parts and set my =1, my = 2(F —r) — 1, ms = 2r, we get

(A" PP(uy - Ven), w) = (un - Ven, ATP Puw)

= —(un - V(A" Pw), en) < cllunllt [[wllo lewllzr
Hence

IA™ P P(un - Ven)llo < cllunlly llenllar

Therefore

AT P(en - Vu +uy - Ven)llo € ¢ (Jlunlls + llull) llenl2e

< L(a) |en(s)|l2-

where L(a) =c |la|: exp{c |le||§} by Lemma 1.2.

These give us
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len(@)llze < CNZ™) exp{L(a) — &t} lallzm+

1
+ I(a) / (¢ — )P 5= [len(s) o ds
I}

Let @(t) = |len(t)]|2-e®, then
1
o(8) < OV ol exp Lin(a) + L(a) [ (8= ) Pp(s) ds
0
Use Lemma 1,1, we get
(t) < CNZC=™ |lal|y, exp Liy(a) exp {L(a) ™7 t}

Observe that from Lemma 1.3, ||w(t)]|2m and L{u(t)) decrease as t increases. Therefore
we can use the same trick as we did in Lemma, 1.3, to get

llea(t)llzr < CN*""™ [lallam exp{L(a) = bt} 0

THEOREM 2.2. Form > 3, there exists a constant €', such that forany a € D(A™), t 2>
0, we have

(2.7) () = un(t)L < CNI72" |laflam exp{Lin(a) - &t}

where L! (a) was defined in Lemma 1.3

Proof. As in Theorem 2.1, we estimate Iy, I, and I3 separately.
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1A < CN'2™ [[AmeMallg < ONT7™ laflgme ™

[Tzl < CNI78 L4m(e 0 = u()llo < ON*" afzm oxp {Zia) = 68
k & L

Il < C [ 143644 [A7H(Pun(s) = PuCe))ods
0

14~ 3(Pun(s) — Fu(s))llo < A~ Pr(un - Ven)llo + 147 Prr(en - Vu)llo
Use duality avgument, let w € H3(2) , and mz = 0 mg = § in (1.12), we get
(A~*Pylen - Vu),w) = (en-Vu, A"TPyw) O |lewlls lulls lwllo

Thus,

| A= % Py(en - Vullo < cllenlls flulls < eLia) [len(s)lls

where L(a) = ||al|y exp (¢ [la]lF) .
Similarly, |4~ Py(un - Ven)llo € e |unllz llenlls < ¢ L(a)] en(s)]|1
Therefore,

t
Il < oo} [ (6= 674 en(oll s

In summary, we have,
len(®lls < eN* 7 [lallom exp{Li(a) — 8t} +

i
Fet(@) [ (1= 920 el ds
4]
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As in Theorem 2.1, we get

lex(®)l1 < CN**™ |lallzm exp {Lin(a) — 6t} N

THEOREM 2.3, For r > 1, m 2 r, there exists a constant C, such that for a €
DA™, t20.

(2.8) () — un(t)l|2r < ONY"™) |la)l2m exp{Li(a) — 6t} .

where L! (a) was defined in Lemma 1.3

Proof. First we assume % <r < 4, Again we have

1Tz + | B2l 2r € CNE=™) |la)|2m exp {L},(a) — 6t}.

The estimates of I3 in Theorem 2.2 give us
| A~ Py(en - Vu+un - Ven)llo < o [ulls + flunlls) |42enllo
< elfa) |len(s)lzr -

So we have

len(®)llzr < € N*"™) Jlal|2m exp {Li(e) — 6t}+

i
cL(a) [ (1= 87D D fen(s)]ords
0

and (2.8) follows.

