ERROR ESTIMATES FOR A FINITE ELEMENT METHOD FOR
THE DRIFT-DIFFUSION SEMICONDUCTOR DEVICE EQUATIONS

ZHANGXIN CHEN* anp BERNARDO COCKBURNt

Abstract. In this paper, optimal error estimates are obtained for a method for numerically
solving the so-called unipolar model (a one-dimensional simplified version of the drift-diffusion semi-
conductor device equations). The numerical method combines a mixed finite element method using
a continuous piecewise-linear approximation of the electric field with an explicit upwinding finite
element method using a piecewise-constant approximation of the electron concentration. For initial
and boundary data ensuring that the electron concentration is smooth, the UX’(L1 )-error for the
electron concentration and the L (L )-error of the electric field are both proven to be of order Az.
The error analysis is carried out first in the zero diffusion case in detail and then extended to the full
unipolar model.
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1. Introduction. In this paper, we obtain error estimates for a method for
numerically solving the so-called unipolar model, see [2] and the references therein,

(1.1a) ur + (ufB)y =0 >0, 2 €(0,1),
(1.1b) u(7,0) = up(T), if 3(r,0) >0, 72>0,
(1.1c) u(r, 1) = ui (1), if g(r,1) <0, 72>0,
(1.1d) w(0, ) = u; (), z € (0,1),

where

(1.2a) —Bz =1 —u, z€(0,1), >0,
(1.2b) 8 =0, ze(0,1), >0,
(1.2¢) é(r,0) =0, for > 0,

(1.2d) é(r, 1) = ¢1(7), for 7> 0,

where ¢ is the (scaled) electric potential. The numerical method under consideration
combines a mixed finite element method using a continuous piecewise-linear approx-
imation of the electric field, —/3, with an explicit upwinding finite element method
using a piecewise-constant approximation of the electron concentration, u. The re-
sulting scheme can be considered to be the counterpart of the monotone schemes for
scalar conservation laws, the main difference being that in our case, the ‘flux’; 3, de-
pends globally on the solution w. In [1], convergence under a suitable CFL-condition
was established. In [2], an approximation theory was obtained which was then used to
prove that the L°°(L!)-error for the electron concentration is of order (Az)'/2. This
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order of convergence is sharp, as the numerical results in [1] indicate, and reflects
the fact that the solution u can display discontinuities which always are contact dis-
continuities. If the electron concentration does not display discontinuities, numerical
results in [1, §2e] indicate that the L°°(L!)-error for the electron concentration and
the L°(L%)-error of the electric field are both of order Az. The main objective of
this paper is to prove that this is indeed true.

We thus restrict ourselves to a class of data for which the electron concentration
u does not display discontinuities. It is important to emphasize the fact that it is not
enough to require the initial and boundary data to be very smooth to guarantee the
absence of discontinuities in the electron concentration. In fact, discontinuities might
appear even if the data are very smooth, as happens in classical conservation laws. On
the other hand, the system of equations (1.1) and (1.2) is not a classical conservation
law, and under some conditions on the sign of the electric field near the boundaries
it can be proven that the solution is smooth indeed. It is for the class of data that
ensures the satisfaction of the above conditions that we prove that the L (L!)-error
for the electron concentration and the L% (L )-error for the electric field are optimal,
that is, of order Ax.

To obtain the error estimates, we use the approximation result obtained in [2],
which is an extension to our framework of the Kuznetsov approximation result [5] for
classical conservation laws. In this paper, we do not estimate the ‘entropy production
term’ as we did in [2]. Instead, we take advantage of the compactness properties of the
solution generated by the scheme under consideration to write the error in terms of
the approximation errors in the data and in terms of the ‘residue’ of the approximate
solution. The error estimates then follow from an estimate of the ‘residue’, which in
turn follows from the regularity properties of the approximate solution only. We show
that the smoothness assumptions on the exact solution do not play explicitly any role
in the error estimate. This makes our approach suitable for an error analysis of an
adaptive algorithm, which will be explored in a forthcoming paper.

The error analysis will be carried out first for the system (1.1) and (1.2), i.e., for
the unipolar model with the diffusion term neglected. Then, it will be extended to the
full model under a suitable assumption on the initial data. The results obtained here
can be extended to other convection-dominated problems such as those for miscible
displacement in porous media [3], [4].

