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Abstract

The initial value problem for the KdV equation
Opu + udpu + u = 0, u(z,0) = ¢(x)

establishes a nonlinear map K from H*(R) to C([-1,T]; H*(R)). It has been
known for many years that this map K is continuous [2] , [17] and is proved
recently being Lipschitz continuous [23].

In this paper it is shown that the nonlinear map K is infinitely many times
Frechet differentiable from H*(R) to C'([-1,T]; H*(R)) . Furthermore, it is
proved that K has a Taylor series expansion at any given ¢ € H*(R), i.e.

> ) n
K(¢+h)= Z 7] Ej)[h ]

n=0

where K(”)(qb), the n-th derivative of K at ¢, is a n linear map from the
n-fold space of H*(R) to C([-1,T]; H*(R)) and the series converges in the
space C([-1,T]; H*(R)) uniformly for ||h||s < & with some § > 0. Each term
Yp = K(”)(qb)[h”] in the series solves a linearized KdV equation. Thus any
“small” perturbation K(¢ + h) of K(¢) would be obtained by solving a series
of linear problems.

In contrast the corresponding map K, for periodic solutions of the initial
value problem of the KdV equation is only known to be continuous from H?*(9)
to C([-1,T]; H°(S)) where S is the unit length circle. This is due to the lack
of smoothing effects for periodic solutions of the KdV equation. It is shown in
the paper that K, is Lipschitz continuous from H*T1(S) to C([-T,T]; H(S))
and is n times Frechet differentiable from H**"1(S) to C([-T,T]; H*(S)) for
any n > 1.

The method developed in this paper applies to other nonlinear dispersive
wave equations.



1 Introduction

The Korteweg-de Vries (KdV) equation
O + ud,u + 8§’u =0

in one space dimension and time was originally derived in 1895 ([27]) as an approxi-
mate model for planar, uni-directional, irrotational waves propagating on the surface
of shallow water. Its range of applications has broadened considerably since 1960
when a new application of the KdV equation was founded in the study of collision-
free hydromagnetic waves by Gardner and Morikawa ([10]) and it now includes many
physical situations which feature wave equation wherein a balance is struck between
the weak effects of nonlinearity and dispersion (cf. [29], [30] and [36]). In particular,
the discovery of solitons and the inverse scattering method aroused great interests in
the KdV equation.

As for the initial value problem (IVP) of the KdV equation

{&u—l—u@xu—l—@;’u(), r,t€R
(1.1)
u(z,0) = (),

a large amount of work has been devoted to the existence and uniqueness problems
of its solutions in various function spaces. (cf. [4], [9], [11], [12], [14], [17], [28], [42]
and [44]). In particular, it was established in the work of Bona and Smith [2] , Bona
and Scott [1], Saut and Temam [35] and Kato [17] that the IVP (1.1) is locally (resp.
globally) well-posed in the classical Sobolev space H*(R) with s > 3/2 (resp. s > 2).
Recently, based on a careful analysis of the smoothing properties of the associated
linear problem and the associated maximal operator, Kenig, Ponce and Vega [22]
showed that the IVP (1.1) is locally well posed in H*(R) for s > 3/4 and globally
well posed in H*(R) for s > 1 which answered the question left open by Saut and
Temam [35], and by Kato [17].

Let s > 0 and T > 0 be given. For w: R x [-T,T] — R, define

M(T,w0) = sup [t (1:2)
[_TvT]
T
Ao(T,w) = sup/ |1D*Dpw(x, 1)L, (1.3)
z =T

3



fINTIN

Ao(T, w0, 1) = (/_TT Hjlal,w(t)ﬂiodt) (1.4)
with [ € [0,s — 3/4],

A(T,w,r) = (1+17)" (/R sup |JTw(:1;,t)|2)% (1.5)

[_TvT]

with r € [0,s — 3/4) and p a fixed number larger than 3/4,
AIS,T(T; w) = max {)‘1(T7 w)v )‘Q(Tv w)v )‘3(T7 w, l)v )‘4(T7 w, T)} ) (16)

and

Xpy = {w € C(=T. T H(R)) | Af, (T w) < oo} (1.7)
for any (I,r) €[0,s — 2] x [0,s — 2).

XZ;’S is a Banach space equipped with the norm
fllgss i= A7, (T w)

and is obviously a subspace of C'([-=T,T]; H*(R)) with stronger topology.

According to Kenig, Ponce and Vega [22], for s > 3/4 and any ¢ € H*(R), there
is a T' > 0 such that the IVP (1.1) defines a nonlinear map K from a neighborhood
U of ¢ in H*(R) into the space XZ;’S for any (I,r) € [0,s — 3] x [0,5 — 2), i.e.

K(¢) :=u, for any ¢ € U (1.8)

where u is the solution of (1.1) corresponding the initial value ¢. If s > 1, then the
map K is well defined from H*(R) to XZ;’S for any arbitrarily given T" > 0.
Considering K as a map from H*(R) to C([-T,T]; H*(R)), Bona and Smith [2]
first proved that it is continuous. Later Kato [15] established the existence and
uniqueness of the solution to the IVP (1.1) by applying his theory for abstract
quasi-linear evolution equations. As a consequence, the continuity of the map K
follows automatically. In [35], Saut and Temam showed that K is locally Hoélder
continuous with exponent 1/2 while considering K as a map from H*t'/?(R) to
L>=([-T,T]; H*(R)) (s > 2). Recently, Kenig, Ponce and Vega [23] showed that
the map K is Lipschitz continuous from H*(R) to XZ;’S, and hence, in particular,is

Lipschitz continuous from H*(R) to C([-T,T]; H*(R)).
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In this paper, we shall show that K, as a nonlinear map from H*(R) to XZ;’S, is a
C* map, i.e. for any n > 1, it is n times Frechet differentiable at any ¢» € H*(R). Its
n-th derivative K(")(x)) at ¢, a n-linear map from the n-fold product space (H*(R))"
into XZ;’S, may be constructed by solving a system of inhomogeneous linearized KdV
equations. More precisely, for any n > 1 and hy, € H*(R) (k=1,2,...,n), let

.....