22



The case when r > % is readily proved by combining the techniques in Lemma 1.3 and
Theorem 2.1. We omit the details. []

REMARK. It is easy to check that the pressure term p(t, 2} and its Fourier-Galerkin
approximation Py(%, ) satisfy respectively the following Poisson equation with periodic
boundary condition:

—-Ap= V. (u-Vu)
—Apy = Pn(V-(unVun))

and
fp(t,w)da: = ] pn(t,z)de =0
0 Y

Once we have the estimates on the velocity, convergence of pressure follows from stan-
dard arguments for elliptic equations. We refer to [10] for some results.

2.3 Estimates for Inhomogeneous Equation and the Smoothing Effect of the
NSE.

We first indicate briefly how results in the previous subsection can be generalized when
a forcing term is added to the NSE. Again, by applying the operators A and P, we can
write the NSE as a dynamical system in the space of divergence free vector flelds.

(u(t)e V. fort>0

(2.10) % + Au+ Fu(t) = P f(¥)

u(0)=a€eV
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where f(1) : [0,00) — HS(Q) is the forcing term. Without loss of generality, we have
assumed

fﬂf(t,x)d:c =0

(See chapter 1 of Temam [16]). Therefore u(t) € Virt>0iaeecV.

We recall the following standard results on the regularity of the solution.

LEmMMA 2.1. Assume form > 1, a € HP(Q), f(t) € C ([0, 400), HF~1(2)). Then
there exists a function L{t), such that for t > 0,

(2.11) [[u(®)llm < L(£)

where L(¢) depends on |a||m and ||| f(O)|||m-1 = u?:ul-?’.z | F(8)|lm =1

The Fourier-Galerkin approximation uy(t) of (2.10) satisfies the equation:

-uw(t) S ffN

(2.12) dth + Auy + Fn(t) = Py P£(1)

_HN(O) = Pya

Now we have

THEOREM 2.4, Assume @ € H;”(ﬂ), fe C'([O,—}-oo),ff;“_l(ﬂ]) form>1, 0<r<
m. Then there exists a function L(#), depending on the data, but independent of N, such
that

(2.13) () — (Ol < LEHN™™
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Proof. We use an induction argument to construct un(t). Let £ = ntq, fq is defined
in Lemma 3.2. The lemma shows that our construction works for one time step, with step
size 1. Assume this can be done for n-steps, with the same step size iy, and the following
estimate

n—1 R
vN

<1 fort"l<t<tn.

(3-20) [u(t) — un(Bls/2 < r(Mr+1)

where r and R are defined in the lemma. We plan to show that the same thing can be
done for t* <t < t"t!, with an estimate similar to (3.20)

Define §" = {v(t) € C(ft" "], Vn), o(t") =un(t"),

sup [lo(t) — u(®)llsz < 1}
in E‘ﬂ‘““

For v € C ([t", ¢"+1], Hy/%(Q)) define

vl= su v
|v] t"StSI:"'H I |[5,‘2

and for v € §7, t* <t < "M | define

¢
(8.21) Gu(t) = e~ A=y n(t™) — | e~ AN PP,(v - Vv)~v—PP,f}ds

eﬂ

We want to show that G defines a contraction on S™. First we check that u(t) satisfies
the fixed point equation v = Gv approximately, In fact, as in the lemma, we have,

uft) = Gult) + e AO(a(e") —un(t) + [ AP~ P )

in

i
—/ e~ A=) ply . Vu — Pou-Vu}ds
¢

= Gu(t)+ Ry + Ry — Ry

A

IR (572 < Ne™ 7 (2™ — un(™)ls/e < Mr(Mr+1)" i
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We have used the operator norm from H%/2 to H%/? and the induction assumption {3.20).

The estimates of R, and R} are the same as those for Ry and Rs in the lemma,

R
| Rolls sz + | Rallsrz < ﬁ

Therefore, for " < ¢ < t*H?

