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THE TVD-PROJECTION METHOD FOR SOLVING IMPLICIT NUMERICAL SCHEMES FOR SCALAR
CONSERVATION LAWS: A NUMERICAL STUDY

A. Bourgeat and B. Cockburn

Introduction

In this paper we consider the problem of actually solving finite difference

implicit schemes for the following boundary value problem

(1.1a) du + axf(u) =0 in (0,T) x (0,1) ,
(1.1b) u(x=0) = bo on (0,T) R
(1.1c) u(x=1) = b1 on (0,T) ,
(1.1d) u(t=0) = Uy on (0,1) R

where f ¢ C!, bo and by ¢ BV(0,T), and U, € BV (0,1). The space BV(gf) is
the space of functions of finite total variation in @ . It is very well known
that the main difficulty concerning the resolution of an implicit scheme is to
solve at each time step the nonlinear equation defining the approximate solution.
One of the most popular methods to do this is Newton's method. Its quadratic
convergence makes it very attractive; however, its lack of global stability
makes it useful only if a suitable initial guess can be obtained. A widely used
practice is to take the approximate solution at time th uﬂ , as the initial

guess for the calculation of u2+1 :

(n) _.n
Uh - Uh 3
uém+l) =9 (uﬁm)) n=1, , MD .

But in this case the sufficient conditions for the convergence of this method

given by the now clasical theorem of Kantorovich, see the reference in the book

of Rall [7], impose an upper bound on the size of the time-step at" = tn+1 -t



In this way, the main advantage of using an implicit scheme is lost.

In practice, the number of inner iterations M" is usually taken to be
equal to 1. This is justified when the time step is small enough; see, for
example, the analysis of this newtonian iterations given by Douglas [3] for the
case of the long wave regularization implicit finite difference scheme for (1.1)
developed by Douglas, Kendall and Wheeler [4]. This choice is also taken
because doing Mh inner iterations with the time step At = Ath cost as much

as doing M

time iterations of a single inner iteration with at = Ath/Mh ;
this strategy has been adopted, for example, for the implicit-explicit version
of the PPM scheme, developed by Fryxell, Woodward, Colella and Winkler [5].
Other authors prefer to do a few inner iterations in order to improve the
accuracy of the approximate solution; see, for example, the implicit version of
Osher upwind scheme developed by Rai and Chakravarthy [9]. But it should be
noted that in any case if the time step is too big the stability of the method

is lost.

In this paper we introduce a new and very simple method for overcoming

this difficulty. It consists in replacing the newtonian iterations by the

following modification

(1) .
Up = up ’
ur(1m+1) = P(urgm)) (@ﬂ) uy(lm))) ,om=l,e, M

where @R is the same as before, and the operator P(vh) is a locally defined

projection verifying the following stability properties

inf P(vh) wp > inf oy ,
X X

sup P(vh) W, < sup v ,
X X

nP(vh)whnBV < WV igy .



Because of this last property the operator P(.) 1is called the TVD (total
variation diminishing) projection. With this new procedure no oscillations due
to the linearization leading to the definition of 02 appear anymore, and the

method is always LN BV - stable regardless of the size of the time step.

In this work we have tested numericaly the proposed method in the case of
the Godunov's implicit scheme, the simplest and best known implicit finite

difference scheme for (1.1).

An outline of the paper is as follows. In Section 2 Newton's method for
solving the implicit Godunov's scheme for f.1) is written down. In order to
have an idea of how the stability properties of these Newtonian iterations
depend on f' and f" we compute explicitly the eigenvalues of grad @E .
Section 3 is devoted to test the stability of Newton's method in five different
test problems. In Section 4 we introduce our TVD-projection, and we show how to
modify the newtonian iterations in order to always have L* N BV - stability. In
Section 5 we test this method in the same cases at which Newton's method was

tested, and we compare the corresponding performances. We end in Section 6 with

same concluding remarks.
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2) Newton's Method for Godunov's implicit scheme

2.1) Introduction

In this Section we write down the Godunov's implicit scheme for (1.1), and

its Newtonian iterations.

