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ABSTRACT. The theory of approximation of the microstructures associated with the orthorhombic to
monoclinic and cubic to tetragonal transformations is presented. The error estimates derived in this
paper show that macroscopic discrete quantities cannot converge faster then O(\/ﬁ) in order to allow
for the unlimited oscillations to develop. The Discrete Uncertainty Principle is proven. It indicates
that we cannot approximate macroscopic and microscopic properties of the laminated microstructures
with an unlimited precision at the same time.

1. INTRODUCTION

We present further development of the approximation theory of the martensitic transformations.
This approximation theory was first setup and successfully addressed in [CL] and [CKL] in the
case of one-dimensional model problem and in [CCK] and [G] in the case of the two-dimensional
transformations. The truly multi-dimensional approximation theory was developed in [L, 1996a]
using some unique properties of the martensitic transformations. The goal of this paper is to de-
rive new results concerning the properties of the finite element approximations of highly oscillatory
structures described by the Young measures and to improve some of the already established error
estimates in this context. The particular problems which we consider in this paper are the approx-
imation of the face-centered cubic to face-centered tetragonal and the orthorombic to monoclinic
martensitic transformations. These transformations are transitions between typical equilibrium
states of the shape memory alloys. The characteristic internal structures of these states are found
on a nano-scale. Therefore their bulk elastic properties are desribed, within the continuum mod-
eling, by the Young measures.

The deformation gradients of the approximate martensitic transformations converge weakly but
not strongly to the gradient of the resulting deformation. As a consequence of this deficiency,
the limiting deformation lacks any point-wise meaning. If the construction of the approximate
deformations would be associated with the energy minimization, the total energy of the limiting
deformation would be too high compare to the limit of the total energies of the approximate
deformations. This seems to be a typical failure of the mathematical models which are constructed
to characterize bulk behaviour utilizing the microscopic — atomic or molecular — description of the
material properties.

Numerical optimizations of the non-convex free energies exhibit dependencies on the discrete
data, such as the spatial discretization, the initial guess and properties of the finite element space
used in the calculations, [CL], [C]. This means that local minima, rather then the global minimum,
are computed.

The presented paper characterizes the order of the convergence of various quantities as the
successive oscillations are created on the finest scale possible. We show that macroscopic quantities,
such as the deformation itself cannot converge faster then O(h!/?) in order to allow for unlimited
oscillations to develop. In fact, we show that this condition is equivalent to the convergence of

1991 Mathematics Subject Classification. 41A25, 65L60, 65L70, 66N12, 656N30, 73G05, 73S10.

Key words and phrases. Non-conforming approximations, microstructures.

Correspondence: Petr Kloucek, Department of computational and applied mathematics, Rice University, 6100
Main Str., Houston, TX 77005-1895, USA. E-mail: kloucek@rice.edu .

Typeset by ApS-TEX



2 PETR KLOUCEK

the discrete Young measures to the appropriate limiting probability distribution of the equilibrium
states.

The paper is organized as follows. In the second paragraph we summarize the notation and
the basic definitions we use throughout the text, including the basic properties of the martensitic
variants and the discrete approximation of the Young measures. The third paragraph contains the
convergence theory of the conforming and non-conforming approximations of the Young measures
associated with the martensitic transformations and the error analysis of these finite element
approximations. In the paragraph four we establish the sufficient and necessary condition to
obtain appropriate microscopic description using the macroscopic control of the convergence. More
precisely, we establish a theorem (Theorem 4.3) which links the convergence of the discrete Young
measures with the convergence of the discrete deformations itself. The connection between the
convergence of the two quantities is provided by the Discrete Uncertainty Principle.

We developed our convergence and approximation theory using the simple but long overlooked
fact that certain directional derivatives of the discrete deformations are continuous. This fact was
first observed, proved and used in [L, 1996a).

2. FORMULATION OF THE PROBLEM

Let Q C R? be a bounded domain with the Lipschitz boundary, and u = u(z,t) = {u;(z,t)}3_;
be the deformation. The deformation gradient Vu(z) € M3%3 where M3*3 denotes the space
of 3 x 3 real matrices, is computed with respect to the coordinate system associated with the

undeformed domain 2. The matrix multiplication in the space M3*3 is understood in the sense

ABY Tr(AT B) where the matrix AT B is obtained by the standard matrix multiplication. Con-

sequently, the matrix norm is given by |A| = VAT - A which is the natural Euclidian norm on the
space R3%3,

The following subparagraphes are intended to summarize the technical tools we need in the
course of the proofs and to describe the problem at hand. Though self-consistent, the summary is
not explanatory. The details can be found in the literature which is referenced in this overview.

Martensitic deformations. We refer to martensite or martensitic deformation as to being a
continuous deformation with discontinuous deformation gradients which oscillate among a finite
number of known matrices. These matrices are called martensitic variants. We refer to austenite
or austenitic deformation as to being a continuous deformation with the deformation gradient
given by the identity matrix.

The complete description of the martensitic deformation consists in determination of the set of
the variants {F1,..., Fy}. They must inherit the (crystal) symmetry of the unstressed, referential,
configuration given by the variant F;. Thus it is required that

(21) {fi@}?;[}%gp|}%z € Q}:{Fl,...,FN}.

Here, Q is the symmetry group of the referential configuration and Fj is some positive definite
matrix. In the case of the change in the crystal structure from face-centered cubic (austenite) to
face-centered tetragonal (martensite), which covers e.g. transformations in InT'l, Q consists of 24
rotations which map cube into itself, i.e. N = 24. Those are three rotations with the axis e;,
four 7 rad rotations with the axis perpendicular to e;, for ¢ = 1,2, 3, and identity. The vectors
{e1, ez, e3} form an orthonormal basis in R3. Since Q is a group, there are precisely three distinct
matrices (24/8 = 3) of the form R;Fy R} The martensitic variants are

(2.2) VEUE = 14+ (vs —11)e; ® e, = 1,2,3),
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where v; > 0, 11 # v2 and ¢; ® e; € M3*3 is the tensor product given by (a ® b);; = a;b;. The
rotations R; € Q are given by R; = E?Zl(—l)a(i)e[g(i) ® e;, where a1 {1,2,3} — {0,1} and g is
the permutation of {1,2,3} [L,1996b].

Another example of the martensitic deformation is associated with the orthorhombic to mono-
clinic transformations. In this case Q@ = {I, —1+2¢; ®¢;,7 = 1,2,3}. The martensitic (monoclinic)
variants are F; = (I+n(—1)‘es ® e;)D, where D = 2?21 die; ® e;, di > 0,4 =1,2,3, 7 >0
[L,1996b]. Note that

(2:3) {RiF\RT | R; € Q} = {F\, F,} S U.

Since we request the martensitic deformations to be continuous vector functions the martensitic
variants cannot be an arbitrary matrices. The necessary and sufficient condition that a continuous
vector function can have deformation gradients given by U; and Us is the so-called Hadamard
jump condition. It states that there must exist a scratch vector ¢ and a vector n which is the
normal vector to the plane of the discontinuity such that

(2.4) Up=U;+a®n.

We refer to this condition as the rank-one connection.

It is known, [BJ, 1992] or [L, 1996b], that in the above cases of the martensitic deformations
none of the matrices F; are rank-one connected to each other. Though, every F; is rank-one
connected to two distinct martensitic variants within the same set V or Y. This translates into
the existence of the rotation matrices R and vectors a and n such that [BJ, 1987]

(2.5) RFy = Fy +a®n.

The rotation matrix R is not unique though there exist two such matrices at the most. The above
equation indicates that the regions in which the deformation gradient is constant and given by
either F or RF; are separated by the planar interfaces [BJ, 1987], called twin planes.

We refer to the deformations which has, upon rotation, rank-one connected martensitic vari-
ants, and, which oscillate on an arbitrary small scale as a fine miztures or more frequently as
microstructures.

The finiteness of Q yields existence of a Borel measurable projection II : M3*3 — Q defined by

|A—TIA| = min |[A- M|, K=Vorl.
MeK

We note, that this projection is not unique. If II; 5 : M3%3 — {F}, F»} we can find for any
non-singular matrix A a matrix B(A) such that

(2.6) [I(A) = B(A)I; 2(A).

It is easily seen that both the matrix B and the projection II; » are unique for given II.