R

[u(t) — Gu(t}ssa < (Mr + Uﬂﬁ

Next, assume v,w € S, then with the same argument as in the lemma, we get for
£n 5 + S tu+1,

| R
”G‘U — u[|5;g E "G'U - GUHM’? + (M?" + 1)“—'—'—'

vN

R t P
< M?‘+1“-—-+EML+E] t—8}"4 ||lu—v|g;m ds
( ) \/‘w ( } zn( } " "5}2

< (Mr+ 172

v, 46 M(L + &) t3'*

|G — Gullsjs < 48 M(L + &) t5'* v — w|
Now if we choose Ny, such that

R

(3.22) (Mr 1) <3

then for N > Ny, we have
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|Gv —u| £1

|Gv—Gw[<% lv — w|

Hence (7 is a contraction on 5™.

Note that since we are considering a finite time interval [0,T], n < % and (Mr+
1)"R is bounded by a constant L'(T"). Condition (3.22) is satisfied if we choose Ny(T') >
2L'(T).

(8.20) follows by exactly the same argument as in the lemma. Now by induction
principle we have proved (3.19).

The global solution of (3.10) or (3.9), again denoted by un(?), can be built by patching
together the local solutions we have constructed on each interval [t*,¢"™],n =0,1,2, ...
Tts uniqueness and smoothness (in time) follows from standard arguments for ODE.

3.3 Error Estimates for the Fourier-Collocation Method.

We first prove a simple lemma.

LEMMA 3.3. For any ¢ € Py, we have

(3.23) 1 Peello < 9 [lello

where P, denotes the interpolation operator in Py.

Proof, Let i = Y- Pr eFF
—2N <Gk, ka2 <2N

then,

Py = Z Px €
—N<ky k2 <N

Set @ =0, for |ky| or |ke| > 2N. Then we have
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Pr= ¥ Pr+(2N+1) £
—~1<h <1

| Pote]|§ = 27 Z ¢g =2 E ( Z PrraN+1)e )

|k|<N jFl€N —184 4251

5131‘72 Z (Brran+ne)® <81 2’”2 @3
k

kb —1<8 <1

=81 ||eei5 -

THEOREM 3.2. (Error Estimates in H!-norm)

Assume for m > 3, u(t) € C([0,T), HP(Q)), F(t) € C([0,T], H~*(£)). Then there
exist L', No(T), such that for N > No(T), 0 <£ < T,

(324)  Jutt) — un(Dlls S sy IO + lall + 17 El )
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where I/ and No(T) depend on [[[u(®)llls, [17(2)llls/2 and T only.

Proof, By Theorem 3.1, there is a Ng(T), such that for N > No(T'), (3.9) has a unique
solution on [0, T], and

lwar (M52 < ()]s 2 +1

Let en(t) = u(t) —upn(t), then

¢
en(t) =e~4(a — P.a) +f e~AU=9) P(f — P.f)ds—
0
t ¢
- f e~ 409 p(y . Vu — P, (u- Vu))ds + f e~ A=)y —upy)ds
0 0

t
- / e AU=)P P (v Vu —uy-Vuy)ds

0
=h+L+L+L+1
- C
12l = le™**(a — Pea)lls < Mlla = Poalls < sy llallm-

Here the operator norm is taken from H' to H1,
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A j e~AC=0) p(f _ P,f) ds|,

t L
= f | 4% e=AC=)|| | P(f = Pof)o ds

C

t
- c
< g [ €= 1@ mms do < Frzr 1Sl

t
1 Z3]]1 = || / e~ AU Py . Vu — Po(u - Vu)) dsl|
0

t
< [ 43 €A | fu- Vum Pulu- V) fods
0

S iy [0 (e Velnos do < g IO
i ¢ L
Il =0 [ 42 en(a)dsll <& [ oA flen(s)lods
0 0
¢ i
<an [(t—9) llew(o)l ds
0

| Zs

4
|1 = Hf c_ﬁ[t“""]PPc(u-Vu —up - Vupy)ds|y
0

1
< 5] |AZe AU || ||P.(z- Vu —up - Vuy)llods
i}

By Lemma 3.3, note that P2 = P, , we have
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1P (u+ Vu —un - Vuno < C |1 Pe (v - Vu) — un - Vun|o

