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Abstract

A model is defined to simulate a waterflood in a multidimensional, naturally
fractured petroleum reservoir. The imbibition process is correctly modelled as a
boundary condition on each matrix block. The model is presented in terms of a
saturation and the global pressure of Chavent. The numerical method is based on the
use of a mixed finite element method for the pressure and standard Galerkin methods
for the saturations in the fractures and the blocks. Optimal order asymptotic
convergence of the approximate solution to that of the differential system is
established under the assumption of nondegeneracy of the relative permeability
functions.

1. Introduction

A new approach to modelling fluid flow in naturally fractured petroleum
reservoirs has recently been introduced [1], [2], [11] with the object being to improve
the treatment of the interaction between the matrix blocks and the fractures. The
flow of a single-phase, compressible liquid of constant compressibility has been
considered in a relatively complete fashion; i. e., a model has been defined, shown to
be well posed, and discretized in a manner that is both practically feasible and
asymptotically convergent to the true solution at an optimal rate [1], [2). A simple
linear waterflood has also been modelled and discretized by means of finite
differences [11], though analysis of the discretization has not yet been given.



Here we shall consider the waterflood in a more general setting. We shall
derive a model for a two-phase, immiscible, incompressible waterflood in a domain
in RY, d¢3; however, we shall ignore the effects of gravity. The model can be
considered to be applicable to a horizontal linear or planar reservoir or to one that is
thin in the vertical direction. This is a serious assumption, since gravity affects the
imbibition of water into the martrix blocks in an important way. The boundary
conditions relating the behavior of the fluids in the fractures to that in the blocks
change significantly when gravity is taken into account. Such a model is under
development.

As in the case of the linear waterflood model, we shall assume that the blocks
are small; as a consequence, we shall neglect the effect of the viscous forces in the
fractures in our treatment of the blocks. Thus, we concentrate on modelling the
dominant effect of the imbibition process on the blocks. The viscous forces can be
treated as they were in [2], but gravity should not be ignored in that case, as its
effect exceeds that of the potential drop across a block.

The model to be presented herein will be formulated in terms of a saturation
and the global pressure introduced by Chavent [6]. One advantage of this choice is
that the differential equations appear in a form quite similar to those for miscible
displacement, which has received somewhat greater attention in the mathematical
literature in recent years; our numerical model is a variant of techniques first
applied to the miscible problem. The second advantage is that, as a consequence of
the negiect of the viscous forces in the fractures in the treatment of the blocks, the
global pressure will be seen to be a constant over each block at any fixed time, so
that the differential system needed to describe the flood in a block will reduce to a
single equation for the saturation in the block.

Douglas [7] has described and analyzed finite difference procedures for
approximating waterfiood problems on standard, unfractured reservoirs; he also used
the global pressure in place of a phase pressure. We shall approximate the solution
of our problem by adapting a known finite element procedure for miscible
displacement problems [3], [10]. We shall combine a mixed finite element method for
approximating the pressure and a total flow rate in the fractures with standard
Galerkin methods for the saturation both in the fractures and in the individual
blocks. This procedure will be analyzed under the same assumptions as were made in
[7], where their reasonableness was discussed. In particular, we shall assume that
the relative permeabilities remain positive, so that the differential equations stay
nondegenerate. Also, we shall take the external flow to be smoothly distributed,
instead of being concentrated at wells. These assumptions imply coercivity and
regularity for the problem.

An outline of the paper is as follows. In the next section we derive the
differential model, and the equations will be put in weak form in the following
section. The finite element procedure will be introduced in Section 4 and analyzed in
Section S, which represents about one half of the manuscipt. Finally, in Section 6 a
list of otherwise undefined notation is given. We have tried to maintain a
consistency in notation here with that used in [7] and [14]. When a quantity exists



for both the fracture and matrix block systems, we have chosen to denote the

quantity in the fractures by a capital letter and in the blocks by the same symbol in
lower case.

