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Abstract

We consider a general class of evolution equations and show that
in a neighborhood of an equilibrium point the semiflow is qualita-
tively similar to the semiflow obtained when the equation is linearized
about the equilibrium. In particular, we prove the existence of an
invariant manifold which corresponds to the fastest growing solutions
of the linearized equation, and show that most orbits beginning near
the equilibrium point enter a small neighborhood of the union of the
w-limit sets of the points on this manifold. As an application, we rig-
orously justify a conjecture concerning spinodal decomposition for the
Cahn-Hilliard model of phase separation.

1 Introduction

We consider evolution equations which can be represented in the form
(1) wy = Au+ f(u), w(0)=1up, t>0

where

e u is an element of a Hilbert space X;
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e A is a sectorial operator on X which generates an analytic semigroup

S(t);

e for some a € [0,1), f maps X into X, where X* = D(A?*) is a Hilbert
space with an inner product equivalent to the graph norm (Both the
inner product and the induced norm will be identified with a subscript
a);

e f(0)=0,f:X*— XisC' and Df(0) = 0.

Furthermore, we are interested in those operators A which induce a split-

ting of X, X = X~ ® X% such that
e X~ and X1 are invariant under A;
e X is finite-dimensional and X* C D(A);

e Re(o0(A7)) < a < b< Re(c(AT)), where A~ : X~ ND(A) —» X~ and
At Xt — X7 are the restrictions of A to X~ and X7, respectively,
and o(L) represents the spectrum of the linear operator L.

Extrapolating from the known behavior of ordinary differential equations
suggests that there is an invariant manifold for (1) which is tangent to X+t
at 0 and which attracts, in some sense, the forward-time flow of nearby
solutions. Similarly, there should be an invariant manifold tangent to X~
at 0. In the special case where ¢ < 0 < b, these invariant manifolds are the
unstable and stable manifolds whose existence is proved in [7]. In the special
case when o = 0, i.e., when f maps all of X into X, Bates and Jones [1] have
an elegant proof for the existence of these pseudo-unstable and pseudo-stable
manifolds for arbitrary a and b. This special case is also the subject of some
powerful results recently obtained by Kening Lu [9].

Here we prove the existence of these invariant manifolds in a slightly more
general context. We do this by constructing estimates similar to those in [1],
making use of Gronwall-like inequalities for singular integrals found in [7],
and then applying Hirsch, Pugh, and Shub’s theory for invariant manifolds
for maps [8]. These same estimates allow us to conclude, in a well-defined
sense, that for arbitrarily long finite time, “most” solutions beginning near
0 are drawn along close to the pseudo-unstable manifold.

Finally, we apply this abstract result to the one-dimensional Cahn-Hilliard
equation for phase separation [2]. It was the need to justify intuitive notions
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of how spinodal decomposition should proceed in the Cahn-Hilliard equation
that led to this work [4].

2 Growth Estimates near an Equilibrium Point

It will be useful to consider the problem obtained when the nonlinearity f in
(1) is modified so that it is very well-behaved outside of a small neighborhood
of 0. From our assumptions we have the following

Lemma 1 Given € > 0, there ea:istsf : X% — X such thatf is C, is
globally Lipschitz continuous with constant less than €, and agrees with [ in
some netghborhood of 0.

Proof. Let ¢ : R — [0,1] be a C* function which is 1 on [~1,1] and is
0 on (—o0,—2] U [2,00), and satisfies |¢'| < 2 on R. Choose § > 0 so small
that on the ball of radius é centered at 0, f has a Lipschitz constant less than

g/17. 1f we define f(u) = o (Uda) f(u) then f(u) = f(u) for |lulla < §/2
and f(u) =0 for |ju]|s > 6. Also,

Dt = ' (L=t mor + o (el ) pran,

v (4llull2)

2
\¢( vl )
if f|ulla < 6. O

The equation that results from modifying the nonlinearity is

SO

IDf(w)l|e(xax) < g (u)|

||1)f(u)||c(,va,X) <e

(2) u = Au+ f(u), u(0)=ug, t>0.

Unless we explicitly state otherwise, when we speak of solutions, semiorbits,
etc., we are referring to (2). The letters v and w will represent elements of
X~ and X, respectively. Also, where the particular topology used is not
specified, we are implicitly using the X topology.
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Let S7(t) and S*(t) be the analytic semigroups generated by A~ and A*,
respectively. From (7, Theorems 1.5.3-4] we have the following estimates on
these semigroups:

IS*(t)wlla < Cre"|[wlla,  weX*,  t<0

3
4 IS*(W)wlla < Coe®|lwll, weX*, t<0

(3)
(4)
(5) 1S~ (t)vlla < Cae™|[v|lay vE X NX™, £>0
(6) 1S~ (t)v]la < Caet™|l0ll, wveX~, 20

Solutions of (2) satisfy the variation-of-constants formula (s;ee, e.g., [6]),

(1) u(t) = S(tuo + [ "S(t — o) f(u(s))ds.