<O (||lu-Vu— Pou-Vullg+ [|u- Vu—uy - Vup|o)

<

sy el + C [ Ven + e - Vunllo

C
S wmT el + C (lellszz + Nlunilsz2) llewlls

< C
- Nm—-l

[l + CL [lenlls

where L = 2||[u(t)||]s/2 + 1. Therefore

C L4
sl < gy Nl + O [ (6= 67 fen(o)ls ds

Altogether, we get for 0 <t < T,

len(®)ls S s Rem + @M +CL) [ (=87 llen(a)s s
¢

where R = [[[u(®)l||%, + llallm + [I1£(E)[llm—1

By Lemma 1.1, we obtain,

L.’
len(®)ll: £ WR"' for0<t<T
where L' is another constant depending on L and 7. 0

REMARK 1. The smoothing property of NSE can be explored in this framework, al-
lowing us to obtain the same order of convergence under weaker regularity assumption on
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the initial data, e.g. o € H*~'(Q). Some results in this direction were given for Fourier-
Galerkin method in § 2. Also a version of Theorem 3.1 and Theorem 3.2 can be proved
for u(t) € H*+<(Q),e >0, 0 <t < T, This is nearly the weakest regularity assumption to
make P,(u - Vu) well-defined.

REMARK 2. Whether an optimal L? estimate is valid remains to be an open problem.
This is important because the L? norm measures the natural kinetic energy.

3.3 Remarks on 3-D NSE and NSE in Rotational Form.

First we briefly outline an answer to the problem posed at the end of subsection 2.3. As
the arguments used in the previous subsection are essentially independent of the dimension,
we will state some results without proof.

Note that the formulation of the NSE and the Fourier-Collocation method in 3-D are
analogous to those in 2-D. Moreover, Theorem 3.1 and 3.2 extend directly to 3-D.

THEOREM 3.3. Forany 0 < ¢ < ¢, assume u(t) € C ([0, T), HI*Y, f(¢) € C(10,T], HE**),
Then there exists a constant No(T"), such that for N > No(T"), the 3-D analogue of (3.9)
has & unique solution ux(t) on [0,T]. Furthermore, we have

lun(Blls/z4e < lul?)

|5/2+e' + 1

THEOREM 3.4. Assume that for m > 5/2, u(t) € C([0,T], H(), f(¢) € C([0,T], HF~Y(Q)).
Then there exist constants No(7"), L'(T), such that for N > No(T'), 0<t<T.

L(T)
Nm=1

(3.25) lu(?) — un{B)lls < (Ne@)I% + lellm + 1176l |lm=1).

Next we turn into the rotational form of the NSE which reads:
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[ du _ 1, 5
E+uxw-—Au—V(p+z|u| )

w=Vxu V.u=0
(3.26)

periodic boundary condition

| 4(0) = a

where w is the vorticity. It was suggested by Orszag [14] that when Fourier- Collocation
method is used for this equation, aliasing instability does not occur because a quadratic
integral is conserved by the numerical solution, Our analysis has shown that aliasing
instability does not occur even if the Fourier-Collocation method is used for the NSE in its
original form, at least when viscosity is not small. But because of this historical reason, it
is worthwhile to comment on the convergence properties for (3.26).

It is straightforward to see that the arguments used for (1,1) and its 3-D analogue
are directly applicable for (3.26). Similar results as Theorem 3.3 and 3.4 can be obtained
for (3.26) with little change of the proofs, We will not do this here. Instead, we remark
that the semi-conservation property of the numerical solution (in the absence of viscous
effects and time-discretization errors) makes it possible to use Hald’s idea. With Hald’s
argument, it might be difficult to give optimal estimates, This can be avoided by using the
variation of constants formula after obtaining a L°°-norm bound from Hald’s argument.
Again we omit the details.
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