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WORKSHOP OM
PRICE ADJUSTMENT, QUANTITY ADJUSTMENT, AND BUSINESS CYCLES
Hugo Sonnenschein
Hans Weinberger

During the week of October 24-28, 1983, a group of mathematicians and eco-
nomists met at the Institute for Mathematics and it Applications at the
University of Minnesota. The workshop dealt with economic models in which time
plays an essential role, and both the description of adjustment to a static
equilibrium and the description of equilibrium paths were considered. From a
mathematical point of view, discrete dynamical systems and the dynamics of ordi-
nary and partial differential equations played a major role.

The conference began with two papers concerned with economic dynamics
background (Hurwicz and Brock), and continued on Monday afternoon and Tuesday
morning with four substantive contributions to the theory of economic dynamics
(Bewley, Brock-Rothschild-Stiglitz, Wan, and Gale). Don Saari provided some
discrete dynamical systems background for a paper by Grandmont on business
cycles; the Grandmont paver was a major focus of the Workshop. Goroff,
Scheinkman, Sims, and Wallace discussed the Grandmont paper after its presen-
tation on Wednesday morning. Thursday mornina began with an introduction to
non-standard analysis (Anderson) and continued with a paper on price adjustment
in a non-standard exchange economy (Keisler). The remaining papers on Thursday
and Friday were devoted to issues of quantity and/or price adjustment
{Novshek-Sonnenschein, Mas-Colell, Artzner-Simon-Sonnenschein), equilibrium with
a continuum of commodities (Jones), and the adjustment of expectations
{Blume-Jordan).

A distinctive feafure of the Workshop was the substantial interaction bet-
ween mathematicians and economists, many of whom had not been previously exposed

to the ideas that were presented. A conference volume is planned.




On the Stabflity of the Tﬁtonnement Approach
to Competitive Equilibrium

Leonid Hurwicz

Economics Department
University of Minnesota

The notion of tgtonnement goes back to Walras who studied its stability
properties in the case of two goods ([14], Lesson 7). It {s patterned after an
auction where goods do not change hands hands until the final price has been
agreed upon.

Formally, in a pure exchange economy with n agents and % goods, a

Walrasian tatonnement process with a discrete time parameter can be written as

(1) Py par - Py,e = Hylfgwos R0 3= 112, €2 0,12,

_¢ 1 ny . 3 = (.1 1 i = .. .
Here mo = (wo’.., mo) ’ mo (wl,() L% ) ,mz’o), 1’ 1) n!

1 . '
Py = (P1 tseees Pg t); R= (R -ees RM w; D1s the i-th agent's initfal

endowment in good i 5 p; . s the price of good j at time t ; R' is the
preference relation of the i-th agent. fj(-;wo,R) is the aggregate excess

n
demand function for good j ; 1.e., fj =7 f! where f; is the excess demand
- j-113 .

function of the i-th agent for the j-th good. Hj is sign preserving (often

also monotone).

A
By contrast, a non-tatonnement process involves varying the commodity

holdings of the participants. Thus (1) may be replaced by
(2) Py 41 - Pi,t = 95 (pt, wt, R), d=1,.., 2, t = 0,1,2,...,

1 n i i i
where Wy = (mt,...,wt) ; wg = (wl,t,..., wp t), T=1,...,n, t= 0,1,2,... .

To make the specification complete for such a non-titonnement process one would
also have to prescribe the law governing the variations over time of .,

but we shall not formalize this here.




It is worth noting that special problems arise when dealing with economies
in which irreversible physical phenomena (production, consumption) take place.

Thus 1f production were to take place while the adjustment process is "seeking

the right prices," irreversible "errors" would typically occur. And the final
outcome would, in general, not be Pareto-optimal with respect to the initially
given resources, technology, and preferences. 0On the other hand, in a taton-
nement process no physically irreversible action take place, and Pareto-
optimization is achievable.?

Given the initial dispersion of information in a non-tQtonnment process for

economics with irreversible physical changes, it would be appropriate to justify
the notion of optimality, taking into account the unavoidable costs in the

'learning' stages.