If we write u = v + w with v € X~ and w € X%, then projecting onto the
two subspaces gives the pair of integral equations

A

8) () = S (1)(0) +/0t S (t =)~ (v(s),w(s))ds ¢>0
©9)  w(t) = S*()w(0) +/0t S*(t — 8)f* (v(s), w(s))ds ¢ >0,
where f‘ and f* are the projections of f onto X~ and X7, respectively.

Note that S*(7) makes sense for negative 7 since X+ is finite-dimensional,
so we can make a change of variable in (9) to get

wlt +7) = S*(rJu(t)
(10) + Jg SH(r —s)fT(v(t+s),w(t + s))ds, T > —t.

Taking norms in (8) and (10) and using the estimates in (3) through (6) we
have

lo®)lla < [l0(0)]laCae*

(11) + Cae [y(Io()lo + lw(s)lla) mds, 20
lw(t+7)lla < Cillw(t)|lae’
(12) 4 Coe 2ot + 9)la + [0t + 8)[la)e?")ds, 0> 7> —t



Lemma 2 Let U : [—¢,0] — [0,00) be conlinuous. Suppose that for some
positive M and N,

(mﬂgAﬂum+N/@w@@

for —t < 1 <0. Then U(0) > U(—t)e N/M.

Proof. This is the standard Gronwall inequality in an unusual form. Let
B(r) = [PU(s)ds. Then B'(r) = —-U(r) > —MU(0) — NB(7). Adding
NB(7) to both sides, multiplying both sides by e¥", and integrating from
—t to 0 gives —B(—t)e™N* > MU(0)(e~N* —1)/N. Thus, U(—t) < MU(0) +
NB(—t) < MU(0)eMt. Rearranging this, we have the claimed result. O

Now suppose [[w(s)||la = p]|v(s)]|a for 0 < s < t. Then we can eliminate
v from (12) and apply Lemma 2 with U(7) = ||w(t + 7)||ae™*" to get

(13) lw(t)lla = CrH[[w(0)[la exp((b — Cae(1 + p~"))t).

Suppose, on the other hand, that ||w(s)|la < pllv(s)|la for 0 < s < t.
Then we can eliminate w from (11) and apply the Gronwall-like inequality
in [7, Lemma 7.1.1] to get

1

(14)  v(@)lla < Csllo(0)lla exp((a + (Cae(1 + p)I(1 = a))T==)t).

These two estimates hold for the evolution with the modified nonlinear-
ity f, but note that they also hold in a neighborhood of 0 for the original
nonlinearity.

3 Pseudo-stable and Pseudo-unstable Man-
ifolds

According to 7, Theorem 3.4.4] the time-¢ map T'(¢) induced by (2) is con-
tinuously differentiable and the derivative of this map at 0 is S(f). Let
a < v < b. Then the estimates (3) and (5) imply that for ¢ sufficiently large
S(t) is €"*-pseudo hyperbolic, using the terminology of Hirsch , Pugh, and
Shub [8]. Also, the canonical spectral decomposition of X corresponding to
this pseudo hyperbolic endomorphisim is compatible with the decomposition

X~ @ X+ of X.
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Lemma 3 For fized t, the global Lipschitz constant of T(t) — S(t) can be
made arbitrarily small by making the Lipschitz constant of f arbitrarily small.

Proof. Because of (5) and (6) since X% is finite-dimensional, we know
that there must exist estimates of the form

(15) 1S(t)ullo < Coet=||u]
(16) IS(t)ulla < Cre™|lulla.

Let u1(t) and uz(t) be two solutions of (2). Then from (7) we know
(T (t) = 5(@))(w(0) = u2(0))[e = |l /Ot S(t = s)(f(ur(s)) = f(ua(s)))ds]la

c t ekl(t—s)
1 < l)s/
(17) =% o (t —s)

lui(s) — uz(s)]|ads.
Also by (7) we have

lur(t) = ws()lle < Cre®[[ur(0) = wz(0)la
k(t—s)
(18) +065/0 s (s) — ua(s)

(t —s)>

|nds.