(1.9)
wpy(2,0) = h(x)
and
atw[(lk,)...,k] + al’(uw[lk,)...,k]) + aiw[(lk)k] = —30:(Gy)
(1.10)
wf1) k](xvo) =

.....

for k = 2,3,...,n where v = K(3) is the solution of the IVP (1.1) and Gy is a
polynomial of w[(fl)ﬂ.2 ..... 0] 1 <i1ye,tj <k, for y =1,2,...;k — 1 (see section 3 for the

detail of the structure of Gy).
If we let hy = hy = ... = h, = h and denote y, = K(”)(;/))[h”], which is a

homogeneous polynomial of degree of n from H*(R) to X T then

lr

yr + Ouluyr) + 0yr = 0
(1.11)
yi(z,0) = h(x)
for n = 1 and
_ k
(1.12)

yr(2,0) =0

for n > 2, where



We may define the n-th Taylor polynomial P, of K at ¢» € H°(R) as

" K ()
i

for any h € H*(R).
Let
zn = Kb+ h) — Po(e)[h]

which is the n-th Taylor remainder of K at ¢». We shall see that z, solves

Ozo + %ax((u +v)z0) + 0320 =0
(1.13)
zo(2,0) =0
for n = 0 and
Ozn + 30u((u + 0)20) + 032 = =10, (THZ Erontin—r)
(1.14)

zi(x,0) =0

for n > 1, where v = K(¢» + h), u = K(¢) and y; (k = 1,2,...,n) are solutions of
(1.11) and (1.12).

By establishing the accurate estimates of y,, and z,, we are able to show that for

any ¢ € H°(R), there is a 6 > 0 such that if h € H*(R) with ||k||; < &, then

o ()
K(p+h)=> [T(w[hn]’ (1.15)

n=0
the series converging uniformly about h with ||A||s < ¢ in the space XZ;’S. Hence the
map K is an analytic map from H*(R) to XZ;’S. Especially, it is analytic from H*(R)
to C([-T,T]; H*(R)).

Note that each term in the Taylor series (1.15) is a solution of linear problem

(1.11)-(1.12). Therefore, any “small” perturbation of a given solution of the KdV

equation can be reconstructed by solving a series of linear problems



Finally we should mention that our method can be used to study differentiability

of solutions of the Benjamin-Ono equation

Ou +udyu + HPu =0, x,t€R
(1.16)

u(z,0) = ¢(z)
where H is the Hilbert transform, and the generalized Korteweg- de Vries equation

dwu + Op(a(u)) + d2u =0, r,t€R
{ (1.17)
u(z,0) = ¢(z)

where a(.) € C(R), with respect to their initial values. More precisely, we are
able to show that the nonlinear map B established by the IVP (1.16) is an analytic
map from H*(R) to C([-T.T]; H°(R)) and the nonlinear map G established by the
IVP (1.17) is a C* map from H*(R) to C([=T,T]; H*(R)). The detail of the results
concerning (1.16) and (1.17) and their proof will be given in our subsequent papers
[47] and [48].

The paper is organized as follows.

—- In section 2, we shall consider the IVP for the following linear equation

{ dwu + Op(a(z, t)u) + Fu = f(x,t)
(1.18)
u(z,0) = ¢(z)

for v € Rand t € R.

For given s > 3/4 and T > 0, we shall show that if a € XOTbS, then for any ¢ €
H*(R) and f € LY([-T,T]; H*(R)), the IVP (1.18) has a unique solution u € XZ;’S

and .
oz < e (ol (119

for any (I,r) € [0,5 — 2] x [0,5 — 2) where ¢ only depends on |a||yr.:. This would
0,0

be a key estimate to prove differentiability of the map K and the convergence of the

Taylor series (1.15).

— In section 3, we prove the differentiability of the map K and show that the map
K (1) can be expanded as a Taylor series in a neighborhood of any give ¢ € H*(R).
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— In section 4, we consider the IVP for the periodic KdV equation

O + udpu + FPu = 0, resS, teR
(1.20)

u(x,0) =
where S denotes a unit length circle.

The corresponding map K, established by (1.20) is only known to be continuous
from H*(S) to C([=T,T]; H*(S)) (see [2], [17]). This is due to the lack of smoothing
effects for periodic solutions of the KdV equation. On the other hand, Saut and
Temam [35] showed that K, is locally Hélder continuous with exponent 1/2 from
HHY2(S) to Loo([=T,T]; H3(S)). We shall show that K, is Lipschitz continuous from
H*Y(S) to C([-T,T]; H*(S)) and is n times Frechet differentiable from H*t"*1(5)
to C([-T,T]; H*(S)) for any n > 1.

Notations:

— The norm in L*(R) or L?*(S) will be denoted by ||.|| and the norm in H*(R)
or H*°(S) will be denoted by ||.||s. The notation ||.||~ is used to denote the norm in
L>®(R) or L>(59).

— D* = (=0?)*/* and J* = (1 — 9?)*/? denote the Riesz and the Bessell potential
of order s respectively.