Turning back to thtonnement processes, much of the work has been devoted to
the problem of stability of solutions of systems such as (1) above, or, more
precisely, their differential equations counterparts, such as

dpj
(1') g = Hj(fi(p)) , § =1,..., 2.

(Here we suppress w, and R , since wp will not vary, and R may be

regarded as incorporated in the excess demand functions fj, j=1,...,2.)

From static analysis (going back to Walras and Marshall), it is known that,

even under very plausible circumstances, systems such as (1') have multiple

equilibria, i.e., solutions p of

{3y 0= Hj(fj(i)), J=l..0 .

1Ha‘lras did consider tAtonnement process in economies with production, using
'tickets' (in French 'bons') to stand for input-output proposals. ([14], p. 242).




Thus even for 2=2, n = 2, with one of the prices normalized (say Pa(t) =
1 for all t), the excess demand function fl(Plsl) may have three zeros, and
assume positive values when p,  is close to zero and negative values when my

is sufficiently large.

Taking Hl to be the identity function, the dynamics in this case reduces

to

It is easily seen that of the three equilibrium points ﬁi < Eé < p3, the out-
side ones are locally stable but ﬁé is locally unstable.

Hence it is not to be expected that, in a reasonably broad class of econo-
mic environments (i.e., here: aggregate excess demand functions) every

equilibrium point of a Walrasian tAtonnement process will be stable. This leads

to the following milder definition called global stability of the system (1):

that, for every initial value p(0), there exist an equilibrium point (i.e., a
solution of (3)) P such that every trajectory p(t)
(5y plt) = y (t;p(0))

converges to p. Tl.e.: n{o}) P such that

(6) 1im{t;p(0)) = p.
yar®

It turns out (see, e.g., Arrow, Rlock, and Hurwicz [2] and Arrow and Hahn [1]),
that certain classes of economies are globally stable in this sense. This, in

afj

particular, is true when all goods are "gross substitutes” ( > 0, all jzk)

Py
and in some less interesting cases such as n=1 or 2=2. {In some cases, addi-
tional restrictions are improved on the functions Hj.)
On the other hand, as shown by Scarf [10] and Gale [4], it is possible

to construct economies satisfying the usual postulates of the static



("Arrow-Debreu") theory with £>2 and n>1 (in Scarf's case n=2=3) which lack
global systems stability. It should be added that the results due to
Sonnenschein and others provide a blueprint for constructing many more such
examples,

From a normative or computational point of view it is natural to conclude

that the possible absence of global stability calls for replacing the Walrasian

tatonnement by another dynamic process, e.g., such as

(1) 90 = (Df(p))-1 f(p)

a€
(Saari and Simon [9], Smale [11]).

Clearly, the informational burden of this system is greater than that of
(1'). But as shown, from different viewpoints, by Saari and Simon [9] and
Refter [7], one must, in general, be prepared to need a bigger message space

when stability is demanded.

From a descriptive point of view, it is not obvious that instability as such
indicates lack of realism. However it is my impression that the types of insta-

bilities exhibited by the Walrasian tgtonnement processes may not mirror the

instabilities many economists believe to be present in real economies.




[10]

(11]
[12]
[13]

[14]

Arrow, Kenneth
(Holden-Day,

Arrow, Kenneth
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Equilibrium Paths

W.A. Brock
University of Wisconsin

This talk reviewed a branch of literature in economics where the
equilibrium dynamics is generated by an optimal control problem of time sta-
tionary type that has an infinite horizon. Some references to this literature
are [1] Bewley, [3] Brock, and [4] McKenzie.

There are two basic problems in this literature. The first problem is to
Tocate useful sufficient conditions on the Hamiltonian of the optimal control
problem such that (a) there exists a unique optimal steady state (i.e., a unique
rest point of the costate-state equations yielded by the necessary conditons for
optimality of Pontryagin-Hestenes) and (b) that steady state is globally asymp-
totically stable (i.e., starting from any initial state the solution of the
optimal control problem converges to the steady state as time tends to
infinity). The problem is mathematically challenging because the sufficient
conditions for global asymptotic stability must be placed upon the Hamiltonian.
Results reported included the following: (a) if future payoffs are lightly
discounted and if the degree of convexity and concavity of the Hamiltonian is
Targe enough then global asymptotic stability (G.A.S) obtains, (b} if the
HamiTtonian is additively separable in the costate vector and the state vector
then G.A.S. obtains, and (c) an example was given where the system was G.A.S.
if no control was applied but where it was optimal to destahilize the system.