Energetics. Some of the properties of the martensitic transformations (i.e. transitions among
different variants) can be studied by minimization of the free-energy. The free-energy is constructed
to have distinct local minima associated with the martensitic variants. The free-energy is the spatial
sum of the energy density which describes the point-wise elastic properties of the crystal in the
near-equilibrium configurations.

We require that any martensitic variant participating in the fine mixture must have the same
elastic energy. Since these deformations are specified upon a possible rigid rotation by the condition
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(2.5), we require that the energy density W satisfies the condition of the Galilean invariance (frame
indifference) for all admissible deformations

(2.7) W(RF) =W (F), VReS0(3),

where SO(3) is the set of the proper rotations. We note that the Galilean invariance implies that
any local minimum of the associated energy density W is a sphere in the 9-dimensional space
M3%3and, hence, any particular matrices yielding the equilibrium variants are inseparable in
this space.

Moreover, the requirement of the equal energy of the participating variants and the crystal
symmetry (2.1) result in the following condition

(2.8) W(R;FR') =W (F), VR;€Q.

It is easy to see that the Polar decomposition and (2.7) imply that the free-energy W has to
depend on FT'F instead of F. To summarize the properties of the free-energy W, it is clear from
(2.5) and (2.7) that W cannot be a rank-one convex function of its argument. To accommodate this
non-convexity, we allow the elastic module D?W (.) to violate the Legendre-Hadamard condition.
We require only that the free-energy W = W (p), p € R3*3 have an analytic dependence on p.
Thus there is 8 > 0 such that

(2.9) Wp+Aig) = > Walp, g\

jal>0

for [pl, lq| < B, p, ¢ € R**3, and, for j > 1,

(2.10) sup Z Wao(p, ) A*| < 1, for |pl|,|q| < B.

Al<1 ,
A<t o)1=

We assume that the energy density W is convex in the immediate neighbourhood of the equilibrium
states, i.e.,

2

pV)|,_,=2C Il if [p—1Ilp| <1

(2.11) lt=0 =
where the constant C is independent of p, |.| is the norm on the space R®*3, and
(2.12) Wi =0, K=Vorl.

In connection with the real-analytic energy densities, we recall the results of Lojasiewicz [Lo]
which yield for any function ' = F(p) which is real-analytic in a neighbourhood of 0 € R"*™
n > 1, with DF(0) = %(M(O) = 0, some constants 9 € (0,1), vy > 2 and § > 0 such that if

(2.13) N ={veR"™" | |DF(v)| = 0}
then for |v| < § we have

(2.14) |DF (v)| > dist(v, N)7,
(2.15) |DF(v)| > |F(v) — F(0)]'™".
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Non-conforming approximations. The finite element space Ay, containing the discrete defor-
mations, is defined to be the linear space of deformations uy, :  — R3 such that

uh|Q eEPxPxP,

h

— Awup(z) =0, in Qp,

02 up =0, in Qp, fori#j.

Tilj

Here P is a polynomial space and @), € 73 is parallelepiped. We assume that the family of the
partitions 75, of 2 satisfies the following conditions

(1) @=Ug,er, @ns
(2) any two @, do not overlap,
(3) there exists a positive constant C, independent of 75, such that

h
mithETh h(Qh)

<C,

where h(Qp) is the shortest edge of @, and we set h = maxg, e,, H(Qp), where H(Qy)
is the longest edge in @Q,.

The discrete deformations u, € Ay, are required to be continuous in the sense

2.16 - ds =0,
(210 /th"(uthz uh|QE>

where 0Q,; "~ = Q,J{ N @), is the interelement face of QZ and @, .
It follows from the above construction that, in general,

WhP(Q) C Ay,  1<p< o

In this sense, we call the space A; non-conforming. The approximation properties of the non-
conforming spaces cannot be better then O(h) since the quantities associated with the interelement
boundaries are disregarded. Note, that the possibility of the reverse inclusion is not excluded by
the continuity condition.

To maintain the Hilbert structure of the space A; we extend the gradient operator V from the
space H'(Q) onto the algebraic sum H'(Q) ® Aj. The extension Vj, is such that Vh|H1(Q) =V

and (Vp-, Vi-)r2(q) generates a scalar product on Ay, @ H}(Q). The extension V} is understood
in the piece-wise sense with respect to the decomposition 75,. Thus, we have

210 ol [ T (Vawn ) Vawnlo) de= 3 [ (T () V(o) d,

QrETH
for all wy, € H}(Q,R3) & Ap,. )
Further, we assume existence of an interpolation operator Jj : C(Q,R3) — A; defined by

(2.18) / Jpu(s) dS = u(s) dS, VoQ: € 0Qpn,i =1,2,...,6, Qp €,
Qi oQ},

for any u € C(2,R?) such that there exists a positive constant C, independent of u and h, such
that

(2.19) esssup |V Jpu(z)| < Cesssup |Vu(z)|
€ z€)
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for any u € C(€2, R3).
The Dirichlet set AY is defined to be the set of functions from the space Aj, which satisfy the
Dirichlet boundary condition in the sense that for any g € H'/2(99)

(2.20) /~ up(s)dS = [ g(s)dS, YoQ, € 0Qn, QnNIQ£D, Qn € .
aQn 0Qn

An example of the plausible non-conforming space Aj, can be defined as follows. Let @ be unit
parent cube. We define the triple {Q,P, X}, [Ci], where

P:Span{l, z, Y, z, x2—y2, x2—z2},

(2.21) ]
Y= ][ qdS:i1=1,...,6.
Qi

Here, 0Q?, i = 1,...,6, are the faces of the unit cube  and faQi = m faQi' The finite
element is well-defined since 3 is P-unisolvent but it is not affine. More general affine construc-
tion of the similar space can be found in [KLL]. This space was introduced in approximation
of the Stokes problem [RT], and it was successful used in the approximation of the martensitic
microthermodynamics in [K] and iso-thermal dynamics [KL].

Formulation of the problem. We assume, in addition to the assumptions (2.9), that the energy
density W has local minima on any subsets of either V or U such that W|v = Wlu = 0. Without

loss of generality we can restrict out theory to the two-well problem. We denote F; = SO(3)F;
for ¢ = 1,2 and we assume that

(2.22) W(F)=0, i=1,2

where SO(3) is the space of proper rotations and F; € V or F; € U, i = 1,2 and we denote
Ky = Ui:1,2 Fi.
For any u;, € Ay, the free-energy is given by

(2.23) E(up) & /Q W (Vun) da.

The Lemma 2.1 implies that the free-energy is well defined for any up € Ay if [[Vhun|| o) is
bounded uniformly in A for some p > 0. We seek approximation of

(2.24) T Y inf{E(u) |u € WP(QR3); u = Fz & (A F, + o) z, 7 € 00},

where Ay + Ao =1 and F; € Ko, for ¢ =1,2.
We note that there does not exist any function at which the infimum (2.24) would be attained.

Representation and approximation of the microstructures. The free-energy £ cannot be
weakly-lower semi-continuous so the weak limit of a minimizing sequence may not represent any
point-wise information about the solution of (2.24). More precisely, if |[Vu,| < C < oo is a
minimizing sequence in some reflexive space we have

(2.25) I= liminf/ W (Vuy,) dx < / W (Vu) dz,
h—0 Q Q
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where u represents appropriate weak limit of the sequence uj. We can assume that there exists a
function W € L'(Q,R) such that

(2.26) lim inf/ W (Vuy) dz = / W (z) dx
h—0 D D

for every open measurable subset D of 2. Moreover, it can be proven [B] that there exists a family

of compactly supported Radon measures u, with the range [0, 1], depending measurably on z € €,

such that

(2.27) W(z) = /M W (A)du,(A).

It is known [BJ, 1992] that this probability measure, also called the gradient Young measure,
associated with the problem (2.24) is unique in either £ = V or K = U. It can be shown in
this case, that p, is discretely supported on F;, ¢« = 1,2 and that it is independent of z, i.e.
Mo = 5F1 + 6F2 :

We approximate the gradient Young measure by constructing an approximate probability mea-
sure defined for any Borel subset M of M?3*3 as follows [B]

def meas{y € B,(z)| Vu(y) € M}

2.28 ervu(M
( ) Ha,r,v ( ) meaSBr(m)

It is easily seen that if u; — u weakly in W1P(Q,R3) then

1
W(A) diy p oy, (A) = ——— W(V d W (A) dug . (A),
s (A) dpry v vuy, (A) meas B, (@) . (Vun(y)) dy — e (A) dpg,r(A)
1
er(A dzefi/ o d
H 7( ) meaSBr(x) B (x) Vu(y) Y,

where B,.(z) is the ball centered at = with the radius r. Since the above limit pass holds true for
any W € L'(Q) we express this fact by writing

(2.29) P,V (KC2) A 0vu(z), as 1 — 04, h — 04 weak-* in the sense of measure.