— [A,B] = AB — BA, where A, B are operators. Thus [J*; flg = J*(fg) — fJ°¢
in which f is regarded as a multiplication operator.

- HOO(R) = ﬂ5>0HS(R)

~For1<p g<ooand f: Rx[-T,T] — R,

Whsee = ([ ([ v )’

b

7122, = ( [/ If(x,t)|th)adx)

and

=



2 Linear Estimates

We use {W(t)}*%° to denote the unitary group which defines the solution of the IVP

associated to

{atv—l—ag’v(), forx,t € R

U(Q?,O) = vO(x)
where

o(t) = W(t)vo = Si % vo
with S,(.) defined by the oscillatory integral
Si(e) = ¢ /_ T: i€ HE
Then the solution of the inhomogeneous equation
Do + &0 = f(x,1)
{ o(2,0) = 0

for x € R, t € R is expressed as

o(t) = /Ot W(t—7)f(.,7)dr

Lemma 2.1 (Kenig, Ponce and Vega ) (/22]) For any s > 0,

0o 1/2
(sup/ |D58xW(t)v0|2dt) < l[wol[s

and

In addition, for any s > 3/4 and T > 0,

400 1/2
(/ sup |JlW(t)v0|2(:z;)dx) < (1 +T)|[volls
~T,1]

— 00 [

where [ € [0,s — 3/4) and p is a fized constant larger than 3/4.

0o 1/4
([ 1wt dt) < e

(2.1)

(2.2)

(2.5)



Remark 2.1 (2.3) is a stronger version of local smoothing effect of Kato type and
(2.4) is the global smoothing effect of Strichartz type [41] present in solutions of
(2.1). The estimate (2.5), which gives a bound for the associated maximal function
supi_g, 71 |W(t).|, is due to Vega [{6].

Lemma 2.2 For any s >0 and T > 0,
W (t)volls = llvolls, ¢ € [=T,T] (2.6)
and

sup || [ Wit =) Cridrll < [ e (27)

1,11 Jo
Proof: (2.6) and (2.7) follow easily from Kato ([17], Lemma 3.1).

Lemma 2.3 For any s >0 and T > 0,

D0, / (=) m)drllrr < el lon e (2.8)

and
Lt T
|05 [ Wit =) f( el <e [ 1FC)ldr (2.9
If s > 3/4, then

f T
HJ’/O Wt =7)f(7)dr|r2ey < (1 +T)p/_T £ m)][sdr (2.10)
where [ € [0,s — 3/4) and p is a fized constant larger than 3/4.

Proof: (2.8) follows from (2.3) by using the Minkowski’s integral inequality.

D30, [ W =) lzrs < [ D0 (=) i
f@y(ﬂ(/|mawa—ﬂ< wﬂdﬂm
<ow [ ([ D200 = s Mwﬂuih
g[}?(ﬁgmmwa—mﬂmWﬁyﬁh
e[ NGrlldr by (23))
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(2.9) and (2.10) follow similarly from (2.5) and (2.4) respectively. The proof is
completed. O

Lemma 2.4 Let s > 1/2 and T > 0 be given and XOTbS denote the Banach space
defined by (1.6) and (1.7). Then

T
[ o)t < 20+ TPl ol 211)
for any u, v € ngs where ¢ is a constant independent of u and v.

Proof:

[0z (uo)]ls = /(0o + udp)|
< ([P (deu)|| + [[7*(udeo)[-

Applying the commutator estimates due to Kato and Ponce [18],

|75 (v0,u)|| = |JvD*0pu+ v(J° — D*)0pu + [J*°;v]0,]|
o DBul] + o — D*)ul] + 7% vl0eul
[0 D*Opul| + [[o]locl[ulls + € {[[Dzvlloo ulls + lolls]|Oztlloc -

IA A

It is easy to see that

, . 1/2
/ loD?dpu|ldr < (27)Y2 (/ HvDsaqusz)
_T =T

1/2 -
< (212 (/ sup |v(:1;,t)|2d:1;) (sup/ |D56xu|2d7')
R[-T,T] z J-T
< (QT)I/Z(l + T)pA(SJ,o(T§ v)AS,O(T; u),

1/2

IA

T
| olsclialdr

T
sup [loll, [ Jlullodr
[_TvT] -T

2T sup |lofs sup |[ulls
[-T,T] [-T,T]

< QTA(S),O(T§ U)AS,O(T; v),

IA

11



T T
[ Nowollulldr < sup full, [ [19selldr
-T [-T.,T] -T

T 1/4
< erp ([ 1olter) sl
-7 [_TvT]
< (QT)SMA(SJ,O(T; U)AS,O(T; v)v
and similarly,
4 3/4
| Nulllolldr < (TG o T3 u) Ao T3 )

Thus .
[ i) ldr < eI+ TN o(T5u) g T )

for some ¢ > 0 independent of u, v and T'. The same argument leads to
T
[ (udsolldr < TV + TV o T3 )G T 0).
—T ? ?

Therefore .
[0t < T4 T AT ) o7 0).

The proof is completed. O

Now we consider the IVP of the following linear equation:

{ O+ Op(au) + O2u = f(x,1)

u(,0) = ¢ (z)

for x, t € R where a = a(x,1)

(2.12)

Theorem 2.1 Let s > 3/4 , T > 0 and a € Xé%s be given. Then for any [ €
LY[-T,T); H*(R)) and b € H*(R), there exists a unique solution u € XZ;’S to the

IVP (2.12) and
T
g < e (1ol + 1l )

(2.13)

for any (I,r) € [0,s — 3] x [0,5 — 2) where the constant ¢ = c(]\a]\ngs) depends on

HaHXT,S continuously.
0,0

12



Proof: We use the contraction principle argument that Kenig, Ponce and Vega used
in [23].
For any given ¢ € H*(R) and f € L'([-T,T]; H*(R)), denote by u = ®(v), the

solution of the IVP for the following linear inhomogeneous equation

{ dwu + Ou = f — Jp(av)
(2.14)
u(z,0) = ¢

where

ve S ={we X7y | Ajo(T;w) < bf
for some b > 0 to be determined.

