A NOTE ON TENSOR PRODUCTS
OF ¢-ALGEBRA REPRESENTATIONS
AND ORTHOGONAL POLYNOMIALS

E.G. KALNINS} AND WILLARD MILLER, Jr.}

ABSTRACT. We work out examples of tensor products of distinct generalized sf4(2) algebras
with a factor from the positive discrete series of representations of one algebra and a factor
from the negative discrete series of the other. We show that the equation for the common
eigenfunctions of the Casimir operator and the Cartan subalgebra generator is just the three
term recurrence relation corresponding to orthogonality for special cases of the Askey-Wilson
polynomials, and this connection yields an almost immediate resolution of the tensor product
representation into a direct integral of irreducible representations. An identity for the matrix
elements of the “group representation operators” with respect to the tensor product and
the reduced bases follows easily. Cases where the measures for the orthogonal polynomials
are not unique correspond to cases where the tensor products and their resolutions are also
nonunique.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. Zhedanov and others have introduced a product of generalized s/,(2)
algebras that allows one to take tensor products of representations corresponding to two
distinct algebras, [1,2]. Here we work out examples of tensor products with a factor from
the positive discrete series of representations of one algebra and a factor from the negative
discrete series of the other. We show that the equation for the common eigenfunctions of
the Casimir operator and the Cartan subalgebra generator is just the three term recurrence
relation corresponding to orthogonality for special cases of the Askey-Wilson polynomials,
and this connection yields an almost immediate resolution of the tensor product represen-
tation into a direct integral of irreducible representations. Furthermore, an identity for
the matrix elements of the “group representation operators” with respect to the tensor
product and the reduced bases follows immediately. Cases where the measures for the
orthogonal polynomials are not unique correspond to cases where the tensor products and
their resolutions are also nonunique.
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The notation used for g-series and g¢-integrals in this paper follows that of Gasper and
Rahman [3].

2. A generalization of s/,(2). We consider a generalization of s/,(2), denoted by [v,u].
This is an algebra with generators H, F, E_ which obey the commutation relations

(2‘1) [H7 E—l—] =Ey, [H7 E—] =—-E_, [E-HE—] = _uq_H - qu-

Here, u and v are real numbers and 0 < ¢ < 1. For uv # 0 this algebra is isomorphic to
one of the true s£,(2) type algebras, for uv = 0, u? +v? > 0 it is isomorphic to a special
realization of the g-oscillator algebra, and for v = v = 0 it is isomorphic to the Euclidean
Lie algebra m(2), [1,4-6]. This algebra has an invariant element

H

H
(2.2) c=E,E +2

) [CaA] =0, VA€ [v7u]'

l—gq

As pointed out by Zhedanov and others [1,2], the family of algebras admits a multipli-
cation [v,u] ® [—u,w] = [v,w], defined by

Fy =A(By) =Ey 0 ¢3% + ¢ o By
(2.3) F =AE.)=E_o¢"+qHgE_
L=AH)=HoI+I®H,

The operators Fy, L satisfy the commutation relations (2.1). Using (2.3) we can easily
define the tensor product p @ u of a representation p of [v,u| and the representation u of
[—u,w], thereby obtaining a representation of [v,w]. This construction yields a convenient
generalization of the tensor product computations in, for example, [5,6].

We consider the family of algebraically irreducible representations T, of the algebra
[—u,w], where A < 0, w < 0 and w — u < 0, defined as follows. A convenient orthonormal

basis for the representation space is {e, : n =0,1,- -} where
1
1 — g” A—n+1 —A F)
Foe — [( q")(wq + ugq )} -
l—gq
1
1 — n+1\(_ A—n —A\] 2

He, = (=X +n)e,.

We have E, = (E_)* and H* = H. The invariant element C = —(wg* ™ +uq=)(1—¢)7*1
for this representation, where I is the identity operator.