The second basic problem is to apply the G.A.S. results to comparative

dynamics. This is done by Brock [4].
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*Dynamic Implications of the Form of the Budget Constraint”,

Truman Bewleay

Yale University

The theme of the talk is that giving consumers increased canacity to move
purchasing power between time periods has a stabilizing effact on economic acti-
vity. Consumers have the maximum cabpacity to more purchasing power across
periods in a model in which all consumers trade at an initial moment of time in
forward committments to deliver commodities in future periods. A model with
finitely many immortal consumers is described in which labor and a single nro-
duced good are used to produce more of the produced good. It's pointed out that
in this model, the equilibrium converges as time qoes to infinity, provided the
aggregate labor supply is constant. An alternative is considered in which
trading takes place in every period and consumers cannot borrow. An example
shows that equilibrium may be cyclic in such a model. 1In the examnle, fndivi-
dual labor supplies fluctuate, even though the aggreqate supply remains
constant. Finally, it is argued that if the equilibrium real interest rate is
non-negative, then the equilibrium becomes nearly stable as the pure rate of
time preference goes to zero. This is interpreted as meaning that if there were
money and a stable monetary policy, then the equilibrium would be nearly stahle

provided the underlying fluctuations in individual Taber supplies were rapid.




Stochastic Capital Theory
W.A. Brock
University of Wisconsin

J.E. Stiglitz
Princeton University

M. Rothschild
University of California at San Diego
Many problems in capital theory take the following form: An asset has an

intrinsic value X(t) at time t. If he takes a particular action at time T,

then the asset's owner gets X{T) at T. This set up raises two natural, and
related questions. When should the intrinsic process be stopped? What is the
present value of the asset? If the discount rate is r then these questions may
be simply answered. The optimal stopping time T* maximizes e'rTx(T) and the

present or market value of the asset is

-r(T*-t)

Vit) = e X(T*).

As long as t < T* the market value of an asset grows at a constant exponential
rate. We show how this analysis changes if the intrinsic value of an asset
evolves stochastically rather than deterministicly. We focus on assets whose
intrinsic value follows a diffusion process with instantaneous mean b(x) and
instantaneous variance oztx). Assuming a constant discount rate, the market
value of an asset with intrinsic value x is

V(x) = max E[r"" ¥{x(t)) | x(0) = x]

TET

where 1 is the set of all stopping times. Because diffusion processes can
decrease as well as increase, it is necessary to specify what happens to the
asset when it reaches some lower boundary. We consider the three most natural
boundary conditions -- a boundary at infinity, an absorbing boundary, and a

reflecting boundary.



The results of our analysis of the function V(.) and the optimal stopping
rule may be summarized as follows: suppose the asset's value is defined over an
interval J = [Q,Z] where Q and Z are, possibly infinite, upper and lower boun-
daries. Then we may break up the interval J into two sets, a continuation set
C and a stopping set S. The market value of the asset is a function of its
intrinsic value V(x). On the stopping set S, V{x) = x while on the continuation
set C, V(x) > x. Also, on the continuation set, V{x) satisfies a simpie second
order linear differential equation whose coefficients are simple functions
cz(x), b(x) and the interest rate r. The expected growth rate of the asset's
value is just b(x)/x; thus the expected growth rate is greater than the interest
rate if b{x) > rx. If b{x) > rx then x belongs to the continuation region,