The paper is organized as follows. In §2, we display and discuss the hypotheses on
the data. In §3, we define our numerical scheme. In §4, we prove that, under suitable
conditions on the sign of the exact electric field near the boundary, the approximate
electron concentration satisfies new compactness properties; see Theorem 4.2. In §5,
we state the approximation result obtained in [2] and show how to combine it with
the compactness properties of the approximate solution to obtain our main result, the
error estimates of Theorem 5.5. The results in §4 and §5 are proven in §6 and §7,
respectively. In §8, the full unipolar model is analyzed and the corresponding results
are stated; see Theorems 8.1, 8.2 and 8.3. We end in §9 with some concluding remarks.

2. The hypotheses on the data. We want to consider initial and boundary
data for which the solution u does not display discontinuities. A necessary condition
for this to happen is that the initial and boundary data be smooth. This requirement,
however, 1s not sufficient. To see this, consider the boundary & = 0 and suppose that
B3(0,7) < 0 for 7 € [0,7*) and that 5(0,7) > 0 for 7 > 7*. In this case, for 7 € [0, 77),
the electron concentration u is being convected out of the domain. This causes the
appearance of a discontinuity precisely at the boundary which 1s then convected inside
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the domain since 4(0, 7) > 0 for 7 > 7. Thus, even if the solution u is very smooth
up to 7 = 7*, it displays a discontinuity thereafter. We have thus to select data for
which the negative electric field given by the zero diffusion case satisfies the following
properties:

2.1a) B(r,0) >0, for r € [0,T], or A(r,0) <0, for 7 € [0,T],
(2.1b) B(r, 1) <0, for 7 €[0,7T], or f(r,1) > 0, for 7 € [0, T].

In Theorem 4.2, we prove that for data satisfying the following properties with
u* > 1.

(2.2a) ug = 0,

(2.2b) u =1,

(2.2¢) ui(z) €[0,u*], =ze€]0,1],
(2.2d) uip € BV(0,1),

(2.2¢) u;(0) = 0 and u;(1) =1,
(2.2) ou(r) €[0,¢1], T€[0,1],
(2.2g) ¢1 € WH(0,7),

if the conditions (2.1) are satisfied, then the electron concentration u is indeed a
smooth function. The properties (2.2a) and (2.2b) on the boundary data simplify
greatly our analysis. However, as pointed out in §9, the results below apply to other
sets of data. Properties (2.2d) and (2.2e) are necessary to prevent the appearance
of discontinuities in the electron concentration. The property (2.2g) ensures that the
negative electric field 8(r, ) is a Lipschitz-continuous function in 7 for each # € [0, 1].
This implies, in particular, that conditions (2.1) are always satisfied for small enough
values of T'. The maximal value of T', T, for which (2.1) hold, will not be investigated
in this paper. Let us note, however, that it can be a very large number. For example,

if u;(z) = 2% and ¢1 = 1/8, then T* = oco.

3. The numerical scheme. Now, let us introduce our numerical scheme. Fol-
lowing [1], let {w; 1}y be a uniform partition of (0,1) such that z, = 0 and
Tpo4l = = 1. We also set z 1= —Az and z, e = = 14 Az in order to deﬁne an
auxiliary computatlonal domain as Q= (x_% xnz+5)' Let {r"} 7, be a partition
of [0,7] with 70 = 0 and 777 =T Set I; = (J:j_%,x]»_l_%),ij = J:]»_I_% —xj_1 = Az,
and J* = [, 7] Arm = 1 — 77 For simplicity, we take Ar™ = Ar; all our
results hold for variable Ar™. Finally, we associate with these partitions the following
spaces:

VA@':{UECO(Oal):UhJ‘EPl(Ij)’ jzl"”’nl‘}’
Wae = {w € L%(Q)  wlr, € PY(L), j=0,---,ny+ 1},
War = {wright-continuous : w|s=» € P°(J"), n=0,---,np —1}.

For v € Vag, vjg1 denotes the quantity v(x]»_l_%). For w € Wa,, w; denotes the

constant value w(z),z € I;; wy and wy, 41 denote the boundary values. Finally, if
w € War, w" denotes the constant w(t), t € J".
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To discretize (1.1) and (1.2), we first discretize the data by setting
(3.1a) Lar= [ oi(r)dr/Ar,
Jn

(3.1b) up,Ar = /n uo(r)dr /AT,

(3.1¢) Ul Ar :/ ur(r)dr/Ar,
U0 A7, for .7 = Oa

(3.1d) (uiyAx)]’ = U1, A7, for j =ng + 1,
fIv wi(w)de/Ax, otherwise.