2. The Two-Phase, Immiscible Model

Let Q C Rd, d¢3, be the fractured reservoir and let Q; C Q be the ith matrix
block. Let Qn = UiQ;. The usual equations describing two-phase, immiscible,
incompressible displacement in Q; when the effect of gravity is omitted are given by

Psor = V-(Kkro(So)Hg'VPe) = 0, (x,t)exJ, (2.1)
Psyt - Ve(kkny (SWHGVPY) = O, (%,1)eQ;*J, (2.2)

where J = (0,T] and the subscript t denotes differentiation with respect to time. Let
s = 5,= 1-s,. The pressures in the two phases are related by the capillary pressure

Pe = Pe(S) = Po - Pw, (2.3)
and it is the case that p.(s)>0. Let
Als) = kro]-lt;1 *+ Kpw J-l\-v‘- Ao(s) = kro}lt;b\.I ' Aw(8) = Ky J-lw

Chavent's global pressure variable [6] is given by

Pe

P = 3po*pw) * %[ (a2 )P (E))AE. (2.4)
As in [7], adding (2.1) and (2.2) gives the pressure equation
-V-(kAVp) = O, (2.5)
and subtracting (2.2) from (2.1) gives the saturation equation
Psp + AUVS - V-(kAXAPVS) = 0, (2.6)
where
u = -kAVp. (2.7)

The initial and boundary conditions for a matrix block are chosen as follows.
Let {X;} be a partition of unity on Q such that



= fgxax =i, Xi0,
and the support of X; is near Q;. Let
¥ = 10417 [ ¥Xidx.
Assume that the pressure variation in the fractures across a block can be ignored.

Then the boundary conditions on the block, which reflect continuity of the water and
oil pressures, will be taken to be

Polx,t) = Pi(t)  and  py(x,t) = Pi(t),  (x,t)ed0xJ. (2.8)

With the analogous fracture quantities S=S,=1-5,, and P,(S)=P,-P,,, these two
relations then imply that

Pe(S(%,1)) = Po(R,) = Pu(X,t) = Poi(t) = Pyi(t) = Pe(SCL));
so that
s(x,t) = pe' (Pe(S(,))5),  (x,t)ed0yxJ. (2.9)

The physical assumption (2.8) ignores an effect that is of magnitude O(diam(Q;)) and
since

Pe(S(-,1))i - Pe(54(1)) = O(diam(;))?,
we shall take
s(x,t) = pe'(Pe(5i(t)),  (x,t)edQyxJ, (2.10)

in place of (2.9). Below it can be seen that the imposition of continuity of the
capillary pressure and the global pressure, rather than the phase pressures, leads to
(2.10).

A consequence of the assumption above to ignore the pressure drop in the
fractures across a block is that the initial conditions on a block, which reflect
initial equilibrium with the surrounding fractures, are given by

pv(%,0) = P,i(0) and  pe(x,0) = Pyi(0),  xeQ;, (2.11)
S0 that

Pe(s(x,00) = P(S(-,0)); ,  xeQ; . (2.12)



Again, instead of (2.12), we shall choose as the block initial saturation the value
s(x.0) = pe' (Pe(5:(0)), ey . (2.13)

Note that from (2.4) and (2.11) it follows for (x,t)edQ;xJ that

) ) P S{1)
P(x,t) = §(Poi(t) + Pyi(t)) + %]0 (=2 )(Pe' (8))aE (2.14)

depends only on the time t. Thus, for each time teJ, p is constant on Q; by (2.5), and

it follows from (2.7) that u=0. Let 0 = p;'o P.. Then the differential system for the
flow in the matrix block Q; becomes the single equation

Pst - V-(KAAAGPcVS) = 0, (xt)eQixJ, (2.15)
with the boundary condition

s(x.t) = o(5(t),  (x,1)edyxJ, (2.16)

and the initial condition

s(x,0) = o(5i(0)), xeQ; . (2.17)

Let
Vo = -kkmp;’ VP,

be the Darcy velocity of the oil phase. Then the block Q; transmits through its
surface 9Q; a space-averaged flow rate of oil given by

Qoi(t) = ‘lQil-‘ Ianivo'v da = -'Qir‘lniV'Vo ax = -|Qi|-' Ini(PSth. (2]8)

Thus, we define a total matrix source term by
Qom(x,t) = Zi Qui(OXilx) . (x,t)eQxJ. (2.19)
Now consider the differential system for the fractures. Assume that each
matrix block interacts only with the fracture system; thus, the blocks do not
interact with each other and they do not interact with external sources and sinks

(i.e., wells). Then Darcy's law, conservation of mass, the assumed absence of
gravitational terms, and the assumption above imply that