In analogy with a standard relationship between special functions and the represen-
tations of Lie groups we can compute the “matrix elements” of g-analogs of the group
operators e#F+e*F- with respect to the {e,} basis, in the representation 1. Of course
there are many g-analogs of the exponential mapping, none of which have all the properties
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needed to ensure that there is a true “group” associated with the g-algebra. Among the
g-analogs we shall limit ourselves to the two that are most important, [3, page 9]:

oo k ©  k(k—1)/2 n

_ Zi q
ealz) = ,; (9’ kzo

If z is a complex number, the first series converges to 1/(z; ¢)s for |z| < 1 and the second
series converges to (—z;q) for all z.
Among the 8 possibilities, [7], we consider the matrix elements

(Et,e=):  EyBE4)eq(aB_)en =Y T\ (a,B)en.

n/

(2.5)
T (a, 8)

' ' ' w — 1/2
_ (VmwBg M) g ) =sn 1) /4 ! (g7 @) (4 @)
- ( )n —n

(¢ 9)n' —n 20722 (g5 )n(1 — ¢
—n w  1—n+2X n' =X
“q afug
X z¢>1( g ;%7)-

1—g¢

A second family of irreducible representations |, of [v,u] where 4 < 0, v > 0 and
v 4+ u > 0, is defined as follows. A convenient orthonormal basis for the representation
space is {jm, : m =0,1,---} where

) 1 — qm ,vqp,—m—l—l _I_uq—u, % ]
Eyj, = — [( ) ! ) iy
-9
) 1 — qm-i—l vq“_m + uq_“ 3 )
(2.6) E_jn= [( )(1 - ) Jm+1

Hjm =(p—m)jm.

We have E; = (E_)* and H* = H. The invariant element C = (vg"™! —ug #)(1 —q)~'1
for this representation, where I is the identity operator.
For this representation we consider the matrix elements [7]

(B+,e=):  EBE4)eq(aB_)jn =3 %) (a, B)ju-
(2.7)
S (a, )
_ (\/anﬂh)n —n —(n —n)(n'+n— 1)/4(%’q)oo [(_”uq_”,q)n/(q;q)n/ 1/2

(5 Qs —n (L5 g) e (1 — )= (547" O)n(%

—n v  1—n+2p n—up
q afug
X 261 ( “ 3495 7) .

n—n—l—l = 1_q
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A third family of irreducible representations < z,£ >, of the algebra [v,w], where 2z is a
complex number of absolute value one and ¢ is real, is defined in terms of the orthonormal
basis for the representation space {f; : k = 0,4+1,+2, -} and operators

Eife=(1-¢)* <\/$q(5_k)/2 - \/Eq(_5+k+1)/2z> fr4

(28) Bofi=(1-q)} (Vag e o gehre) g
Hfy = (=€ +Ek)fr

We have By = (E_)*, H* = H and the invariant element C = 7”1__11;1"1(2' + 1/2)I for this
representation.
Here we consider the matrix elements [7]

(E+,e—): E, BEi)e,(aE_)fr = 23553@(04,5)1%
k/
(2.9) R (a,B)
U 1 1 Kl —e41/2 ’
(_1 /_wq5/2)k—k q—(k—k V(k+E _1)/4(_%\/¥7 qk_k _|_1; Q)oo

/ k—¢+1/ T
(1= (L o )

'
—k'+E+1)2 w g M Tets/2 @ K
x o0y | %4 ST, /T, 2B
2¢1 k—k/—i—l .

’q’

q 1—q
Now we form the tensor product representation

(2.10) Ly [0, u]® Ta [—u, w]
of [v.w]. In this case the invariant operator is

vgt — wgt T

l—g¢
To decompose this representation we compute the common eigenfunctions of L and C.
Clearly, eigenfunctions of L with eigenvalue @ > 0 are just those linear combinations of
the basis vectors J = j,, @ e, wheren = a+m, m =0,1,---. For a < 0, they are linear

combinations of the basis vectors J¢ = 7, @ e,, where n = a +m, n =0,1,--.. Taking
the case @ > 0 and applying C to the ON set {J%} we find

C=F.F_ +

U o m U o at+m % o
(1= Q)CT5 =v=wog [(1 = g" )1 = T (14 S (1 - ZgTEeEm)| P s
(211) by (1 g1 - g g gt e
v w
u
T [_,wq)\—p,—a T ,vqp,—)\—l—a—l—l . ,vqp,—)\—l—a—l—l(l . qm)(l T ;q—2p,—|—m—1)