We want to stress the fact that the stability of Newton's iterations depends
essentially on the size of |f"| rather than the one of |f'| as it is commonly
believed. Indeed, if f" = 0 the Newtonian iterations are trivially stable

regardless of the size of |f'

. Also, it is intuitively clear that the presence
of a discontinuity represents a threat to the stability of the method. In
Subsection 2.4) we make these statements precise by calculating explicitly the
eigenvalues of the operator grad og in the simple, but illuminating, case in

which f' > 0. Proof of the results therein are given in Subsection 2.5).

2.2) The scheme

n,nt s nx
As usual, Tet {t"}," be a partition of [0,T], and {X1+L2}O one of

n _ .n+l n B . .
[0,1]. Let us set at" =1t -t , and Axi = X1+LQ - Xi-b@ . We associate to

{tn}%t the space

(2.1a) W= {y e BV(O,T) = y(x) =", te ("™, n=0,..., nt-1}

s nx
and to the partition {XH]/Z}0 » the space

(2.1b) Vh = {vh e BV(0,1) : Vh(X1/2) = Vg > Vh(xnx+LQ) = Vsl o
Vi (x) = Vi s X € (Xi- s X1+b2) , i=l,...,nx} .
Define bOAt and blAt to be the Lg projection of bO and b1 , respectively,

on the space wAt ; and let Ug, be the Lg projection of ug on Ve Then,

Godunov's implicit scheme defines an approximate solution U, € NAt X Vh in the



following manner:

(2.2a) ud - Uoi , d=l,e..,nx

(2.2b) For n=1,..., nt

i=l,e00, NX

G,n G, n n . .
irlp = f (u1._1 s ui) is defined by

where the Godunov flux f
(2.2¢) f8(u,v) = f(e) ,

where ¢ is any point of the interval I(u,v) = [min {u,v}, max {u,v}] such that

(2.2d) (sgn(u-v)) « (f(g) - f(c)) <0, c e I((u,v) .
Note that when f' > 0 then f227 = f(ﬁ ) nd wh f' <0 fG’n = f{] )
.|+]/2 .l Y a wnen < Y 1+]7/2 = U.i+l .

Thus, 6 s a generalization of the classical upwinding flux. Also, among the

fluxes of the form fﬁ+L@ = i(ui+1, “i) it is the one that produces the smallest

amount of viscosity. See Osher [6], and Brenier and Osher [1] for more details.

2.3) The Newtonian iterations

It is clear that when f' >0 or f' <0 the Godunov flux is C! s
provided of course that f ¢ cl. However, in the general case this is not true.

For example, if f(u) = u(l-u), then for w > l-w # 12



alfG+ (Wyl-w) = f'(w) ,

2,f°7 (w,1-w) = 0 ,
and

alfG+ (w,1-w) = 0 ,

5, £97 (w,1-w) = f'

5 w,l-w) = f'(1-w)

To define our Newtonian iterations we shall use the following definition for

G G .
8,f7 5 a,f
(2.3a) 3, fou,v) = £'(u) if ou=¢ ,
=0 otherwise ;
(2.3b) 3,f%(a,v) = f'(v) if v=c¢ ,
=0 otherwise ,

where £ 1is the same as before.

Thus, we define the operator @E as follows:

(2.4a) A
(m) (m+1)
Un Up :

where

m+1 n
(2.4b) Ué ) = bO s

(m+l) _ .n

unx—l3 - b1 >

NG,m+1/2 NG ,M+1/2

(u§m+1) n-1 A ) fi—b@ )/ =0,

A A i

2=1l,..., nx .



where the flux fNG’W]’/2 is given by

i+lf2
(240 G = Sl o) @I ) Bl Wy
+ (u$m+1)- (m)) 3, fG(usT%, ugm)) ,
BlfG s aZfG being defined by (2.3). It is an easy matter to show that this

. . PR nyNXx nx
operator is well defined for every partition {t }0 X {X1+LQ}0 of
(0,T) x (0,1); this is guaranteed by the fact that fG(u,v) is nonincreasing

in u , and nondecreasing in v.