0Sq - V(KKyo(So)VP,)
OS5 - V(KK (Sy)VP)

Qe * Qom » (x,t)eQxd, (2.20)
Que * Qum.  (x.t)eQxJ, (2.21)



where the assumed incompressibility of the fluids (and of the matrix rock) implies
that the matrix water sink term Q,p, satisfies the relation

Qum * Qom = 0. (2.22)

Let
A(S) = Krojto'+ Ky iy, No(S) = Kroltg' A, A(S) =Ky iy A7

The global pressure for the fracture system is defined analogously by

Pe
P = 4(Po*R\) + 4o (AP @) L. (2.23)

Again, adding anc subtracting (2.20) and (2.21) leads to the system

VU = Q, (x,1)eQxJ, (2.24)
U + KAVP =0, (x,t)eQxJ, (2.25)
OS¢y + NgUVS = V-(KAAAGP.VS) = Qom- AQs ,  (x,1)eQxJ, (2.26)

where Qq = Qg *+ Que and Q; is its positive part. To obtain the right-hand side of
(2.26) above, we made the assumptions [7] that

Que=Q and Qpe=0 if Qe20;  Que=AyQ, and Que=AQ, if Q¢<O. (2.27)

The boundary conditions for the fracture system will be chosen so as to impose
no flow across 8Q). If

Vo = -KANVP, and  V, = -KAA,VP,
are the Darcy velocities of the oil and water phases, respectively, we ask that
VeV =V » =0, (x,1)e3QxJ, (2.28)
which in turn requires that

KAANP VSV =0,  (x,1)edQxJ, (2.29)
and
U-v =0, (xt)edQxJ. (2.30)

Finally, we have the initial condition

S(x,0) = S%x), xeQ. (2.31)



Equations (2.15)-(2.19), (2.24)-(2.26), and (2.29)-(2.31) completely define the
behavior of a waterflood in the simplified naturally fractured reservoir that we
admit in this study; the pressure P is determined up to an additive constant.

3. A Weak Form of the Problem
Let H(diviQ) = {veL2(Q)%:V-veL¥(Q)} and set
V = H{div;Q)n{v-»=0 on 30}, W = L%Q)/{w = constant on Q).

Let (-,+) denote the L%(Q) or L%Q)® inner product and (-); the corresponding inner
products over ();.

Assume boundedness of the coefficients in the differential system and of the
components of its solution, both in the fractures and in the blocks. Then, a weak
form of the system can be set up as follows. Solving for the global pressure in the
fractures is equivalent to finding a map {U,P}:J-VxW such that

(KAGI'UV) - (VvP) =0, VEV, (3.1
(V-U,w) = (Qe.W),  WEW. (3.2)

To put the saturation equations in weak form first let
$i= il [ ydx,  D(x,S) = KAAAP:,  dx,5) = KAAAPC-

The equations (2.15) and (2.26) can be tested against H'(Q) and HQ);), respectively,
and our weak form of the saturation equations consists of finding the two maps
5:J-U;{HY() + 6(5i(t)} and S:J-H'(Q) such that

(st + (ds)Vs.VE) =0, CeHQ),  (3.3)
(054,0) + Z;9:51;8; 1031 + (A, (S)UV5,0) + (D(S)VS,V0) = -(Ag(S)Q;,0), 0eH'(Q), (3.4)

where, for simplicity, the porosity of each block has been assumed to be a constant.

Equations (3.1)-(3.4) together with the initial conditions (2.17) and (2.31) and
the boundary conditions (2.16) define the weak form of the model. As mentioned in
the Introduction we shall make some additional assumptions about the coefficients
and the source and sink terms in the convergence analysis. The diffusion
coefficients D(S) and d(s) vanish at S = 1-Syeeyy @NA'S = Syegp aNd at S = 1-Spegy and
S =Sres , respectively; however, they will be assumed to be bounded below and above
by positive constants:

0« D1 < D(X,S) < 02 <o Q< d| < d(X,S) < 02 < 00, (35)



Also, the smoothness needed of the various coefficients, the source terms, and the
solution itself will be implicit in the argument.

