Propagation of cracks in elastic media

Avner Friedman* Bei Hu' Juan J. L. Velazquez?

1 Formulation of the problem

In this paper we consider a quasi-stationary model of crack propagation in a two-dimensional
elastic medium occupying a bounded domain €. The model, developed in [3], is based on
earlier work [1], [4], [9], [10], [11]. The motion of the tip X (¢) of the crack I'(¢) at time ¢ is
given by ‘ ‘

(1) = (X)) I(X (1) (1)

where ®(s) is an explicit (and rather simple) function of s and J(X(#)) is defined in terms
of the, so called, J-integral. The stress function ¢(x,1) satisfies:

o€ H*(Q) fort>0, (1.2)

Ap =0 inQ\T({),

0 = 2_99 =0 from both sides of T'(¢) , (1.4)
n

w=4dq, g—:j = on 69, (15)

and the initial portion of the crack is given by a curve which, for simplicity, we take to be a
graph:
['(0) =To = {2 = f(21), —x0 <1 <0},
where (—xzq, f(—z0)) € 9Q, To\ (=20, f(—20)) € Q.

Throughout this paper the normal n denotes the interior normal direction; i.e., n =
(—=f'(z1),1)/4/1 4+ |f'(21)]> when 2 approaches from above I' (denoted by I't) and n =
(f'(z1),—1)/+/1 4+ |f'(21)]? from below I' (denoted by I'7).

In a recent paper [2] the present authors studied the asymptotic behavior of any solution
of (1.2)—(1.4) in a neighborhood of the tip X (t). Taking for simplicity ¢ = 0 and assuming
that

(1.6)

f(0)y=0, f'(0)=0, (1.7)
they proved the following results:
(i) If f € C*2[—6p, 0], then
o(x) = A1r3/231(0) + A2r3/2B2(0) +O(r*™") (1.8)
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for any n > 0 such that a +7n > 1/2.
(ii) If f € C*[—60,0], then

QO(T, 0) = A1T3/2B1(0) + A2T3/2B2(0) + A3T2B3(0) + A4T5/2B4(0)

1 1.9
—|—A5r5/zB5(0) — 2A2r5/2f”(0) cos 50 + O(r*™") (1.9)
for any n > 0 such that a +7n > 1/2.
Here
3 1 .3 ! . 9
B1(0) = cos 50 + 3 cos 50, By(0) = sin 50 + sin 50, Bs(0) = sin” 0,
(1.10)

) 1 . 9D !
B4(0) = cos 50 — 5 cos 50, Bs(0) = sin 50 — sin 50;
note that r?Bs(f) = x3.

Similar formulas hold near a tip X(t), i.e.,
pla,t) = A(t)|x = X(OPBi(0) + As(t)]e — X (1) Ba(0) + - --

where Ej(g) is obtained from B;(#) by rotating the coordinate systems so that the tangent

to I'(t) at X(¢) is in the direction 6 = 0.
The coefficients A1(t), As(t) are called the stress intensity factors.
It was proved in [2] that if

then, for a C''** crack T'(¢), the law (1.1) is equivalent to the condition
Ay(t) = 0. (1.12)

This condition means that

K ,

as « approaches X () from Q \ I'(#) along the tangent direction 7; n is normal to 7. This
condition can also be written in terms of the stress tensor o:

K ,
Opn 7~ W ([X % 0), Orp — 0. (114)

These are precisely the conditions which characterize mode I fracture (also called opening
mode); see [8, p.24].

It was further proved in [2] that the dynamic problem (1.1)—(1.6), for some time interval
0 <t < ty, is equivalent to the following geometric problem:

Find a curve
Uy = {29 = f(z1), —x0 <1 <0}, s0 >0 (1.15)

and a function @(x,s) such that if
I's ={x2 = f(21), —2o< a1 <sf, 0<s< s, (1.16)
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then

© € H*(Q)  for 0 < s < so, (1.17)
A2<,9 =0 inQ\Ty, (1.18)
= 2_99 =0 from both sides of I', , (1.19)
n
w=4dq, g—:j =h on 69, (120)
and
AQ(S) =0 for0<s< s (1‘21)

where Ay(s) is the stress intensity factor which arises in the asymptotic expansion about the
tip I's: _

pla,s) = As(s)|r = X(8)P2By(0) + Aa(s)|x — X ()2 Ba(0) +---. (1.22)
Here it is assumed that I'(¢g), or I'y,, is in C'*t* T’y for s = 0 coincides with the I'(0) in
(1.6), and the connection between f(s) (0 < s > so) and X(t) is given by

f(s) = Xa(XT(s)).
Once f(s) has been found, X(#) can be obtained by solving the differential equation

X(t) = o(IX(1))I (1, f(1)).

Definition. Problem (Cj) consists of finding a curve I'y, in C'** and a function ¢(z, s)
which solve the system (1.16)—(1.21).

In this paper we shall prove that there exists a solution to problem (Cy) with T'y, in C'***
for some small a > 0.

In §2 we establish a relation between the curvature of I'y and stress intensity factors. To
describe this relation consider, for simplicity, the case s = 0 and let

991(1’) - T3/2B1(0)7 992(1;) = r3/2B2(0)7 993(1') = 1'%7
a() = 7“5/234(0), ws(x) = r5/2B5(0), (1.23)

Denote by 5 the solution of (1.17)—(1.20) corresponding to the curve
FoU{zy = g:zjf, 0<a < s} (1.24)

where & is the curvature of I'y at 0, and f(0) = f’(0) = 0. By formal asymptotic analysis
(using inner and outer expansion for ¢.) we show that

¢s = ¢0‘|’5¢1

where

1
o ~ A1 + Asps + A351?§ + Asps + Asps — 2A2/€T5/2 €Oos 59,

0 dpa
Py~ —A— L —Ay—— -|- a1 + Qaps
8:1;1 8 1
near 0, and

dA 3 3
d—2 = —§/€A1 + 2145 + s,
dj ; - (1.25)
=yt



at s = 0.
The same relation holds for any 5,0 < s < sg, with £ = k(s) the curvature of I'y, at
(s, f(s)). To solve problem (Cy) we need to impose the condition dAz/ds =0, i.e.,

3 3
5/43141 = 5145 + Q9. (126)

This relation which determines the curvature of the crack in terms of intensity factors is
quite remarkable. It has however an inconvenient feature in that it involves the higher order
coeflicient As.

In §3 we give an entirely different (but also formal) derivation of a relation between the
curvature and stress intensity factors. Although this relation formally coincides with (1.26),
it has the significant advantage in that it is expressed by lower order coefficients. To derive
this relation, we initially make a change of variables  — 7 by translation 7. and rotation
R. so that the extended crack (1.24) for s = ¢ will have its tip at the origin and the tangent
at the tip in the horizontal direction. We then write

. = g+ eV in the variable T (1.27)
and compute the boundary conditions for V' at the original curve I'y. We then split V' into
V=W+W (1.28)

where, roughly speaking, V; corresponds to the translation 7. and V, corresponds to the
rotation R.. We show, by asymptotic analysis, that

- 1
Vi ~ Bipr + Baps — 4 Agr®? cos =0,
3 2 (1.29)

Vo ~ §/<;A2<,91 — g/iz‘htpz + 4/<;A2r3/2 cos %0
where ~ 5 . 3
B = —§A4—|—0z1, By = §A5—|—oz2. (1.30)
sinee A, = 3 A, - 3
o T i gedn == B oRdy, (1.31)

we obtain again the relations (1.25); in particular, (1.26) becomes
3 N
5/43141 == 62. (132)

Since Bg is a lower order coefficient (in the asymptotic expansion of V;), this relation is much
more useful than (1.26) for the purpose of proving existence theorems.

In §85, 6 we shall establish (1.31) rigorously for any C'*** curves I'y,. The proof depends
on asymptotic estimates and maximum principles for biharmonic functions obtained in [2],
and an extension of one of these results which is derived in §4 of this paper.

In §7 we prove that problem (Cj) has a solution with C?*® crack I'y, for some small
a > 0; here we use the reformulation (1.32) of the condition Ay(s) = 0.

We also discuss (in §7) other models of crack propagation when the condition (1.11) is
not satisfied.

In §8 we briefly present the extension of our results to harmonic (instead of biharmonic)
functions.



2 Formal computation of dA,/ds (first method)
We assume that T'g is a C*T® curve given by (1.6), (1.7) and
F5:F0U{x2:g:p%, 0<a < s}

is a C?T® extension of I'y, where x is the curvature of I'y at 0. We denote by t4(z), or
Y(x, ), the solution of (1.17)—(1.20). We want to compute dA,(s)/ds at s = 0, where Ay(s)
is the second stress intensity factor of 1 (x,s) (cf. (1.22)).

Recall that for C*** curve, given by (1.6), (1.7),
1
o ~ Avpr(x) + Agpa(z) + Asz? + Agpa(x) + Asps(x) — 2456|272 cos 50, . (2.1)

For any small ¢ > 0, set ¢» = ¢)(x,¢) and
W = 3G, (2.2)

We consider = as an outer variable, and introduce an inner variable y by = = ¢y. We shall
develop ¥ in the outer variable and G in the inner variable, and go from lowest order terms
to higher order terms, step by step. Note that the extension I'. \ I'g of the crack I'g is given,

in the y-variable, by
1
Y2 = 55@3, 0<y <L

It will be convenient to use a coordinate system ¥ for which the tip of the extended crack is
at the origin and the tangent at the tip is in the yj-direction. This is accomplished (up to
order ¢ of precision) by the following translation and rotation:

y1 =1+ 91 — keys,
- ~ 2.3
{ ya = 3rE + U + KET, (2:3)

or, up to the order ¢ terms,

{ o j+ Y e, (2.4)
Yo = 2/€€—|—y2 KEYL.