We then define the approximate solution up, to be the element in Wa, @ Wa, satisfying
the boundary conditions

n __..n n _.n
(3.2a) Up = Upg A7) Up 41 = U A7)
and the equation

(3.2b) (ujth —uf) /AT + (ffyr = fio)/Ae =0,

where the numerical flux f;_l_% = f(uj, ujyy; ﬁ]’?_l_%) is given by

n _.n nt n n
(3.2¢) j+i = U5 Pit1/2 + Ui 5]'4-1/2'

Finally, the function (8, ¢n) € War ® Vag X War @ Way is defined by the

following mixed finite element method:

(3.3a)
—((Bn)o ("), wae ) = (1 —up(7"),wae ), Ywar € Wae,
(3.3b)
(Bu(t"), 080 ) + (60(7"), (Var)e ) = ¢1,a-(T") vac(l), VYvac € Vae,

where (-, -) is the L?(0, 1)—inner product.
Thus, the algorithm of our numerical method is:
(3.4a) Compute the functions up ar, U1 a7, Ui ax, and ¢1 a- by (3.1);
(3.4b) Set un(0,-) = uj ax(:);

(3.4c) Forn =0, - ,ny — 1 compute uy (7", ) as follows:
(i) Compute (Bn(7", ), ¢n(7™,-)) by using the mixed finite element method
(3.3);

(ii) Compute up(r"*1 2) for x € (0,1) by using the scheme (3.2).

4. Compactness of the approximate solution. The goal of this section is
to obtain some compactness properties of the approximate solution defined by our
numerical scheme (3.4) under the hypotheses (2.1) and (2.2). We begin with the
following result.
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THEOREM 4.1. Suppose that the hypotheses (2.2) on the initial and boundary
data hold. Assume that the following CFL condition s satisfied:

Az }
(2ur — 1) Az + ¢F + max{l,w* — 1}/2°"

(4.1) AT < mm{u—* ,

Then, there exists a constant Cy, depending solely on T and the initial and boundary
data, such that
| v — wn [|Loe(o,1;100,1)) < Co Az'/3,

| 3 = Bn ||lLe(o,r;:L5(0,1)) < Co Az'/3,

Moreover, 3 € C°(0,T; WH(0,1)).

Proof. We can obtain the result by replacing in Theorem 2.3 in [2] the norm in
LY(0,7T; L>(0,1)) by the norm in L*(0,7; L>(0,1)). This can be done since in our
case ¢ € WH(0,T), by (2.2g); see Theorem 2.1 in [2]. The property of 3 follows
from Theorem 2.3 in [1], equations (1.2), and from the smoothness hypothesis on ¢1,
(2.2g). This completes the proof. ]

Since 8 € €°(0,T; WH1(0,1)), then both B(-,0) and G(-,1) are continuos func-

tions. Hence, there are numbers 3y and 3; such that

(4.2a) | B(7,0)| > [Bo| for T €[0,T],
(42b) |6(Ta 1) | > |61 | for T € [OaT]a

where, by the hypotheses (2.1), the numbers fy and 3; are not equal to zero. Hence,
by the error estimates of Theorem 4.1, if we have

(4.3a) Az < (min{l Bol, B [}/(2 Co))g,

then,

(4.2a”) sign(fa(+,0)) = sign(8(-,0)) and | Bu(-,0)| > | 5o |/2,
(4.2b") sign(fa (-, 1)) = sign(8(-,1)) and | Bu(-, 1) | > | 81 |/2.
Moreover, if we require Az to be such that

(4.3b) Az < min{| fo |, | 81 [}/ (4 («* = 1)),

then we have

(4.2¢") sign(Bn (-, Aw)) = sign(B(-,2Az)) = sign(8(-,0)),
(4.24)

sign(Bp(-, 1 — Ax)) = sign(Bn(-, 1 — 2Ax)) = sign(8(-, 1)),

as will be proven in §6. Using these facts, we can prove the following result.
THEOREM 4.2. (Compactness of the approximate solution). Suppose that the
hypotheses on the data (2.1) and (2.2) and the CFL condition (4.1) are satisfied. Then,

4.4a) up(7, ) € 10,u*], (r,2)€[0,7]x [0,1],
4.4b) | Bn [l Loo (0,750 (0,1)) < ™%,

4.4c) | un |Lo(o,r;Bv(0,1)) < Ch,

+1
4.4d) pemax_ [lup™ =yl < C2 A
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where m* = ¢1 +max{l,u*—1}/2, Cy depends on T' and |u; |pv(0,1), and Cy depends
on Cy, m*, and u*. Moreover, for Ax satisfying the conditions (4.3), the following
properties hold:

nT—l
(4.4¢) ST T [uf - up | Ar < C5 Az,
n=0
nT—l B
(4.4f) ST B [ul yy —ul | AT < CyAx?,
n=0
(4.4g) S 1By —u}) = By yo(uf — wf_y) | < Cs Aw,
Jj=1
(4.4h) Z | 5?;1/2(U?+1 - U?) - 6?—1/2(“? - U?—1) | < Cs Az,
j=1
npr—1 ng
(4.4) > 2N =T = (i — ) < G,
n=0 j=0

where

O { m* || (i) | zoe(0,1)/ B0, if B(-,0) >0
3 — .