4. A Finite Element Approximation Procedure

For O¢he¢1 and O<hy <1, let ‘3’.,{(0) and iy m(Q‘) be quasiregular partitions of Q

and {Q;} into simplices or rectangles of diameters bounded by hy and hy, respectively.
Let M = 'mhch‘(Q) and T = 11?,,," CHy(Q;) be standard C® finite element spaces
associated with ‘Zrhf(Q) and Tip ﬂ‘(Qi), respectively, such that

I~

inf{lu-ell ,, i» (o 6T}
infliv-eh o :Lens)

Clulh a.py ¥, 1€q¢q™+1, j=0,1, p=2,4, (4.1)
Civil o i, Irer*s1, j=0,1, (4.2)

IA

for any uew®® (Q) and veH" (Q;)NHYQ;). Let ¥, xW. denote either the Raviart-Thomas-
hy Thy

Nedelec [13], [15], the Brezzi-Douglas-Fortin-Marini [4], the Brezzi-Douglas-Marini [S]
(if d=2), or the Brezzi-Douglas-Duran-Fortin [3] (if d=3) space associated with ‘:r.,f(o)

of index such that V is approximated by V¥,  to order qQ +1. Set V1=Vhf={ve§'/hf=v-v=0
on 3Q}CV and Wy = wh' C W. It is known that

inf{lu-vligiveV¢ } < Clullghd, 0¢qeq™+1, (4.3)
inf{IV-(u-v)llg:veV ¢ } < CIV-ulghy,  0<qsq™™, (4.4)
inf{lip-wllgiweW ¢ } < Cliphgh?, 0¢qeq™™, (4.5)

for all {u,pleVxw, where @™ = q"+1 for the first two spaces ([4], [13], [15]) and q*"
= q" for the other two spaces ([3], [S]). Of course, one could take VixWy over a
quasiregular partition 7,(Q) analogous to but different from ‘Thf(Q). In that case, the

analysis of the next section will show that it would be expedient to choose the
approximation order R™+1 in such a way that h?" and h{" are of the same order.

Let L be a positive integer and At = T/L, and set
" = y(nAt), ay" = (y"-y"1 )/At

for appropriate n.

Following the ideas in [9], {10] and [1], [11], we define a finite element
procedure as the solution of the following systems:



iii)

iv)

{UR,P{:} € VexWyr, n=0,1,....L:

(KAGSDITU.WV) - (VP = 0, VEVy, (4.6)
(V-UR,w) =(Qe, W),  wew (4.7)

(03S7,8) + Zi9;85,1 6i10Qi1 + (A(Sh U -VSP8) + (D(SE")VSE,ve)
= ~(Ao(sh7)Qe". ), OeM (4.8)

sth €M7+ o(50;), n=1,....L:
(P{sY)y-sn- /4t €);i + (d(sp” ')VS",,VC), =0, Ceny (4.9)
son €T +At, n=1,...L:

(9sh,/AL,L); + (d(sp ' IVse, . VL); = 0, Lemy, (4.10)

where, with the notation 3" = o (817,

V) Se+[o(&T) AT (- L =1L
Sho=Sin + 87 -850 Sy (4.11)
Note that sp satisfies the equation
(98sh.L); + (dsp ™" )Vsp,V0); = 0,  LeMy. (4.12)
To start the procedure, approximate S° by SpeTl in any fashion such that
USP-Spllg + hedSP-Splly ¢ CHSOHhd,  1¢qeq™1, (4.13)
and take
st = o(57). (4.14)

After startup, for n=1,....L, the equations are solved in the following order.

First, using Sn~' and (4.6)-(4.7), evaluate {U',l' PRYY Next fromsp ™', o', and
(4.9)-(4.10), obtain s, and s3,. Now, usingU™', 57", sp™', &f\, s, (4.11), and (4.8),
compute SP. Finally, sp itself is evaluated from sj}, S3,, Sn ', Sn, and (4.11).