If we again apply Henry’s Gronwall-like estimate [7, Theorem 7.1.1], this
time to (18) with |juy(t) — wa(t)||ae™™ as u(t), we find that (if e < 1)

(19) llur(t) — ua(t)llo < Csexp(Crot)||ui(0) — uz(0)|la,

with Cg independent of €. Substituting (19) into (17) shows that there is Cy
depending on ¢ but not on &, u;(0), or u3(0), such that

I(T'(2) = S())(wa(0) — u2(0))lla < Coellua(0) — ua(0)][a-

This completes the proof of the lemma. O

Lemma 3 completes the verification of all the hypotheses of Hirsch’s Theo-
rem 5.1 and Corollary 5.3 [8]. Using his results we know that if ¢ is sufficiently
large and if ¢ is sufficiently small the sets

W+ ={ue X :T(t) "uexist and ||T(t) "uljoe™™" — 0 as n — oo}



and
W-={ue X ||IT{t)"ullae™™™ — 0 as n — oo}

are, respectively, graphs of C' maps X* — X~ N X* and X~ N X* — X+
which are tangent to X* and X~ N X* at 0.

These are the pseudo-stable and pseudo-unstable manifolds of the time-
t map of (2) (corresponding to the particular splitting of our space under
consideration). We can define similar sets for the semiflow of (2):

Wt ={ue X*: T(1) " exists for all £ > 0,||T(t)  ul|lae” — 0 as t — oo}

W= ={ue X" ||T()ulloe™" — 0 as t — co}.

Clearly W+ C W+ and W~ C W-. By the proof of Lemma 3, there is a
maximum factor by which the norm of a solution ||u(t)||, can grow within a
fixed length of time. This implies that in fact W+ = W+ and W~ = W~-, so
we have pseudo-stable and pseudo-unstable manifolds for the semiflow of (2).
The intersection of these with a small neighborhood of 0 gives local versions

of these invariant manifolds for (1).

4 Flow near the Pseudo-Unstable Manifold
From now on, we assume b > 0. Let Ky = {v 4+ w € X : \||v]|o < ||w]|a}-

Lemma 4 Let u > 0 be given. If the Lipschitz constant ¢ of f is sufficiently
small then any semiorbit starting in K, \ {0} remains in K,c,c,) for all
positive time.

Proof. Choose ¢ > 0 so small that vo = (b — Cae(l + C,Csp™")) and
1 = (a4 (Cae(14p)I(L —a))l—é?) satisfy 4o > v, and y0 > 0. Let v(t)+w(?)
be a semiorbit starting at v(0) + w(0) € K, \ {0}. We claim it never reaches
the lateral surface of K, (¢, c,). Suppose our claim is false. Then without loss
of generality we may assume v(0) + w(0) € 9K, v(t) + w(t) € 0K,/c,cs),
and for 0 < 7 < t, v(7) + w(T) € K,/c,c,) \ K, Using (13) and (14) we
have

[l _ COsIROae™ _ CiCs e _ C:Cs
= = € < —.
lo@la = Tw@faee g p



This means v(t) + w(t) € 0K,/c,cs), contrary to assumption. This con-
tradiction shows that our claim is, in fact, true, so our proof is complete.
O

Let K§ represent the closure of the complement of K. Considering the
implications of the preceding lemma for backwards evolution, we have the
following.

Lemma 5 Let p > 0 be given. If the Lipschitz constant ¢ off' s sufficiently
small, then any backwards semiorbit starting in K¢, c.) \ {0}, remains in
K7 as long as it exists.

The same method that gave us the estimates (13) and (14) on the growth
and decay of a solution can be used to give similar estimates on the growth
and decay of the difference of two solutions. Thus, we can center the cones
described above at points other then the origin, and let the centers move with
the flow, and the corresponding generalizations of Lemmas 4 and 5 hold.

The following theorem says roughly that a semiorbit starting at a random
point near 0 will blowup as t — o0, and as it does so it will stay close to

WH.

Theorem 1 Let p > 0 be given. If the Lipschitz constant ¢ of f is sufficiently
small then the following holds: For any § > 0 and for R > 0 sufficiently small
there exists r > 0 such that any semiorbit v(t)+w(t) starting at v(0)+w(0) €
K, and satisfying ||w(0)||o < 7 will leave the cylinder (X~ NX*) x{w e Xt :
llw|la < R}. Furthermore, at the point on the semiorbit where ||w(t)||o = R
the distance of the semiorbit from W+ is less than 6.

Proof. Define the truncated cones Ky(p) = {v+w € K, : |Jw|lo« < p}
and K§(p) = {v+w € K5 : ||v|la < p}. Since W is tangent to Xt at 0, the
intersection of W+ with K, (R) avoids its lateral surface if we take R small
enough. Take € so small that Lemma 4 holds and that the exponents 7, and
71 defined in the proof of Lemma 4 satisfy 4o > 1 and v > 0.