We shall show that there exists a b = b(||¢||s, || f||z1(-7,m):m5(r))) > 0 and a T > 0
such that u = ®(v) € ST~ if u € ST and

q): Sb*—>Sb*

is a contraction.

Clonsider the integral equation form of the IVP (2.14),
u(t) = W(t)e + /Ot W(t—7)f(.,7)dr — /Ot W(t = 1), (av)dr. (2.15)
Applying (2.3) (2.10) to (2.15) lead to
A (0) < e (Il [ 1) + [ o)l r

T
< e (ol [ e ) 20 003 (TG 050) (206

for any (I,r) € [0,s — 2] x [0,5 — 2). In particular,

T
ot < ¢ (10l + | Il et 4 0P Tl

T
b= (1ol + [ 1lr)

13
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and 7™ < T such that .
VT (1 4+ T7)PAg o(T5a) = 5 (2.17)
then
Ago(T™5u) < b (2.18)
Thus, ® is a map from ST~ to ST.

For any vy, va € S{, let w = ®(v;) — ®(vy). Then

Hence

T*
Mool T'5w) = e [ oua(or = o2)]dr
< eVIH(L 4 T7)AG o(T5 ) A o(T75 01 — v2)

and by (2.17)
1
Ag (1™ w) < §A8,0(T*§ v — v3) (2.19)

Consequently, by (2.18) and (2.19), we have that there exists a unique u € SI "~ with

O(u) =u

t

ult) = Wty — / W(t — 1), (au)(r)dr + /Ot W(t —7)f(.,7)dr (2.20)

0
for —T* <t <T*<T.
Then it follows from (2.16) and (2.17) that

T
s e (ll+ i) 221)

for any (I,r) € [0,5s —2] x [0, s —2). Note that 7 determined by (2.17) only depends
on A§ (T’ a) and not depends on ¢ and f. Thus a standard argument shows that 7™
can be extended to T* = T'. That is to say, (2.20) and (2.21) are true for =7 <t < T.
The proof is completed. O
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3 Taylor series expansion

Let X, Y be two Banach spaces. An n-linear map from X to Y is a map from the
n-fold product space X™ into Y such that

xp — f(x1,..., 1)
is linear for each fixed (x1, 22, ..., Tk—1, Tht1, .o, Tn), for k = 1,2, ..., n. A homogeneous
polynomial of degree n from X to Y is a map of the form © — f(x,..., z), for some

n-linea map f.

A map f: X — Y is Frechet differentiable at a point zo € X if there exists a

continuous linear map f'(xg) : X — Y so that

1f () = f(zo) = f'(wo)(x — wo)|ly = of[|x — wol|x)

as ¥ — xo9 where f'(xg) € L(X,Y) is called the Frechet derivative of f at xo. f is
said twice differentiable at z¢ if f is differentiable at each point in a neighborhood of
zo and @ — f'(x) € L(X,Y) is differentiable at x¢; and so on.

Amap f: U C X — Y, U open, is analytic in U if f is infinitely often
differentiable at each point of U and if, for each @ € U, there exists 6 = 6(x) > 0 so
that whenever ||h||x <6,

S+ )= Y O,

the series converging in Y-norm uniformly in ||h||x < 6.

Consider the IVP for the KdV equation

Opu + udpu + Fu = 0, x, t€R
(3.1)

u(,0) = ¢ (z)

According to Kenig, Ponce and Vega ([22], Theorem 1.1), for any ¢ € H*(R), s > 3/4,
there is a T' > 0 and a neighborhood U of ¢ in H*(R) such that (3.1) defines a
nonlinear map K : U — XZ;’S

u = K1)
for any » € U where u is the solution of (3.1) and (I,r) € [0,s — 3] x [0,5 — 2).

15



We shall show in this section that K is not only initely many Frechet differentiable,
but also analytic in U.

First of all,if the map K is assumed n times differentiable, then its n-th order
derivative K (1)) at ¢ € U is a symmetric n-linear map from H*(R) to XZ;’S and for
any hy,...,h, € H°(R),

an n
K@) hiy oo hy] = 5K h
O] = { 5 g KO+ 36t
Similarly, the homogeneous polynomial K™ ())[h"] of degree n induced by K™ (y))
is given by
d?’L
K] = { Sk +en |
dé £=0

for any h € H*(R).
If we denote by

(m)

then it is easy to see that Wyl solves

&gw[(ll]) + ax(uw[(ll])) + ai’w[(ll]) =0
1 (3.2)
w[(l])(:zj,()) =M

for n = 1 where u = K(¢) and

9#0[(?) o @(uwff) ) T 8§wff) = —30-(275 i< <ociy<n wffl) ..... ij]w[(:n_(]') i)

...............

.....