We begin with the lowest order terms of y:

wo(x) ~ Arpr(z) + Azpa(w).

By (2.2), we then have

G(y) ~ Aigi(y) + A2pa(y)
~ Aipi(yte)+ Aspa(y+e) (e =(1,0))
~ Avpi(Y) + Aspe(y) it Y] — oo,

where lower powers of |y] were dropped out.

Defining Go(y) as the asymptotic limit of G(¥), |y] — oo, we have
Go ~ Avp1(y) + Aapa(y), [y — o0
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and 'y becomes the line [ = {7 = 0,%; < 0} so that the zero Dirichlet boundary conditions
of ¥ on I'y become

0Gy
Go= 3

=0 onl
Since |G| < CO7)*/% if |y] < 1, also
Go(7)] < ClgIP* for [g] < 1

and clearly also A*GGy = 0 outside [. By a Liouville theorem (similar to Lemma 3.3 in [2]),
we then conclude that

Go() = Avp1() + Aap(¥).- (2.5)

We use this information to go back into the outer region and find the lowest order terms
for v, in the outer variable x. We have

W =G~ G, = 53/2[141991@) + A22(¥)]

where

1
i) = @iy — 1+ keya, y2 — ghe— KEY1)

m%(e’”) - ma—xl(t’”) + O<m|$|3/2>

for y = 1,2. Hence

) )
b~ Avpr(2) + Agpa() — Ay pi(@) g, 0le) | O(elz|*'?) (2.6)
8:1;1 81'1

where the “O” term is of smaller order than each of the other terms in the expansion.

We anticipate
b= ot et (2.7)

and what we have found so far, from (2.6), is that

o ~ Arpi(2) + Agpa(x)  as [2] — 0,
doi(x) _ , dpalt) (2.8)

2 + smaller terms  as || — 0.
8:1;1 81'1

by~ —Ay

We also have

A%y =0 inQ,
Py = % = 0 on both sides of I'g,
on

1y satisfies zero boundary condition on 0f2.

Notice that ¥, has O(r'/?) singularity near 0.

In the sequel we continue to argue formally, assuming, for instance, that »; + A4 agl(x) +
1
0
As ‘g?(l') is in H? near 0. Thus the asymptotic behavior of ¢, near 0 is
1
O (x Opa(x
77Z)1N_A1 S‘Ql( ) —A2M+Oé1991+052992+"" (29)
8:1;1 81'1
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We need to add another term on the right-hand side of (2.9) in order to compensate for
the fact that the function

() n AQa@z(l')

= A
W =11 + Ay Py 0

(2.10)

does not satisfy homogeneous boundary conditions on T'g. On T'f : 7 —0 ~ k|x|/2 (we assume
for simplicity that x > 0) and the function 11 has zero Dirichlet data. As for dp1/dw1, since
(by (110)) B1 == B1 == B1 =0 at 0= T,

‘8991(1') < C|x|1/2|9 . 7T|3 < C|$|7/2,

8:1;1

ga%(?‘?) < CL|$|1/2|9 . 7T|2 < C|$|3/2
on Oz, ||

so that the contribution of dy/0dz; to the Dirichlet data of W is negligible. Next

‘M < Clef29 — 72 < Cl2P?  on T
8:1;1
which 1s small; however,
gaw(l')
8n 8:1;1

1 1
is of order ﬂ|:1;|1/2((9 —7) ~ §|$|1/2 which is not small as || — 0. The above considerations
T

extend to I'y. Hence W is a biharmonic function such that

oW 0 [ D)
Weo, o Nan<A2 o ) on T. (2.11)

Next, by direct computation,

Jpa(x) _ Coseacpg _ sinf dey
x4 or r 00
3 1 1

f— 1/2{— < 1 —_ 1 —_ > —_— 1 <— —_ —_ —_ >} 2-12
= |$| 2C080 Slﬂ2(9—|-Slﬂ20 sin # 2C0820+2C0820 ( )

1
_ 2f a0 2
= |z| <sm20>(1—|—cos0),

so that (recall that n is the interior normal)

L1t 8 (sl o)
- _é—||x|1/2%[<sin %9)(1+cos@)] (2.13)
_MLW%G(G —5?) = Sl omb=m el
Similarly (since 0/0n| = —a/an‘ez_w_ﬁ|$|/2),
aa_na“;l(f) ~ S on 0= 5~ Sal
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The biharmonic function |
W = k|z]*? cos 50

satisfies the same boundary conditions:

—

W=0 onf=+nr,
oW |« oW

on " || (F1) 00

and consequently

1

1
W = kAy|z|*/? cos 5(9—|—---.

From (2.9), (2.10) we then get the outer expansion for ;:

? 0 L
#1(z) — A, 2a(v) + a1 + @y + ke[ eos SO+ as e — 0, (2.14)
8:1;1 axl 2

We finally go back to the inner expansion of Gi. Using (2.1), (2.14) and the definition of
G in (2.2) we see that

G~ Aipa(y) + Avpa(y) + AsePyd + Asspaly) + Aseps(y)
_Ala—jll(y) _ AQa—jf(y) + arep(y) + azepa(y) (2.15)

by~ = Ay

1 1 1
—2ke Ay|y|*? cos 50 + ke Aqly|?? cos 50 for 1 < |y| < —.
£

As in the analysis of G above, it will be convenient to work with the variable y defined in

(2.3). We have

~ ~ ~ | KE ~
pily) = %(y1+1—/<3€y2,y2+7+/<;5y1)

_ A N A . 1 (2.16)
= i+ 22— e+ P2 ) for Lyl <
and deily) 0y 1 1
pily) _ O¢i(F 12)  for 1 : 2.1
o o + O<|?J|1/2 +elyl > or 1 <yl < € (2.17)

where “07” represents smaller terms.
In the expressions arep1(y), azepa(y), we simply replace y by y, incurring just a small
error.

Next we compute
1
7 = |y]>? cos 50

as a function of §. By (2.4), y1 = 1 + 41 + O(ely]), y2 = ¥2 + O(gly|) so that
o7 1
Z(y) = Z(y) + o T O(ely + 1y'?) for 1 < Jy| < -
1

Also
07 ~07  sin 58_Z

— = cosf— —

I or roof (=1
5 ~ 1~ 1 ~ 1~
— ~3/2 < - S . -
1| [2 COS@COSQ@—I—QSIH@SIHQ@]

- 3 ~ I~ 1 ~ N T
— |y|3/2 [§<Cosecos 50 + sin O sin 50) + <cos@cos 50 — sin 0 sin 50)]

- ~ 3 - 1~ 1
= TP BAE) — ST con 3T+ Ol + ) Tor 1< ly] <~
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Hence
2(y) = [§1°* cos ST+ [ Ba(B) — S 717 cos ST+ Oyl + 1), (218)
Substituting (2.16), (2.17) and (2.18) into the right-hand side of (2.15), we get
G~ Aer(y) + Azpa(y)

+ e [RSG) ~ BgE )] + nea[1 520 - B

dy3 _y261 Yz _yza?h
1/2~a a ~ 6995 ~
+ Ase' 25+ Asepa() + Aseos () + Aue () + Ase = (7)
I I (2.19)
+ areei(y) + azepa(y)
— 2 Agk|]?/? cos 55— 2ke Ay |72 By (0)
~13/2 1~ - 1
+ 4re Ay cos 50 for 1 < |y] < —.
€
Next, by direct computation,
~ 8991 ~ ~ 84,91 ~ 84,91 3 a3 3
B vy Wt o S s N 2_ _2 2.20
015y, W)~ g —(1) = —5 5 B2(0)1y] 592 (2.20)
~ 8992 —~ 8992 8992 3 ~3 1~
oo = = =~y — 4[7]** cos =0 2.21
yl ay2 y2 ayl 60 29‘91 |y| COs 2 Y ( )

0p4 ~0 sinf 9

~ 5 o
o ——(y) = cos 08 Y4 — (cos 0)§|y|3/234(0) — (sin 0)|y|3/QB4(0)

- Tl o7t - (2.22)
= 7 ( = 3Bu)) = —301(7)

and, similarly,
8995 3

a—yl(@ = 5992@)- (2.23)

Substituting these results into (2.19), we get

-~ 3 3
G ~ Algol(y) + AQS«QQ(?’J) — _/f&":AlgOQ + 5/%5142991

3 - 5
+Ase' G2 + Asepa(§) + Ascos(7) + §A55992(?J) - §A45991(@ (2.24)
Farep1(y) + 0425992(31) |
—2ke Ay 52 cos 50 —2reAs1(y)  for 1 < |y < —,
&

or, more briefly,
G = Golf) + G i)+ (Gap@) = AT (2:25)

We now impose the boundary conditions

a(eGl)
on

€G1: =0

at the curve I': U2 ~ =77 (up to error of order O(¢'*?) for some 6 > 0).
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Since

—%—0 Oﬂf7

G

eGh =G — Gy —e?Gy = 0(e¥?),  ie,Gi=0 onl.

Next
aGl 8G . % . gl/zaGl/Q

“on ~ on on on

B 1 Dipa 3/2
=4 on — A on +O(ET),
and
991 _
on

Hence, from above I (5~ T — k|y]/2),

8G1 8992 3
. P /2
c on 2 0y +0(ET)
1
- AZ@% +0(%?) = —nAuelfIP* + O(*?),

and similarly we get the same formula for below I (where 0~ —7 + kly]/2).

Thus the boundary conditions for (G are

Gl == 0, ? == —KA2|§|3/2.
n

As |y| — oo these become boundary conditions on ¥, = 0,47 < 0.