Fwgt L — g (L g AT
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The operator C is self-adjoint. If we introduce the spectral transform of this operator so
that C' corresponds to multiplication by the transform variable z, then (2.11) takes the
form of a three term recurrence relation for orthogonal polynomials J¢(z) of order m in
z. Indeed, comparing (2.11) with the three term recurrence relation for the continuous
Askey-Wilson polynomials

pm(z) =

(2.12)
—m ™ abedg™ ™Y, ae'®, ae™

pm(w; a, b7 C, d|Q) = (a'b7 ac, a'd; Q)ma' 4¢’3 (qa,b, ’ aqc, ’ ad, 14,9 |

[3, page 173], we get a match with
a=(-2 v )_q—)\—|—p,—|—a—|—1/2 b— (—3)%(])‘_“""1/2, c— o q_)\—p,—l/2, d=0,
w w —vw

and C ~ —2,/—vwqz/(1 — q).

Making the identification

1
Ja (w t) _ (qm-l-l,qa—l—m-l-l, %qa—2)\+m, %q—2p,—|—m; Q)oo 2 pm(w)ta(—l)m
e 2 (Vg e g)

where t = €' and = = cos §, we can verify that (2.11) holds, as well as the orthogonality
relations

(2.13)
1

<Ja Ja >= 6mm’6aa7 <f7g>:_/
2T

ple) = (1 - o)/ x

1

o(z) de / " dg f(z,0)3(,0)

(610,67, e _e=i6 g3eif ghe=i9 _ghei® _glei®.g)
qu-i-)\ uezO qu-%)\ be— 1,09 _uqu 2+>\—uei¢9, _uqu—%—l—)\—p,e—ie;q)oo
For « = -8, 8 = 0,1,---, the expression for J%(z,t) can be obtained by analytic

continuation and a limiting procedure:

(—1)" (/= Z2g* 25 )p( g @)n(dP ;)
2P/ T g ATE]n (/=T AM 2 g)
1
y (qnt1, Lg2Mtn _ng=2uwtndBg) 12
2m(gP T g) o

g ", /T qh—At g, /U gu— At 1
><3¢’2 ( wq ’ q aQ7Q> t_ﬁ7

TP (1) =

(2.14)

,6—1—1 w —2A
w4
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where z = ¢ and m = n + f.
Furthermore, it is straightforward, though tedious, to verify that in terms of the new
variables z,t the action of the operators Fy, L is

t _
(2.15) Py = - < [ Zwg w22 \/;zq(u—k+1)/2Tt1/2> ,
Fo= —/CwgA D22y @QW—A)/sz
- ty1—¢ ¢ > ¢ )
0 \/ —wovq 1
L=p—-A+t—, C= .
H * ot’ 1—g (z + z)

Comparing (2.8) and (2.15), we have proved the direct integral decomposition
2w
(2.16) L [v,u]@ Ta [—u,w]%/ T <z,A—p> db
0

where z = €. The functions J2(z,t) are the Clebsch-Gordan coefficients for this decom-
position; the orthogonality and completeness relations for the corresponding Askey-Wilson
polynomials are the unitarity conditions for the C-G coefficients.

The decomposition (2.16) can be used to obtain an identity relating the matrix elements
(2.5), (2.7) and (2.9). We can compute the matrix element

Tm/n/,mn(a,ﬂ) =< Eq(ﬂF+)eq(ozF_)jm @ en7jm’ & epr >

in two diferent ways. On one hand we have the integral representation

mYm’

(217) T (e, B) =< Eg(BFy)eg(aF_)J2, T2, >=< RO "M (a, B)K?2,, K2, >,

where JS (z,t) = K7 (z)t°, and n = s + m,n’ = s’ + m'. On the other hand we can use
the fact that for linear operators X and Y such that Y X = ¢gXY, the formal identities

eg(X +Y)=ey(X)eg(Y), E(X +Y)=E(Y)E(X)

hold,[3, page 28; 5, 7], so that

Ey(BFy )eq(akF-)
=B (BE+ @ ¢*")Ey(Bq " @ By )eg(aB_ @ ¢ )ey(ag™ " @ E_)
=Ey(BEy © ¢*)e (@B @ ¢*)Ey(Bg~ " @ Ey)eg(aq 37 @ E).
Thus,
(218)  Ttw mnle, B) = T(aq ™72, 8g1/2)S (1) (aq™'=V12, 3g =0/2).