Let u2(0) = v2(0) + w2(0) be a point on the base of K, /¢, c.)(L2), and let
u1(0) = v1(0) 4+ wy(0) be the point lying on W such that w;(0) = w,(0).
The analogue of Lemma 5 for cones centered at u;(—t) tells us that as long as
the backwards orbit us(—t) exists and remains within K, /c,¢,)(R), ua(—1) €
ui(—t) + K¢. Also, we have an estimate similar to (14):

[[v2(0) — v1(0)]la < Cse™[|va(—1) — vi(—1)|la-
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We claim that there is t* > 0 dependent only on ¢ such that if ||vz(0) —
v1(0)|le > 6 then uy(—t*) either does not exist or lies outside of K¢, cs)(R).
To see this, note that as long as us(—t) € K,/(c,c,)(R),

é -t
[[v2(=1) = vi(=t)]la > o

so by the triangle inequality

o _
lv2(=t)||le > 656 M — oy (=)o

o _ _ .
2 &e M= g oy (=) la

6
> —e M — Oy Re ™"
= Cs 1K
On the other hand |Jwy(—t)|la < Ci1Re "¢, so in order to have ||wq(—
1/ (C1Cs)||va(—1)||a it is necessary that

llo 2

5,u
C Re~ 10t > e Mt _ Re ot C
- C'IC'2 /
[t is clear that for large enough ¢ this last inequality does not hold, since
Yo > 71. This verifies our claim.
Now we have that as long as uy(—t) exists and remains within K, /¢, ¢,)(RR)
it is contained in

( U (“1(“t)+1"ﬁ>) (N Kus(cr05)(R).

0<t<tr

It is not hard to see that there is a smaller cone K, (r) which is disjoint from
this set. Furthermore, r can be chosen independent of w,(0). If a (forward)
semiorbit starts in /{,(r) it must exit K,/c,c,)(R) through its base. But by
the way we chose K ,(r) it cannot exit through the base more than ¢ units
away from W7, This completes the proof. O

Corollary 1 Let Q be a neighborhood of the union of the w-limit sets (under
(1)) of the points on the local pseudo-unstable manifold corresponding to (1),
and let p > 0 be given. Then there exvists r > 0 such that any semiorbil
v(t) + w(t) starting at v(0) + w(0) € K, (r) enters Q.
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Proof. Choose ¢ and R so small that Theorem 1 holds. Choose R possibly
smaller so that f and f agree on K,(R). Let Sk consist of those points
v+w € Xt @ X~ which lie on the local pseudo-unstable manifold and
satisfy |w||o = R. Note that any semiorbit beginning on Sg enters . By
continuous dependence [13], some open subset V of X~ x Sk containing Sg
has this same property. Since Sg is compact, there exists § > 0 such that
{ve X UX*:|wlsa <6} x Sk is contained in V (see {10, Lemma 5.8]).
Apply Theorem 1 and the corollary follows immediately. O

Theorem 2 Let Q be as in Corollary 1. Then there exists 7 > 0 and F :
R — R satisfying F'(0) = F'(0) = 0 such that if ||v + w||o <7 and ||w], >
F(||v|la) then the semiorbit of (1) beginning at v+ w enters Q.

Proof. Pick some A > 0 and apply Corollary 1 with g = A. Using the
resulting value of r, let # = min(r,r/A). Define F' as follows: F' is even
and for z > 0, F(z) is the supremum of all y < 7 such that there exists
v4+w € X~ @ Xt satistying ||v|la = z, ||w]la = y, and such that the
semiorbit under (1) beginning at v+ w never enters {2. Then by definition F
has all the desired properties except possibly F'(0) = F'(0) = 0. We verify
that property now. Clearly, the graph of I' lies below the graph of  — A|z|
on (—7,7). Now let 4 > 0 be any number smaller than A. Applying Corollary
1 again produces a “flatter” truncated cone I,(7). The base of K ,(7) hits
the lateral surface of K\(7) at some positive distance d(¢) away from the X+
axis. Then it is clear that on (—d(p),d(p)) the graph of F' lies below the
graph of z — p|z|. Since this holds for all ¢ € (0, A), it must be true that
F(0)=F'(0)=0. O.

5 Application to the Cahn-Hilliard Equation

The standard formulation of the one-dimensional Cahn-Hilliard equation is

(20) uy = (—tgz + P(u))ze @ € [0, 1]
Uy = Ugge =0 =0,1

u(z,0) = ug(2)

where 1 is a C* function that has three simple zeros at «,0, 3, with a <
0 < B, and two critical points, a local maximum between « and 0 and a local

10



minimum between 0 and £. In typical applications u measures the concentra-
tion of one component of a binary mixture. Because the boundary conditions
are equivalent to no-flux conditions, the total mass = f; u(z,t)dz is equal to
the initial mass M = fj uo(z)dz. If ug is constant and lies in the spinodal
region between the two critical points of ¢ then a linearization of (20) about
up shows it to be unstable to one or more modes, assuming ¢ is small. The
results of numerical and physical experiments indicate that for most initial
conditions near up a fine-grained separation called spinodal decomposition
occurs, during which u grows rapidly to have large amplitude and approx-
imately the same oscillatory symmetry as the fastest-growing mode of the
linearization. That this should occur is rather intuitive, and the abstract
results we have developed in the preceding sections allow us to provide a
rigorous justification.