Thus, the approximation of the problem (2.24) reduces to showing the above limiting property of
the family of the approximate probability measures jiy , vy, -

The cut-off functions. Since the domain 2 has Lipschitz boundary, there exists a function
o€ WOI’OO(Q) NC> (), o > 0, such that for some positive constants C, Cy, Cy, we have

C4 Dist(z,09Q) < o(x) < Cy Dist(x, 0Q)

2.30

Moreover, there exists a family of positive functions o, € C*(2), such that

supp oy, C {z € Q| Dist(z,02) > h} C suppo

(2.31) op Y o s h 0,
lonlly o0 < € < 400, and o, <o, in Q.

The existence of the functions o and o}, is found in [N].
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Mollifiers. Let ¢y € C§°(R?) is such that ¢o(x) > 0 for all z € R3, suppdy = {z € R®| |z| = 1}
and [, ¢o(x)dz = 1. Let € > 0 and u € L'(2). The mollifier is given by

(2.32) (e === [ o ("’”‘y)u(y) dy.

€

By (R.Vu)(z) we mean application of the vector function ¢, on each component of Vu separately
if u € LY(Q,R3). It is obvious that R.u € C°(,R®) and that R.u — u in LP(Q), for any
u € LP(Q) and 1 < p < oo. The convergence property can be proven by using the fact that
every function u € LP({2) is p—mean continuous [KJF]. We will use this property frequently. The
function u € LP(2) is said to be p—mean continuous if for every € > 0 there exists a 0 = d(¢) such
that

(2.33) /Q u(z+h) — (@)’ de <, |h] < 8(e).

Throughout the paper, we assume that ¢q is extended by 0 outside its domain of definition.

3. CONVERGENCE THEORY AND THE ERROR ESTIMATES

We develop the convergence theory of the microscopic quantities such as Vuy separately from
the minimization of the free-energy. The convergence theory is based on the observation (proven in
[L, 1996a]) that the discrete deformation gradients projected into the direction of the twin planes
converge strongly. The proof of this surprising property is given in the next Theorem.

Theorem 3.1. Let 1 < p < o0, let D be any open subset of Q with a positive Lebesgue measure,
and let uj, € Ayj,. Then for any m € n* there exists a positive constant C, independent of h, F,
m, D and p, such that

(3.1) / (Voun(z) — F)m|? dz < C / Vun (@) — IV yup (2)]? da
D D
Hence, if Vyup, — IV yup, — 0 strongly in LP(Q,R3*3) as h — 0., then
(Viup(z) — F)m — 0, strongly in L?(Q,R%).
Proof. Let the mapping R. be the mollifier and € > 0 arbitrary. We have

C/ |(Vhup(z) — F)m|” dz <
(3.2) b
/ |(Vaun () — (R Viun) (@) mf? dz + / (RVhun) (2) — F)mf” da.
D D

For any positive constant €; > 0 there exists d;(e;) > 0 such that
(3.3) / |(Viun(z) — (ReViup)(z)) m|P dr < e if e < 61(e1).
D

Because for any F; € Ko we have Fym = Fomn = Fm = [IVup,(z)m in Q we get for any m € nt

D
2

/ (LY pup (z) — F)m|” dz = / <|thuh(m)m|2 IV g () - Frm + |Fm|2> dz = 0.
D D
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Consequently,
1B(Fhn(@) = Fym)P? da = [ [(R(Vha, = 10)m) @) d
(3.4) < /D (R (Viup — IViup)m)(2) — (Vaup(2) — DVpup(2))m[” do
+ /D |Viun(z) — UV yup(2)]? de.
The p—mean continuity yields again for any positive €5 some d2(e3) > 0 such that
(3.5) /D |(Re(Viup — OVyup)(z) — (Viup — OV Rug) (z))mlP dz < s, if € < d2(e2).

It follows from (3.2) and (3.5) that there exists a positive constant C, independent of h, F', m, D
and p, such that

C’/ |(Vihun(z) — F)m|? dx < e + &3 —I—/ |Viun(z) — IV pup(z) P de.
D D

The proof now follows by substituting &; def E1,h = €2 def €25 = fD |Vrup (z) — OV pup (z) [ dz

and by taking e sufficiently small. [

The first Corollary of the previous Theorem shows that the Dirichlet boundary condition
uh(ag)|aQ = Fx, which is reflected by Vju, — OViu, — 0 strongly in L(Q,R3%3), is strong
enough to ensure the strong convergence of the discrete deformation gradients to the variants F
and F5. Similar result is obtained in the continuous case in [BJ, 1992]. The proof of this Corollary
is taken from [L, 1996a].

Corollary 3.2. Let II; 5 : M3*3 — {Fy, F5} be the projection given by (2.6), and let us assume
that the assumptions of the Theorem 3.1 are satisfied. Then there exists a positive constant C,
independent of h, F', D and p, such that

(3.6) / Viun(z) — o (Vaun(2) P de < / V(@) — TH(V s ()] da.
D D

Hence, if Vjup, — IV yup, — 0 strongly in L (Q,R3%3) as h — 04, then

(3.7) Vyup — My oVyu,  strongly in - L'(Q,R3*3).

Proof. Since IV yup, = B(Vyup)Il; oViup, we get a positive constant C, independent of h, F', D
and p, such that

% / Voun (z) — Ty»Vaun (@) da
D
S/ |Viun(z) — UV pup (z)|” dx—i—/ [TV pup () — Uy 2Viuy (z)] do
(3.8) b b
:/ |V run(z) — OV pup (z)° da;—l—/ |(B(Vhup(z)) — 1) 1 o Vyup(z)|? dz
D D

< /D |Vhup(z) — UV pup(z)|” dz + C/D |B(Vyup(z)) = 1|F du.
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In order to find the estimate for the last integral in (3.8) we show that there exists a suitable
constant C, independent of h, F', D and p, such that

(3.9) /D |(B(Vpup(z)) —1) 4| do < /D |Viun(z) — UV iup(z)|? de, j € {Fimy, Fomg, m}.

Here, m = Fym; X Fomg, my -n = mo -n = Fymy - Fymmg = 0 and n is the normal to the twin
plane. We note that {Fym;, Forng,m} is a basis in R? since Fy and F; are linearly independent.
First, let j € {Fymq, Fyms}. In this case we have for any m € n*

(B(thh(x)) - I) Fl’ﬁl == (B(thh(x)) - I) Hl,zvhuh(fb)’ffl
(3_10) = (thuh(x) — Hl’zvhuh(l‘)) m = (thuh(m) — F) m
= (IVhup(z) — Viaup(z)) m + (Viun(z) — F) .

Thus (3.9) follows from (3.10) and the Theorem 3.1.
Secondly, if j = m we can use the identity

(B(Vrun(z)) —I)m = B(Vpup(z))Fimy X B(Viug(z))Fama — Fimy X Fomes

3.11
(3-11) =(B(Vpup(z)) — 1) Fimy x B(Vpup(z))Fims — (Fymy X (I =B(Viup(z))) Fims)

to get (3.9) from (3.10) and the Theorem 3.1. The inequalities (3.9) and (3.8) yield (3.6) and the
proof is finished. [

The second Corollary of the Theorem 3.1 shows that the strong convergence of the directional
derivatives is sufficient to yield the strong convergence of the deformation itself. The similar result
is given in [L, 1996a] for the conforming finite element approximations.

Corollary 3.3. Let uy € Afz and let as assume that the assumptions of the Theorem 3.1 are
satisfied. If Vyup — IV yup, — 0 strongly in LP(Q,R3*3) as h — 0, then

up, — Fz  strongly in L (Q,R?) as h — 0.