Note that the matrix elements in a tensor product basis actually factor. Equating (2.17)
and (2.18), we have the desired identity.
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3. A non-unique tensor product. The g-oscillator algebra provides a particularly
interesting illustration of the ideas presented in the last section. It is the associative algebra
generated by the four elements H, E,, E_, € that obey the commutation relations

H,E4]=FEy, [H,E_|=-E_,
(3.1) B, E ] =g Pe, [€,By] =&, H] =0,

It admits a class of algebraically irreducible representations T, x where £, A are real numbers
and ¢ > 0, [1,4,5]. These are defined on a vector space with basis {e, : n = 0,1,2,---},
such that

q—n—l -1 q—n -1
(3.2) Eie, = K’ / ﬁen—i—l, E_e, = E“ ﬁen_l

He, =(A+n)e,, Ee,= g e,

Since € is a constant for the representations T, x, they can be considered as representations
of the algebras [0,£¢*71].

Similarly, the g-oscillator algebra admits a class of algebraically irreducible representa-
tions |¢ » where £, A are real numbers and £ > 0. These are defined on a vector space with
basis {h;, : —m =0,1,2,-- -}, such that

qm_]_ qm—l_]_
3.3 Eyhm =44 ———hmy1, E_hp =4[ ————hpn_
(3.3) 4 1 g 1—¢ 1

Hhop = (=X +m)hm, Ehp = —L2¢* .

Note that the |, » can be considered as representations of [—{g*~1,0].
Now we consider the tensor product representation

(3.4) Tea [0,£6*71@ Lox [£g 71, 0]

of the Euclidean Lie algebra [0.0]. In this case the invariant operator is C = F F_.

To decompose this representation we compute the common eigenfunctions of L and C.
Clearly, eigenfunctions of L with eigenvalue s > 0 are just those linear combinations of
the basis vectors H; = e,, © h,, where n +m =s, —m = 0,1,---. For s < 0, they are
linear combinations of the basis vectors H; = e, @ h,, wherenown+m =s, n =1,2,---.
Taking the case s < 0 and applying C to the ON set {H} we find

(1 . q)CHTsL :q—)\—n+(s—1)/2£2 [(1 . q—n—l)(l . qs—n—l)] 3 HTSL—I—l
(3‘5) + q—)\—n+(s+1)/2£2 [(1 _ qs—n)(l _ q—n)] 2 s

n—1

—[g TP =g ) 4 g N (1 - ¢ H,

The operator C is symmetric. If we introduce a spectral transform for a self-adjoint
extension of this operator so that C' corresponds to multiplication by the transform variable
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z, then (3.5) takes the form of a three term recurrence relation for orthogonal polynomials
H:(z) of order n in z. Indeed, comparing (3.5) with the three term recurrence relation for
the g-Laguerre polynomials

a+1. —n
[e% q ’q n n+aoa
(3.6) L (25 q) = (@5 a)n e ) 141 (;aH sq,—(1 — q)zg™ “) :

[3, page 194], we get a match with C = ¢2¢~*z and the identification

(2,8) = (—1)"a/21° [ (G 9)ng"(1 —q)'° ] : L9 (2 q),

(3:8) He (¢'7%;9)n(g;9)—sq*~5*) /2 log ¢~

n

where t = €' and z = cos 8, we can verify that (3.5) holds, as well as the orthogonality
relations

(3.9)

, 1 e's} 27
<H;,H; >=bpnbss, <fg>= 2—/ p(z) dw/ do f(z,t)g(z,t)
™ Jo 0
1

(—(1 = g)z;9)s

p(z) =

For s > 0, the expression for H}(z,t) can be obtained by analytic continuation and a
limiting procedure:

(G 9)mq™(1—q)'t*

3.10 HE (z,1) = (-1)Mz*/?t* .
( ) ( ) ( ) (q1+3;q)M(q;q)sq_(S+S )/2 10g q

: L) (z59),

where M = —m = 0,1,---, and n = M + s. Furthermore, it is straightforward to verify
that in terms of the new variables z,¢ the action of the operators F_, L is

—X/2p;.1/2 —A\/2p—1_1/2 %
(3.11) F,=g¢ ltz*/=, F_=gq btz /%, L= t@'

Operators (3.11) acting on the space of square integrable functions of the periodic variable

¢ define the unitary irreducible representation (4/¢~*z/) of the Euclidean Lie algebra [0, 0],
[6]. Thus, we have derived a direct integral decomposition

(3.12) Tex [0,£¢* 7@ Lox [—€g* 7, 0] = /OOO B(v g rzl) p(z) dz.