0, if B(-,0) <0,

O = { m* || (ui)e |0, /101, if B(-,1) <0

T o, if B(-,1) > 0

and Cs and Cg depend on T, uw*, m*, | (w;)zz |BV(0,1), || (¥i)z ||Loo(0,1), C1, C3, and Cy.
The properties (4.4a), (4.4b), (4.4¢c) and (4.4d) have been proven in [1]. The

remaining properties will be proven in §6. Next, we show how to use the above
compactness properties of the approximate solution to get our error estimates.

5. The error estimates. To obtain error estimates, we use an extension of the
Kuznetsov approximation theory for conservation laws [5, Lemma 2] to our frame-
work obtained in [2]. This approximation result gives a measure of the closedness
of two arbitrary pairs of functions (u, 8) and (v, ) satisfying the following regularity
requirements:

(5.1a)

(u, 8) and (v,n) are right-continuous function from [0,7T) to
LY0,1) x Wh(0, 1) and have limits from the left on (0,77 ,

(5.1b)
u,v € L0, T; BV(0,1)) N L2(0,1; LY(0,T)),
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in terms of the following smoothness-measuring quantities:

T
vEolevim) = sup / lo(r, A) — v(r, 0-) |+ (7, 0) d,
0<Aa<eJo

T
visteom = swp = [ loln1 = 8) = ofn 1) 7 (D

violeo,v) = sup [[o(A) = v(0)[|Lico1),
0<A<eo

V(o) = sup (6T = 8) = o(T) 1o,

(5.2)

ve(eo,v) = sup  |lu(r) = o(7) [[Lago,1),
|7=7/|<eq

7,7 €[0,T]

T 1
o) = s [ X<T+A>‘ | Gty =+ 2,20y e
|A|<eg JO 0

where ¢y and € are arbitrary positive numbers, v(-,0—) denotes the boundary data
for v at # = 0, v(-, 14) the boundary data for v at x = 1, and x is the characteristic
function of the interval [0, 7], and in terms of the entropy form E€(v, u;n)

T 1
(5.3a) EEU’E(v,u;n):// O(v, u(r, 2);n;0(r, ;) dedr,
0

0

where

(5.3b)
Tl

@(v,c;n;gp(r,x;~,~)):—// lo(7',&") — ¢l or (T, 2; 7' 2') da’ d7’
0Jo

T el
— // lo(r', 2"y —e|n(r', ") ppi (7, 2; 7', &) da’ dr’
0Jo
1
+ / |o(T,2") — c|p(r,2; T, x") dx’
0
1
— / [v(0,2") — ¢| (7, ; 0, 2) da’
0
T
+ / G(U(T/a 1_) - ¢ U(T/a 1+) —C; 77(7-/’ 1)) QD(T, €T, T/a 1) dT/
0
T
= [ 6(r.0-) = ool o) = et 0)) (i 7, 0)

0
T 1
[ e V) i) ot ar
0J0
where the ‘entropy’ flux (G and the function V are defined by

(5.3¢) G(Viett, Vright; ) = |Viese| 0T + |vrignt| 07,
(5.3d) V(v,e) = |v — ¢| — v sign(v — ¢),

and o(r,2; 7, 8") = we, (7 — T we(x — 2'), where wy(s) = w(s/v)/v, Vs € R. The
function w : R — R is an even nonnegative C*°(R) with support included in [—1,1]
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and such that f_ll wdx = 1. We can now state our approximation result, which is a
particular case of Theorem 2.1 in [2] (the case ‘M = 0”).

THEOREM 5.1 ([2]). Let (u,3) and (v,n) be functions satisfying the regularity
conditions (5.1). Then, there exists a constant C such that

[1o(T) = w(T) [|z2(0,1) <[10(0) = u(0) [|L10,1)

+C {II v(14) = u(l4) [[zro,m) + [l v(0=) = w(0=) [[z2(0,7)

T
/
0

T
4 [ 18+ (1= oD o1y 07
0

/0 (7](7', z) — B(r, x)) dx |dr

T
[ 1008) + (1= ulr) o dr
0
+ {Vx_,1(€a u; B) + Vx_,1(€a v;n) + V:,O(Ea u; 3) + V:,O(Ea v; 77)}
+{vrp(co,u) + vop(co,v) +vo(co,u) + vfo(eo, ) }
+ {VT(EOa U) + VT(EOa U) + UT(EOaﬁ)}

+ B0 )+ B, 0) e+ ao
and, for 7 €[0,T],

10(7) = B(7) =0,y < [[0(7) = u(r) [|L1(0,1)
+ 11 92n(7) o) [lz20,1)
+ 11 623(7) w(m) llzeco,n)

Jr‘/o1 (n(r,z) — B(r,x)) da |.