Proof. We show the strong convergence of the approximate deformations uj, to Fx in the LP(2)
by proving the following inequality:

There exists a positive constant C, independent of h, m and p, such that for any m € n*, any
wy, € AF®and 1 < p < oo, we have

(3.12) /Q lwn(z) — Fal dz < C /Q (Vown(z) — F)m|? da.

The conclusion of the Corollary then follows from (3.12) where we take uj, instead of w and from
the Theorem 3.1.

We prove the inequality (3.12) by contradiction. Let us assume that there exists at least one
function wy, € AL® such that |jwy, — F2| poqrs) =1 and for which we have

/ |(Vhw(z) — F)m|” do < C/ lwp (z) — Fz|P d.
0 0
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Without loss of generality we assume that = (0,1)%. We have

1
/ |(Vrhwp(z) — F)m|P dx = / /
[0,1]3 [0,1]2 Jo

where the derivative % is understood in the piece-wise sense corresponding to the decomposition

L (wy(+ tm) — F(a + tm))| dt da,

7, of [0,1]3. Because
1
/ lwn(z) — Fal? do = / / lwn (3 + tm) — F(z + tm)[? dt dz
[0,1]3 0,1]2 Jo
it follows from the above assumption that for almost all z € [0, 1]? we have
1 » 1
/ ‘ﬁ (wn(z + tm) — F(z + tm))‘ dt < / lwn (2 + tm) — F(z + tm)[” dt.
0 0

Let ¢, be an uniform mesh on (0, 1) with the mesh size h. The identity mapping from W (i) to
L? (i) is bounded for any 75 € ¢, and any 1 < p < oo. Thus we have the estimate

wn(z +tm) = F(z+tm)[” dt < (O [ | (wi (@ +tm) — F(z + tm))| dt ’
i i |

P
< Ch/ df (wp(x +tm) — F(xz +tm))| dt.
ip
Because
1
/ |wp, (z + tm) — F(x +tm)|” dt = |wp, (x + tm) — F(z + tm)” dt
0 ZhELh in
P
<Ch/ ‘ (wp(x +tm) — F(xz +tm))| dt
we must have
‘% (wp(z +tm) — F(x + tm))‘ =0, for almost all ¢ € [0,1] and = € [0, 1]2.

This means that (w, — Fz) € AL® must be piece-wise constant along the lines with the directional
vector m. We finish the proof by showing that this implies wy,(z) = Fz in [0, 1]> which contradicts
the assumption ||[wy, — F@|| e gs) = 1. Since wy, may not be continuous across the inter-element
boundaries except for at least one point due to (2.16), we proceed as follows.

Let Qp € 7, be a “corner” boundary element, i.e. an element which has at least two boundary
faces. It follows from the definition of the boundary conditions (2.20) and the fact that (wp — Fz)
must be piece-wise constant along the lines with the directional vector m that there exist at least
two parallel lines ¢; and £ in @), such that

wp, — Fx =0, on £y, ¢5.

Now we define the function

def d

ft) = pn (wp(z +tr) — F(x +tr)) = (Vwp(z + tr) — F)r, for x +tr € Qp,
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where r = (71,79, 73) is a vector which is linearly independent of rn and r? = r]2- foranyi,5 =1,2,3.
By the construction of A we have

— A(wp, — Fz) =0, in Qp and
07, (wp(z) — Fz) =0,  inQ if i#j.
hence
fl(t) :07 in Qh-

Therefore (Vwy (x + tr) — F)r has to be constant along the line with the directional vector n in
Q. Let z; € 4;,1=1,2 and x5 = z1 + tr for some ¢. Then

0 = (wp(z1) — Fx1) — (wp(x2) — Frg) = (Vwp(x + tr) — F)r.
The maximum principle then implies that
wp — Fz =0, in the plane perpendicular to m X r.
Repeating the above computation with the vector m x r we get
wp, — Fz =0, in Q.

Next we can show that w; = Fxz at the elements next to Q5. This follows from the fact that
wp, = Fz on 0Q and because wy(x 4+ tm) — F(z + tm) has to be constant. Repeating this
procedure we exhaust 7, which yields w, = Fz in [0,1]® and this leads to the contradiction. O

Remark: (i) The proof of the Corollary 3.3 indicates that the finite element approximations with
the postulated property of the piecewise harmonicity behave as the conforming approximations in
the case of pure twinning. This follows from the above proven fact that the boundary conditions
(2.20) with g(s) = F's yield up(z) = Fz in Q if uy, is required to be a piecewise affine function.

(ii) The condition of the harmonicity is necessary. This can be seen from the following example.
Let Q = (0,1)2, m = [1,0]7 and

ox y=0 y=1 z=0 z=1

We can take, e.g.
z, on (0, ) x (0,
w = —z+1/2 on (3, %) 0,1),
z—1 on(3,1)x(0,1).
Then we define w, = R.w, where R, is the mollifier. With the above definition of w we have for
sufficiently small ¢ > 0 that — Aw, = 85211)6 < 0 on the ¢ neighborhood of = = % and —Aw, >0

close to z = % and

/ we dS = |Vw.(z,y)m| dzdy < / |we(z,y)| dz dy.
8(0,1)2 (0,1)2 (0,1)2
Hence, the local harmonicity of the non-conforming finite elements is a necessary condition for the
Corollary 3.3 to be true.
(iii) The condition of the vanishing cross derivatives of the basis functions is also necessary.
This follows from the example of the polynomial zy(z? — y?) considered on the square [—1,1]?.
(iv) The conditions of the local harmonicity and vanishing cross derivatives can be ommited
if the construction of the finite element space guaranties pointwise satisfaction of the Dirichlet
boundary condition.

The next Theorem yields the principal error estimate of the weak convergence of the deformation
gradients.
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Theorem 3.4. Let D be an arbitrary open subdomain of Q) with positive Lebesgue measure
and Lipschitz boundary, let u, € ALF®, and let us assume that IVrun || poo(q raxs) is bounded
independently of h. Then there exists a positive constant C, independent of h, F', D and vy, and
there exists hg > 0 such that for any h, 0 < h < hg, we have

3.13) C /D (Vhup(z) — F) dz| < h+h? |lup(z) — qug{fD,Rg) : for any v € (0,1).

Hence, if Viuy, — IV up — 0 strongly in L (Q,R3*3) as h — 0, then

up, = Fx  weakly in WHH(Q,R®)  as h — 0.

Proof. Let D be an arbitrary open subdomain of 2. We first extend u; by Fx from D onto €.
Let
U o 2= @
Qrer} Qrer}

where 70 C 75, and 7} C 73, are such that Q) C D C Q} and meas(Q}\QY) < const. h. We assume
that Q9 # 0 which is true for sufficiently small h because D has Lipschitz boundary. We construct
a function @y, € Ay, such that

up (), z €,
un(x) = § vn(z), z € Y\,
Fuz, z € R"\Q}.

The function vy, is defined as follows. If Q9 € Q}\QY. we can find two opposite faces p9, p} € 0QY,
©, N D =0,4i=1,2, so that we have a homotopy between the values un| , and Fx| given by
o

6h($+t(y_x)) ClzeftFy+(1_t)uh($)a te [07 1]7 xepga ye@llu

where the directionalvector of z — y is constant for any z € Y. Using the cut-off functions oy,
with properties given by (2.31), restricted to @, and modified so that On| , = 1, we define
n

vp(z +tly —z)) =op(z+tly —z))op(z + tly —z)) + (1 — op(z + t(y — 2)))up(z + t(y — x)).

We observe that vy, is defined for any = € @Y, that Un| , = Fz, and that v, satisfies the integral
©h

continuity criterion (2.16). Moreover, we show that there exists a positive constant C, independent
of independent of D, F' and 73, such that

/Q}Z\D |Vior(2)| dz + /D\Q?z |Vion(2)] dz < C <h+ vh (/D un(z) — F] dz) 1/2> |

To prove this inequality, we first determine a subset ¢j, of 75, such that
@a\Dc J @ @ ex\e,
QY Een

hence

/ |V ron (2 |dz<Z/ |V, (2 |dz<Z/ |V (2)| dz.
QL\D

QY€ QY€
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Because
| 00 (@ + tly — 2))| = [F(y — 2) + Fz — up(z)]
we obtain a positive constant C, independent of ¢ and h, such that

C|Vip(z+tly—a)| <|F|+ 4 |Fe—up(z)], te€[0,1], z€pp, yEp

This inequality yields

J

The Mean Value Theorem for integrals gives for some t, € (0,1], ¢; € (0,%p) and t3 € (0,¢1) the
expression

1
Vo (z)| dz = / / |Von(x + t(y — )| dtdz < h®|F| + %/ lup(z) — Fz| dz.
p% JO o)

0
h h

/QD jun(2) — F2| dz = / | o+t = ) = Fo -ty — )] deda

h

:/ fun (@ + toly — 7)) — F(z + toly — 2)))| da

0
h

— [ lunle) = Pt to (Tun o+ t:(y = 2)) = F) (v~ )| do

h

_ / lun(z) = Fz + toty Ay (2 + ta(y — 2))(y — 2)7(y — ).