Finally, Newton's method can be written as follows:

(1) _n
(2.5a) ug = by
(1) _n
Unx+1 b1 ’
(1) _ n-1 ]
uj = Uy i=1, s NX ;
(2.5b) For m=1,...,M"
m+1 n m
s )

2.4) The Eigenvalues of ¢ﬂ for f' >0.

The convergence of the sequence {uém)}m>1 generated by (2.5) with T
depends on the size of the eigenvalues of ¢E,xi, In particular, a sufficient

condition for convergence is that the absolute values of A; are smaller than

one. In what follow we obtain an explicit formula for the 2.

i in the case of

f' > 0. We introduce the following notation:



resp(w,); = w; - u?" = (f(wy) - fw;_1))

Yij = [grad res, (W) 155

del, (wh) = [grad res, (wh)] res, (wh)

. . . n
Note that with this notation 9, (wh) = W, + del, (w,) . We have thus the

following result.

Proposition (2.1) The eigenvalues of the matrix grad @ﬂ (wh) are

-l
AR
(2.6) r. = 1 . de](wh). s
i~ Atn-l !
1+ fr(ws
(1 22— )
i=l,...,nx

This result shows that the role played by the size of the second derivate of f

in the stability of (2.5) is essential. It also shows that more stability can be
obtained if at""1 is smaller. Let us point out that, as og(wh) = w, + del(w,),
the iterations (2.5) converges if and only if {de](ur(]m))}m>1 converges to zero.
As (2.6) shows, when (2.5) converges, the eigenvalues also converge to zero.

This fact reflects the quadratic convergence of the method. It is difficult to
take into account the dependence of de](wh) on Atn'l , f' and f" , but a
simple expression can be obtained in the important case in which Wy is a step

function with a single discontinuity. We need first the following lemma.

Lemma (2.2). The matrix vy = [grad r‘esh(wh)]"1 is given by:
Yij = 0 for i <j ,
Yii =1 -9
Xy o
Yij = GU R 1(1 - 01) —4  for i>j,
i
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where

(a1 7 ax)f (ws)

a1,
L+= " f'(w;)

&5

Now we can state the following result, that shows how the presence of a

discontinuity influences the eigenvalues of grad @ﬁ .

Corollary (2.3). Let W, be the following step function:

, 0 <1« 10 .

1O<1<nx

Then the eigenvalues of grad @E are

n-1
AL £ (w;) n n
M, a1 f(by) - f(by) Gy N
)\] = Atn-l e ( bn bn Y-HO ( 1 bo) s
(1 F(wy) "0 10

n.n. . .
where Yiio = Yiio (bO’bi) is given by Lemma (2.2).

Note that for AXx; = Ax , A1 T 9 A

j , 1 > iO , Where

i

n-1 n
AT £ (by)
AX 1
0= <1 ’

n-1
(1 +_2_Xt_ f'(b3))

so, the influence of the discontinuity decreases geometrically with the number
of elements to it! Note also that if f'(b?) = 0 the only non-zero

eigenvalue of grad ¢E is

n n
_ Azh—l T A&P_l f(by) - f(by) o7 - b0

1O 0 1 0
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2.5) Proof of Proposition (2.1).

We need the following result.

Lemma (2.4). Let @2 be the operator defined by (2.4), then,

nx 2
n _ 9
(grad °h(wh))ij = - z§k=1 Yik (awlawj resh(wh)k) del (wh)z

where Yi is given by Lemma (2.2).
Proof. We use here the standard tensorial notation. By the definition of & and

vy we have

res .

Thus,

(grad Q)ij = aij = Yim,j T®Sm - Yip eSp,;

From the definition of y we obtain easily the following expressions:

Y]-m r‘esm’j = 6]\] s

Yim,j resm = - Yik r‘esk’u- YRIH resm 5

As delz = Yoo T€Sp o the result is obtained by simply inserting these

experiences in the equality giving (grad ¢2) .