We take (u, 5) equal to the exact solution of (1.1) and (1.2) and (v, n) equal to the
function (@, B), where @y is an interpolation of u,. We define @y to be a piecewise
bilinear, continuous (in [0,77] x [0, 1]) function determined by the following values at
‘the interpolation nodes’:

+(1-
+(1-

ap(t",0) = uf,
(5.4) ap(m™,2;) = uj, where x; = (xj_1/2 + €j41/2)/2,
up(t", 1) =t
forn=20,---,np and j = 1,---,n,. The following simple result states that @; and

up are reasonably close.
LEMMA 5.2. Suppose that the hypotheses on the data (2.2) and the CFL condition
(4.1) are satisfied. Then,

|| in — un [|Looo,7;L1(0,1)) < (C1 + C2) Az

The next result displays the smoothness properties of uy relevant for our error
estimates. It follows directly form Theorem 4.2, the definition of 4y, and the definitions

(5.2).
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LEMMA 5.3. Assume that the hypotheses on the data (2.1) and (2.2) and the CFL
condition (4.1) are satisfied. Then, for Az satisfying the conditions (4.3),

vio(e, n; Br) < Cr(e+ Ax),

ol
ve(e s Br) < Cs(e+ Arx),
Toleo,@p) < Co(eo+ Ax),
;T(Eo,ah) S Cz (€0+Al‘),
v:(€o, Un) < Oy (60 + Ax),
where C7 = (Cy max{l,u* =1} + C5+ T Cs + T Cs) and Cs = (C; max{l,u*—1} +
Cy+T0Cs —|—TC6)

Finally, the following result shows that the entropy form E¢(up, u; 8) is suit-
ably bounded. In our case, this is a direct consequence of the fact that the ‘residue’
is small enough.

LEMMA 5.4 (Bound on the entropy form E<(dap, u; 8)). Assume that the hy-

potheses on the data (2.1) and (2.2) and the CFL condition (4.1) are satisfied. Then,
for Az satisfying the conditions (4.3),

T o1 T p1
EEU’E(uh,u;Bh)://// residue(7’, ') ¢(7, z; 7', &) dz’ d7’ dxdr,
0JoJo Jo
< Cy Az,

A

)

14

where

residue(7’, 2’) = (@p)r + (Bn Un ),

o(r,z; 7' 2" =sign(a(r’,2') —u(r, z)) (r,z; 7, '),
and Cy = max{l,v* — 1} T (Cy + C2) + 2C5 4+ (2 + max{l,v* — 1}/2) Cs.

We can now state and prove our main result.

THEOREM 5.5. (Error Estimates). Suppose that the hypotheses on the data (2.1)
and (2.2) and the CFL condition (4.1) are satisfied. Then, for Az satisfying the
conditions (4.3),

lw = up||lLo(o7,01(0,1)) < CAz,
18 = BnllLee(o,;00(0,1)) < CAz,
where the constant C' depends on the constants C;, 1 = 1,---,9, of Theorem 4.2.
Proof. By Lemma 5.2, we have
llu — unl|Loeco,7;01(0,1)) < (C1 + Ca) Az + [|u — tn|| oo (0,7;1(0,1))-
To estimate the second term of the right hand side, we use Theorem 5.1 with (v, n) =
(@n, Br). Thus, proceeding as in [2], we get

[@r(0) — w(0)[|£2(0,1) <Nuilpvio,nQe,
[in(14+) — w(1+)||L1o,7) =0,
[ (0—) — u(0=)|lLr(0,7) =0,

/0 (Br(r,2) — B(r, 2))dx

T
J
T T
| 10280+ (1= i Wl = [ lene) = nl D000
0 0

S T(Cl + Cz) Al‘,

/0 10.6(7) + (1 — w(l=oydr =0,

dt <|o1lBvo,mAT,
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By Lemma 5.3,

v (€, s Bn) + vl o€, tns Br) < (Cr+ Cs) (e + Ax),
;"70(60,uh)—|—1/TyT(eo,uh) <205 (ep+ AT),
vy (€, ) < Cy(eg + AT).