From (2.24), (2.26) we have

- 1 ) - 3 3
Gy~ ‘Pl(y)< - 5’43142 - 5144 + 041) + @2(9)(‘ 5/@41 + 5145 + oz2>

_ - 1~
+Asps(Y) + Asps(y) — 2/<;A2|y|5/2 cos 50.

0(52) since B; is cubic in 0 — 1 above I and in (9~—|— 7 below L.

(2.26)

(2.27)

Since the last term in 7y satisfies the boundary conditions (2.26) on {y> = 0,71 < 0} and
all other terms satisfy homogeneous boundary conditions (up to a small error term), we do

not need to add to (G; any corrective terms.

We now go back to the a-coordinates in (2.27). Since the coefficient of 5 is clearly the

derivative dAy/de at € = 0, we get

dA 3 3

—d32 = —§/€A1 + 5145 + (8%
at s = 0, Similarly,

dA 1 5

d—sl = —§/€A2 — §A4 —|— (841

at s = 0.

10
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3 Formal computation of dA,/ds (second method)

In this section we first make a change of coordinates from x to ¥ in order to transform the
extended crack

1
F5:F0U{x2:§/€x%, 0<a <¢}

into a crack I'. which has its tip at the origin and its tangent at the tip in the horizontal
direction. The mapping @ — ¥ is composed of translation 7. of (e, %/{52) into the origin and
of rotation R. by angle #. with tan . = ke; when combined, it can be written, up to order
€ terms, as

r1 = & + 51 — /43552,
{ To = %/4352 —|— /43551 —|— 52 (31)
or, as
{ %1 = —< —I_ X1 —I_ Kex?? (32)
Tog = —KEX1 + To.
If the crack in the wz-coordinates is written in the form I'. : a3 = f(x1), then in the
7-coordinates it becomes
= 51 =11 —€+ /i(‘:f(l’l),
I.: ~ 3.3
{ Ty = f(a1) — kexy. (3.3)

We seek (T) = (7, ¢) in the form

P(T) = o(@) +eV(T) + -+ (3.4)

where we set
¢0(5) = ¢0($1 —e+ REXQ, Ty — /4351'1).

Then the boundary conditions

~ 0 - =
(7)) =0, %()_0 for x € I'.

become
- - ov . O -~
eV(T) = —o(T), 5a—n(:1;) = —ain(:z;) for 7 € T'.. (3.5)

Since () = dpo(x)/On =0 on I,
Po(T) =0 for T € fs, up to order e.
To compute the normal derivative of 1(7) on fs, note that
o o o) Ibo() Itpo(x)
8:1;]( 7) = 8:1;]( z) - 8:1;]< Oxy >—|—/<:5:1; 8:1;]< Oxy > e 81;2( Ox; >

Since Jg(x)/0x; =0 on I, we get

Vipo(T) = 5[ - %(V%(Uﬂ)) + ’ffl?zaa <V¢0( )) - ’ffl?laa <V¢0( ))]

o[-V () ey () e ()]

(3.6)
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As & — 0 the curves L. converge to 'y and the limit problem for V', in the variable x,

becomes:
AV =0 in Q\ Ty, (3.7)
V=0 only, (3.8)
OV _ 0 (Do 9 (Oo(x) (o)
on  On <8:1;1> B Kx28n< Oxy > TR an< Oy > n Lo. (3.9)

In addition V' satisfies suitable inhomogeneous boundary conditions on 0.

We shall use the expansion (2.1) for ¢ in order to find an expansion for V.

By (2.13) (which holds for both § = 7 — &|2|/2 and § = —7 — &|x|/2)

up to order O(r*?). Similarly,

9 0 5/2 1 B o 3/2 3 1 3
5 a; (~ 2ealelPeos30) = 0| = 2edalal’?(5 cos 30 + cos 30)]
1
~ :EZ/QAQTI/Q% <g cos 50 + cos g@)
3

= §A2/<;r1/2 at § = +7.
Since the other terms in (2.1) give smaller order contributions, we get

d (O R 3 1/2 _ 1/2 + —
8_n<a—:1:1> ~ <§ + 5/{) Agrt® = 2k Agr on both I'y and Iy, (3.10)

near the origin.

Next, by direct computation,

dpa . ,0p  cosB Oy
—= = sinf— —
0x, gr | r ?0 5 (3.11)
= /2 [— cos =0 — —cos =0
2 2 2 2
from which we deduce that
0 (Dpa —-1/2
a_n<a—x2> ~ —=2r on Fo.

The other terms in g give smaller order terms near r = 0, and so

0 (9o 0 (s —1/2 _ 1/2
mxla—n<a—x2> ~ /iAQl’la—n <8—:1;2> ~ 2k Ayxyr = —2xAyr on I'y (3.12)
near r = 0.
Finally
d /0
—mxza—n<a—i§)> = O(r3/2) on I'y.
Combining this with (3.12) (3.10) we find that
2—‘; ~O(r*?)  on T, (3.13)

12



from which one can formally deduce that V' has an expansion
V~ 61991 + 62992 asr — 0 (314)

From (3.4) it follows that dA;/ds (j = 1,2) is the coefficients of ; in V, so that, by

(3.14).
dA, dA,

== 61, ds == 62 at s = 0. (315)

In order to determine the 3; we write
V=V+W

where V) corresponds to the translation 7. and V5 corresponds to the rotation R.. That is,

V1 and V4 are biharmonic in Q\ [y,

P I

‘/1 == 0, a—n‘/l == a_na—xl on Fo, (316)
. 8 8;/)0 a¢0

V2 =0, anVQ o on <8:1;2> an <8:1:1> on Lo, (3.17)

and Vi, V; satisfy appropriate boundary conditions on 9f2.
By (3.10) and the fact that

0 1 1
<4r3/2 cos (9) ~ —2r1%gin ~0
on 2 2
on I'g we find that
~ —~ 1
Vi~ Bipr + Bapa — 4k Aqr®? cos 50. (3.18)

V5 can be computed in a similar way, or also from the fact that its boundary conditions
on 'y are obtained as the e-terms of o( R.x), i.e.,

Vs = i Vol Be) = ()

e—0 &

(3.19)

(provided we take the boundary conditions of V5 on 9€2 to be defined by means of the relation
(3.19)). Since

o ~ Arer(a) + Azpa() + A3:1;§,

we have

1 1
g[@bo(ﬂ)el') - 1/)0(51?)] = E[A1991(51?1 + kET9, T — /€€$1) - A1991(51?1, 902)]

1
+2[A2992($1 + REXQ, Ty — /4351'1) — AQS«QQ(:El, 1’2)]

Doy Doy s s
~ /iAl <$28—1 — I 6;1;2> —|— IQAQ <$28—x1 — 6;1;2>
3

3 1
— §/<;A14,92 — 5/4;1424,91 + 4/<;A2r3/2 cos 50

by (2.20), (2.21). It follows that

1
Vy ~ gﬁ;Achl — g/iz‘htpz + 4k Ayr®? cos 50. (3.20)
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Combining (3.18) with (3.20), we conclude that

~ 3 ~ 3
V=Vi+V,=(05+ 5/1142)991 + (B2 — 5/1141)992

and therefore, by (3.4),

dA; -~ 3 dA;, -~ 3
E - 61 + 5/1142, E = 62 — §/€A1. (321)
These equations have a different form than (2.28), (2.29); they have the advantage that

B\l, Bg are first order coefficients in the expansions of Vi, V5 and, as a consequence, it will be
much easier to analyze their regularity properties (as functions of s) than it would be for the

(higher order coefficients) A5 or A4 in (2.28), (2.29).

We conclude this section by showing that, formally, the formulas in (3.21) agree with
those in (2.28), (2.29).

Notice that
o + et (@) ~ ¥o(T) +eV(T) (3.22)

where  and ¥ are related by (3.1) or (3.2) and ¢4 (x) was defined by (2.7). Hence

VE ~ i)+ [dole) - ol

~ () + é[d)o(:p) — o(x1 — & + Kexa, g — /455:1;2)]

0o 0o 0o
~ ¢1(x)+i—/mz v + K1y v

0y Oxq Oy
0 0pa 1
~ [ Ay 82 A26 o =N a1 + azpy + KA || 3/2 cos 50]
8991 8992 8994 8995
A A A A
—|-1ax1—|- 2ax1+ 46:1:1+ 56:1:1
8991 8992 8991 8992
—/<3=71?2<Ala o + A26x1> + Kxy <Ala o + A26:1;2>
0 1
—2/{1426—:1;1<|:1;|5/2 cos 59) (by (2.1), (2.14))
Thus
- 1 0 0 0 0
V(E) = [aren+aups + edsfal M cos 50| + A4 S AT kA R A
X1 1
3 3/2 1
—2k A, <<,91(:1;) — §|:1;| cos 50)
e 17 5 3
= [ozlc,ol + agps + K Az|z|Y* cos 50] — §A4<,91(:1;) + §A5<,92(:1;)
3 3 0
—§/<;A1<,92(:1;) + kAs <§<,ol(:1;) — 4|:Jc|3/2 CoS 5)
3 1
2k A, <<,91(:1;) — Sl cos 59) (by (2.20), (2.23))

1 5 3 3
= <— 5/{142 — §A4 + 041)991(:1;) + <— §/€A1 + 5145 + 042)992(x)'
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On the other hand, by (3.14),

V(Z) ~ B11(T) + Papa(T) ~ Brbi(x) + Pagpa()

up to order |z|*/?, so that

1 3 3 3
pr = —§/<;A2 - 5144 + aq, B2 = —5/43141 + 5145 + az. (3.23)

4 An auxiliary lemma

Notation. In the sequel we shall use the notation [k], p to denote the least a-Holder
coefficient of a function k£ on a set D.