In many instances the optimal stopping rule is easily described: Don't stop the
asset until its intrinsic value hits a critical point y* on the upper boundary
of C where both V(y*) = y* and V'(y*) = 1. At y*, b{y*)/y* < r. On the con-
tinuation region the market value V(x{t)e} 't is a martingale - an exact analo-
gue of the result that under certainty the market value of an asset grows at the
interest rate as long as it is held. Both the stopping value y* and the market
function V(x) are determined by the parameters of the problem -- cz(x), b{x),
and r. Our comparative statics results show how changes in the parameters
affect y* and V. Any parametric change which increases V(x) at a point «x
increases V(y) for al1 y 1in a neighborhood of x . Such a change also
increases y*. Thus all changes are either good, in which case they increase
value uniformly over a neighborhood and they increase the optimal stopping size
when x is near y*, or bad, in which case they decrease value uniformly over a
neighborhood and cause the asset to be stopped when smaller. Increases in the
growth rate b(x) are good. Increases the discount rate are bad. Whether
increases in variance, oz(x), are good or bad depend on when they take place.

If the market value function V(x) is convex near x, a local increase in variance

10




at x is good; it increases value and it will increase cutting size if x is
near y*. If the value function is concave near x, then a local increase in
variance is bad. Near y*, V(x) is convex but there may be a region where V(x)
is concave. If there is an absorbing barrier, there will always be such a
region.

The same techniques can be applied to optimal stopping problems in which

the intrinsic value of the asset follows a d-dimensional diffusion process.
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The Cournot problem with bounded memory strategies

Yieh-Hei Wan

University of New York at Ruffalo

1. Cournot problem

Consider two firms producing the same kind of qoods. Denote by a, Ai = [0,L],
the output level of the jth firm, i=1,2. Let the nrice of the qoods be
determined by p = max {0, a-(q1+q2)}. The profit of the 1th firm is aiven by
"i = qip - cqi. For simplicity, we assume 0 < ¢ < a < L The graph of the
payoff =« = (nl, nz) can be described as follows:

A
%
ITl i
v
v
I Ve
-3 X
II -te I.11
X o \, Ty
%2
I I11 /O
N
2Ta-c) a-c ich 7
A - *
7
L
Cournot output x = (3 . a< )
3
Collusion output O = (O0F 0% ), ox = 2¢€
T 2 2 4

We aim to explain: why the collusion solution i§_1ike1y.£2 hapnen, when two com-

petitive firms play the aame (above) repeatedly.

2. Bounded memory, dynamics

Let each firm take a bounded memory strateqy si:'x S Ai’ i.e. the output
A
leve) Si(X) is chosen according to an average profit X in the past. Thus, one

x4y (X)
has a discrete dynamical system on X , aenerated by x +—-—€;-—- .

12




where yg(x) = mos(x), s = (Sl‘ s.). A (stationary) solution (s,x)

2
xt ¥ (x)
(x = ) or x = ws(x)) is said to be dglobally stable if every path

seser X as n + o, (s.x) is called a Nash solution iff, to each i,

10 %
X; > x; for any solution (s',x') such that s% = s, with j # 1. (cf. [1], [2]).

Main Theorem There exist good strategies s = (51,52) 50 that (s,x*),

X* = Tmax Tma x Y s
2 ’ 2 =

(i) a Nash solution,

and (i1} globally stahle.

Here, = denotes the maximum of the total profit motw, el s 0*2 |
ax _

It remains to describe the "good" strateay (sl,sz).

3. Good Strateqy

Denote by 0 = Q(n) the monotnne decreasing inverse of
n = a(0) = 0{p(Q)-c) (O(n}) > O*).
Definition s1 = sl(n) is said to be good if

(i) Sl(ﬂmax) = 0*/2.

{i9) 0*/2 < s (%) < O(n)/2 for ¢ < ¢
1 max

(111) wp (sy(n), Olx) - s,(n)) <w/2 form <u .

The Main Theorem can easily bhe generalized to N firms (N > 3) which possess
the same linear cost function cqi.
References
[1] S. Smale, The Prisoner's Dilemma and Dynamical Systems Associated to

Non-Cooperative Games, Econometrica , 1981.

