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The theory of kneading sequences for maps in sJ expresses a kind of
qualitative universality. Feigenbaum (1978) has discovered a kind of quantitative
universality. Namely, if ik ig the unique value of A in the interval )Lk <A< }Lk+ 1

k
for which there is a superstable orbit of period 2 then

) -?Lk_l)/(lk_l_l —)Lk)—>6 as k—=>w ,

k

where the constant & = 4.6692... has the same value for all maps in 4. Moreover,

if we set
2k~-1
g =00 ®,
which implies
. 21(-1
=007 ).
then
('ék -X/X - . > ask—>w,

where the constant @ = 2.5029... has the same value for all maps in . Also,
we obtain the same limit 6 if we replace ik by "Xk(m), where ik(m) is the unique

value of X in the window )tk(m) <A< kk +1(m) for which there is a superstable orbit

In a second paper, Feigenbaum (1979) gave a more conceptual interpretation
of the constants @, §. It is convenient to transform the interval [0, 1:] to the inter-
val [—1, 1] by a linear change of variable, to restrict attention to even functions
so that the unique critical point is now X = 0, and to scale the parameter A so that
f(0}) = 1. The corresponding class .3’ is mapped info itself by the nonlinear oper-

ator J defined by

If(x) = B_lf[f(Bx)__] , where 8= f(1).
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A heuristic argument, supported by numerical calculations, led Feigenbaum to

claim that
(i) the map J has a fixed point g,
-1
(i) the universal constant @ = - [g( 1],

(iii) the universal constant 6 is a simple eigenvalue of the derivative
D3J(g) and is the only point of the spectrum of this linear operator

which does not lie ingide the unit circle.

The existence of a fixed point ge :f has now been rigorously established by
Campanino and Epstein (1981) and by Lanford (1982), who also proves (iii). The
proofs rely on computations to obtain first an approximate fixed point. Recently
vul and Khanin (1982) have proposed a stable method of obtaining an approximate

fixed point, which they claim alsoleadstoa proof of the Feigenbaum conjectures.

It would be impossible in three lectures to give you a complete picture of
the subject of one-dimensional maps. In particular I have said nothing about rela-
tionships with ergodic theory. However, I hope I have said enough to convince you
that it offers many interesting problems, which are varied in nature and in degree

of difficulty.

Some of the excitement at present lies in the hope that it will lead to an
understanding of the nature of turbulence. Perhaps this is expecting too much.
I think that it may be possible to obtain rather complete results for one-dimensional
maps, but for maps in more than one dimension we may have to be content with a
framework of general concepts and a successful analysis of some special cases.

However, I do not regard this as a reason for not studying one-dimensional maps.
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