In [2] we derived an asymptotic behavior of solutions of A%w = 0 near the tip of a C?T
crack in case w and its normal derivative vanish along the crack. In this section we extend
this result to the case where the boundary conditions of w along the crack are non-zero (but
small), as well as to the case where instead of one crack we have two cracks with common

tip.
Lemma 4.1 Suppose that
Tjiay = fi(zy), 1< <0 (j=1,2)
are C*** curves (0 < a < 1) such that
fi(0)=f0)=0, (j=12),  filz1) < falz1) for —1< a1 <0
Let Qr be the “thin” region bounded by the curves I';, t.e.,
Qr = {(x1,22); fi(z1) < a2 < folwr), —1 < 2 < 0.

Let Q = {a;|x| < 1} and suppose that

A*w=0 inQ\Qr, (4.1)
lw(z)| < J2*° on Ty UTy, (4.2)
IVw(z)| < |z on Ty UT,, (4.3)
[Vulorrmipicry < BP0 forsome 0 <o <6 (=12,  (44)
lw(z)| < min(1, M|z|Y**7)  for some T > 0 and M > 0. (4.5)

Then there exists a constant 3 > 0 (independent of o, M) such that
0= (A 2B1(0) + A By(0)) | < Cr (4.6)

where C' is a constant independent of M.

Proof. We shall first prove that, for any small £ > 0, there exists C' = C. (independent
of M) such that
jwia)] < Clef/=. (1)

To prove this it suffices to show that the function

|w(@)]
|$|3/2_5 + 5|$|1/2+T
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is bounded uniformly in ¢ as 6 — 0. If this is not true, then there exists a sequence of
functions w = w,, with their corresponding M = M,, and 6 = 6,, — 0, such that
|wn ()] _ |wn ()]

PP+ Bulaal T e 2P 4 a7

=, — oo,

as n — 0o, where x,, is a sequence of points converging to zero. We define @, (£) by
wi(@) = Collaa75 4 6ulea @), @ = Elral.

Then

|, (en)] =1 for e, = x,/]xs|,
and, by (4.2)—(4.4),

W, ()] < (|€]]2n])>/ 2+

S Collonfi= + o iy % fereeldy,

On (€]|n]) 72+ -

= 0, f r,
Ong Cr(|2n]3/272 4 8|, |1/2+7) - or { € I
[&Fn] (|2n | R)Y2+5=7 2, .
One deoeremety) S ColleaP7 £ b Jea1777)

where f? is the image of I'; under the mapping @ = £|x,|. We also have

—_ wi ()
|w”(£)| - ‘Cn(|xn|3/2—s n 5n|xn|1/2+7)
(&llza)>2 = + (€] l2a])**7
|xn|3/2—6 _|_5n|xn|1/2+7

P2 4 €2 for € € 7\ QF,

where Q" and @? are the images of  and Qr under the mapping = = ¢|z,|. Notice

that Qp converges to the ray {& = 0, & < 0}. By C'* sub-Schauder estimates, we
have, for a subsequence, w,(£) — w(£) on any compact set, where @w({) is biharmonic on

R2 \ {52 — 07 fl < 0}7 and

W6 = T2 =0 on {6 =0, & <0}, (4.8)
|@(E)] < [€17277 4 1¢* (4.9)

By the proof of Lemma 5.5 in [2], it then follows that @w(£) = 0. This however is a contra-
diction to

w(eg) = lim w,(e,) =1
where eg = lim,—c €, (|€o] = 1).

Having proved (4.7), we can easily deduce, by rescaling,
|Vw| < C|$|1/2_6,$ €N \ Qr, [vw]co({ka}\QF) < CR'/?==7, (4.10)

For any 0 < A < 1 and € > 0 we now introduce the function

wr(z) = ﬁw()\x) for || < 2. (4.11)
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Then, by (4.10),

lwa(z)] < C for || <2, (4.12)
|[Vwy(z)| <O for |z| <2, (4.13)
[Vws]co(ju)<2) < C. (4.14)

Let Fi = {x;2/) € T';}. Since the curve T'; is in C?, there exists a constant C' such that
the curve I N {|z| < 2} can be bounded by two line segments I'f : § = 7 — C\ and
I'T : 0 = —x + CA. On these two line segments, we have, by (4.2), (4.3) and the estimates
(4.13), (4.14),

wy(z)] K AT L OXNKONTE for e TT, 4.15
A
[Vwy(2)] < CXNFT4+CA < CN, for € T, (4.16)

Define a function G in H*({|z| < 2}) by

AXG, =0 in B, (4.17)
Gy, = ? =0 on {z;=0,21 <0}, (4.18)
n
. aG/\ . aw/\
G/\ = W), a—n = a—n on 832, (419)

here it is understood that 9( By \ {2 = 0,21 < 0} is regularized near (—2,0). Note that the
estimates (4.15), (4.16) are valid also for (G\. By applying maximum principle (Theorem 2.2
of [2]) to Gy — wy in the region bounded by I'f and |z| = 2, we obtain

</|x|<2 |Ga(x) — wA(x)|pdx>1/p <o,

Since both Gy(z) and wy () are uniformly C'' (independent of ), we also have (by taking
p large enough and using an interpolation inequality)

|G () —wa(z)] < OX? 0 for |z| < 2. (4.20)
Clearly, Gy has an expansion
Gh(z) = Afr?’/zBl(@) + A%r?’/ng(@) + q(x), (4.21)

where

lq(x)] < Cr?. (4.22)

Rewriting this inequality in terms of w, we have

2
w(z) — r3/2BA(0)‘ < ONHHof2=e | C)\?’/?‘E(%) for r < A. (4.23)
where |
BA() = - [AfBl(H) + AQBQ(H)] .
Hence (2) 52 iy
wlixr T
. < of2—( e ) )
2 BA(H)‘ <O <r> L ON <A> for 1 < A (4.24)
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We assume that ¢ is sufficiently small so that

n= E% > 4e.
Then
ng‘;) = BA(0)] < CXPE O L OAT I 0TI for 1 2P,
"
(4.25)
Now take \; = 277, r = )\;7_-"_'11 Then
w(z) w(z)
B1,(0) = B (0)] < [552 = B (0)] + B (0) - 2
< ONTH2
It follows that
> |By0) - B0
J
converges, and
1B, 0) - By 0)] < oA, (1.26)
ik
Setting
B(9) = lim B, (0),
we then have
‘B(@) - BA](H)‘ <ONHI, (4.27)

and it is clear that B(f) = A1B1(0) + AyB3(0) for some constants A; and A,. Since, by
(4.25),
w(x)
372

_ B(@)‘ <O, B=(—cty/2)/(n+1)>0, (4.28)

the lemma follows. U

5 A rigorous derivation of the differential equation

In this section we give a rigorous statement of the derivation of the differential equations in

(3.21) for a C** crack
I's =T U{xy = f(21), 0 <2y < s}, 0< s < s (5.1)
We shall make the following assumptions:
00 isin C*, (5.2)

['g is a graph {z3 = f(21), —20 < 21 < 0} contained in

except for its initial point Py = (—xq, f(—20)), (5.3)
f € C**[—xg,s0] for some small a > 0, (5.4)
7(0) = F(0) =0, (5.5)
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g€ C3(R?, heC*R?, (5.6)
the arc I'g intersects J€) nontangentially (at F), (5.7)
and, finally,

there is a disc B, () = {|x — Po| < p} such that g=h =0 on B,(F)NdQ. (5.8)

Note that (by (5.5))
k= f"(0) (5.9)

is the curvature of I';, at the origin, and

1
flan) = gt + Ol [77), - ['(@1) = war 4+ O(lea ™), ["(21) = &+ O(lea]*) (5.10)
near the origin.

The analysis of Sections 2, 3 was carried out in the special case

1
flay) = 5’”%-

Here we shall use some of the same calculations for the more general case (5.10), and at the
same time evaluate more carefully the incurred errors.

It will suffice to prove (3.21) at s = 0. Analogously to (3.2) we use a transformation
S.=RT.: z—2x
consisting of translation 7. and rotation R.:

71 = (x1 —e)cosb. + (x2 — f(g))sinb,,

To=—(x1—e)sinb: + (22 — f(e))cos b, (5.11)
where
f. = arctan f(¢).
By (5.10),
! 14« 14« daf el
f(e)=re+ 0 ™), 0.=kre+ 0T, P =r+ O(e”), (5.12)
cosf. =1+ 0(e?), sinf. = ke + O(e').
We can rewrite (5.11) also as a mapping 7 — a:
x1=¢+ Tycosb. — Tysinl,, (5.13)

x9 = f(e) + 1 sin b, + Ty cos b..

_ The mapping S. transforms I'. into a new craclgvfs and the domain €} into a new domain
Q., which we shall briefly denote by €. The tip of I'. is at the origin, and the tangent at the
tip is in the Zj-direction. We write

I.: 7y = f.(71), =T <71 0.
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We introduce the solution @ of the following problem:

A2¢:0 iﬂﬁ\fg, (515)
) = 8_@/} =0 on 1:6 (from both sides), (5.16)
n
_~ s 5
) =7, T h  on 99 (5.17)

where 7 is the normal to 8@; here

(@) = g(x), h(3) = h(2). (5.18)
We wish to compute
lim v _5 Yo (5.19)

where g is the solution of (1.17)—(1.20) for s = 0. To do that we introduce a function V,
as in §3, defined in €, and satisfying (3.7)—(3.9) and the boundary conditions on 92 which
are formally obtained from (5.19). Clearly,

e— e
— lLm () — o(x) 1 lim Po(x) — ¥o()
e—0 £ e—0 &
— lim Po(z) — tho(S-) on 0.
e—0 &
Setting
L k(S.x) — k(x) B Ok(x) Ok(x) Ok(x)
Lk = ll—{% € T 0 + /<;<:1;2 ory o Oxs >’ (5.20)
we can write the boundary condition for V on 9 in the form
V =—Lyy on 09, (5.21)
aVv -
a— = —n- ,CV@Z)O -1 v77/)0 on 6(2, (522)
n
where [ is defined by
> . 1/0 0
[-Vk= lg%g<a—ﬁ . a—n>k, (5.23)

n being the vector S.n where n is the normal to 0f2.