Note that this result is valid regardless of the very form of resy (Wh)' Now we

turn to the proof of Proposition (2.1).
From Lemma (2.2) Yig = 0 if 1< k. Thus, by Lemma (2.3)

nx 2

j
n 9
. rad ¢ ).. = - .
(2.7a) (orad a)g5 = - L 1 ik G

. resk) de]R
2]
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But, from the definition of resh :

1

At i "
(F W) goq - £ (Wep) 8561 S q)

n_

res S
k

Axy

and so, if k < j this quantity is equal to zero.

This implies

(2.7b) (grad &) A
. grad ¢_).. = - s
h 1] k:J 2:1 ik E)Wzawj

resy) de]2

From (2.7) it is now clear that for i < j (grad @E) =0 ; i.e., the matrix

1J
grad @ﬂ is Tlower triangular. This implies that is eigenvalues are

n
A.I = (gr‘ad q)h).i1
nx 5
= res. del
g=1 T W, aw, 1 %
n-1
— At n
i
Atn—l -1
Finally, from Lemma (2.2), vii = (1 +-—Z;—— ' (w;)) , this completes the proof of

Proposition (2.1).
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3) Testing the stability of Newton's method
3.1) Introduction

In this Section we shall test numerically the stability of the Newtonian
iterations (2.5) for (2.2) in five different problems of increasing difficulty.
Al1T of them are Riemann problems that have a self-similar solution easy to
calculate. The first three of them have a non-decreasing nonlinearity; i.e.

f' > 0. The last two have a non convex f , and their solution presents a sonic
point; i.e., a point u* for which f'(u*) = 0. After displaying the test
problems, we define a function that measures the stability of (2.2), (2.5), and we
evaluate it numerically. We end by a brief discussion of the numerical results
that will serve as a reference for evaluating the performance of our proposed

method.
3.2) The test problems

The test problems are of the form (1.1) where

(3.1) fi(u) = zgu® (1-r;(1-u)? (z;u® + (1-))"t =105,
(3.2a) uO'i(X) =0 x ¢ (0,1) i=1,2,3 s
bi(t) = 1 t ¢ (0,T=0.3) i=1,2,3 ,
by (t) =0 t ¢ (0,T=0.3) i=1,2,3 ,
(3.2b) Ui (x) = 0 x ¢ (0,0.6) i=4,5 ,
=1 x g (06,1) i=4,5 s
b01(t) =0 t € (0,T=0.05) i=4,5 .
by(t) =1 t e (0,T=0.05) i=4,5

See figures (1),(2) and tables (1) and (2).



0. . I " 1 " 1 N
on.ﬂ a.z 0.4 a.s 0O.a 1.0

Figure (1.b). The solutions x w u; (T=0.3,x), i=1,2,3.

1 24 ri 1Ti0L=(0,1) 1Fi0=(0,1) 54

1 4 0 3.18 16.67 1.61

2 12 0 3.61 23.18 1.95

3 20 0 3.91 28.19 2.17
Table (1). The index i indicates the number of the test problem, and s. is

the speed of the discontinuity of the solution of problem i !
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0.2 1~

%45

Figure (2.2b) - the solutions x » Ui(T=0.05,x) , i=4,5.

i X f, £ : :
i & it=0,1) "ilL"(0,1) > %

4 20 8 7.17 99.19 2.98  4.05

5 20 15 16.10 194.99 5.19  9.08

Table (2). As before i indicates the number of the problem; s; and s: are
the speeds of the discontinuities (of the solution of problem 1)
traveling to the right and to the left, respectively.
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3.3) Measuring the stability (and convergence of the method)

To measure the stability properties of (2.2), (2.5) we proceed as follows.
First, we fix Ax (all the grids will be taken uniform) small enough in order
to ensure that the error already entered in the region of its asymptotic

behavior. Then, we define the quantity A as follows:

(3.2a) A= AX sup {AtO :orc(at,ax) > Ip ¥ At < Ato}
where

(T) - u (at,ax; T)y
(3.2b) log h ) L(0,1)

R ’
() uh(?_" 7 T)"L1(0 1)
rc(at,ax) = >
log 2

is the estimated rate of convergence. We denoted by U, (At, ax;T)  the
aproximate solution, obtained by (2.2), (2.5) with at" = At and Axi+/2 = AX ,

at time T ; u(T) 1dis the exact solution at that time.