(3.3)
for n > 2, where 0,(t1,....4;) = (k1, ..., kn—j) < n with
1<k <. < kn_]‘ and {kl, ...,kn_]‘} N {il, ,Z]} = 0.
As for y,, it solves
Oiy1 + Ooluyr) + 0l =0
(3.4)
y1(x,0) =h

16



for n = 1 and

_ k
(3.5)

Yn(2,0) =10

for n > 2.
On the other hand, we have

Proposition 3.1 For any u € XOTbS, (3.2) and (3.3) define a symmetric n- linear
map K" (u) from H*(R) to XZ;’S for any (I,r) € [0,s — 2] x [0,s — 2) and In

4 4
addition,

for any hq, ..., h, € H*(R) where c(n, ||ul| y7.:) contmuously depends on ||ul| yz.:.
0,0 0,0

Proof: The existence of the n -linear map K follows from Theorem 2.1 and Lemma
2.4 easily. We just verify (3.6).

(3.6) is true for n = 1 by applying (2.13) to (3.2). Assume that (3.6) is true for
n < m. Then applying Theorem 2.1 and Lemma 2.4 to (3.3) with n = m + 1, we

have
m+1) ml—j
Hw[( ..... m+1] HXT < CZ Z / 10 (i) , w(crm+1(i]1) ..... i])])HsdT
7=11<u<.. <5 <m+1
5 ' s m+1—j
= CZ Z AOvO(T;w[(ii) ~~~~~ ij])AOvO(T;w[(crm+1(i]1) ..... ij)])
J=11<4 <<, <m+1
s m—+1
<Y Y cllullgr)elm+1— g lullgr) T B,
7 ’ k=1

J=11<01 <. <45 <m+1
m+1

= c(m—l— 17HUHXOT§) H HthS
’ k=1

Thus, (3.6) is proved by induction. The proof is completed. O
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Corollary 3.1 For any u € X\ (5.4) and (3.5) define a homogeneous polynomial

lr 2

K@ (u)[h"] of degree n which is induced from K™ (u) and
yall gz = KD @B N e < el flull g 1A (3.7)
for any h € H*(R).

Now, formally, we may define the n-th Taylor polynomial P,(h) of K at ¢» € U C
H*(R) as

- 1
P = K+ 3 kP
"1
= u-+ Z Eyk
k=1
where u = K () and y, is the solution of (3.4) and (3.5).

Proposition 3.2 Let z, denote the n-th Taylor remainder of K at ¥, i.e.

zn= Kb+ h) — Pa(h),

then
Dzo + 30:((v 4+ u)z0) + 0zo = 0
(3.8)
20(51/'70) = h(l‘)
forn =0 and
Oz + 30u((u + v)20) + 03z = —30:(3 420 g #6Yn—t)
(3.9)
zn(2,0) =0

forn > 1 where v =K+ h) and v = K().

Proof: (3.8) follows from direct computation. We prove (3.9) by induction. It is

easy to see that (3.9) is true for n = 1. Assume that (3.9) is true for n = m, i.e.
Zm(2,0) =0
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Let
¢ 1

Zm4+1 = Zm — mymﬂ

where ¥,,41 is the solution of (3.5) with n = m + 1.

Then
atzm—l—l + %ax((u + v)Zm—I—l) + a;Z)ZTrL—I—l — _%ax(H)
Zm41(2,0) =0
where
I ! mz
= ——%0Ym kY-
(m n 1) 0Ym+1 T P EYm—k —

m

m—l—l Z(m_l_l)ykym-l-l—k'

The direct computation shows that

1 m—1 1 1
H = ——— m _ - .
L5 ! 1 Log~(
1 m—1 1
= mzozm-l—l —I_ Z fk)’zkﬂ'lym—k —|—
k=0 :
e 1 1 m I
+ e ——— o
;;(m-l-l—k)!k!yky ok (m-|-1)!kZ::1( m + 1 )yky +1—k
” 1
= LR
Therefore

{ OtZmy1 + %ax((u +0)Zmi1) + 8§ffzm+1 = —%&;(Z}?:o mzwmﬂ_k)

Zm41(2,0) =0

which is (3.9) for n = m 4 1. The proof is completed. O
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Theorem 3.1 Let s > 2. Then, for any ¢* € H*(R), there exist a T > 0 and «a

neighborhood U of ¢* in H*(R) such that the nonlinear map K defined by the IVP

(1.1) is infinitely many time Frechet differentiable in U from H*(R) to XITT’S Its n-th
derivative K™ at «p € U is given by

K()hyy ooy o) = K™ (w)[ha, ... by

for any hy, ..., h, € H*(R) where K" (u) is defined by (3.2) and (3.3) with u = K ().
Proof: We only need to prove that for any ¢ € U,

n

K(o+h =3

k=0

as h — 0 in H?(R) uniformly for ||¢ — ¢||s < ||h||s by the Converse Taylor Theorem
(see [8]).

Let

1 k k n
KO ()AE] + of [1]7)

v=K(6+h),  u=K(@), y¥ =KW@
for 1 <k <n and

1
0 =V — U, Z1 = %0 — Yo, Zn:Zn—l_Eyn
Then, by Proposition 3.2,
Ozo + %ax((u +v)z0) + 0320 =0
(3.10)
zo(x,0)=h
for n = 0,
Oz + 300 ((u + v)20) + Oz — 300(E120 Glmranyn-+)
(3.11)
zn(2,0) =0
for n > 1.