S. Analysis of the Error

Let n=U-U, and ™ = P-R,. It is known [9] how to estimate the size of these
errors in terms of the error S-S,. The estimates (5.4) of [9] can be improved by an
application of the ideas in [12] (in particular, the duality lemmas). Such
improvements have appeared there and in (3], [4], and [S]. Combining these results
with the estimates (6.2) of [9] leads to the refined estimates

In"lg < CLIUCAGhG + NO™ =) IS"-SRllg ], 1¢q¢q™+1, (5.1)
IV "lp ¢ CHV-UMIGNY, 14q¢q™", (5.2)
Iy < CLIP M maxzi N+ 10N = () 1S™-Splg],  1q¢q™%, (5.3)

where U is a projection of U that is bounded in L™(Q) if u is, and C depends on
IS"}y 1.2y (in (5.3)). Next, let us introduce the elliptic projections §,:J- and
g,:J-T7 + o(5i(t)) defined by
(D(5)V{5-5,),96) + (Ao(SIU-V{5-5,},0) + (A(S-5,).6) = 0, eem, (5.4)
where for coercivity
A 2 DY A K =) U =gy =) -

and

(d(s)V{s-sp}.VL)i =0,  CLemy, (5.5)
sy, = s = o(5i(t)) on 8Q;. (5.6)

It follows from the usual analyses of Galerkin methods for elliptic problems that

15-3plp + hellS-Sp 4 < cishn, 1¢g€q”+1,  (5.7)
1S 4-Sp o < CLUSky+ 1Syl 1N, 1<qeq+1,  (5.8)
15-5pk, 4 $ CIShya4(n) N9, 1<gsq™+1,  (5.9)
'3'§h'0'qi + hmls—é‘hlmi < Clsl,, Qih:“' 1ikrer®+1,  (5.10)
|5t°§ht'0_ni < Clisly, . + Isly, o en 1rer®+1. (S.11)

Thus, the convergence analysis reduces to obtaining optimal order bounds for the

errors &, = 5,-5, and &y = Sh-Sh.
For simplicity, choose the initial condition



the elliptic projection of the initial condition S° so that £ = 0. Then, combine
(3.4), (4.8), and (5.4) to obtain the relation

(0850.8) + Z;9i88 i 85101 + (Ag(SE IR '-VER.0) + (D(SRVE],Ve)
= -(0{s7-857},6) + (Q™ {Ae(Sh™)-Ag(5™)},8) - (ID(S™)-D(Sh™")IV5},V6)
+ (A{S"-811.8) - (IA(S")-No(Sh MNLP-V5].6)
- (NS -UR1 VBP0 - Si0i(RD -85t ) Bl eem, 1<nel.  (5.12)

Next, note that (2.17), (4.14), and (5.5)-(5.6) imply that &, = 0. Also, combining
(3.3), (4.12), and (5.5) leads to the equation

(AL M.L)i + (d(sh YVE . VL)
= —(@{s-8s57},0); - ([d(s)-d(sp NIVS) VL),  Lemnd, 1<neL. (5.13)

Also, it follows from (2.16), (4.11), and (5.6) that
L = o(8) - (&) - A7 G-, (x,t)e80xJ. (5.14)

In the analysis that will come it is convenient to rewrite the expression above. Note
that

o(8) = a8 + 7 E-57) + &,
where
é‘r_\
8 = ] (8! - 6) o (6)de, (5.15)
5
so that (5.14) becomes

Ehw = 7150 +
=S - S RN 48, (x,1)ednxd. (5.16)

Choose 6 = & in the error equation (5.12):

(®3ER.ER) + Zi9i0mni amIQi] + (D(SY)VERVER)
= -(0{S7-8501,80) + (Qe ™AL )-A(SM)LER) - (ID(S™)-D(Sy™)IVE, VET)
+ (MS™-B1LED) - (IAG(SM)-A(SEILPVELER) - (AN -LR 7 }VSR.ED)
- (&) -9 BRI - (ASS R VERED)
=T] + -+ Tg, 1¢nsL. (5.17)



First, the left-hand side of (5.17) is bounded below by
(286 [(OFR.Z) - (OLX™ .71 + DIVENG + Zi9;8E) Tl

Then, notice that all of the terms on the right-hand side of (5.17) with the exception
of the last two can be bounded using the ideas in [9], [10], so that here we just
briefly summarize the bounds for the first six terms. Now, (5.8) shows that

ITT1 < CLNST-85™g + #8(S-5, )"l JIE Phg
< claths wh? 2y %0
+ (BOTTISI? Lagy oy * ISt 12y ooy IET ¢ HERIGH,  1<q¢q™s1,

where J, = ((n-1)At, nAt]. With S suitably smooth, known L™ estimates for
Galerkin methods for elliptic problems imply that [V f =) ¢ C. Hence, since