As a consequence of the above inequalities and Theorem 4.1, we have

ve(eu; B) + V;o(ﬁ u; B) < (C7+ Ca)e,
V;I—,O(anu)—i_y;T(EO,u) §202(€0+AT)’
vr-(€o, u) < Cy(eo + AT).
y (5.2), (1.2), and (2.2g),
vr(€o, B) < | 1BV (0,1)60-
Finally, we have,
Eeuye(uauh;ﬁ) <0,
E¢(up, u; f) < Co Az, by Lemma 5.4.

Combining all the above results, we get
|un(T) = w(T)||L10,1) £ C(Ax + €+ €o),

where the constant (' depends on the constants Cy, ¢ = 1,--- 9 and 1s independent of
the parameters € and e5. Thus, the first estimate follows by letting ey and € go to zero.
The second estimate can now be easily obtained from Theorem 5.1. This completes
the proof. [

6. Proof of Theorem 4.2. In this section we shall complete the proof of
Theorem 4.2.

a. Proof of (4.4e) and (4.4f). Let us prove property (4.4e). Property (4.4f)
can be proven in a similar way. Since condition (4.3a) is satisfied, if §(-,0) < 0,
then (4.4e) follows trivially from (4.2a’). If 8(-,0) > 0, then, by (4.2a’), we have
Bn(+,0) > Bo/2 and (using (4.2a’), (4.2¢°), (2.2a), (3.1b) and the CFL condition (4.1))

we can write

(1-

(1= AT 8/(2A%)
(1= AT 8/(2A%)
( )

(uy™
(w) ™ —ug™h),
n

IN A IA

by (3.1d) and (2.2d). Hence,

np— 1 nT—l
Zﬁh Y| ul —ug | AT < m* Z|u1—u0|AT
n=0

< (m* || () llpoe(o,1)/ Bo) (Aw)*.

This completes the proof of property (4.4e).
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b. Proof of (4.4g) and (4.4h). To prove properties (4.4g) and (4.4h), we need
several preliminary lemmas.
LEMMA 6.1 ([1]). We have, forn =0,--- ,np — 1, the following equalities:

(6.1) =B =(l—u)Ae, =1,
(6.2a)
n n AT n- n n
Ul-l—1 - Uo-l—1 = (‘E 2 ) (uy —uy)

AT+
+ (1—|—AT(1 —ul —uy)— —p51 ) (uf — uy)
+ (14 A7(1 — ul))ult — up ™t
fOszl,"' ’nl'_:l?
(6.2b)
YAN -
n+1 n+1 __ n n n
Ujpr =Y = <_E J+%) (uj+2 B uj+1)
n n AT nt AT n_ n n
+ (1+A7‘(1—u]»+1—u]»)— N j+%+ﬂﬁj+%) (u]»_H—u]»)
AT+ n n
* (Eﬁj—%) (W = i),

and

(6.2¢)
UZj-Il—l —upt! :UZ;l-l - (1 +AT(1 - (UZIH)) Uy 41

n n AT n= n n
+ (1 + AT(l —Up 41— unz) + E nz+%) (u”z+1 - u”z)

At nt n n
+ (E nz—l) (unz - unz—l)' D

2

LEMMA 6.2. Suppose that the hypotheses (2.1) and (2.2) and the CFL condition
(4.1) are satisfied. Then, for Ax satisfying the conditions (4.3), we have

37T
mnfgljafxnsup |U§L+1 - u?| < H (ul)x HL‘X’(Ovl)e Al"

where
[0, if 8(-,0) > 0,
it = { 1, if B(-,0) <0,
nSUP — { Ng, ifﬁ('a1)<0a
ny —1, if B(-,0) > 0.

Proof. Let us consider first the case in which Gy > 0 and 8, < 0. Set
§" = maxogj<n, [ufy, — u}|. Then, by the CFL condition (4.1), (2.2a), (2.2b), and
the identities (6.2) of Lemma 6.1, we have

|U1+1_U0+1| < <1+AT(1_U1 —ug) — Eﬁé ) ¢",

n n n n AT n- nt n- nt n
|U]-|Tll — U < (1 +AT(1 =i —ujyy) - E(6j+% T B = By — ﬁj_g)) £,
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forj=1,---,n,—1, and

|unji1 - unj1| S (1 + AT(l —Up,+1 — Upn, ) Al‘ m:_|_ ) € .
Notice that here we are using the condition (4.3b) to ensure that 6:?/2 > 0 and that
B .12 < 0 by (6.1). Thus, using (6.1), we get

L < (14 3AT)E™.

The result follows easily from this inequality.