Choose 6; > 0 such that

S5, () ={¢ € H*(R), |l¢ =4 <6} CU.
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Note that K(¢) is bounded on Ss, (1) since K is continuous.
By Corollary 3.1,

)

Iyl e < elk, el gz lAll, k=12,

where u = K(¢) and ¢(k, ||u||yr:) is uniformly bounded on Ss (¢). It suffices to
prove that 7

znll e < B)IAIET (3.12)

where (n) is uniformly bounded for ¢ € S5 (¢0). We verify this by induction. It is
easy to obtain (3.12) for n = 0 by using Theorem 2.1 to (3.10). Suppose (3.12) is
true for n < m. Then applying Theorem 2.1 to (3.11) with n = m 4 1, we have that

H2m+1fof < CI;JM/_THax(Zkym+1—k)HS
n 1
< A (T )AL (T Y
= c,;(m—l—l—k)! 0,0( 7Zk) 0,0( y Ym+1 k)
7 1
< ———B(k)|| B! 1 —k A lti—*
< o3 A el + L=l I
= Blm+ DRI,

The proof is completed. O
Corollary 3.2 (Taylor’s Formula) For any ¢ € U and h € H*(R) satisfying

¢+ &hel, Jor any £ € (0,1),

K(6+h) = i FrO )+ [T 0 4 e
with any n > 1.

Proof: cf. Theorem 8.14.3 in [7].

Next we show that the map K is analytic from U to XZ;’S with (I,r) € [0,5— 2] x
[0,5 — 2), i.e. for any ¢ € U, there is a § > 0 such that

K(¢+h)=K(o —I—ZA
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for any h € H*(R) with ||h||s < 6, and the series is uniformly convergent in XZ;’S for
[A][s < 6.

We begin with improving the estimate (3.7).

Proposition 3.3 Let u € XOTbS be given and y, is the solution of (3.4)-(3.5). Then

there is a constant ¢ > 0 only depending on ||u||y7.« and a sequence a(n) defined as
0,0

a(l)y=1
(3.13)
a(n) = 02 a(k)a(n — k), forn > 2
such that
[yall x.e < alm)nl][A][3. (3.14)
Jor any given (I,r) € [0,s — 2] x [0,s — 3).
Proof: Let ¢, = . It solves
dhqr + Ou(uqr) + g1 = 0
(3.15)
@(2,0)=h
for n > 1, and
(3.16)
¢n(2,0) =0
for n > 2. Applying Theorem 2.1 to (3.15) yields
larllxze < edlnlls (3.17)

for some ¢; > 0 depending only on ||u||yz.:. Then, by applying Theorem 2.1 and
0,0
Lemma 2.4 to (3.16) with n = 2, we have

1 T
lasllyr < ag [ l0.(a)ludr
C1C2
< TAO,O(Tvql)Z
3
< SRR by (3.07)
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for some ¢y > 0 independent of u and h. If we assume that

2m—1_m—1
o1 €y

Il < D —alm)||hll?

for 1 < m < N, then, similarly,applying Theorem 2.1 and Lemma 2.4 to (3.16) with
n=N+1,

lowaillgre < 2 z / 10 1) [d7

¢

< £ ZA T Qk OO(Tv QN-l—l—k)

< 01202 C1 02 HhHN-H Z N 41— k)
21 N

= %HW?HQU\“F 1).

Thus we have proved by induction that
2n—1 _n

& C
laallze < lgn a(n) ]2

2n41

which is (3.14) by choosing ¢* = “5=. The proof is completed, O

Proposition 3.4 For the sequence a(n) defined by (3.13), we have

a(n) = W (3.18)
where
(2n — 3 = (2n — 3)(2n — 3)....(3)(1).
Thus .
a(n) < —,  Joranyn =2

or more precisely, by Sterling’s formula

22n—1
Oé(n)N— as n — oQ.

Jan(2n — 1)
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Proof: Let
2”_1(2n 3N

n!

£ =1and 8, =
for n > 2. Define

o) =3 B’

which is convergent for any |z| < 1/4. It is easy to check that

and

for any || < i Moreover

(21 y(2))? =<§?%ﬂf

= 2% A’
n=2 k=1
for any |z| < 1/4, i.e.
> Bua =3 (3 BbBa-r)a”,
n=2 n=2 k=1

which implies that
n—1
ﬂn = Z ﬂkﬂn—k
k=1
for n = 2,3, .... Thus
2 2n = 3)!

n!

a(n) = B,
for n = 2,3, .... The proot is completed. O

Corollary 3.3 Under the assumption of Proposition 3.4,
[yallxz.e < e"nlf|All

forn > 1 where c is a constant only depending on ||u|| 7.
0,0

24
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Theorem 3.2 Let s > 3/4 be given. For any ¢* € H*(R), there is a T > 0 and a
neighborhood U of v* in H*(R) such that the IVP (1.1) defines an analytic nonlinear
map K from U to XZ;’S forany (I,7) € [0,5— 3] x [0,s—2), i.e., for any ¢ € U, there
is @ 6 > 0 such that if h € H°(R) with ||h]|s < 6, then

K(¢+h)=K(¢ +Z—( h"] (3.20)

where the series (3.20) converges uniformly for ||h||s < 6 in the space XZ;’S. If we let
= KOG, v = K(6), then

Oy + Ox(uy1) + 07y = 0
(3.21)
y1(x,0) = h(x)
forn =1 and
3 1 a1 [ Kk
Oeyrn, + ax(uyn) + axyn = _§ax(2k:1 ( n ) ykyn—k)
(3.22)
Yn(2,0) =10
forn > 2.
Proof: Denote by v = K(¢ + h) with ||h]|s <1, 20 = v — v and
Zp = Zpo1 — — Y, for n > 1.
n!
By Proposition 3.2,
Ozo + %ax((u +v)z0) + 0320 =0
(3.23)
zo(x,0)=h
for n = 0 and
(3.24)
zn(2,0) =0
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for n > 1.
It is easy to see by applying Theorem 2.1 to (3.23) that

ol < elll,
Similarly, applying Theorem 2.1 and Lemma 2.4 to (3.24) with n = 1 yields
[zllxre < eAg (T 20) A o(T' 1)
o< e
We assume that for 2 < k < m,