[2] Y.H. Wan, Mash solutions for Games with hounded memory, Mathematical

Modellina, Vol. 2, p.1-18, 1981.
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A SIMPLE LINEAR OPTIMAL GROWTH MODEL
WITH A UNIQUE STEADY STATE WHICH IS STABLE

David Gale
University of California-Berkeley

There is a substantial literature in economic dynamics dealing with con-
ditions under which economic activity in a long-run growth model approaches a
steady state. Relatively little has been done in the opposite direction to
show that this type of asymptotic behavior is not necessarily typical. Th- only
known examples involve especially constructed utility functions devised just for
the purpose of exhibiting instability.

The purpose of the present work is to present a model which is as simple and
natural as possible and to show that both local and global instability will
occur when future utility is discounted at a sufficiently high rate. (This work
was done by Chia-Shin Chung in his doctoral dissertation in Operations Research
at the University of California in Berkeley [1].)

The model involves two goods G, and G2 and a simple Leontief production

1
technology. Production of a unit of G1 requires one unit of labor and g
units of G2 . Production of one unit of G2 requires one unit of labor and «
i . In iod t, = . its of the two goods are con-
units of Gl perio <, (c1t c2t) units wo goods

sumed. The utility of this consumption is u(ct) where u s increasing and

strictly concave. Finally, there is a discount rate § . One wishes to allo-

cate labor so as to produce and consume in a way which maximizes atu(ct) s
t=0

assuming initial stocks x_ = ( ) are given.

o X
0~ *10°%20
It is known for much more general models that there always exists at least

one steady state solution, meaning values of XO and c0 such that ct = c0 is
an optimizing consumption sequence. If the two goods are complements, meaning
ulz(c) >0 for all ¢ , then it is shown that the steady state is unique. The
steady state may involve consuming only one good or both. In the former case,

the instability theorem takes a concise form.

14




Theorem:

If « <8 <1 and in the steady state only G, s consumed, then the

1
steady state is unstable precisely if /a8 < § < B .

The instability is Tocal meaning that if the initial x. is perturbed

0
slightly from the steady state value then the trajectory will move away from the
steady state. It is also globa) in that, except for a one-dimensional set of
Xq> all trajectories will fail to approach the steady state.

For the case where the steady state consumes both goods, the instability
condition for & 1is more complicated and involves the utility function. For
quadratic utility functions, an explicity formula is given for the range of
unstable & . The technique of proof depends on using dual, "price" variables
to show that the only trajectories which approach the steady state must agree
with the steady state trajectory after a finite number of time periods.

It is an interesting open problem as to what the qualitative properties of
the optimal trajectories are. There do not appear to be any periodic optimal

trajectories so it may be that the trajectories for this model are chaotic. It

would be interesting to try to verify this with computer experiments.

Reference

|1] Chung, C.S., "Stability Analysis in a Leontief Optimal Growth Model," ORC
81-13, Operations Research Center, University of California, Berkeley,
California, (June 1981).
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Periodic and Aperiodic Discrete Dynamical Systems

Donald G. Saari
Northwestern University

Dynamics plays an important role in mathematical economics. The optimal
paths from growth theory, the communication process which is central to the
emerging information theory, the tatonnement story used to reach a competitive
equilibrium, and the rules which lead to different bargaining concepts are just
some examples where the dynamics enters the modelling in a significant manner.
Yet, most of the subsequent analysis of these models emphasizes the stability of
equilibria. Conditions on the dynamics are imposed which will ensure, at least
locally, that the resulting trajectories will tend to an equilibrium state. I
contend that this can cause some of the relevant economics to be missed. For
example, it will not explain a business cycle. So, in this talk, selective,
recent developments from dynamical systems were introduced, and it was shown how
they can be used to extract more complicated behavior from economic models. (A
written version of this talk is given in [5].)

In this description of dynamical systems, my emphasis was on discrete

systems of the form x = G(xN). There are two reasons for this. The first

N+1
is because iterative dynamics plays an important role in economics. The second
is that unexpected orbit behavior already occurs in one dimensional systems!
{This simplifies the exposition.) This means that since the dynamic can be
represented on the graph of G, we can highlight those features of G which lead
to the existence of the periodic orbits, and even “chaos”.