0
h
Hence, there exists a constant C, independent of h, F and QY such that
C |up,(z) — Fz| dx§h4+/ lup(z) — Fz| dz.
©9 QY

The inverse inequality [C, Theorem 17.2]

l|un — FfE“Loo(Q,RB) < 1302 lJun — F$||L2(Q,R3)
and the Holder inequality yield a positive constant C, independent of D, u; and F', such that

0 Z /D un(z) — Fz| dz < C h? Z lun = Faf| poo (o sy < Ch? |lup, — F|| oo p g3)
Q% Een @n Qb€
< CVh ||up, — Fz| 2 p sy < CVh |lun — Fxlli/i(D,RS) |un — Ffﬂ“};/lz(p,m)

< CVhllun — Fo| 55 zs

we have

C > |Vin(z)dz<C > K +CE > lup(z) — Fz| dz

QY Een QhEtn QhEtn @n

<h+vh [ funla) = Fal.

The remaining integral over D\ is estimated in the same way.
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Let the mapping R. be the mollifier and ¢ > 0 arbitrary. We have

/ (Voun(z) — F) do / R. (Vun(z) — F) dz
D D

< /D (Vihup(z) — R-Vhup(z)) do| +

(3.14)
+/D(R€F—F)d:p.

We estimate each of the integrals on the right-hand side of (3.14).
First, we have

/ (R-Vyup)(z) — Vyup(x) de
(3.15) b
- / (RVnin) (@) dz + | Bo(Vhun — Vin)(@) dz — / Vup (z) dz.
D D D
We write
(316) L(Rsvhuh)(x) dr = /Q(REthh)(x) d.’I?—/S;\Q}L (Rsvhﬂh)(x) dx—/s;}t\D(REthh)(x) dz.

It follows from the definition of the mollifier R., Fubini’s theorem, integration by parts and defi-
nition of @y that

/Q (R.Vay) (z) dz
:/|z|<1/thh(x—az)gbo(y)dxdz:/|Z|<1¢0(z) /aQFx(X)ndez:Fmeas(Q).

Similarly
/ (R.Vip)(z) de = F meas(Q\Q3),
o\l

hence we have from (3.16) and the above two calculations

(3.17) /D (R.Vhin)(2) do = F (meas(2})) — / (R.Vyiip) () da.

QI\D

Because

/ (RE (thh — Vhﬂh))(x) dr = / (RE(thh — Vhﬂh))(x) dx
D D\Q¢

and, similar to (3.17),

/thh /thh )dx—i—/ Viup(x) dx—l—/ Viup(z) dx
o\l QI\D

= —Fmeas(}) —I—/ Viup(z) dz
QI\D
we can write the first integral on the right-hand side of (3.14) in the form

/ (Viup(z) — (R:Vaup)(z)) de = —/ (R.Vivp)(z) dz
b QI\D

(3.18) !
+/D\Q%(REVhUh)(x) dx—/D\Qg(REthh)(x) dx+/91\D Viup(z) dz.
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The estimate of vahHLl(Qg,RSXS) yields a positive constant C, which is independent of h, ¢, F
and D, such that

_ /D\m (B yon)(2) dz| < C (h+ VA Jun(w) = Fol i pss)) -
h

‘—/ (R:Vyup)(z)dz| +
QI\D

Since meas (UQ%GM Qg) < C'h and since there exists an uniform bound of |Vyup|| g gexs) by

assumption we have

+ <Ch,

/ (R-Vyup)(z) dz / Viup)(z) dx
D\QY QI\D

where C is a positive constant, independent of h, €, F and D. Hence, there exists a positive
constant C, independent of A, €, F' and D, such that

(3.19) C

/D (Vhun(e) — (R nun)(@)) da| < b+ Vh Jun — Fal2, .

The second integral on the right-hand side of (3.14) can be estimated by using the integration
by parts and the Holder inequality. We obtain

(3.20) /D (R. (Vyun)(z) — F) da

< % “V¢0“Loo(R,R3x3) [[un () — FxHLl(D,RS) .

We have | [}, (R-F — F) dz| = 0, therefore we obtain from (3.14), (3.19) and (3.20) existence of
a positive constant C', independent of h, F'; D and ¢, such that

(3.21) C < h+Vhllun(@) = Fal %2 o) + L lun(2) = Fall g -

/ (Vyup(z) — F) dx
D

The first part of the Theorem follows from (3.14), (3.19), and (3.20) by taking

e en=h7? luy = Fal| 305 forany 0<y <L

The Corollaries 3.3 and 3.2 yield for any m € n*
(3:22)  llun — Fall g psy < CN(Tntn — F)mll gagponsy < CIVntn — IV nunl s o -

The second part of the Theorem can be proven as follows. The Banach-Steinhouse theorem [KJF]
implies that the weak convergence of a bounded sequence z,, in L!(Q) is equivalent to

/xnxdx%/xxdx
Q Q

for all ¥ in a dense subset of L®°(Q) = (L'(Q))*. Since the linear hull of the characteristic
functions xp of the open sets with the Lipschitz boundary is a dense subset in L*°(£2) the proof

of the Theorem follows from the strong convergence of Vyuy, — [IVyu;, — 0 in L1(Q,R3*3) and
(3.13). O
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Convergence of the microscopic quantities. The approximation of the problem (2.24) reduces
to the investigation of the convergence properties of the approximate probability measure pig , v, v, -
Due to the discrete structure of the set Iz, we can rewrite (2.25) as follows. Let r > 0, D be an
arbitrary open subset of Q, and let u, € AF*. We define for i = 1,2

(3.23) Df,7h def {z € D|II(Vyup(x)) = F;, IL(Vpup(z)) — (Vaur(z))| < 7},

then |
P e,V pup, (Fi) = meas(D;. )/ meas(D).

Hence, the limit pass (2.29) reduces to

C meas(l)
(3.24) lim lim |————=
meas(D)

r—=04 h—04

— Ai| =meas(D) lim lim ‘meas(Di,h) — Aimeas(D)| = 0.

r—04 h—04

The next Theorem and its consequences yield sufficient and necessary condition for (3.24) to be
true.

Theorem 3.5. Let uy € Aﬁ“’. Then there exists a positive constant C, independent of h, F', D,
and there exists hg > 0 such that for any h < hy we have

3.25) C ‘meas( ﬁh) -\ meas(D)‘ < h+ ||Vyup — thuthl(D,Rm) , for any v € (0,1).
Hence, if Vyup, — IV yup, — 0 strongly in LY (Q,R3%3) as h — 04, then

. . * .
lim lm fpig,v,u, = AM0F + A20p, weakly-+ in a sence of measure.
r—04 h—04 77

Proof. Since Fy and F; are linearly independent, and because \; + A2 = 1, (3.25) is equivalent to
showing that

| (meas(D; ) — Ay meas(D)) Fi + (meas(D? ;) — Ao meas(D)) Fa| < [|[Vhup — HthhH;gQ,Rm) ,
for any v € (0,1). Because

(meas(D; j,) — Ay meas(D)) Fy + (meas(D7 ;) — Xz meas(D)) Fy
= meas(Di7h)F1 + meas(Df,h)Fz — meas(D)F
= (meas(Di’h) + meas(Df,h)) Iy 2 (Vhup(z)) — meas(D)F

we have
(meas(D; ) — Ay meas(D)) Fy + (meas(D? ;) — Ao meas(D)) Fp =

/ T4 2 Vpup — Vyup(z) do — / F — Vyup(z)de — / Iy 2(Vyup(z)) de.
D

D D\(D},uD2,)
The definition of Df,,h, 1 =1,2, yields

L 2(Vius)(z) — Viup(z)| > 1, for all z € D\ (D}, UD?,) .
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Because |H1,2(thh(x))|Loo(Q) < C, C independent of h, we have

/ 1,2(Vhun(z))| de < Cmeas (D\ (D), UD?,))
D\(D} ,uD? )

C
< — 1 ,2(Viup)(z) — Vyup(z)| de.
" Jp\(D:,uD?,)

Assuming that ho > 0 is such that for any v € (0,1) we have

</ 1,2 (Viup)(z) — thh($)|> <r
D\(Di,hUDg,h)

we obtain for any h < hg the following inequality
| (meas(D; ,) — Ay meas(D)) Fy + (meas(D? ;) — Ao meas(D)) F| <

/ TTy0(Vatun(2)) — Vaun(z)] dz + / Vun(z) — Fds
D D

+ </D Ty o(Viun(z)) — Viun(z)] dx)v |

The Theorem 3.1 and the inequality (3.12) yield

C/Q|thh(a;) C(Vyun(2))] dz > C/Q|(thh(:p) — F)m| do > C/Q|uh(m) _ Pl do.