Before proving the existence and uniqueness of V' we need to estimate carefully the
function defined by the right-hand sides of (3.9), which we shall denote, for brevity, by k:

_ 0 (Oo(x) Io() Dpo()
b= an< 0z > B /1:1;2< Oxq > T /i:z;1< dts > on L. (5.24)
Lemma 5.1 The function k satisfies:
k| < Cr'?T on Ty, (5.25)
[k]Oé,BRﬁFo < CRI/Q. (526)
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Proof. Recall that 19 has the asymptotic behavior [2]:

Yol(z) = Avpr(x) + Aspa(t) + Asa2 + Z, | Z] < Cla*?

for any 0 < 6 < 1/2. It will actually be more convenient to write

1
Yo(x) = Arpr(z) + Agpa(x) + Asas — 2 Agkr®/? cos 50 +Z (5.27)
where
17| < Clz|**. (5.28)
Consider the function
d /07 d /07 d /07
C =k — a_n<a—x1> + /iwza—n <a—x1> — /iwla—n <a—x2> on Fo. (529)

We can calculate that the right-hand side is equal to
2 5/2 1
£<A1¢P1(SL’) + Agpa(x) + Aszy — 2A5k1°% cos 50)

and then, the calculations that led to (3.13) show that ¢ is not only O(r'/?) but also, more
precisely, that
IC] < Crt/* e on Ty, (5.30)

and, furthermore,

[ClaBarr, < CRYZ. (5.31)

We next need to estimates the first two derivatives of Z on I'g. Since g = Vo9 = 0 on

Lo, (5.27) yields,
1
7 = —Ayp1 — Agipg — Azl + 2 Agkr®? cos 50 on g, (5.32)

and

1
VZ =—AVp, — AV — A3V + 24,6V <r5/2 COS 50) on I'g. (5.33)
By direct computation we then get

1Z| < Cr™/? on Ty,
IVZ| < Cr¥?  on Ty,
I:VZ]Q,BROFO < CR3/2_OZ7

0?7 0?7
5.2 + aTan‘ éCrl/z on I'g, 5.37
and
0?7

< CR'*, (5.38)

[%] o,BrNlo + [87-871] o,BrNlo

where 9/07 is the tangential derivative along I'g. Recalling (5.28), we can apply C*T® sub-
Schauder estimates [2, §9] to R~ Z( Ry) near the origin. From these estimates we obtain,
in particular, that
IV*Z|gr, < CR, (5.39)
V¥ Zuar, < CR (5.40)
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« 18 chosen small enough so that 6 — « is positive.

From (5.39), (5.40) we conclude that the last two terms in ¢ (see (5.29)) can be estimated
as in (5.30), (5.31). Consequently,

0 07

_ 7\« 1/2+4« .
‘k Ines| S Cr on g, (5.41)
0 07
09z < /2. ‘
|:k on 8:1;1] a,Br\I'o = CR (5 42)
We next proceed to evaluate g <a—Z>, making use of the inequalities
n \dxy
[ (@)] < Claal, | f"(@1)] < C. (5.43)
We begin with
g<8_Z> 0 [_ f(z) 8Z_|_ 1 8Z]
on \dxy x4 VI1I+ ()2 Jxy /1 4+ (f")? 0x,
d (1) a7 d 1 a7 ;
— - — =1 — K.
+d9€1< 1-|-(f’)2>8:1;1 d$1< 1-|-(f/)2>a$2 ok
Clearly
I i(@_Z) _ 1 FZ ) 9#Z
 Jxi\On/ 4/1_|_(f/)287'8n I+ ()2 on?’

Using (5.39), (5.43) we find that the last term is bounded by Cr*®. By (5.35) and (5.43),
J and K are bounded by Cr3/2, so that

vz vz
ondxy Oton

‘ < Or'te,

Now, 0*Z/070n was already estimated in (5.37). However, that estimate was obtained by
estimating term by term in (5.33). A more careful computation (cf. §3) reveals that the
most singular terms coming from —Aspy and 2A4,61%/% cos(0/2) cancel each other, so that

0*7Z
< 1/2-|—oz‘
87’87@‘ sor
It follows that Py
— (== | < Ort/*te I'o. 5.44
‘8n<8x1>‘ ' on o (5.44)
Using this in (5.41), the assertion (5.25) follows.
VA
Similarly we can estimate the Holder coefficient of g(g—) on I'y and thus arrive at
n 1

the inequality (5.26). 0

Lemma 5.2 There exists a unique classical solution V in H*(Q) satisfying (3.7)—(3.9),
(5.21), (5.22) such that
V()| < Claf’, (5.45)
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Proof. In view of Lemma 5.1 we can construct C?T functions k,, which approximate k
on [’y and are supported away from the origin, such that

|k | < Cri/?te  on Iy, (5.46)

I 1
(ki )a.(BR\Brya)To < CRY?te=%  {f R > —. (5.47)

Let ®,, be C*t*(R?) functions such that

0P,
¢, =0 only, I =k, only, |V2<I)m| <O,
n

where (', is a constant depending on m. The variational method of [7] can be applied to
show that there exists a solution v = v,, in H*(Q) to

A%y = —A*®,, € O\ T,
=5 =
which takes the Dirichlet data of V — ®,, on 9f2. Setting V,, = v,, + ®,, we find that V,,

solves the same system as V', except that

ov,,
a—n = km on Fo.

v

0 only

Furthermore,

|Vin ()] < Chyr.

We claim that
|[Vin(z)] < Cr,  C independent of m. (5.48)

Indeed, otherwise we define

@)l _ V()

L,, =sup (xm € Q)
vzl ||
so that L,, — oo (for a subsequence). The functions
AL
m — Lm
are uniformly bounded, and
Vm =0 on [,
Wy C
o | S ZTI/HQ on to-
[%] < Cpree s L
On Ja(Br\Brp)nlo L, m

By C'** sub-Schauder estimates [2, §9], V,, — V*, where

A*V*=0 inQ\ T,
%

v on

=0 on I'y and on 9.
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Since further |V*| < C'r, we can apply Lemma 4.1 to deduce that
Vo < O,

Noting that V* is also in C*T® near I'g, we may integrate by parts to get

0:/ V*AQV*:/ |AV]?
O\ Q\Io

so that V* = 0. If 2* = lima, is # 0 then V*(2*) = limy—oo Vin(2m) = 1 which is a
contradiction. Thus we conclude that z,, — z* = 0.

We now rescale by introducing
V() = Via(|2m ).
The the limit V* = lim Vm 1s a solution of

AV =0 inQ=R*\{—c0<z <0, 29=0},

A%

V= =0 OH{—OO<$1<O7 $2:0}7
on

IV < Cr.

By Lemma 4.1, |[V*| < Cr%/? near r = 0 and thus, by integration by parts,

o:/ VATV = [ AV

Q*

so that V* = 0. Since Vm(em) = 1 where €,, = x,,/|tn|, we also have V*(e) = 1 where
e = lime,,, which is a contradiction.

Having proved (5.48) we now take m — oo and obtain a solution V = limV,, of (3.7)-
(3.9), (5.21), (5.22) which, by Lemma 4.1, satisfies also (5.45). To prove uniqueness we
suppose that V; and V3 are two solutions and let V' = V; — V5. Using the estimates (5.45)

and C** sub-Schauder estimates near I'g, we can integrate by parts to obtain

0:/ VAQV:/ IAV)?,
O\ Q\Io

which implies that V = 0. [l

We want to analyze the asymptotic behavior of V (z) near a = 0.

From Lemma 4.1 we know that V has an expansion
V(x) = ﬂ1991($) + 62992(1') + O(T3/2+6). (549)

We next split V into V; + V5 where V] is the solution corresponding to the Dirichlet data
of (3.16)

L ol Ter) — tof)

e—0 &
and V3 is the solution corresponding to (3.17) with Dirichlet data of

- Vo(Rer) = vof)

e—0 &

on 01},

on 09;
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the proot of Lemma 5.2 can be applied to establish the existence and uniqueness of both 1}

and V5.

In order to derive an asymptotic expansion for V; we need to work with
3/2 1
Vi —4kAyr°'7 cos 50

(the added term will enable the necessary cancellation with second boundary condition in
(3.16)) We then obtain, upon using Lemma 4.1,

- 1
Vi = PBier + Bapa + 4k Agr®!? cos 59 +O(r2%), (5.50)

Similarly
- 1
Va = Bror + Bapa — 4k Agr®/? cos 59 +O(r2%), (5.51)

If we substitute dV2/dn from (5.51) into (3.17) and compare the leading terms, we find that

~ 3 ~ 3
61 = 5/43142, 62 = —§/€A1. D (552)

We summarize:

Theorem 5.3 There exists a 6 > 0 such that (5.49)~(5.51) holds and Bl, Bz are given by
(5.59).