Given M lying in the spinodal region, we restrict our attention to solutions
with mass M. For convenience, we change variables &« = v — M and define
o) = p(u+ M) —p(M) and f = —¢'(0) = —¢'(M) > 0. Then dropping

the caret, the equation is

(21) up = (—52um + go(u))u z € (0,1]
Uy = Ugee =0 2 =0,1

u(z,0) = uo(x)

and we are now concerned with initial conditions near 0. We can rewrite (21)
as

u = Au+ [g(u)]sa,

where Au = —euypps — PBuge and g(u) = o(u) + Pu. Let X consist of
those elements of L?[0, 1] which have mean value 0, and let D(A) be those
elements of H*[0,1] N X which satisfy Neumann boundary conditions. Then
it is easy to see that A generates an analytic semigroup S(t) since an explicit
spectral representation can be obtained. If u(z) = 302, .5,(t) cos(nwa) is
the solution of the linearized PDE u; = Au with initial condition u(z,0) =
ug(z) = Y02 Sn(0) cos(nmz), then it is easy to see that the coefficients S, ()
satisfy S! = )\, S,, where A, = B(nr)? — e?(nn)*. Thus, S,(t) = S,(0)e".
Also, it was proved in [5] that X'/? consists of those elements of H2[0,1]N X
which satisfy Neumann boundary conditions.

Note that sup,, A, = A, for some ng. Generically ng is unique; split this
no-th mode off from the rest of the space as X*. This splitting satisfies all
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of our hypotheses.
We need to verify that the map

u = [g(u)]pe

is a C!' map from X'/? to X whose derivative at 0 is 0. First note that
[9(u)]zz has mean value 0 if u satisfies Neumann boundary conditions, so
all we must show is that this map, call it f, is C' from H? to L? and its
derivative at 0 is 0.

If we H? then

lg(w)asllze < llg" (w)llzelluzllzz + 19" (w)llze llull 2 < oo

by standard Sobolev embedding theorems, so f has the proper domain and
range. We claim that Df(u)h = [¢'(u)h]z for h € H?. A simple calculation
yields

||g(u + h)u: - J( [J h]u“L2 <

I(g'(u+h)—g ( ))hasl| 12

129" (w + h) — g"(w))uchs|l L2 + 1g" (v + R)R2] L2
+(g' (v + h) — g’( ))uu — " (w)uzzh] L2

+H(g"(u+ ) — g"(u))ul — ¢ (u)ulh]| 2

9" (O) oo 1Bl Los 1ol 2 + 2[lg™ (O) | Lo l[wll 2 12| Lo [ 2 122
+lg" (Ol Lo Vel Lo bl g2 + g™ (0)] oo el 12 || o]l oo

+I g™ (0)] oo [zl F oo 1Al Loo 1 2] 122,

IN

where 0 represents a generic function between u and u + h. Again, standard
Sobolev embedding theorems tell us the quantity above is O(]|A]|%2), so our
claim holds. Since ¢g(0) = ¢’(0) = 0, we see that f(0) = Df(0) =

In [3] it is shown that the steady-state solutions of (21) with mean value
0 are periodic with minimal period of the form 2/n, n € Z*, and have axes of
symmetry at z = k/n, k = 0,...,n. Let S be the set of steady-state solutions
that are 2/ng-periodic, and let 8’ be the subset of steady-state solutions with
minimal period 2/ng.

We are now in a position to make use of the general theory developed in
the previous sections to prove:

12



Theorem 3 Let ) be a neighborhood of S. Then there exists r > 0 and
F : R — R satisfying F(0) = I"(0) = 0 such that if ||v + w||, < r and
lwlla > F(||v|la) then the semiorbit of (21) beginning at v + w enters Q. If,
in addition, ¢ is a cubic polynomial, sup(—¢') < 28, and €*/B is sufficiently
small then the same result holds if Q) is taken to be a neighborhood of S’
alone.

Proof. Applying the results of section 3 gives the existence of a local
pseudo-unstable manifold for (21). Consider the closed subspace Y of X
which has as a basis {cos kngwz : k = 1,2,...}. The uniqueness of solutions
to (21) implies that the semiflow it generates preserves the translational and
reflectional symmetries of the type described above. This means that Y is
invariant under (21), so we can apply the results of section 3 to Y instead of X
and get a local pseudo-unstable manifold contained in Y. Clearly these two
manifolds must coincide near 0. The relevant union of w-limit sets referred to
in Corollary 1 must, therefore, also lie in Y. The w-limit sets for (21) contain
only steady-state solutions [13], and since they must lie in Y, they must have
minimal periods of the form 2/(kng). In particular, they are contained in S,
so the first half of our theorem follows from an application of Theorem 2.