The proof now follows from the Corollary 3.2 and the Theorem 3.4. [

Corollary 3.6. Let us assume that the assumptions of Theorem 3.5 are satisfied and let us assume
that Vyup — OV, — 0 strongly in L1(Q,R3%3). Then there exists hg > 0 such that for any
0 < h < hy we have

(3.26) |Viwup(z) — F| > |F1 — Fs, a.e. in .

Proof. Let D is an arbitrary open subset of Q. Because D = D}, U D}, U (D\ (D;E,h U Df,h>)

we have

/ |Viwup(z) — F| dz
D

= / |Viun(z) — F| d +/ |Viun(z) — F| dx +/ |Viun(z) — F| dx
Dy DI, D\(D; ,UD? )
> meas(D} ;) |F1 — F| + meas(D? ) |F> — F| — / |F1 — Vyup(z)| d
Dy

—/ |Fo — Viyup(z)| de.
D?

r,h

It follows from the definition of D!, i = 1,2, that

— |FZ — thh(x) — Fz + Hl,g(vhuh(x)ﬂ = — |Fz — thh(:z)| > —r, Yz € D:,
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Hence, we have from (3.25)

lim lim / |Viup(z) — F| d
D

’I‘—)0+ h—>0+

> lim lim (meas(D;,)|Fy — F|+ meas(D? ) |F; — F| —r (meas(D; ) + meas(D7 )

’I‘—)0+ h—>0+

= [D[[F1 — F3|.
Since D was an arbitrary open subset of {2, we have for sufficiently small A
|Viup(xz) — F| > |Fy — Fy| a.e. in )
and the proof of (3.26) follows. [

The next result indicates that the requirement of the proper limiting properties of the de-
formation gradients limits the order of approximation of the macroscopic quantities such as the
deformation itself.

Corollary 3.7. Let us assume that u, € Aff‘ and let Vup —IIV up, — 0 strongly in L*(Q, R3%3),
Then there exists a positive constant C, independent of h, F', and vy, and there exists hg > 0 such
that for any h < hy we have

(3.27) h < Cllun = F|| 7} g gsxs) » for any «y € (0,1).

Proof. Let 77 C 73, be such that

= |J Q@ and dist(99,09,) < h.
QreTy

Because up(z) = Fz on 0f2, the Corollary 3.6 implies that for any zo € 08, there exists a
Zo € Q\Qp, such that

lup(zo) — Fzo| = |Vaun(Zo) — F|h > |F1 — Fa| h.

Thus we have

Fi— B2 12 < ][ lun(z) — Fa|? dS.
oy,

Now, because measy(9€2)/ meas2(0Q;,) = O(1), the continuous imbedding of H*(2) into L?(9)
and the Poincaré-Friedrichs inequality yield

C |Fy — F)” measy(9Q)h? < meas,(99) ][ lup (z) — Fz)|* dS
oy,

(3.28)
S/Q‘V|uh(m)—Fm|2‘ dx.

Let the map R. be the mollifier. We have
/ ‘V |up(z) — Fx|2‘ dx
Q

(3.29) =2 /Q |un(z) = Fa| [Viun(z) — F + R (Viun(z) — F) = Ro(Viyun(z) — F)| do

< g/ﬂmh(m) _ Faf? da;+2\//ﬂ|vhuh(a;) — (RVhun) (@) dm\//ﬂ|uh(x) _ Faf? da.
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Now, we show that there exists a positive constant C', independent of h and ¢, such that
2 C 2
(3.30) |Viun(z) — (R:Vyup)(z)|” do < - |up(z) — Fz|” d.
Q Q

As soon as we prove (3.30), the inequality (3.27) follows from (3.28) and (3.29) by taking

def 1=y
e = En = (Huh(x) - F[EH%P(Q,R%)

for any 0 <y < 1.
In order to show (3.30), we first observe that [, |R.F|” — |F|? dz = 0 and thus we have

/Q|thh(a;) — (ReVun) ()| dac:/Q|thh(m)|2 da:—/Q|(REthh)(a:)|2 dz
— 2/ R.(Vyup — F)(z)((R-Vyup)(x) — Viyup(z)) dz
Q
:/ \Vhup (@) = |F|? da —/ |(R-Vyup)(z)|* — |RF|? dx
Q Q
(3.31) -2 /ﬂ R.(Vyup — F)(z)((R-Vyup)(x) — Vyup(z)) dz
_ /Q(thh(m) — F)(Vaup(z) + F) do
- /ﬂ (R nun) (@) — B F)(R.Vhun)(z) + R.F) dz

9 / R.(Vaun — F)(@) (R.Viun) (@) — Vaun () da.
Q

It follows from the p—mean continuity of (R.Vyup)(z) — Viug)(x) that for sufficiently small e we

have
< \//Q (R wun) (@)|? da.

Since, ‘fﬂ Viup)(x) dx‘ = |F|meas(Q2), |F| > 0 by (2.1) and (2.2), and because Vju;, are uniformly
bounded in L2(, R3*3) due to the assumed strong convergence of Vju — IV uy in LP (2, R3%3),
we have a positive constant C, independent of h and €, such that

1
2

/Q Vaun(z) dz

o/ \Vhup(2)|]? dz < |F|? s/ (R-Vhup)(z)|” da.
Q Q

Hence,
/ Vhun(z) — PP do < / (R (Voun(z) — F)[? da
Q Q
and (3.30) follows from (3.31) and the above inequality by integration by parts. This concludes
the proof of the second part of the Theorem. [

The next Corollary relates the measure of the macroscopic ‘smallness” with the ‘roughness” of
the underlying microscopic structure.
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Corollary 3.8. Let us assume that u, € Af“’ and let Vup —IIVuy, — 0 strongly in L*(, R3%3),
Then there exists hg > 0 such that for any 0 < h < hg there exits a continuous function wy €
C(Q,R?) such that

th = Hl’zvhuh, in Q.
Moreover there exists a positive constant C, independent of h and Fy, F, such that for any
0 < h < hg we have

meas(Q) |[Fy — F|?

(3.32)
1A wll @ rs))-

<C Huh - Fx“Ll(Q,RSXS) .

Proof. The strong convergence of Vyjup — IIVyup — 0, the Hadamard jump condition (2.5),
Theorem 3.1 and Corollary 3.2 yield, for sufficiently small h, a continuous piece-wise linear function
wy, such that

th = Hl’zvhuh, in Q.

Moreover, the assumed strong convergence Vyup — [IVyup — 0 implies existence of an uniform
bound of [[wy, — Fz| (g gs)- Let p, ¢ be conjugate, p > n and h sufficiently small. Using the

Corollary 3.6 and the compact imbedding of (C(Q))* into W~1?(Q) we have
meas(Q) |Fy — Fy|? / |Viun(z > de = / \Vhup(z) — T o Vius (@) + Vwp(z) — F)? dz

< %meas( )| F1 — F2| + (wp, — Fz, Awh>Wo—l,p(Q’R:;)’Wol,p(Q’R:;)
< |Jwpn — F$||Lq(Q,R3) A whHWO_l’p(Q,Rﬂ < Jwp — Fﬂ"’HLq(Q,RC’») ||Awh||(c(§,R3))* )
p

for any g > = Since p > n is arbitrary, and because there exists a positive constant C,

independent of A such that
[lwn, — F$||LQ(Q,R3) < Cllun - Fm“;:q(ﬂ,ﬂ({?))

the proof follows. [

Remark. Since the functions u;, cannot be discontinuous on @)y, it is possible to show [L, 1996a],
[L, 1996b] that

(3.33) 1A whll (@ psy) = OR?).