~r

S -5t = (5P -5"1 )+ (5" -8+ Ep7 it follows from (S.7) that
I ERHERHERE
¢ ClUS]™ - SMUQHE pllg + US"-Sp Wol V5 b, =) IVE Rl
+ BS" - SUGHE Dlg + S"-S) MghU ™l =0y IVS Rl = () 1o ]

< C[AtIS QI2L2(J .izm)) *HSP L*(J:H 40Y) h?q"’laa-' I%+I£2ﬂ§] + EHV&:I% ,
14q¢q™+1,

for € as small as we please. To estimate T§, write U-Up™' as (U"-U"') + " and
apply (5.1) and (5.7):

ngl < C(IIU“-U“" g+ i -1 IO)IV§ g'L"(Q) laglg
cclatul?zy gxay * UPL~Gaaan * 151~ sy I
s D2+ a3, 14q¢q™+1.

We take up now the estimation of the new terms T; and Tg. Using (5.11), we
see that

IT31 < CE{(S -a5m)? + (B3Il
< ClIsP-35015 g+ MERNG)
S C{AtIS “IZLz(J ,;L’(Q )
< AU (2 g g * Bt L2 v g 10+ BRI, 1<rerTe.

Let T:V-V, denote the vector projection operator defined in one of [3], [4], [S],



[13], or [15], as indicated by the choice of the mixed finite element space made in
setting up our numerical technique. We shall employ some of the approximation and
boundedness properties of TT. In particular,

IU-TIUlp < CHUIGh,  1€q¢q™+1,
and TIU is bounded in L™(Q). Then,

IT81 < AG(SE MU -VEREDI + (AG(Sy MU -UR™)-VE R &I
< CHIVERIGHE g + BTTUM™! =UR™W () IVE RHQhE RH 4 |-

Quasiregularity of the partition of Q in R? or R® implies the inverse property
WU -UR ™l 4y ¢ Che ¥ Imumt -Up .
So, with (5.1) and (5.7),
HTU™™ -UR ™ 4y ¢ Che ¥ TIUM =TI Tl + ™ lg]
< Che¥{Iaunt g+ IS HgIng + IR Mo}, 1<qeq™+1.
Also, Holder's inequality and the Sobolev embedding theorem imply that
BERN 4y € NERNG™ CUER, 60y ) < CHERNTTHERET .
Thus,

IT31 < CLUERNGIVE Rllg + By LIUP g + USSPV )RS + HER QTN DUY* uEf0i™ )
<cfr e (P LOUN =g oy + 151~ sy e+ ER o 11° HIERN
+ edVERNZ, 14Q¢q7+1.

For convenience in notation set

2 —_ 2 2 2 2

T =I5 agzny  * 1Sl Laguran  * Bseliguxn o * U agyzqy - (5.18)
FI(Q = ISl =wnaon * IStPragm ooy * 1O ~ua sy » (5.19)
i) = bl g rn gy * ISt an @, - (5.20)

Multiply (5.17) by At and sum from n=1 to n=B. Apply the estimates obtained above
to see that



3(0L8.E8) + (D-26)ZLIVE N3t + S, 59i88 0, F0 10 At
S C{T2(AL)? + F2(Qh29 + M3(rn2r
* I+ I E @ IR I PERIB ALY, 1¢qeq™+ 1, Terer™el. (5.21)

Next, choose the test function § = {Ef, - [207"(ER; + (81-30)) + &1} € 00
in (5.13), multiply by At, and sum i and n to obtain the equation

Zo i Zi LB QLR Emn )i - PidEmni Emil0il + (07T d(sp™YVER, , VEL,); JAt
22,5 08T0 s &8I0y - (@ (-850} &mn)i + Pi(En-a5m)ER;la;!

« O(EN-850)E-E 10y - (27T {d(s")-d(sh ™ )}Vsh, V& m)i

+ [0 @08 B8 10|+ 180T 93(5-057) 8P 101 Jat
th o+ e th (5.22)

Our implicit assumptions on the smoothness of the coefficients must include
the boundedness of o', [0'T", and ¢~ in order to deal with ¥ ™' and &. These
assumptions are consistent with the assumption that the relative permeabilities are
bounded below by a positive constant. The left-hand side of (5.22) can then be
bounded below by

CilME RIS o, * ZRe1 IVE Rl o At] - ZhaiZi9i8Tmn: ER AL,

Set
o= T sl o o ¢ IS o (5.23)
F2(q) = F7(Q) + ISI* »uw a4y (5.24)
M) = 1) + Bl o~ rin 0 - (5.25)