Now steady-state solutions of (21) satisfy u” = @(u) = ¢(u) + ¢ and
u'(0) = «/(1) = 0 for some constant o such that ¢ retains 3 zeros. Smoller
and Wasserman [12] show that if ¢ is a cubic polynomial then all solu-
tions of this boundary value problem have minimal period no smaller than
2me(—¢'(uo)) "2, where u, is the middle zero of . By examining the dis-
persion relation of the linearized equation it is easy to see that as e — 0

2 2/2r 47

<
ekng T Tk L —@/(Ua),

so for ¢ sufficiently small, the steady-state solutions in the union of w-limit
sets must, in fact, have minimal period 2/ng. This means that the union of
w-limit sets from Corollary 1 is , in fact, contained in §’. In light of this, the
second half of our theorem also follows from Theorem 2. O

In [11] Renate Schaaf extends Smoller and Wasserman'’s results to a more
generalized class of nonlinearities which meet derivative conditions similar
to those satisfied by cubic polynomials. For this class of nonlinearities, the
result above is still valid. It is reasonable to conjecture that S is a finite set,
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but at present this has only been proven in certain special cases, (see, e.g.,
[14]).

Acknowledgements. 1 wish to acknowledge the great help of Professors
Paul Fife and Peter Bates. This research was supported in part by a National
Science Foundation Graduate Fellowship and by the Institute for Mathemadt-

ics and its Applications with funds provided by the National Science Foun-
dation.

References

[1] P. Bates aNnp C.K.R.T. JONES, Invariant manifolds for semilinear
partial differential equations, Dynamics Reported, Vol. 2, Wiley, New
York, 1989, pp. 1-38.

[2] J.W. CauN AND J.E. HILLIARD, Free energy of a nonuniform system
I. Interfacial free energy, J. Chem. Phys., 28 (1958), pp. 258-267.

(3] J. CARR, M. GURTIN, AND M. SLEMROD, Structured phase transitions
on a finite interval, Arch. Rat. Mech. Anal., 86 (1984), pp. 317-351.

[4] P. FIFE, Models for phase separation and their mathematics, Proc.
Taniguchi Int. Symp. on Nonlinear PDEs and Applications, Kinokuniya

Pub., 1990.

[5] P. GRISVARD, Caractérisation de Quelques Espaces dIuterpolation,
Arch. Rat. Mech. Anal., 25 (1967), pp. 40-63.

[6] J.K. HALE, Asymptotic Behavior of Dissipative Systems, Mathemati-
cal Surveys and Monographs, No. 25, American Mathematical Society,
Providence, 1988.

[7] D. HENRY, Geometric theory of semilinear parabolic equations, Lecture
Notes in Math, No. 840, Springer-Verlag, New York, 1981.

[8] M.W. HirscH, C.C. PuGH, AND M. SHUB, Invariant manifolds, Lec-
ture Notes in Math, No. 583, Springer-Verlag, New York, 1977.

[9] K. Lu, A Hartman-Grobman theorem for scalar reaction-diffusion equa-
tions, IMA Preprint Series, No. 686, 1990.

14




[10] J.R. MUNKRES, Topology: a First Course, Prentice-Hall, Englewood
Cliffs, New Jersey, 1975.

[11] R. SCHAAF, Global behavior of solution branches for some Neumann
problems depending on one or several parameters, J. Reine Angew. Math,
346 (1984), pp. 1-31.

[12] J. SMOLLER AND A. WASSERMAN, Global bifurcation of steady-state
solutions, J. Diff. Eq., 39 (1981), pp. 269-290.

(13] R. TEMAM, Infinite-dimensional Dynamical Systems in Mechanics and
Physics, Applied Mathematical Sciences, No. 68, Springer-Verlag, New
York, 1988.

(14] SONGMU ZHENG, Asymptotic behavior of solution to the Cahn-Hilliard
equation, Appl. Analysis, 23 (1986), pp. 165-184.