Introducing the function
W=1—tpy—cV inQnNQ, (5.53)
we now state a fundamental result:
Theorem 5.4 There exists a 6 > 0 such that
W ()| < Ce')2P? in QN Q, (5.54)

where C' is a constant independent of ¢ and 6; furthermore, W has the following asymptotic
behavior near the origin:

W(z) = npi(2) + yapa(e) + O(|2[/*F9) (5.55)

where v1,7, are constants, and
]+ el = O(™). (5.56)
Theorem 5.4 can be used to compute the stress intensity factors A;(e), Az(e) defined in

(1.22). Indeed, these coincide with the stress intensity factors of the function ¢ which occurs

in (5.53), and, therefore, by Theorem 5.4,
3 - §
Ax(e) = 41(0) + (Grda+ B )z +om +<O(Jal),
3 —~
As(e) = As(0) + <_ SkAz+ 52)5 +evy 4 20(|2f).
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Taking © — 0 and using (5.28) we conclude that

dAi () exists and is equal to §/<;A2 + B\l, (5.57)
de e=0 2
and, similarly
dAQ(E) B 3 ~
d{—: o = —§/€A2 —|— 62. (558)

The proof of (5.57), (5.58) extends to the tip of the crack I'y, for any 0 < s < so. Thus,
we obtain:

Theorem 5.5 Under the assumptions (5.1)—(5.8), the stress intensity factors Ai(s), As(s)
are differentiable and

) ) el + Bl (5.59)
d%iz( 2= —;f(s)Al(s) + Ba(s), (5-60)

where k(s) is the curvature at the tip of I's and 31(3),32(5) are obtained as in (5.50).

The proof of Theorem 5.4 is given in the next section.

6 Proof of Theorem 5.4

We need several lemmas.

Lemma 6.1 There holds:

|fe(1) — fla1)] < Celay|'te, — min(xzg, xoe) < 1 < 0. (6.1)
Proof. Recall that f; was defined by

Ty = ﬁ(%l) where x5 = f(11) (6.2)

and x,7 are related by (5.11). Using (5.12) we easily find that
|f7 (1) — f"(21)] < Ce®  if —e <y <0

Thus it remains to consider the case where 11 < —s. We can rewrite the relation (6.2) in
the form

:1?2(517&(11?1)75) = f(l’l(fhfs(%l))af) (6.3)
where
T; = wj(51,52,€)

is defined by (5.12). Differentiating (6.3) in ¢ we easily get:

Of-(wr) _ filen)5e — 52
de 52— flen) e

0% 0%

(6.4)

26



We evaluate the denominator by using (5.13), (5.12):

81'2 ’ 81'1 . 14o
P (1 )a~ L+ O(z|77). (6.5)
To evaluate the numerator we write
! a a ! ~ ~ !
a5t = 52 = [(@)(1 - £%:) — k71— f(€)] .
0 - 0 - , :
@)+ T2 = D] =[5 = wF1 = S = A+ B - D;

here A is an approximation to the left-hand side whereas B and C' represent error terms.

Using (5.13), (5.12) we find that

a —_ ~
ﬂ+/§x2—1‘ |$1|€‘|‘C|$2|5a7

Oe

) _ - ~
% — RT1 — f’(g)‘ < Cl7|e” + Clale?,

and, since |zq] > ¢

1Bl + D] < Claa |7 (6.7)

here we used the estimates |71| < Clay|, |Z2] < C|71]. In the sequel we shall use the
inequalities

|2o] < Clan?,  [To] < CfF (6.8)
which hold for xy = f(a1), T3 = f;(;pl)

To estimate A we write

A = [f(x1) = [/(T1 + & — kex)](1 — kT2)
(71 + e — kexa)(1 — kTy) — kT, — f(e)] = Ay + As.

By the mean value theorem
|A1] < Clay — (T1 + & — kexy)| < Ce? + Celag| < Clay)?

where we have used (5.13), (5.12) and (6.8), as well as the inequality |x1| > ¢

From (6.8) it follows that the terms x¥3 which appears in Ay (in the factor (1 — kT3)) is
bounded by C'|z1|?, so that
| Az] < |®(T1)| + Claa (6.10)

where

(I)(’i:l) = f’(':ifl +e— /4351'2) — /{:ifl — f/(€).
If 71 = 0 then 2y = 0 and a2 = f(0) = 0, Therefore ®(0) = 0. Also,

~ ~ o)
(7)) = f"(71 +e— /fexg)(l — /fea—iz> — K
2

and, since k = f”(0) and Jdx3/072 = O(e) (by (5.13)), we have
|(I)/(§/:1)| < 052 + (51 +e— /il’g)a < C|$1|a.
Using the mean value theorem, we conclude that

|®(71)] < Oy
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and together with (6.9), (6.10),
Al < Claa|

Combining this estimate with (6.7) and (6.6), we find that the numerator in (6.4) is bounded
by Claq|*t*. Recalling (6.5) we get the estimate
‘afs(l'l)

a < C|$1|1+a.
9

Finally, by integration,

[Jo(a1) = folar)| = \ /0 aﬁa(;l)de‘ < Cclay |+

and the lemma follows. g

Lemma 6.2 There exists a positive constant 6 depending on the angles that 02 and I'y form
at Py (see (5.7)) such that, if a is smaller than 8, then

W[ < Ce? ond(QNQ), (6.11)

oW o ~

a—‘ <O on AQN Q) (6.12)
n

the constant C' is independent of ¢.

_ Proof. Denote by P. the initial point of T. and by c?(:z;), d(x) the distances from x to
P. and Py, respectively. We introduce the region QF (€27) of all points in @ with d(z) < p
which lie above (below) I'c N B,(F), and, similarly, the region QF (Q7) of all points in ©
with d(z) < g which lie above (below) I'o N B,,(P.). If Ty is in C'* then we can apply results
of Kondratév [6] to deduce that

[o()] < Cd(z)™*, 0<8<1 (6.13)

for = € Q: where ¢ depends on the angles that I'y and 9€) form at Fy. In the present case
where I'y and 99 is only C?T*, this estimate is still true but it requires a more elaborate
proof which will be given in the Appendix (§9).

Similarly, the inequality (6.13) is valid for = € Q. Clearly, the inequality also holds
throughout the rest of ).

Similarly we have

(2)] < Cd(w)* (6.14)
mn ﬁ

Consider the function

G(y) = R21+5¢(P5 + Ry)

for R small (say 2R < p/2) and P+ Ry in ﬁ:/z. From (6.14) and C*** sub-Schauder

estimates [2, §9] we have

VG| + V2G| + [V2G]. < C it 1 <y <2
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and P. + Ry € QI/T The same inequality holds with respect to ﬁ;/Q. Hence

RINY| e (mBagmrtt, ) B IV eym0m, 0002 )
(6.15)
+R2+a[v¢] (BR\Br/2)ny), SCR™,
where Br = BR(ﬁ) We choose o smaller than 6. Then (6.15) yields:
2 To - Ot
|D2¢(:1:)| < Cd*(z) i O3, (6.16)
[D7(2)], g2, < C
Similarly
|D?o(2)] < Cda( ) in Q)
2 (6.17)
(Do) 0, <

From the definition (5.20) of the operator ,Ch and the mean value theorem we get

k(S.x) — k(x)

‘L‘h _
&

< Ce|D*k| (6.18)

where |D?*k| is evaluated at an intermediate point. Recalling the definition of V' on 9€) and
using (6.16), (6.17) and the estimate (6.18), we easily get

(@) — (o)

W) = Vi) - TS

< Ce

on the parts of J(2N ﬁ) which lie within p/4 neighborhood of Fy and for which d(x) > Coe;
here Cy is large enough so that z,7 and the intermediate _point (used in the mean value
theorem in (6.18)) all lie either above I'g U F or below I'g U F (so that (6.16), (6.17) can be

applied simultaneously in Ot Q-

Q+/2 or in 0~ u/2)

w/2’ ex

10w

On
and, upon choosing « suﬂiaently small, we derive both (6.11) and (6.12) (with another
(smaller) 6).

If d(x) < Coe, then we can use (6.13) and interior elliptic estimates to deduce that
[iho < O™, |Vihy| < O™

Similarly we obtain

<O ifd(x) = Coe

Similarly,
] < O, V| < Ot

and, consequently,

V| < P, | VV] < Ot
The estimates (6.11), (6.12) then follows from the definition of W in (5.53). [l
We next estimate W and VW along I'.

Lemma 6.3 There exist positive constants o, X and a such that, along 'y N (2,

W ()| < Ce¥r?/2H2e (6.19)
VW ()| < Celtrpl/He, (6.20)
(VW) (Ba\Brya)rr, < Ce At/ (6.21)

where C' is a constant independent of ¢.

29



Proof. Since 1y =0, Vipg =0, V = 0 along I'y, we have

W =1 onlon, (6.22)
and oW e oW v oV
W = E, a—n a_n — a—n along FO N €. (623)
The function ¥ satisfies
()] < Cr®l? (6.24)

and it vanishes with its normal derivative along . We can therefore apply C?T* sub-Schauder
estimates to ¥(Ry)/R*? to conclude that

[p(2)| < Cr=2dP(z)  onToNQ, (6.25)
‘agi Y| < Cr1od@) e on Ton B, (6.26)

[8@/)( )] < CR—l/z—a—&d(R)l-l—a—& (6.27)
Ot 1&,(Br\Bg2)nTo

where d(z) is the distance from « to fs and d(R) is the distance from a point in Bg N T
to I'.. Note that the estimates (6.25)—(6.27) have actually been proved only away from 0€;
however if we use (6.14) (where c’lv(:zj) = |z — §5|) instead of (6.24), then we can establish (in
the same way) these estimates also near the initial point of T'y.

By Lemma 6.1, _
d(x) < C|F() = ()] < Cer'*
and
d(R) < CeRYte.
Therefore

e23/32 on Ty N Q,

|1 ()|
=

or
[ Np(x

or ] &,(Br\Br/2)Nlo

C
< Celtoyd/atate®  oh TN ﬁ, (6.28)

< C€1+a—o¢r1+/\

for some A > 0, and the same inequalities then hold also for W, 9W/drt (by (6.22), (6.23)).
Thus it remains to estimate W /0n.