To prove the result in the case in which Gy < 0 and 3; > 0, we proceed as above
with " = maxj<j<n,-1|uj1, — u}|. In this case, thanks to the hypothesis (4.3b),
we have that 6:?/2 < 0 and that 8 iy > 0 by (6.1). Hence, it is not necessary to
consider the quantities (v} — uf) and (u] ., — uj ), as in the previous case. The
other two cases can be proven in a similar way. Thls completes the proof of Lemma

6.2. [

The following result follows easily from Lemma 6.1 and simple, but tedious alge-

braic manipulations.
LEMMA 6.3. We have, forn=0,--- ;np — 1,

1 1 1
u;H' —2urf+ —|—ug+

AT -
= (-2 ) -2 )

Ax
A - - -
(s — ) Ae = (B =208 +81)) (w5 — )
— Ar(ul - uf) (uf — u})
A
+ (1 Brtt - ) - R26 - 8)) (0 — 20 )

A
+ 2o (481 = 810) (at = up),

fOTjIQ,"',TLx—l,
n+1 2un+1+un+1

i+l
= (—%ﬁ;ﬁ:g) (uf 4 = 2ujpy + uj)
+ % (~(uf — ) A = (310 = 2000 + B70)) (e — )
— At(uf —uf) (ufyy —uf)
+ (1 + ATl —uj —uj) - E(@n_:% - ﬁ]n__%)) (ufpy —2uf +uj_y)
— Ar(a} —uj) (uf —ul_y)

A
+A_; (_(u?_u?—l)Al’—( ir1— 26” L _|_ﬁ” )) (! —ul_,)

+(520) @ =2y ),

U
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where uj is an arbitrary real number, and

un+1 — %u n+1+un+1

ne+1 Ne—1
AT 1) n- n n
(ﬁn _|_1 + ( net 1= 67133_%)) (unz+1 - unz)
n n A nt n- n n n
+ |1+ A7(1- Uy — unx+1) N (5 netd T ﬁnz_%) (Unz+1 = 2u,, + Unz—l)

— Ar(uy netl UZI)(UZI _Uzz—ﬁ

AT n n nt 7 7 n n
e () A= (8T, - 200 4 AT ) (i, )

+ (E nz—i) (unx - 2unz—1 + unz—Z)' 0

2

LEMMA 6.4. Suppose that the hypotheses (2.1) and (2.2) and the CFL condition
(4.1) are satisfied. Then, for Ax satisfying conditions (4.3), we have

neP_1
Z luj ) — 2uf +uj_ | < Crolz, n=0,-- nr,
Jj=nint+1
where Chg = 2T {| (u)os [y 0.0y + BT o || () [lpom(os) + 2 C+ 2 04}

Proof. Let us consider first the case in which 5y > 0 and 81 < 0 (thus, nips+1 =1
and n®'P — 1 = n,). We take ui = uj in Lemma 6.3. After simple, but lengthy
algebraic manipulations, we obtain

Z|uﬁ_’11 "+1—|—u”+1| <(1+4+2Ar1) Z:|u]_|_1 2uf +ui_y|
ji=1

+3 sup |ufp, —uj || up [pvio,)AT
1<j<ne

+
s (Soatf+ ArlL- 1) 1o - |
AT
s (AT AT = 1) gy = |
. From the above inequality, it is easy to obtain, for 0 < m < np,

Ne

m m m
Z |u]»_|_1 — 2uj" + u]»_1|
ji=1

no
27 0 0, 0
<e E uj g — 2uj + uj_4|

ji=1
np— 1

Y s i o 6 v AT
n=0 1<j<ne

nT—l

+eT Z (Eﬁ1/2+AT|1_U1 |) | uf —ug |
n=0

2T "= ATﬁn_ A |1 n | | n n
+e HZ::O A ned1/2 TAT[1—uy, Uy 1 — Uy |
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By (3.1d), (2.2d), Lemma 6.2, properties (4.4¢), (4.4¢), (4.4a), and (4.4f), and condi-

tion (4.3b), we see that
Sl =2ul + u | < €T (U)ew By 0,1y AR

ji=1
+3TT O || (wi)s lLe(o,1)A
+ 2T Cy(1+ 282 | 1 — u} |/Bo) A
+e*T Ca(1+ 282 |1 —u)_|/p1) Aw

< {| (u)os v 0.0y + 3ETT o || () [lpom(ors) + 2 C + 2 04} Ac.