15



693

694
695

696

697
698

699
700

701
702

703

704

705

706

707

708
709

710

711
712
713
714

715

716

717

718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736

Recent IMA Preprints
Author/s Title

A. Eden, A.J. Milani and B. Nicolaenko, Finite dimensional exponential attractors for semilinear wave
equations with damping

A. Eden, C. Foias, B. Nicolaenko & R. Temam, Inertial sets for dissipative evolution equations

A. Eden, C. Foias, B. Nicolaenko & R. Temam, Holder continuity for the inverse of Mafié’s pro-
jection

Michel Chipot and Charles Collins, Numerical approximations in variational problems with potential
wells

Huanan Yang, Nonlinear wave analysis and convergence of MUSCL schemes

L4szl6 Gerencsér and Zsuzsanna VAagd, A strong approximation theorem for estimator processes in
continuous time

L4szlé Gerencsér, Multiple integrals with respect to L-mixing processes

David Kinderlehrer and Pablo Pedregal, Weak convergence of integrands and the Young measure
representation

Bo Deng, Symbolic dynamics for chaotic systems

P. Galdi, D.D. Joseph, L. Preziosi, S. Rionero, Mathematical problems for miscible, incompressible fluids
with Korteweg stresses

Charles Collins and Mitchell Luskin, Optimal order error estimates for the finite element approximation
of the solution of a nonconvex variational problem

Peter Gritzmann and Victor Klee, Computational complexity of inner and outer j-radii of polytopes in
finite-dimensional normed spaces

A. Ronald Gallant and George Tauchen, A nonparametric approach to nonlinear time series analysis: i
estimation and simulation

H.S. Dumas, J.A. Ellison and A.W. Sdenz, Axial channeling in perfect crystals, the continuum model and
the method of averaging

M.A. Kaashoek and S.M. Verduyn Lunel, Characteristic matrices and spectral properties of evolutionary
systems

Xinfu Chen, Generation and Propagation of interfaces in reaction diffusion systems

Avner Friedman and Bei Hu, Homogenization approach to light scattering from polymer-dispersed liquid
crystal films

Yoshihisa Morita and Shuichi Jimbo, ODEs on inertial manifolds for reaction-diffusion systems in a
singularly perturbed domain with several thin channels

‘Wenxiong Liu, Blow-up behavior for semilinear heat equations:multi-dimensional case

Hi Jun Choe, Hélder continuity for solutions of certain degenerate parabolic systems

Hi Jun Choe, Regularity for certain degenerate elliptic double obstacle problems

Fernando Reitich, On the slow motion of the interface of layered solutions to the scalar Ginzburg-Landau
equation

Xinfu Chen and Fernando Reitich, Local existence and uniqueness of solutions of the Stefan problem with
surface tension and kinetic undercooling

C.C. Lim, J.M. Pimbley, C. Schmeiser and D.W. Schwendeman, Rotating waves for semiconductor inverter
rings

W. Balser, B.L.J. Braaksma, J.-P. Ramis and Y. Sibuya, Multisummability of formal power series solutions of
linear ordinary differential equations

Peter J. Olver and Chehrzad Shakiban, Dissipative decomposition of partial differential equations

Clark Robinson, Homoclinic bifurcation to a transitive attractor of Lorenz type, I1

Michelle Schatzman, A simple proof of convergence of the QR algorithm for normal matrices without shifts

Ian M. Anderson, Niky Kamran and Peter J. Olver, Internal, external and generalized symmetries

C. Foias and J.C. Saut, Asymptotic integration of Navier-Stokes equations with potential forces. I

Ling Ma, The convergence of semidiscrete methods for a system of reaction-diffusion equations

Adelina Georgescu, Models of asymptotic approximation

A. Makagon and H. Salehi, On bounded and harmonizable solutions on infinite order arma systems

San-Yih Lin and Yan-Shin Chin, An upwind finite-volume scheme with a triangular mesh for conservation laws

J.M. Ball, P.J. Holmes, R.D. James, R.L. Pego & P.J. Swart, On the dynamics of fine structure

KangPing Chen and Daniel D. Joseph, Lubrication theory and long waves

J.L. Ericksen, Local bifurcation theory for thermoelastic Bravais lattices

Mario Taboada and Yuncheng You, Some stability results for perturbed semilinear parabolic equations

A.J. Lawrance, Local and deletion influence

Bogdan Vernescu, Convergence results for the homogenization of flow in fractured porous media

Xinfu Chen and Avner Friedman, Mathematical modeling of semiconductor lasers

Yongzhi Xu, Scattering of acoustic wave by obstacle in stratified medium

Songmu Zheng, Global existence for a thermodynamically consistent model of phase field type

Heinrich Freistiihler and E. Bruce Pitman, A numerical study of a rotationally degenerate hyperbolic



737
738
739
740

741
742
743
744
745

746
747
748
749
750
751

752

753
754

755
756

757
758

759
760
761

762
763
764

765
766
767

768
769

770
771
772
773

774
775

776
777

778
779
780
781

782

system part I: the Riemann problem

Epifanio G. Virga, New variational problems in the statics of liquid crystals

Yoshikazu Giga and Shun’ichi Goto, Geometric evolution of phase-boundaries

Ling Ma, Large time study of finite element methods for 2D Navier-Stokes equations