We shall now bound the terms t§, 1¢j<7.
First, summation by parts on t! gives

81 =1 £{pTA, (38-38) - £2,0:8m1(850-850) at Jioy! |
el g, * CIFF(QNFY + Znidlnalg g Atl, 1€q¢q7+1,

by (5.7) and (5.8). The next three terms are bounded easily with (5.7) and (5.11) by



[t51 + 1t8] + Ith]
< czg Zi{1s?-a80 5. Rl .
v & -5 B Iyl + 15 -8 T 18- 1oyl } At
<CZh(s7-88015 o + 0S"-5003 + M3+ MEMIZ) At
< CITF(AL)2 + ME(rnZ + Fi(Qh?e
+ z,a,na::,..ng‘nmm + TELENAAL),  1grer™+, 14qeqter.

In order to estimate the term t& we need the known L™ estimates for Galerkin
methods for elliptic problems that imply the bound Ivg{,‘an(nm» ¢ C. So, (5.10)

gives the bound

Itd| ¢ CZ,&,Ziﬂs"-sa"lo_oilvg,?l,_-mi)IVE malo0, At
e MVE ?nhﬂﬁ,o,,m + CLTAAL)? + M¥(r)hZ + Z,&,I&“mhIS.QNAt], 1$rsr+ 1.
The sixth term on the right-hand side of (5.22) must be treated in a different

way since we do not have a direct estimate of either 8, or 8Z. We will use the
naive estimate

18Ehnloq,, € [mnloq, * Hanlgg 18D

This loss of a power of At will be offset by & which, as can be seen from the
expression (5.15), is bounded by the square of the error:

8 < CIS -8
¢ C[ISP-807"12 « |§g-'-‘§-‘_l|z R m-iu'z]
<clig 2 ("SI *Frae + 1™ -FDK P |
o) '8 S I

Unfortunately, the induction argument to be given below will just fail uniess we are
more careful. Note that, as indicated in [8], there exists zeT{+1 such that

215, <Claqilhy,  and 2l o < Cla0;INy . (5.26)

choose £ = [3] "1 (1-2)87 € M in (5.13), muitiply by At, and add over | and n to
obtain the relation
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= D1 S [T (988 R.2); + (s IVER,V2);
+ (¢{s{-8sp},2); + ({d(s™)-d(sp™"}VSP,Vz2); } 6P At .

Hence, with (5.7) and (5.9)-(5.11),

It8] + |t°|
< CZ T B g o 12 gy + IVER o o IVZH o + ISP -357)
et Zi LIBE b g 120 g, oo IVZloq,* Ist-3silg g Izl g o
+ Is-gp”! no Q,llehllL-mi)HVzli 00, ) 187 1At
]
<€ 1[ "a Q “& n + Hvanmh"g.om + “S?_agnllg'nm

! ns"-sg"no_omlm
+ CZ8, %180 { hpL(At)2 + 11 + 11} (8M)2 At
CLTHAL? + MO + Tl nnlG g Ot + e IVER G AL
+ CZhe T 1801 hy (A1) 2 + 2D 117! [(s"-s"")xi"ll*m,
+ 18" -SRI Wy T+ 12BN IS RER T X 203 )
CCLTHAL? + MOy + T MnalG o AT+ €20 IVERIE o At

+ Cl(A) 2 + 2T [ T2(At)* + FAQN %] + C*h 28, 20" 14 AL ),
16rer™+1, 1<qeq™+1,

A

where
C* = max; 180;110;172, C™™ = hymax; 1805110517

The constant C™ is fixed but large; it will not appear in the final error estimates.
The constant C*™ is of moderate size.
Set

E%(q,r) = TA(At)?[1+ (At)2 2] + FAQ)h[1 + h29((At)2 +hz2)] + M¥(r)n" .