We recall the fact that 1/ is the more rate of convergence for the scheme
(2.2). (This is also true for 3-point implicit monotone schemes; see Sanders
[8]). Thus, we shall consider A as a measure of the stability of the scheme.
The bigger A is, the more stable is the scheme. We shall take Ax = 0.001

in all the examples.
3.4) The numerical results.

For each of our five test problems we have calculated >\(Mn =1, =2, =3)
(see Table 3), the corresponding total number of time iterations nt(i.e., M"
times the numbers of time steps; see Table 4), the error w(T) - uh(T)"Ll(O,l)
(see Table 5), and finally, the efficiency of the algorithm (Table 6) that is

defined as follows:
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: ff = - - nt}l
(3.4a) ef f {uu(T) uh(T)"Ll(o,l) nt }
test problem Moz 1 Moz 2 M =3
1 0.617 1.327 1.240
2 0.507 0.811 0.777
3 0.457 0.694 0.682
4 0.250 0.595 0.342
5 0.110 0.221 0.160
Table 3. Values of A defined by (3.2) for each of the test problems
"i* , i=1 + and M = 1,2,3 in MY is the number of total inner
iterations in the Newtonian iterations (2.5).
test problem Moz Mz 2 MY =3
1 486 452 726
2 592 740 1158
3 656 864 1320
4 200 168 438
5 452 936 936
Table 4. Values of the total number of time iterations nt = M' x number of
time steps. Note that nt = M" x 1000 x T / a .
test problem Moz 1 M o= 2 M = 3
1 2.18 62.34 30.50
2 2.24 16.05 12.38
3 2.23 137.82 6.30
4 2.51 31.61 8.46
5 1.41 8.66 4.42
3
1 . Val of 10 T) -
Table 5 alues x nu(T) uh(T)“Ll(O,l)
test problem Mozl Moz 2 M= 3
1 9.44 0.35 0.45
2 7.54 0.84 0.70
3 6.84 0.84 1.20
4 19.92 1.88 2.70
5 15.62 2.55 2.42

Table 6. Values of 10% x eff, defined by (3.3).
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From table (3) we see that the stability of (2.5) increases when passing
from 1 inner iteration to 2 , then it decreases when passing to 3 inner
iterations. (For more than 3 inner iterations A can possibly oscilate
slightly around aA(M" = 3) and then decrease slowly to an asymptotic value; we
have not shown these results). It is also interesting to note that for a fixed
value of M”, the value of A decreases monotonically with 1 , the number of
our test problems. This corresponds to the increasing values of uf;an and
uf:an ; see tables 1 and 2. Though it is not easy to find a simple relation
between the values of A and those of f' , f* , table 6 seems to indicate
that the following relationship is verified:

n_ + -
Aj(M7=1) « Max{s;, s;} =1 .

test problem xi(Mn =1) . Max{s;, s5)
1 0.993
2 0.988
3 0.991
4 1.010
5 0.999

Table 6. The cfg-number Ai(Mn =1) » Max{s:, s;}.

For i=1,2,3 max{s;, s;) s simply s, .

This is rather surprising result for, on the one hand, it does not involve
the values of f" , and on the other hand, it is not true when f" =0 . It
indicates that the stability of the Newtonian iterations (2.5) with M' =1

depends only on the cfg-number, exactly as if it were an explicit scheme!

Table 4 shows that the amount of work for M" = 1,2,3 is of the same
order of magnitude. Tables 5 and 6 show that with M" = 1 not only the
jiterations ( 5) are more efficient but that they give raise to a better

approximate solution.
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4) The TVD-projection method
4.1) Introduction

In this section we define and study the stability properties of the
so-called TVD (total variation diminishing) projection P(wh). Then, we write
down our TVD - projection method and study its stability. We end by some
remarks about the relationship the convergence and the conservativity of the

method.
4.2) Definition of P(wh).