Arguing as in the derivation of (3.6) but replacing the function g by ¢, we can establish
the estimate

b ) () e (| <0

here we used Lemma 6.1.

Introducing the notation

M) = g <a—¢> — /il'zg <a—¢> + mx1g<a—¢>, (6.29)



we can write the last inequality in the form

= 5M[¢]‘ < Crlegtte oy, (6.30)
Similarly one can show that
[g—f - 5MM]&,<BR\BR/2>OFO < QRV2-otd lta-d (6.31)
for any 0 < @ < a.
e write oWy AV oV
s (L (6.32)

then, by (6.30), (6.31),

15| < Cr=t/2eglte on Ty,

& & 6.33
[S]&v(BR\BR/Q)nro < Op~1/2-otd 1to-a ( )

Recalling the definition of 9V/dn on I'y (in (3.9)), we can rewrite (6.32) in the form

%—Z/ = eM[tp — o] + S. (6.34)

We now apply C*t® sub-Schauder estimates to 1 and vy from both sides of T. and T'o,

respectively. Using also Lemma 6.1 we can estimate 1) — g in the region bounded by I'., I’
and, in particular, obtain the following bounds:

[ip —aho| < Ce2r®/2+22 on Ty,

IV (1p — )| < Clert/2te op Lo,

|V2(;/) — )| < Cer~l2te  op Lo,
[V2(¢ - ¢0)]a’(BR\BR/2)ﬁF0 < CeR—l/Z—a‘

(6.35)

Consequently,
leM [ — tpo]| < Ce®r7 Y% on Ty,
[eM [ — Yolla,(Br\Bp»)Ts < Ce? R,
Substituting this into (6.34) and using first the estimate in (6.33), we get
a_W‘ < Celtap—1/2 < (112 1/240
an ~ ~
for some A > 0, o > 0, provided r > ¢ for some 3 > 0. Similarly,
[a_W] < Ol RL/2+e
On 1a,(Br\Br2)nro

provided r > & for some smaller 3 > 0.

It remains to estimate W /0n in case r < &”. We apply C1+< sub-Schauder estimates to
W(Ry)/R*? and deduce that

on I'y

‘6_¢ < Cr1/2§
on

7
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where d is the distance from « (in I'y) to I.. Hence, by Lemma 6.1,
‘%‘ < Crt/tee,
on
We can treat V in the same way (with C''T® estimates), noting that

12V < |1 — o] < Or?/2e,

and deduce that,
\g(ev)\ < Opiiteg
on h ’
[g({i :| < CR1/2+a_a_A/ﬁ.
on &,(Br\Bgy2)To

Recalling that r < & we deduce that

aa—W < Cerl/He L geltApt/2ta=AB o Iy,
n
[6_1/1/] < (1A 1/ 2T =0/

on a,(Br\BRry2)Nly 7

and the estimates (6.20), (6.21) for dW/0n follow. 0

Lemma 6.4 There exist positive constants o, X\, & such that (6.19) and (6.20) hold along
I'. and
VW5 (Ba\Bry)r. < Ce' TRV, (6.36)

Proof. It will be enough to estimate W/dn and its Holder coefficient on I'.. To
do that we introduce, for any 0 < R < 1, a cutoff function £(«) such that {(x) = 1 if
3R/4 <r <bHR/4 and {(x) =0ifr < R/2 or r > 3R/2. We write V =V, + V5 where

o, oV

@ = (1 - f(l'))a—n on Iy,
v, oV

on =g, on o

and the ‘7] are biharmonic functions in Q \ I'y satisfying all the other boundary conditions
as V. (Their existence is proved in the same way as for V).

Rescaling ‘71(:1;) — ‘71(]%:1;) and using C*** sub-Schauder estimates, we get

~ dN\2 ~

Vil < CR? <E> on (Br\ Bgy2) NI, (6.37)
~ d ~

IVVi| < CRY? <E> on (Bg\ Brjs) NT., (6.38)
17 3/2 A

[v‘/l]av(BR\BRﬁ)nfa < CR <E> ? (639)

where d is the distance from a point on fs to I'g.
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Next, by scaling V, and applying C'*® sub-Schauder estimates (making use of the esti-
mates of k = dV/0n in Lemma 5.1), we get

~ d ~
V2| < CRS/M(E) on (Br\ Brj) NT., (6.40)
~ ~ dN\ @ ~
‘vv2 - Vi |< CR”““(E) on (Br \ Bryy) N T, (6.41)
V-V ] < ORl/“a(i)a_a, 0<d<a  (642)
Iod &,(BrR\BRrjs)nle R

in (6.41) the argument of ‘72 on ['g is at the point nearest to the argument of ‘72 on fs, and
a similar convention applies to (6.42). Analogously to (6.32), we write

ow e OV ov Do
Fii it il SR i R e et (01
where M) is defined as in (6.29).
Note that since M[t] coincides with @V /dn on T'g, it also coincides with 9V, /dn

it appears in (6.41). Using (6.41) as well as (6.39), we get

as
Lo

oW B ~
| < ce Rl/““( ) ‘ﬂ—gM[%] on Bp \ Brys) N Tw.

By C?** sub-Schauder estimates, the last term is bounded by
C€1+ar1/2—1—a‘
Invoking also Lemma 6.1, we obtain
w 1 2 - 1o
_‘ < Ce +oto 4 Cel—l—afgl/? 11— < 2061+aR1/2 11—
on Br\ Bry) N I.. Similarly,

[aW] < C€1+a_aR_1/2_a+a-
on 15, (Br\Br)Te

Taking R > e for appropriate o > 0, the asserted inequalities for 9W/0n and its a-Holder
coefficient on I'. follow. Finally, the case R < €7 can be handled by estimating d1q/dn and
edV/0On separately, as in Lemma 6.3. [l

We now proceed to prove Theorem 5.4. For clarity, we shall first consider a situation
where _
I'y and I'. do not intersect for all z; < 0. (6.43)

Denote by (). the region bounded by I'y and T.. Consider the function
w =W/t
We have proved so far that

lw| < Cle)** on Ty UT,,
|[Vw| < C|$|1/2+6 on I'yUT,,

_ 1/246—0
[Vw]; &,(Br\Bg/2)N(Coul':) SCR
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for some 6 > 0 and 0 < o < 6, and

lw| < C, |Vw|<C  ond(2NQ).

Recall also that W = — g — eV, and each of the three terms on the right-hand side is
O(|z|*/?). Hence

lw| < Celz]  in (2NO)\ Q.. (6.44)

Proceeding as in the proof of (5.48) in Lemma 5.2, we can show that (6.44) holds uniformly

in e, i.e., |w(x)| < Clz|. Therefore Lemma 4.1 can be applied to conclude that (5.55)—(5.57)
hold.

It remains to prove Theorem 5.4 without making the assumption (6.43). We introduce a
new curve

For e =fle) = F(e) + CoQ(2) (6.45)

where

Q € C*(—00,0),

Q&) ~ ¢ i & — —oa,

Q&) ~ [ i E—0—.
In view of Lemma 6.1, the constant Cy can be chosen such that f(:l:l) > f(x1). Since the
new curve Is in C?Te quniformly in €, we can easily extend the estimates of Lemma 6.4 to

fs, and then we proceed as before to complete the proof of Theorem 5.4.

7 Existence of solutions

Theorem 7.1 [f the assumptions (5.1)~(5.8) and (1.11) hold and « is small enough, then
there exists a solution to problem (Co) with I's, in C**2,

Remark. Note that the assumptions (5.1) and (5.5) are not essential and are made just
for the purpose of convenient exposition. The regularity assumptions on 9€, f, ¢ can also
be relaxed: it suffices to assume that 09 is in C*T, g € C**® and h € O+,

Proof. In view of Theorem 5.5 all we need to do is to find a C'*** curve Iy, for which

‘gﬁs(s)Al(s) +Pa(s) =0, 0<s< s (7.1)

This will be achieved by means of a fixed point theorem. We shall work with the space Yy,
of all C?T curves
Fso == FO U {1’2 == f(l’l), 0 < 1 < S}

with norm

HfH02+a[0750] < M, Where M = |f”(0)| —|— 1

To each such f we correspond Ay(s), 31(3) as in Theorem 5.5 and then define a new curve

v2 = Jla1) by J(0) = F/(0) = 0 and

F(s) 3 Ba(s)
[+ i)z 2 Ads)




note that ]7”(0 = r = f"(0). We denote this mapping by 7.
The proof of Theorem 8.2 in [2] when applied to C*** curves (rather than C'*® curves)
shows that A;(s)isin C''/®. A similar proof shows that 3(s) is in C'/%. Consequently

[ Fllcatj0,00) < C(M). (7.2)

Choosing a < 1/8 and s small enough we readily see that 7" maps Yy, into itself and, by
(7.2), its image is precompact. Applying Schauder’s fixed point theorem, we conclude that
T has a fixed point, which is a solution to problem (Cy). [l

Suppose next that instead of (1.11) we assume that
A1(0) =0, Ay(0) #0. (7.3)

Then, as in [2], the crack propagation problem (1.1)-(1.7) then reduces to the problem
of finding a C?*® curve Iy, such that

Ai(s) =0 if 0 < s < s. (7.4)

This corresponds to mode Il fracture, or sliding mode [8, p.24], and we now have to solve the
equation

g/i(l’)Ag(S) + B1(3) = 0.

Theorem 7.2 Under the assumptions (5.1)—(5.8) and (7.3), there exvists a C*T® curve T,
such that (7.4) holds.