2l xze < A (U e (3.25)

Then, applying Theorem 2.1 and Lemma 2.4 to (3.24) with n = m + 1, we have

& S S 1
[zl xze = ckZ:%AO,O(Tv 2)Ago(T ym+1—k)m
< R TAYTE 4 e 3o 25 e R A A
k=1
S AT S
k=1
— c?(m—|—1)+12m—|—1—1 HhHZH—l—I—l

Thus we prove by induction that
Izl e < 2[R

for n > 1 where the constant ¢ > 0 only depends on u = K(¢), and therefore only on
¢ € H°(R).

If we choose 6 = ﬁ, then

1K+ B) = K () = 32 K@) g = llzall g
k=1 ’ ’

S c(2n—|—1)2n—1 H hHZ—I—l

for any h with ||h||s < 6. This implies that the series (3.20) is uniformly convergent
in XZ;’S for any h € H*(R) with ||h||s < 6. The proof is completed. O.
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Corollary 3.4 For given T > 0 and s > 1, the map K defined by the IVP (1.1) is
analytic from H*(R) to C([-T,T]; H*(R)).

4 Periodic KdV equation

In this section, we consider the IVP for the periodic KdV equation

deu + udyu + Fu = 0, reS, teR
(4.1)

u(,0) = ¢ (z)

where S is a unit circle. Let H*(S) denote the real Sobolev space of order s (s > 0)

which may be charaterised as the space of real periodic functions

+oo
v(z) =Y vpeap(2imka)

such that
oo 1/2
{2(1 + k2)5|vk|2} < +oo. (4.2)

The left-hand side of (4.2) is a Hilbert norm for H*(S) denoted also ||v||s.

It is well-known (cf. [2] and [35]) that for any T > 0 and ¢ € H*(S) ( s > 2),
there is a unique solution u € C([-T,T]; H*(S)) to (4.1). Therefore (4.1) defines a
nonlinear map K, from H*(S) to C([-T,T]; H*(S)) for any T > 0. K, is also known
being continuous ([2], [17]) for many years. Saut and Temam [35] showed that K, is
Holder continuous with exponent 1/2 if it is considered as a map from H*t1/%(S) to
L>=(0,T; H*(S)).

We shall show in this section that K, is Lipschitz continuous from H*t'(S) to
C([-T,T], H*(S)) and is n times Frechet differentiable from H**"*1(S) to C([-T,T]
for any n > 1.

?

”

The following “ fractional type Leibniz formula ” is due to Saut and Temam [35].

Lemma 4.1 Let u, v € H*(S), s > 1, r > 1/2. Then

1D* (uv) — ulol| < e(r; s){[[ullsolle + ullrallolls} (4.3)
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As an application of Lemma 4.1, we have

Lemma 4.2 Let T' > 0 and s > 1 be given. Then
T
| Nouo)llsdr < T sup Jlulloss sup ollops (4.4)
-T [-T1,1] [-T1,1]

for any u, v e C([=T,T]; H*(S)) where ¢ is independent of u, v and T.

Proof: It is easy to see that

[0z(uv)|ls < [[vdeul[s + [[udzv]]s
< AID*(wdeu)|| + [[D* (udev)|| + [[0doul| + ||udsv||}.
By Lemma 4.1,
|D?(vO,u)|| = |lvD*0yu+ D?(v0pu) — vD?0ul|

|loD*0pull + || D (vO,u) — v D Opu|
[ollllells41 + e, s){ollsl|Ozullr + [[o][rllulls}

cl[olfsallellsta

VAN VAN VAN

for some constant ¢ > 0. Similarly,
1D°(wdp)|| < elfullstalv]lsa

Hence
[0z (uo)|ls < ellullstil[v][s41

and

T
| Nouo)lludr < T sup flulloss sup o]l
-T [_TvT] [_TvT]

The proof is completed. O

Consider the following linear problem

{ Ou~+ Op(a(z,t)u)+Bu=f, €S teR

u(z,0) = ¢(z)
The following proposition is parallel to Theorem 2.1.
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Proposition 4.1 Let s > 2, T > 0 and a = a(x,t) € C([-T.T]; H*t(S)) be given.
If v € H5(S) and f € LY[-T,T]; H*(S)), then there exists a unique solution u €
C([=T,T]; H*(S)) to (4.5). Moreover,

T
sup o)l < B0+ [ 150 lldr) (16)

where 3 depends only on sup_p gy |la(.,1)||s41 continuously.
Proof: The existence and uniqueness of the solution u follow from the standard

semigroup theory (cf. [15]). We only need to prove (4.6).

Without loss of generality, we may assume that a, ¢ and f are smooth functions,
and therefore the solution u is smooth. Otherwise, we replace them by smooth €

approximation a., . and f., respectively, and let ¢ — 0 after the estimate is obtained.

Applying D* to each member of the first equation of (4.5) and taking the L?-scalar

product with D*u, we get
1 d 5 2 5 5 5 5
LDl 4 (Do), D) = (D" D)

where (.,.) denotes the inner product in L*(S). Note that

(D?0(au), D*u) = (D*(udya), D*u) + (D?(adyu), D’u),

(D*(a0pu), D°u) = (aD*0yu, D°u) + ([D?; a]0yu, D*u)
1
= -3 (0zaD’u, D*u) + ([D?; a]0pu, Du)
and
(D*(udza), D°u) = (uD?0za, D’u) + ([D?; u]0za, D*u) .
Then it follows from Lemma 4.1 that

| (D*(adyu), D*u) | | (OzaD*u, D*u) | + | ([D?; u]0pu, D*u) |

1
2
c{N|0sal| e [Dul? + [lallslfull i | D7ul| +
10wt el s || D]}

Allallasal D*ull* + llallslll? + llall ol ul|?}

cllal s fulf?