Let W and iy be two arbitrary elements of Vh . To define P(wh)vh
we proceed as follows. First, to each point of the partition {X1+LQ}%X we

associate a value Ni+1p defined in the following way:

(4.13) n].+1/2 = w_i

if sgn(v1+1 - w1+1) = sgn(vi—wi) # sgn(w1+1—wi) R

if sgn(v]-+1 - w1+1) = sgn(vi—wi) = sgn(wi+1-wi) R
(4.1c) MNiplp T Oalp Wit (1585110 Wiy otherwise,
where
V. - W
_ i+l i+1
(4.1d) 61+L@ = .

(Vipp = Wigg) - vy - wg)

We also define .1 and Mx+3/2 as follows:
(4-1e) n_]/z = WO ’

(4.1f) “nx+3/2 = an+1 .
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The definition of Ni+lp s illustrated in the figures that follow. In there,
the continuous lines represent the values of the function W, and the dotted
ones the values of the function V, to be projected. The bid dot represents

the value of "1+L?

VW VW
*i+lp i+l
V,W V,W

¥
¥

Note that N+l always lies in the interval I(w;, Wi,p) regardless of the

values v Vigl - We shall prove this Tlater.

-is

Next, we define the intervals Ii as follows:
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Ly = M miagp) U Tgang_gp)
it sign (Wi-ngupp)(wi-ng ) <0,

I(Wi s T11-+]1/2) n I(Wi ’ﬂ.i _]/2)

otherwises i 0,e0.,nx+l .

Now, we introduce the L®-projection on the interval [a,b]:

b if ¢c>b,
(4.2) PE; b] (c) =< ¢ if ¢ e [a,b] ,
a if ¢ < a

Finally, we define the projection P(wh) vy, as follows:

(4.3a) P(wh) v

where

(4.3b) U, = Pr o (vi) i20 ,ee., X + 1,
Ii i

where the iy, are defined by (4.1). Note that the operator P(wh) is a

projection for it is easy to check that

P(wh) P(wh) vV = P(wh) iy

4.3) Stability properties of P(wh).

Let us begin with the following result.
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Lemma (4.1). Set Up = P(wy,) Vi, - Then

(4.4a) Us e I i=0,...

i i s, hx +1
(4.4b)

n'i+]/2 € I(Wi b W-i+1) 1.'—"0, ee ey nx

Proof. Property (4.4a) is a direct consequence of (4.2) and (4.3). The second

is a consequence of the definition of Nty o (4.1).

We can state now our key result.

Proposition (4.2). Set Up = P(w,) v,. Then,

(4.5a) inf u, > inf W ,
X X
(4.5b) sub u, < sup W, ,
X X
and
(4.6) Wi, < Mig, .

Proof.  Inequalities (4.5) are a corollary of (4.4). To prove (4.6) we proceed

as follows:

nx
Wtgy = L) [ien - 4l

nx

“ih (U501 = misgpl + Injay - uiD)

Inyp = ugl + Imx+lp = Ynxr1l *

nx

121 (|n-|+1/2 - U.|| + |u-| - n]_]/2|)
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But, from (4.1) Ug = N1y o Ungsl Mx+3/2 3 and from (4.4a)

Rl B e T P B L P T - il

Thus,

nx+1

Wity = < izo (njprp = Wil + 1wy = gy )

lw0 - "-b?l * Innx+3/2 - wnx+1l

nx+1

121 (Mg =gl dnigp - Wi

+

But again, from (4.1) Wy = N1y > Whxel = Mx+3/2 5 and from (4.4b)

i Mgl Iniyy Wil s g -y
Thus,
nx+1
Wyt € izl Wi = vyl
Iw
h "BV 3

This completes the proof.

4.4) The TVD-projection method

With the notation introduced previously, we can write our algorithm for

the inner iterations of (2.2) in the following manner:

(4.7a) o§=e]
1
uﬁxll) - b? >
(1) n-1

Uj = Uy . 2=1l,.0.,nX% ;
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(4.7b) For m=1, ..., M"
0™ = pui™) (e (™)

Compare this with the Newtonian iterations (2.5). This method has the advantage

of being stable regardless the characteristics of the partitions {th}gt and

n .
{Xi+b2}6( . Moreover, it also guarantees the compactness of the sequence

{uh}h > 0 determined by (2.2), (4.7) in the L*®(0,T;L%(0,1)) - norm. This is a

direct consequence of the following result.