The functions H;(z,t) are the Clebsch-Gordan coefficients for this decomposition. How-
ever, as is well known [3, 8], the measure (3.7) for which the g-Laguerre polynomials are
orthogonal is not unique. Indeed the symmetric operator C' has no unique self-adjoint
extension (the deficiency indices are (1,1)). Thus, there is a multiplicity of possible self-
adjoint extensions for C' and each such extension defines a different tensor product (3.4).
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For each of these cases the H;(z,t) can be thought of as the Clebsch-Gordan coefficients,

with the proviso that the coefficients satisfy orthogonality but not completeness relations.
A well-known example of alternate orthogonality relations for the g-Laguerre polyno-

mials is

(3.13a)

(6 )nd"(— 55, —c(1 — ¢); ) :
e Ly (x5 9),

Hy(e,t) = (-1)"z*/*° =
(@ @)nc™ (g, —cq" (1 = @)y op=r=gys Dx

where s < 0, and

(3.13b)
. M q —c(1 = . 2
(5 )ma™ (—cqgy, —< Q),lq)oo L),
(¢"+*5@)me?(q, —eq (1 — q), =gy D

fors > 0and M = —m =0,1,---, n = M + s. Here, ¢ > 0 The orthogonality relations
hold with the inner product defined by

H:(z,t) = (—1)Mzs/2¢ !

o0

1 2m
<fa>'= 5o 3 pled')a [ do fleqt Do)

1
ple) = (—(1 = @)z;q)o0

Thus, we have the direct sum decompositions

o0
(3.14) Tex [0,6¢271@ Lo [—£671,01 2= Y &(Vg reqhe) .
k=—o0

These decompositions can be used just as in §2 to obtain identities relating the matrix
elements of the operator E,(8F; )es(aF_) with respect to the tensor product basis and the
reduced basis. The identities express products of q-Laguerre polynomials as integrals or
sums over Hahn-Exton g-Bessel functions, with expansion coeflicients that are themselves
products of q-Laguerre polynomials.

4. Final remarks. Closely related results have been derived in the following papers.
In [1] the Clebsch-Gordan coefficients for the tensor product of representations in the
positive discrete series is calculated for the case [v,u] @ [—u,w]. The results are expressed
in terms of g-Hahn polynomials. In this case the eigenspace of L with eigenvalue « is finite
dimensional, so one is considering finite discrete Askey-Wilson polynomials.

In [5] we considered the tensor product representation

(@)[0,0]® Te.x [0,£¢*7Y]

of the g-oscillator algebra [0.£g* ] and worked out the related matrix element identity. The
direct sum decomposition corresponded to the orthogonality relations for the polynomials

—n ﬁ —zq
H, — qa - 4.
(QB) 2¢)1 ( 0 y 4, (.()2(1 _ q))

—-n —wz(l_‘l) rq
:qn2¢,1(‘10 ’ 2 ;q,£—2>-
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These polynomials are orthogonal with respect to a measure with support at the points

z=q"0?, —(1—-q)¢"w?, m=0,1,2,---.
In [6] the authors considered the tensor product representation

(w)[0,0] @ («')[0,0]

of the Euclidean Lie algebra. In this case the three-term recurrence relation for the common
eigenfunctions of L and C = F; F_ is unbounded above and below. Thus the solutions
do not correspond to polynomials. Again in this case the tensor product decompositon is
not unique. One of the associated identities for the matrix elements generalizes Koelink’s
addition formula for Hahn-Exton ¢-Bessel functions, [9].

In [10] we considered tensor products of various discrete analogs of the Euclidean and

oscillator algebras.

10.
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