Mitchell Luskin and Ling Ma, Analysis of the finite element approximation of microstructure in
micromagnetics

M. Chipot, Numerical analysis of oscillations in nonconvex problems

J. Carrillo and M. Chipot, The dam problem with leaky boundary conditions

Eduard Harabetian and Robert Pego, Efficient hybrid shock capturing schemes

B.L.J. Braaksma, Multisummability and Stokes multipliers of linear meromorphic differential equations

Tae Il Jeon and Tze-Chien Sun, A central limit theorem for non-linear vector functionals of vector
Gaussian processes

Chris Grant, Solutions to evolution equations with near-equilibrium initial values

Mario Taboada and Yuncheng You, Invariant manifolds for retarded semilinear wave equations

Peter Rejto and Mario Taboada, Unique solvability of nonlinear Volterra equations in weighted spaces

Hi Jun Choe, Holder regularity for the gradient of solutions of certain singular parabolic equations

Jack D. Dockery, Existence of standing pulse solutions for an excitable activator-inhibitory system

Jack D. Dockery and Roger Lui, Existence of travelling wave solutions for a bistable evolutionary
ecology model

Giovanni Alberti, Luigi Ambrosio and Giuseppe Buttazzo, Singular perturbation problems with a
compact support.semilinear term

Emad A. Fatemi, Numerical schemes for constrained minimization problems

Y. Kuang and H.L. Smith, Slowly oscillating periodic solutions of autonomous state-dependent delay
equations

Emad A. Fatemi, A new splitting method for scaler conservation laws with stiff source terms

Hi Jun Choe, A regularity theory for a more general class of quasilinear parabolic partial differential
equations and variational inequalities

Haitao Fan, A vanishing viscosity approach on the dynamics of phase transitions in Van Der Waals fluids

T.A. Osborn and F.H. Molzahn, The Wigner-Weyl transform on tori and connected graph propagator
representations

Avner Friedman and Bei Hu, A free boundary problem arising in superconductor modeling

Avner Friedman and Wenxiong Liu, An augmented drift-diffusion model in semiconductor device

Avner Friedman and Miguel A. Herrero, Extinction and positivity for a system of semilinear parabolic
variational inequalities

David Dobson and Avner Friedman, The time-harmonic Maxwell equations in a doubly periodic structure

Hi Jun Choe, Interior behaviour of minimizers for certain functionals with nonstandard growth

Vincenzo M. Tortorelli and Epifanio G. Virga, Axis-symmetric boundary-value problems for nematic liquid
crystals with variable degree of orientation

Nikan B. Firoozye and Robert V. Kohn, Geometric parameters and the relaxation of multiwell energies

Haitao Fan and Marshall Slemrod, The Riemann problem for systems of conservation laws of mixed type

Joseph D. Fehribach, Analysis and application of a continuation method for a self-similar coupled
Stefan system

C. Foias, M.S. Jolly, I.G. Kevrekidis and E.S. Titi, Dissipativity of numerical schemes

D.D. Joseph, T.Y.J. Liao and J.-C. Saut, Kelvin-Helmholtz mechanism for side branching in the displace-
ment of light with heavy fluid under gravity

Chris Grant, Solutions to evolution equations with near-equilibrium initial values

B. Cockburn, F. Coquel, Ph. LeFloch and C.W. Shu, Convergence of finite volume methods

N.G. Lloyd and J.M. Pearson, Computing centre conditions for certain cubic systems

Joao Palhoto Matos, Young measures and the absence of fine microstructures in the & — 8 quartz
phase transition

L.A. Peletier & W.C. Troy, Self-similar solutions for infiltration of dopant into semiconductors

H. Scott Dumas and James A. Ellison, Nekhoroshev’s theorem, ergodicity, and the motion of energetic
charged particles in crystals

Stathis Filippas and Robert V. Kohn, Refined asymptotics for the blowup of u; — Au = uP.

Patricia Bauman, Nicholas C. Owen and Daniel Phillips, Maximum principles and a priori estimates
for an incompressible material in nonlinear elasticity

Patricia Bauman, Nicholas C. Owen and Daniel Phillips, Maximal smoothness of solutions to certain
Euler-Lagrange equations from nonlinear elasticity

Jack Carr and Robert Pego, Self-similarity in a coarsening model in one dimension

J.M. Greenberg, The shock generation problem for a discrete gas with short range repulsive forces

George R. Sell and Mario Taboada, Local dissipativity and attractors for the Kuramoto-Sivashinsky
equation in thin 2D domains

T. Subba Rao, Analysis of nonlinear time series (and chaos) by bispectral methods