Theorem (4.3). Let U, be the approximate solution obtained by (2.2) and
(4.7). Then,

inf u > gnf [by(t), by(t), up(x)] ;
s X
sup u < sup [by(t), by(t), up(x)] ,
t,x
LAY PR . bt + b, +
h'L=(0,558v(0,1)) € "™0"sv(o,1) T "1'8v(o,1) * "n"Bv(0,1)

The proof is straightforward: it is a direct consequence of Proposition
(4.2) and the definition of bOAt’ b].At’ Ugp - Thus, the sequence {“h}h s 0
has a subsequence converging strongly in L“(O,T;LI(O,I)) to a limit. The
problem of proving that this Timit is indeed the entropy solution of (1.1) is

very delicate and will not be considered here.

4.5) The price of stability

From the definition of the Newtonian iterations (2.4), (2.5) we obtain

easily the following expression for the conservations of mass:
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nx nx
+ -
Lot e = 1o e -
i=1 i=1
n-1 NG,m+l2 NG, m+1/2
0 Uil - Ty ) ’
where uém+1) = QE (uém)). On the other hand, by (2.2) we have for the approxi-
mate solution of the Godunov scheme
nx nx
n n-1
Yy ous A&; o= Y ou AX; -
i=1 ! ! i=1 ! 1
n-1 ,.G,n G n
- (fnx+b2 - 1/2) ’

Thus, the error in the total amount of mass at the time step (tn‘l,t")

introduced by Newton's method is simply

n-1 G,n NG, m+1/ G,n G m+LQ
(4.8a) - (P, - At - (6 Hi@ ,

with  m =M

In our method the error in the total amount of mass has a rather different form,

for it cannot be written in conservation form like the Newtonian iterations

n o, (m) (m+1) (m)

(2.4), (2.5). Set w, =@ (u '), and up = P(up /) Wy, » then
nx nx nx
+
T A (L A s
i=1 i=1 i=1
nx
= ¥ u?'l AX  +
i=1
n-1 ,NG,m+1 NG ,m+1/
-8 (Fxi fp )+

nx
+
+ 7 (Ugm 1) - Wi) AX ,
i=1
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where, of course fNG = ¢NG (uﬁmz w,). This implies that the error in the total
amount of mass produced by our method is the sum of a term similar to (4.8a) and

the following one

(4.8b) Us - W) &g o= [ (P(uy ) - Id) wp, (x)dx

The term (4.8a) is due to the linearization procedure, and the term (4.8b) is only

due to the projection P(Ur(]m)). In other words, the price that we have to pay for

stability is an increase of the loss of mass!

Nevertheless, we have to point out that if W, = u(m) then P( (m)) u(m) = (m)

h Uh h Uh
and the term (4.8b) is equal to zero. Thus, if del (uﬁm)) = @E (uﬁm)) - uém) =
W - uﬁm) is small enough then P(uﬁm)) W, = w, and (4.8b) vanishes. If this

is the case, the inner iteration of our method reduces simply to a Newtonian one.
In fact, this happens when "L s smal enough. Thus, our method can be
considered as an extension of Newton's method. When Atn'l is big, the term
(4.8b) is not anymore equal to zero, and indeed it can be very big. If our method
converges we expect the term (4.8b) to go to zero with the number of iterations m

Our numerical experience indicates that this is always the case, and that once
(4.8b) becomes zero it stays equal to zero, so that the method coincides with
Newton's method after a certain number of iterations. Once this happens,
convergence is achieved very quickly, but it is extremely inefficient to ask the
term (4.8b) to be equal to zero in order to stop the iterations. It suffices to
stop the inner interations when (4.8b) is "small enough". We consider this

problem in next Section.
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5) Testing the stability of the TVD-projection method
5.1) Introduction