Thus the combination of (3.32) and (3.33) yields a stronger result then that of the Corollary 3.7,
namely,

(3.34) meas(Q) | Fy — Fo|* h'/? < Cllun — Fa|l g - O
The combination of the Theorem 3.4 with the Corollary 3.7 (or 3.34) yields a stronger version of
the inequality (3.13) and (3.25).

Theorem 3.9. Let D be an arbitrary open subdomain of ) with positive Lebesgue measure, let
up, € AF®, and let Vyu, — IViuy, — 0 strongly in L' (Q,R3*3). Then there exists a positive
constant C, independent of h, D, F' and -y, such that

(3.35) C

/D (Vyup(z) — F) dz| < ||Vaun(z) — thuthl(Q’Rgxg) ,
(3.36) C ‘meas(Di,h) -\ meas(D)‘ < |IVpup, — thuhﬂzl(ﬂyww) ,

for any v € (0,1).

Proof. The proof follows from the inequalities (3.13) and (3.55), the strong convergence of Vup, —
IIVjup — 0 in L* (Q,R3*3), and the inequality (3.27). O
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4. COMPACTNESS OF THE CONFORMING APPROXIMATIONS

The previous Corollaries 3.7 and 3.8 suggest that if the approximate measures jiy v, y, con-
verge to the corresponding probability distribution A\;dg, + A2d0p,, the macroscopically measurable
quantity u, — Fz converge in the norm of an arbitrary space L?(€,RR?) not faster then O(v/h)
even if the conforming approximations are used. This comes as no surprise since

(4.1) IVun = Fllge ops) < 7 lun = Fallgy o)
This inequality yields a strong convergence in W2 (Q,R?) if |juy, — FxHLﬁoc(Q,R“”) = O(h'*t), for
some 7y > 0.

The strong convergence of the deformation gradients Vuy, is equivalent to the precompactness
of Ay, in the space (C(, R?’))* or in W~12(Q,R?). This follows from the argument of L.Tartar
[KM] because for some ¢ € C3(Q,R') we have

—/ $(2)? |V (u(z) = up(@))|” dz =2/ P(@)V(z)(u(z) — un(2))V (u() — un(z)) dz
Q Q

+ (p(u —un), d Alu —up))w-12Qrs), w2 (rs) — 0

if there exists a subsequence of A uy, such that A up, — A wu strongly in (C(ﬁ, R3))*. The quantity
1A Uh“(c(ﬁ k)" is easily measurable. If Vjuj, — [IVyu, — 0 then [|A “h“(c(ﬁ k)" represents

the number of the twin planes.

It is known that if up, — u in WH2(Q,R3?) but v € W12(Q,R?) (and not in, say, W22(Q,R3)),
the order of convergence of Vuy to Vu can be arbitrarily slow. We can measure this defect in
terms of ||A uhH( c@ms)" This is proven in the following Lemma.

We assume that the finite element space A is now constructed to be the conforming approx-
imation with restect to the second-order problems. We indicate this choice by writing Ag T C
Wh2(Q,R3).

Lemma 4.1. Let u, € AY* c WbH2(Q,R3) and let e(h) be a continuous function such that
0 < e(h) = 04, and let h be sufficiently small. Then there there exists a continuous function
e1 = e1(h) such that 0 < ey(h) — 04 and

(42)  3IVu— Vunlpagms) < oy llu = unllps s +€00) 1A unll oo sy + ().

Proof. Let R, () be the mollifier. We have

||VU — vuh“Lz(Q,RSXS) < HVU’ - ‘Rf(h)quL2
+ HRE(h)(VU — Vuy,

(4.3) (2,R2%)

+ || Ry Vun — V||

)HL2(Q’R3X3) (Q,R3x3)

! This inequality is not true if we replace LT _(€2) with L?(£2) and/or Vuy, converges to a non-constant function.
For a counterexample we can use the following argument [Ar]. Let u : [0,1] — [—1, 1] be a piecewise linear function
which oscillates on an uniform mesh of the size h? and which alternately takes values +1 and —1. Then wup,, the
H'(Q) projection of u onto P; finite element space on a mesh of size h, is zero. Hence,

C
IVullL2 0,1y < n llullL2 0,1y -

But this is obviously false since ||Vul[ 2 1) = O(1/h%) and lull 20,1y = 1.
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No we estimate each of the terms on the right-hand side of (4.3) separately. The p—mean continuity
of L? functions yields a positive continuous function £ (h) and §; = d1(g1(h)) such that

e1(h .
(4.4) HVU — Rf(h)quL2(Q,R3x3) < 1; ), if e(h) < 01(e1).

Integrating by parts in the second term on the right-hand side of (4.3) we get
(4.5) HRa(h)(vu - vuh)HL2(Q,R3X3) < Tlh) ||V¢O||L°°(Q,R3) “uh(x) - Fx“Ll(Q,Rg') '

To estimate the last term, we proceed as follows. First, we can write
2

(4.6) HRE(h)Vuh — VuhHiz do(2) (Vup(z) — Vup(z —e(h)z)) dz| dx.

(Q,R3X3) - |Z|S]_
Next, we can construct a sequence u;? € W2?2(Q2,R?) such that
Vu;? — Vuy, a.e. in €,
4.7 — *
(4. Aup® = Au, strongly in (C(Q,R3)) , aseg— 0.
Thus,
2
| Re ) Vun — vuhHL2(Q,R3X3)
(4.8) 1
= lim e(h) / ¢o(z) Auy?(x — 1e(h)z) dT dz| dx.
220+ =<1

The function )
r — / / $o(2) Auy?(x — 1e(h)z) dT dz
|z|<1J0
is continuous, therefore we have?

|| Be(nyVun — Vg || .,

(€,R3%3)
=¢(h) lim sup
220+ cc@mms)

1
e bo(2) At (@ — re(h)2) dr dz d
10l 555, <1 /Q /|z|§1/0

e(h) lim HRE(h)Auh H (c@a)"

62—>0

2This can be proven as follows: Let u € C(2,R3) then

sup / ¢(z)u(x) dz sup
pec(@gs) /O ¢EL2(Q, R3)
ll¢llo g rs) <t el rs)<
sup / o(x)u(x) de| + ||u||c, o sy lim sup |p(x z)| de =
sec(@es) /0 (5 <=0 seL2@gt) IO
ll¢llomrsy <t el Rs)<
sup / ¢(z)u(z) dz| + ”u”C(Q RS) hm / — Red(x )‘ dz = sup
$EC(Q,R3) Q2 peCc(Q, R3)
”¢'”C(§,R3)S1 H¢'”C(SZ RB)

where ¢ is some continuous function at which Jo 19(z) — Re¢(x)| dx attain its maximum over the set ||¢>||C(ﬁ RS) <1
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The mean continuity of Auj? € L*(Q,R?) yields existence of d2(e1(h)) > 0 such that

€2 €2 61(h) .
| Ry A uy? — Auj H(c@,m))* < 2 ()’ if e(h) < da2(e1(h)).
Hence,
1Beny A il | e o)
(4.9) < HRe(h) Au‘l? - Au,? H(C@,RS))* + ||Auigz2 - Auh”(c(ﬁ,Ra))* + ||Auh||c((ﬁ,R3))*

81(h) 2
S 2€(h) + ||Auh — AuhH(C(ﬁ,RS))* + HAuh”(C(ﬁ,RS))* .

The term ||Au;? — Auh||c(§ g3+ converges to zero as £ — 0 due to the construction (4.7). This
finally gives

e1(h)
(4.10) | Reny Vi = Vun || pa g sy < 1T +e(h) 1A unll(o@mey): -

The proof follows from (4.4) and (4.5), (4.10) by taking h sufficiently small so that e(h) <
min{&l,éz}. [l

The above Lemma, 4.1 yields the sufficient conditions for the strong convergence of the deformation
gradients.