(VAN R VANR VAN

IA
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and similarly,

|(D*(udza), D*u) | < cllallss|lulls.
Thus p
Sllulls = ellallseafulls + 1 F1ls
which implies that
T T
sup ol < el + [ 1lhtrteand [ falnar.
[-T,T] =T =T
The proof is completed. O

Theorem 4.1 Let s > 2 and T > 0 be given. Then

(i) The nonlinear map K, defined by the IVP (4.1) is Lipschitz continuous from
HH(S) to C([=T,T); H*(5)).

(ii).  The map K, is n times Frechet differentiable from H*t"t1(S)
to C([-T,T); H*(S)) for anyn > 1.

(iii).  For any given ¢ € H*T1"(S), let
where hy € HT"H(S) (k=1,2,....n), then

&gw[(ll]) + ax(uw[(ll])) + 83w[(11]) =0, z€S5,teR

Ol g+ ulwwty) )+ 02l = = 3000515 Cichcciyon Wi W i)

...............

with v € S, t € R forn > 2.
Denote by



with h € HT"1(S), then

gyr + Op(uyr) + 02y1 =0, 2z €5, L €R
(4.9)
y1(x,0) = h(x)
forn =1 and
3 1 net [ K
(4.10)
Yn(2,0) =10
forn > 2 where uw = K,() is the solution of (4.1).
Proof: Let v = k,(¢» + h) and zp = v — u. Then
Ozo + %ax((u +v)z0) + 0320 =0
(4.11)
20(51/'70) = h(l‘)

Note that uw, v € C([-T,T]; H**YS)) if h, v» € H**'(S). Applying (4.6) to
(4.11), we have

sup [zolle = sup [lu(et) = v(c )l < BRI < Bbfass
[-7.,71] [-7.,71]

where 3 = 3(]|u+v]|s+1), which implies that K, is Lipschitz continuous from H**!(5)
to C([-T,T]; H*(S)).
As in section 3, if K, is n times Frechet differentiable from H**t"+1(S)
to C([-T,T]; H*(S)), then K]g”)(;/)) is an n-linear map from H**"*1(S) to C([-T,T; H*(S))

and

solves (4.7)-(4.8). Similarly,
yo = K(0)

solves (4.9)- (4.10). On the other hand, according to Proposition 4.1, (4.7)- (4.8)
defines a continuous n-linear map from H**t'*"(S) to C([-T,T]; H*(S)) and similarly,
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(4.9)-(4.10) defines a continuous homogeneous polynomial of degree n. More precisely,

if o, h € Ht"t1(S), then
yp € C([=T.T); HT7R(S)), k=1,2,...,n

and

[SlTlpT] Hkas+n+1—k < C(ka WHs+n+1)Hth+n+1 (4-12)

for k =1,2...,n where ¢(k, ||t||s4n+1) is bounded if ¢ runs through a bounded set in
Hst ().
By the Converse Taylor Theorem, it suffices to show that

n

Ky(¢ +h) = K,(9) + 3 KO ()R] + ol -l (4.13)

k=1

as h — 0 uniformly for ||¢ — ¥ |[s3n+1 < ||h||s4nt1 in order to prove that K, is n times
Frechet differentiable from H*t"*1(S) to C([-T,T]; H*(S)).

Let v = K,(¢+h) and u = K,(¢). Both v and u are bounded in C' ([T, T]; H*t"t1(5))
if ¢, h satisty
H¢ - 77Z)Hs-|—n-|—1 < HhH5+n+1 < 1.

Denote by zg = v —u, y, = K]gk)(qﬁ)[hk] and

1
k= Fh-1 = ks k=1,2,..,n

Then y, solves (4.9) for n = 1 and (4.10) for n > 2. As for z;, 0 < k < n, it solves
(4.11) for k = 0 and solves

{ Oczn + 30u((u +v)ze) + Oz = — 30025 syrzive—i)
(4.14)

zi(x,0) =0

for 1 <k <n.
Applying (4.6) to (4.11) yields

20 € C([=T,T); H(S))
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and
[20l[s+n < B0, [[@]lstnt1)[Allstrs1
since h,u = K,(¢) € HTTH(S).
Assume that
2y € C([=T, T); Herr = (gy)
with

sup |2 lssn—r < Bk Dllsrnr) BI04
[_TvT]
for 1 <k<n-—1.
Then, by applying (4.6) to (4.14), we have

n—1

1 T

sup |lznlls < ¢ 7/ Ox(2nYn sdt

wwp el < X o [ 1)l
n—1

1
< 027 sup || zxl|s+1 sup |[yn—kl[s+1
Pt (n—k)![ 7] [-T.T]

< CZ by |0l snrn)e(n — 6] sngr) 2] 550

s+n+1
= (7H¢Hs+n+1)HhHgﬂ+1

where 3(n, ||®|s+nt1) is bounded if ¢ runs through a bounded set in H*t"*+!(S). Thus

we have proved by induction that

LN
[1Kp(6+ 1) = Z_:k— SO < B0 N[ @llsrnsn) 1AL

s+n+1

which implies (4.13). The proof is completed. O
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