More specifically, it was shown how the existence of these different orhit
structures is based upon the non-invertibility of G (i.e., 61 isn't uniquely
defined) and the technical fact that a countable sequence of decreasing, nested,
compact sets has a non-empty intersection. The basic idea is to partition the
domain of G 1into those subsets over which G'l uniquely defined. The

existence of an orbit of a particular type, say a period orbit, is determined by

16




the preimages of points. If the image set of G is sufficiently large over
each of these subsets, then each point can have several preimages. It is this
property which leads to the unexpectedly complicated orbit structures.

Two facts must be emphasized. The above description doesn't use any pro-
perty which is peculiar to the real line. Therefore, the argument extends imme-
diately to mappings from a multi-dimensional domain back into itself. Indeed,
the same approach shows that even correspondences (set valued mappings) can
cause periodic and chaotic dynamics. Secondly, only the non-invertibility of G
and the size of its image set over the partition sets were used. The argument
doesn't involve any properties concerning the slop of G, its curvature, etc.
This makes it easier to apply these results to systems from economics.

Based on the above argument, we should expect to see these different types
of orbit structures in mathematical economics. Quite often the modelling in
economics leads to a dynamic where G is a nonlinear, parameterized family of
mappings. If the nonlinearity of G s sufficiently enhanced so that G s no
longer invertible and its image set over the different partition subsets is suf-
ficiently large, then we must expect an accompanying "wild" orbit structure.

For instance, because of the Sonnenschein result which establishes a wide flexi-
bility in the choice of aggregate excess demand functions, it is elementary to
show that this occurs in price dynamics. (A related analysis describing the
informational requirements of a tatonnement process is given in (4] .) Also,
these types of behavior can occur in optimal growth problems for economies with
at least two goods. The nonlinearities for the dynamics of the Euler or the
Bellman equations result from an appropriate choice of a utility functions and
the production sets. These nonlinearities can be enhanced either by varying the
parameters identifying the utility functions and the production sets, or by
varying the discount factor. (During the conference, both T. Bewley and D. Gale
used analytic methods to show there are situations where period two orbits
occur. The techniques developed here show that with appropriate changes in para-

meters, much more complex orbit structures arise from their models.)

17




Other topics which were covered during the talk included the stability of

periodic orbits, conditions which ensure that only one stable periodic orbit

dominates the dynamics, and the Sarkovskii sequence. The first two topics

involve properties of G such as the slope and the value of the “Schwartzian
derivative". The second is a surprising conclusion which asserts that the
periods of periodic orbits (for one dimensional iterative dynamics} must satisfy

a certain ordering. Excellent discussions of these topics can be found in

[1,3].
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On Competitive Business Cycles

Jean-Michel Grandmont

CEPREMAP

This paper develops an example in which persistent deterministic business

cycles appear in a purely endogenous fashion under laisser faire. These cycles

are not attributable to exogenous "shocks” nor to any variation of policy since
there are none in the model  Markets clear in the Walrasian sense at every
date, and traders have perfect foresinht along the cycles.

The oriqgin of these cycles is the potential conflict hetween the wealth
effect and the intertemporal substitution effect that are associated with real
interest rate movements. Business cycles appear in particular when the degree
of concavity of a trader's utility function is sufficiently higher for old
agents than for younger ones. The techniques empioyed to study the occurrence
and the stability of such business cycles are borrowed partly from recent mathe-
matical theories that have been constructed by using the notion of the "Hopf
bifurcation” of a dynamical system in order to explain the emergence of cycles
and the transition to turbulent ("chaotic") hehaviour in physical, biological, or
ecological systems.

The equilibrium level of output is shown to be negatively related to the
equilibrium level of the real interest rate. A similar relation exists (but in
the opposite direction) hetween equilibrium real money balances and real
interest rates. These relations hold both in the long run, i.e. along business
cycles, and in the short run, i.e. on the transition path, and whether movements
of the real interest rate are anticipated or not. The basic ingredient there is
the condition that older agents have a higher marginal propensity to consume
leisure.

Monetary policv by means of nominal interest payments is shown to be extre-
mely effective. A permanent change of the rate of growth of the money supply by

these means will be superneutral. Yet, there exists a very simple deterministic
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