Then the bounds for t;‘, 1€j<7, applied to (5.22) imply that the following inequality
holds:
(Cy - 26)HE NG, o, * ZmiAVERANG o At] - Z3,Z; @5 880w &N 1041 At
< Col E2(q,r) * Ty (NERANE o+ WERI3) At
+ haC*((AY) 2+ RZ)EZE, I&R g At ], 1<qeq+1, 1grer™+1. (5.27)



Thus, adding (5.21) and (5.27) we see that

T I&&hﬂﬁom+ Ti, (IVEN3 + IVER N2 0,) At
< C3{ E%(q,r) + Z&, (UEDN3 + Bmnld o, ) At

2, I (R + 1070) I 1ER2 At
+ hnC*((A) 2+ hi2) ZE, 02278 At )

$Col E2(q,r) « T, WERNG At
v (N2 (R + max, IERI3))"
+ N C (A2 + 2 Imax,,  BERIE ] EL, 1ERIZ At },
1€4q€q™+1, 1<rer™+1. (5.28)

Let us make the induction hypothesis that
max, ., (IERHG + u}:',;,,,naom) + T (IVE RIS + IVE b3 Qm) At < CsEX(q,r),
1€qeq™+1, 1<rer™+1,  (5.29)

where Cs is fixed and defined below. Note that since &) =3, = 0, (5.29) holds
trivially for B=1. Using (5.29), (5.28) becomes

BERIE + MERAIE, o + Zmy (NVERIG + HVER\IE o ) At

$Col E2(qn) + 23y 1RGOt

311 (2 (RN + CsE%(qn)))
+ hnC*((At) 2+ n2)CsEX(q,r)] T2, KERNZ At ),

1€q<q™+1, 1<rer’+1,
Now let us assume that
{he¥2 + hpl(A) 2+ h21}EXQ.r) — 0

as At, by, and hy, — 0. This will be satisfied if At, h§, and K, are all of the same
order as they tend to zero. Choose At, h, and hy, so small that

{he¥2[F2(q)n?* + CsE%(q,r)] ) hC*((A1) 2+ h2)CsEXq,r) ¢ 1.

Then it follows that



BERNG + NERANG, o, *+ Zm (AVERNG + IVERWIG o ) At
SCol E2(qr) « T2, (MZDN3 + It o ) At}

Gronwall's inequality applied to this expression implies that
BERNG + WERAIG, o, + Zmy (IVERUG « IVERANE o ) At < CeE2(q,T),
with
C5 = C4(' - C4At)-T/At S. 2C4 eTc4 = CS,

for At not too large, so that the induction argument is complete and (5.29) holds for
any (B-1) between 1 and L.
The following theorem is a combination of (5.1)-(5.3), (5.7), (5.10), and (5.29).

Theorem. Assuming the nondegeneracy condition (3.5) and sufficient smoothness of
the various coefficients, the source terms, and the solution itself, if

At, by, and hpy — 0

in such a way that At, h{, and hf, are all of the same order for some q and r such
that 1£q<q*+1 and 1<r<r’+1, then the error generated by the procedure (4.6)-(4.14)
satisfies the estimates

max [[S"-Slo+ Is"-shlo o+ IU"-URlo 1< CLTAL « F(q)n] + M)y, 1,
O<nsL

L
[ go Iv(s" - sp)|3 At ]'/2 cclvat + F(@hd™ + M(rnL 1,

and
L

[ 3 196 i, at 1% cclaat+ B@n » mONG",
n=0

where T, F(q), and M(r) are defined in (5.18)-(5.20) and (5.23)-(5.25). Moreover, if
1¢q<q™™, then

max JV-(U" - Up)lo ¢ CIV-UL =g gy W
Osn<L

and

max [P"-PRlg ¢ CLTAL + (WP =20y *+ F(@IN + MDA, |
O<ngl



By setting $=0, a finite element procedure for an unfractured reservoir Q is
defined in Section 4. This procedure satisfies the above theorem with the matrix
quantities deleted from it. Of course, the proof could be substantially simplified in
this case.

6. Some Notation

Symbol Meaning
(fracture)  (matrix)

K k permeability

Kre Krg relative permeability of the 6 phase

P p Chavent's global pressure

Pe Pe capillary pressure (oil minus water pressure)

Pg Ps pressure of the 6 phase

Qe — total external volumetric source

Qge — external © source

S S oil saturation

Sres,e Sres,8 residual © saturation

Sg Se saturation of the 6 phase

U u(=0) total flow rate (“global velocity”)

Ve Ve Darcy velocity of the 6 phase
2 oil (o) or water (w)

[ ¢ porosity (¢ = ¢; on Q; is assumed to be a constant)
He viscosity of the © phase
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