Theorem 4.2. Let up, € AL® C W12(Q) and let us assume that
up — U, weakly in WH2(Q,R3), and
~1
lu — “h“Ll(Q,RS) < (HA“h“(c(Q,RBxB))*) .

Then
up — U, strongly in W12 (Q, R®).

Proof. The proof follows directly from the Lemma 4.1 since the sufficient conditions for the right-
hand side of (4.2) to converge to zero are

[ = unll Ly sy < e(h),
-1
e(h) < (18 unllcamsnsy)) -

The proof is finished. [
The next Theorem summarizes the results of the Corollary 3.8 and Theorem 4.2 as follows.

Theorem 4.3 (The Discrete Uncertainty Principle). Let u, € AI® C W12(Q), up, — Fx
weakly in W12(Q,R?), and let the Young measure (u;)zcq corresponding to F be such that
supp iy C K. Then

(4.11) lim lm gy, v,u, S A0, + Xodp,  weakly-x in a sense of measure
r—04 h—0y
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if and only if

(4.12) [un = Fz|l L1 g “AuhH(c(Q,Rsxs))* > L.

Proof. Instead of showing that (4.11) implies (4.12) we show an equivalent implication which is
that if (4.12) is not true then (4.11) is not true as well. Hence, if (4.12) is not true then the
Theorem 4.2 implies

Vup — F, a.e. in .

Thus we have for any = € Q)

lim |Vup(z) — IVuy(z)| = lim |Vup(z) — F+ F —[IVu(z)| =
h—>0+ h—>0+

4.13
(4.13) lim |F — [IVup(z)| > 0.
h—>0+

On the other hand if D is an arbitrary open subset of {2 we have the estimate

1
r,h

/ MV () = Vun ()] dz = / Vs () — Vun ()] da+
b D
/Dz,h IV up (z) — Vup(z)] d +/D\(Di,hu02,h>) IV (z) — Vug(z)| do <

r (meas(D;. ;) + meas(D? ;,)) + Cmeas(D\(D, ;, UD?,).
If (4.11) holds then

(4.14) lim lim (r (meas(D;. ;) + meas(D? ;) 4+ meas(D\(D; , UDZ,)) = 0.

h—0r—0

thus Theorem 3.5, (4.14) and (4.15) show that

. . * .
lim lim piyrv,u, = A0F, + A20F,  weakly-* in a sense of measure
T‘—>0+ h—)0+

(4.16) if and only if
|Vup, — I[IVuy| — 0, a.e. in .

Therefore if (4.12) is not true, (4.16) implies that (4.11) is not true either. The remaining impli-
cation can be proven as follows.

Let (4.12) be true. The Sobolev imbeddings theorem implies that the weak convergence Vu, — F
in WhH2(Q,R3*3) yields a strong convergence up, — Fx — 0 in L*(Q,R?). Hence, we have from
(4.12) that

(417) hl—i}%)l_._ “A uh||(C(Q,R3X3))* = Q.

If Vup, = F a.e. in Q then ||A Uh“(c(Q R3x3))" must be uniformly bounded. Thus (4.17) implies
that

(4.18) |Vup, — F| >0, a.e. in €2.
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The basic theorem of the Young measures [B] then yields the representation

Fa;:/ Fydu,(y), a.e. in ).
R3

The inequality (4.18) implies that u, has to be a non-trivial measure, i.e. p, cannot be a unit
point mass. Then, the application of the Theorem 7.1 [BJ, 1991] for the orthorombic to monoclinic
transformations and the Theorem 7.3 [BJ, 1991] for the cubic to tetragonal transformations yields

Mz = AM0F, + A20F,

and the proof is finished. [
Remark. In the case of the double-well problem [L, 1996a] we have

(HAuhH((;'(Q,RSXS))*)_l = (9(\/5)
thus, if u;, — u weakly in W12(Q,R3), the critical order of approximation is
lun = ull o) > C VR
to maintain the weak convergence in this space. U

5. RELAXATION OF THE FREE-ENERGY

We have shown that the convergence theory can be developed by controling the term
[Viun —I(Vyup)| -

One of the possibilities of how to control this term is by minimization of the total energy. This is
proven in the following Lemma under the constitutive assumptions (2.9)-(2.12).

Lemma 5.1. Let uj, € AF® be such that £(uy) can be made sufficiently small and let the energy
density W be a real-analytic function of its argument which is convex on the immediate neigh-
bourhood of its equilibrium states so that (2.11) is true. Then there exists a y > 1 and a positive
constant C, independent of h and -y, such that

(5.1) E(up) >C (/Q |Viup(x) — I(Viyug(z))] dx) .

Proof. Since W3 (Q,R3) is dense in Ay, it is sufficient to prove (5.1) in this space. Hence, let
u € W32 (Q,R3).
Applying the estimate of L. Simon [S, Theorem 3] we get a y; > 2 such that

/ﬂ div DW (Vu()) - () dz|

71
inf ||u— Az < su
(AGK | ||L2(Q,R3)> = ¢€L2(£,R3)

Let the map R. be the mollifier and let ¢. = R.¢. Then it follows from the mean-continuity of
the L? functions that for any 6 = J(e) there exists an € > 0 such that

<d(e) +

/Qdiv DW (Vu(z))p(x) dz

/Q DW (Vu(x))Vé(z) dz
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Because the energy density is real-analytic function of its argument, it follows from the Taylor’s
expansion that there exists a constant C, independent of u, and x € W3°(£2, R3*3), such that

W (Vu+ V) = W (Vu) +DW (Vu)V. + D*W (x)(Vo., Vo.) < (1+C)W (Vu) + DW (Vu) V..

Thus, using (2.9), we can recover a constant C, independent of u, such that

<

/Qdiv DW (Vu(z))pe (z) dz

/ W (Vu(z) + Vo (x))dz — (1 + C)/ W (Vu(z)) dx
Q Q

<C

/Q W (Vu(z)) da

Taking € small enough so that there exists a 0 < €1 < 1 such that

71
6(e) < (1 —e1) <Afelfc |lu — A$||L2(Q,R3)>
we get a v > 1 such that

v C
(lu= Al o) < | [ W(Ta(e) ds
€1 |Ja

In virtue of the definition of the projection II, given at the second paragraph, we have

Afelf;c lu = Az 11 rsy = [[Vu = IIVU|| 1 (g gaxs) -

The proof now follows from the density argument. [

Corollary 5.2. Let the assumptions of the Lemma 5.2 be satisfied. Then there exists a positive
constant C, independent of h, F' and p, such that

(5.3) £(un) ZC/Q|uh(a;)—Fa;| .

Proof. We have from the Lemma 5.1, Theorem 3.1 and the inequality (3.12) that there exists a
constant C, independent of h and F, such that for any m € nt

E(up) >
C’/Q |Viun(z) — I(Vyup(z))| de > C/Q |(Vhun(z) — F)m| de > C’/Q lup(z) — Fz| de.

Thus the proof is finished. [

Now, we can combine the results of the Paragraph 3 with the Lemma 5.1 and Corollary 5.2 to
obtain a summary of the results with respect to the relaxation of the free-energy.

Theorem 5.3. Let up € Afz be such that £(up) — 0 and let us assume that the energy density
W is a real analytic function of its argument which is subject to the assumptions (2.9)-(2.12). Let
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D be an arbitrary open subset of {2 with a positive Lebesgue measure and Lipschitz boundary,
and let Dy ; be defined by (3.23). We have the following estimates

(5.4) /Q (Vaun(@) — Fym| do < CE(up),

(5.5) ; |Viup(z) = 11 o(Viup(2))| de < CE(up),

(5.6) /D (Viup(z) — F) dz| < CE(up)”, for any v € (0,1),

(5.7) % —XNi| < C&(up)”, foranyy € (0,1)
meas(D) e ’ T

meas(Q2) |Fy — Fy|
(5.8) 12wl iom- < C&(up),
(5.9) /Q lun(z) — Fa| dz < E(un),

where the positive constant C' is independent of h, v, F, m, and D and the function w;, € C(Q, R?)
is such that Vwy, = II; oVyuy, in Q.

Proof. The proof of the inequalities follows directly from (5.1) and the inequalities (3.1), (3.6),
(3.35), (3.36), (3.32) and (5.3) respectively. O
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