More generally, if A1(0), A2(0) are such that
F(A1(0,A2(0)) =0

where F'is twice continuously differentiable and V F'(A1(0, A2(0)) # 0, then we can construct
a C*T curve T'y, such that

F(A1(s),A2(s)) =0 if 0 < s < $o.

However, this general problem, does not correspond to a model of the form (1.1).

Remark. If Ty, is in C?T® where a > 1/2, then in the expansion (1.9) we can take
n < 1/2 so that O(r*~") is indeed an error term. In that case we can rigorously derive the
relation (1.25). In particular, if for the solution of problem (Cy), I's; N1 {0 < s < so} is in
C** for some a > 1/2, then

3 3
§/<;A1 = §A5 + ay along Iy, .

8 The case of harmonic functions

The methods of the present paper as well as of [2] can be extended to other elliptic operators.
We shall consider here briefly the case where A%y = 0 is replaced by Ay = 0 and the
boundary conditions in (1.4) are replaced by o = 0 on I'(?).

The expansion (1.8) becomes
1
0 = A2 cos 50 + Agxy + O(T1+/\) (A >0) (8.1)
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and (1.9) becomes
1/2 1 1 32 . 3 3/2 3 3/244
@ = Ayr/* cos 50 + Asxgy + ZAIKT sin 50 + Asr°/* cos 50 + O(r ) (p>0). (8.2)

In the relation (1.27) the function V' is harmonic in © \ 'y and

B 8990 8990 8990
V= a—xl + /€<$1a—x2 — Jfga—%) on Fo. (83)
We write
V=Vi+&W (8.4)
where V7, V4 are harmonic in 9\ 'y and
0
Vi = a—if on I'g,
0 0
Vo = 51?16—(52 — :Iiza—if on I'y.
Then p
sz% in O\ Ty (8.5)
provided we take V5 = dp/08 on 01}, and thus
1 1
kVy = —§/<;A1r1/2 sin 50 + O(r). (8.6)
Computing

0 1
EALIY +-—rAr'/? on 0 = =+,
8:1;1 2

we can derive the asymptotic behavior

1 1 1
Vi~ §/<;A1r1/2 sin 50 + ar/? cos 50 asr — 0. (8.7)
Hence .
V ~ ar'/? cos 50 as r — 0. (8.8)
It follows that
i (8.9)
y a, .

and this is the analog of (3.15).

In general we do not expect to find a continuation I'y, of the crack I'y along which
A1(s) = 0. Consider, for example, a rectangular domain Q = {—a < 11 < a,—b < x5 < b}
with

Iy ={(2,0); —a < x; <0}
and

wolx) = A3(0)r3/2 COS g@, As(0) > 0.

Suppose such continuation is possible. Since the boundary conditions (on 9€2) are symmetric
with respect to x5, we expect the solution to be also symmetric, i.e.,

I's ={(21,0); —a < 21 < s}, p(x1,22,5) = @(x1, —22,8).
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Thus 5
wolx) = Ag(s)r3/2 COS 50(5) + .. (8.10)

where (r(s),0(s)) are the polar coordinates of & with respect to (s,0), and As(s) — As(0) if
s — 0, so that, in particular, As(s) > 0 for small s.
Note that

3-0
o(x1,0,8) = Ag,(()):Jc:f/2 cos —— = wolx1,0). (8.11)

From (8.10) and the inequality As(s) > 0 it follows that

0

0
—o(x1,04,5) >0, ——
81'2

0—,s5) <0
81'2 ($1, 78)

so that

A@(xvs) = _6(1;1)5901
where 6., is the Dirac function and 8(x1) > 0if 0 < 21 < s, B(x1) = 0 elsewhere. By the
maximum principle we then deduce that

o(x,s) > @o(x) at (£1,0),0 < 21 < s

which is a contradiction to (8.11).

An alternate way of proving that A;(s) cannot be equal to zero is by directly computing

that o # 0 at s = 0.

9 Appendix. Proof of (6.13)

Let I'y, I'y be C?T arcs initiating at the origin and forming an angle different from 0 and
7. Let D be a bounded domain in R? bounded by I'y U Ty U T's where I's is an arc disjoint
from I'y U I's.

Theorem 9.1 Under the above assumptions there exists a positive constant 6 such that if

€ H*(D),
AYp=0 inD,
¢:g—¢:0 OTLF1UF2,
n
then
|th(x)] < C|:1;|2+5 in D. (9.1)

Proof. By Example 2 of [2, §9], for any 0 < p < 1,
l(r,0)] < Cr'*t™  in D. (9.2)

Hence, for any ¢ > 0, the quantity

[¢(r,0)]

M. = sup —————
: (ro)eD ETITH 4 r2Fo

is finite. If we can prove that

M. <C (9.3)
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for all € > 0, where C' is a constant independent of ¢, then assertion (9.1) would follow. We
shall assume that (9.3) does not hold and derive a contradiction.

Our assumption implies that there are sequences ¢,, R, such that

supy [(Ra O
14p 246 -
ey + R2T

M., =

We can then easily deduce that ¢, — 0, R, — 0. Introduce functions G, by
O(e) = My(e B+ RF)GA(E),  w = R

Then, as in [2, Lemma 3.2], G,,, — G for a subsequence n’ — oo and

A*G=0 inS,, (9.4)
oG
G = 5 = 0 on 95, (9.5)
GO < O] +1€*) in S, (9.6)
and
G(e) =1 forsomeee S,, |e/=1 (9.7)

where S, is the wedge
{]¢] > 0,0 < 0 < w};

here, for simplicity, we assumed that the tangents to I'y and I'y at 0 form angles § = 0 and
f = w with the & -axis; 0 < w < 7.

From the local bound in (9.6) and local regularity for biharmonic function in a wedge [5,
p-109] we get

GO < CLEPH™), gl <1 (9-8)

from some v(w) > 0, and in the sequel we take
0 <6< y(w). (9.9)
We now use a change of the radial variable, r = e'. It is easily verified that  then

satisfies a homogeneous elliptic equation with constant coefficients
L(0y,0)G =0, —oo<t<oo, 0<< 0.

where

L(0y,0p) = (D + Dpp)* — 4Oy + Dop) 0y + 4Dyt + o).

For any A such that
246 <A <24+ 7(w), (9.10)

we introduce the function

F(t,0) = G(t,0)e.
In view of (9.10) and (9.6), (9.8),

|F(t,0)| < Ce M 8 =min{)\ —2 — 82+ ~v(w) — A}, (9.11)
and F' satisfies an elliptic equation

E(at, 89, )\)F = 0.
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By (9.11), the Laplace transform

o0

F(Z,0) = /_ F(t,0)edt

o0

of F exists (and is an analytic function) for |ReZ| < 3. It satisfies the ordinary differential
equation _
L(=Z,05, \)F =0 (9.12)

with boundary conditions

It can be easily checked (see also [5, Sect. 3.4.4] applied to the biharmonic function G/(§)

near { = 0) that if the solution F'is nontrivial then Z+ A = z 4+ 1 where z is a solution of
the equation

M)

sin2(zw) — 2%sin?w = 0. (9.13)

But since this equation has only countable number of solutions, F/(Z, ) vanishes for all but
countable Z’s; and therefore ' = 0 for |ReZ| < /3, by continuity.

In particular, taking ReZ = 0 we conclude that the Fourier transform of F(¢,8) is iden-
tically zero and therefore (G = 0, which is a contradiction to (9.7). [l

Acknowledgment. The first author is partially supported by National Science Founda-
tion Grant DMS #9703842. The second and third authors are grateful for a partial support
from the Institute for Mathematics and its Application during their visit there. The third
author is partially supported by DGICYT Grant PB96-0614.

References

[1] L.B. FREUND, Dynamic Fracture Mechanics, Cambridge University Press, Cambridge,
1990.

[2] A. FRIEDMAN, B. HUu AND J.J.L. VELAZQUEZ, Asymplotics for the biharmonic equa-
tion near the tip of a crack, preprint.

[3] A. FRIEDMAN AND Y. Li1U, Propagation of cracks in elastic media, Arch. Rational
Mech. Anal., 136 (1996), 235-290.

[4] A.A. GRIFFITH, The phenomenon of rupture and flow in solid, Philos. Trans. Royal.
Soc. London, A221 (1920), 163-198.

[5] P. GRISVARD, Singularity in Boundary Value Problems, Research Notes in Applied
Mathematics. Mason, Paris and Springer-Verlag, Berlin (1992).

[6] V.A. KONDRATEV, Boundary value problems for elliptic equations in domains with
conical or angular points, Trudy Moscovkogo Mat. Obschetsva, 16 (1967).

[7] V.A. KONDRATEV AND O.A. OLEINIK, Unimprovable estimates in Holder spaces for
generalized solutions of the biharmonic equation, the Navier-Stokes system of equa-
tions, and the Von Karman system in non-smooth two-dimensional domains, Vestnik

Moskovskogo Universiteta, Matematika, 38 (1983), 22-39.

39



[8] B. LAWN, Fracture of Brittle Solids, second edition, Cambridge University Press, Cam-
bridge, 1993.

[9] J.L. RICE, Mathematical analysis in mechanics of fracture, in Fracture, Vol. 2, ed, H.
Liebowitz, Academic Press, New York, (1968), 191-311.

[10] L.I. SLEPYAN, Principle of mazimum energy dissipation rate in crack dynamics, J.
Mech. Phys. Solids, 41 (1993), 1019-1033.

[11] H. StuMmP AND K.C. LE, Variational formulation of crack problem for an elastoplastic
body at finite strain, 7. Angew. Math. Mech., 72 (1992), 387-396.

40