In this Section we test numerically the stability properties of our method
on the same six test problems on which the method (2.2), (2.5) was already tested.
Our stopping criterion is based on a control of the amount of mass Tost by the use
of our projection. After defining it we calculate the quantities a defined by
(3.2), and we compare them with the A obtained for Newton's method. The same

Ax has been taken.
5.2) The stopping criterion

To define a stopping criterion for (4.7) is to define M". We define such a

quantity as follows:
(5.1a) " = min m: LM(uém)) >e}

where the Toss of mass LM is defined by

n
(5.1b) ™) = T 1CeE™) - 1) am™)), 1,

In our numerical experiences we shall take e as follows:
(5.2) e = at o ()32 j=1,2,3,4.

Roughly speaking at each time step we are allowing ourselves to lose an
amount of mass equal to e ; thus, in nt iterations we allowed ourselves to
lose a total amount of mass equal to T . (Ax)j/2 . Taking into account that the
error behaves like CO(At)“ for o« e (0.5,1), and that At >> ax , we think that

this is a reasonable criterion.
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The numerical results

Our numerical results are shown in the tables 8 to 11.
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test problem j=1 j=2 j=3 =24
1 75 75 150 150
2 50 75 150 150
3 50 50 75 75
4 25 25 25 25
5 25 25 25 25
Table 8. Values of A for the TVD-projection method. The value j is
associated to the stopping criterion (5.1) by (5.2).
test problem j=1 j=2 J=3 j=4
1 583 618 7217 728
2 648 769 926 927
3 761 780 889 889
4 196 394 645 645
5 365 369 1465 1465
Table 9. The total number of iterations nt:
nt = y (number of inner iterations).
time steps
test problem j=1 j=2 j=3 j=4
1 64.29 71.75 115.69 115.69
2 50.43 73.71 122.14 122.14
3 50.16 48.33 80.06 80.06
4 38.54 55.26 49.69 49.69
5 96.95 96.42 93.00 93.00
Table 10. The values of 103 yu -
(1) = (Mg )
test problem j=1 j=2 J =3 j=24
1 0.27 0.23 0.12 0.12
2 0.31 0.18 0.09 0.09
3 0.26 0.27 0.14 0.14
4 1.32 0.46 0.31 0.31
5 0.28 0.28 0.07 0.07
Table 11. The values of 10% eff .
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Note that the the minimum value for the number of time steps is 2, see the

definition of A (3.2), and so we have:

_ T _
Apax = 7 1000 = 500 T .
As T = 0.3 for problems 1,2,3 and T = 0.05 for problems 4,5 the maximum value

for A is 150 for problems 1,2,3 and 25 for problems 4,5.

From these results we can conclude that the stopping criterion (5.1) works
well, and works better for j =1 ; see the errors and efficiency in Tables 10
and 11, respectively. Note that the results obtained with j = 3 and 4 are

essentially the same.

By comparing the values of AN for the Newtonian iterations (2.5), table 3,
and those for our method, table 8, we see that our 2 are at least two orders of
magnitude bigger than those of the Newtonian iteration. Thus, we can say that the

use of the TVD-projection enhances enormously the stability of Newton's iteration.
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6) Conclusion

In this paper we have introduced a very simple and Tocally defined
projection, the TVD (total variation diminishing) - projection, and we have shown
how to use it to define an always-stable extension of Newton's method, applied to
solve implicit schemes for the scalar conservation law (1.1). After proving that
the TVD-projection makes the inner iterations N By - stable, we tested our
method on Godunov's implicit scheme (1.1). Our numerical results show that the
time step sizes allowed by our method are at least two orders of magnitude bigger

than those allowed by the standard newtonian iterations.

As first-order schemes are not very efficient, we are planning to apply
this technique for solving more accurate implicit schemes (+..with variable
space-discretization). In particular, we are interested in solving the implicit
finite element quasi-monotones schemes introduced recently by one of the authors;
see [2]. These schemes are TVDM (total variation diminishing in the means), and

seem to be a suitable application of our TVD-projection method.
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