Now, let us consider the case in which 8y < 0 and 8; > 0 (thus, nipr + 1 = 2 and

n®'P — 1 = n,; — 1). In this case, we take

n N
u?, for j = 2,

n n .

uy = uj, forj =3, ,ny, — 2,
up , forj=mn;—1,

in Lemma 6.3. With this choice and by condition (4.3b), we have

up ™ — 2ul Tt ot
AT -
(- 2281 ) (ut = 2+ u)
+g(_( n n)A _(671_ _2671__1_671_)) ( n n)
AJ; US Uz X % % % US Uz

— Ar(uy — ) (uz —uy)

AT -
+ (1 Art - -y - B2 - 8)) (0 — 23+,

and

UZjl - QUZ+_11 + Uz;l——lz
n n At nt n- n n n
= 1+AT(1_UHI—1 _unT_)_ E(Bnr_% _an_%) (unz _2unz—1+unr—2)

— At(up, —up, 1) (up, 1 — up, o)
+ N (_(Unz—1 — Uy, o) Az — (ﬁnz_% - QBM_% + @LZ_%)) (Up,—1 — Up, o)

ne—1 "

+ (Eﬁm_g) (u 2up, o+ up _3).

We can thus proceed as in the previous case. The other two cases can be proven in a

similar fashion. This completes the proof. [
We are now ready to prove the properties (4.4g) and (4.4h). Let us prove (4.4g).

Since
et

+ +
Biya oWy —ui) = Bi_q s uj_y) =811y (ufpy — 2uf +ui_y)

n

+ (Bfg1y2 = B7_1y0) (uf —uj_y),

(uj =
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we have
N "o
nt n nt n n nt ” n n
DB =) = BT () = )<Y B [ — 20 4 ) |
ji=1 j_l

+Z| ]+1/2 B - 1/2||U —uj_y |

< (m Cio+ max{l,v*— 1} C1) Az

by Lemma 6.4, (4.4a) and (4.4c). This completes the proof of property (4.4g). The
property (4.4h) can be proven in a similar way.

c. Proof of (4.4i). To prove property (4.4i), we need the following preliminary
result that follows from Lemma 6.1.

LEMMA 6.5. We have, forn=0,--- ,np — 1, the following equalities:

n n n n AT - n n n
W =) = (=) = (<508 ) (- 20+ )

n n AT nt n- n n
+ Ar(l—uy)uf — E(B% + 7% ) (ul — ug),

AT
(=) = (5 =) = (<257 ) (e =20 0)

n AT n n - n_ n n
(AT(l—U]_l_l U])—E( ]_I_l 6]__) ( j+%_ﬁj+%)) (uj+1_uj)

AT T n n n
+ (—Eﬁ]__) (ufpy — 2uf +uj_y),

forj=1,-- n,—1, and

AT - +
(updy =) = =) = o (B Ay ) (g — )

- AT(l - unz) Uy, + <_Eﬁnz—l) (unz+1 - 2unz + unz—l)'

2

We can now prove the property (4.4i). By Lemma 6.5, Lemma 6.4, (4.4a), (4.4b),
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(4.4¢), and Lemma 6.2, we have

N
1 1
YOG =t = (ufy =) |
j=0
n
~ AT
< BT 2 |
ji=1

ji=1
AT + -
R e AR B N
Ne—1
AT, o+ nt n

+ Z |AT(1 — Uiy _U?) - E( 41 —5]_%)‘1‘( ]n_;g —5;:%” |U§L+1 — Uy
j=1

A _
R (=B B ) g — | A=,

< (205 + Chy + 2/ (W) (o) €T ) AT
+ EB% |uf — ug]

AT -
+ E(—ﬁ,’iﬁ%) lup 41— Un, |,

where Cy; depends on w* and Cy. Finally, by (4.4e) and (4.4f), we get

nr—1 n,
oD N =t — (g = wf) | <265 + O+ 2] (s [z o, €®) T

n=0 j=0

+2(Cs + Cy) Ax.

This completes the proof of property (4.41).

7. Proof of Lemma 5.4. In this section we prove Lemma 5.4. The first equality
of the lemma follows directly from the definition of the entropy form E<¢(ap, u; 5r),
(5.3), the definition of @, (5.4), and a simple integration by parts.

To obtain the inequality, we observe that, by (5.3),

T
Eup, u; fr) < // | residue(r, z) | d dr.
0

0

For * < 7 < ! and for rj_1/2 < & < xj, we have, using Taylor expansions, (5.4),
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and (3.2),

residue(r, )

= (n)- (7, 2) + B (7", &) (dn)o (7, ) + (Bn)e (77, ) dp (7, )
(tp)7 (7" ,l‘j)+ﬁh(T"’l‘j—l/z)(U~h)x(7",l‘j—0)+(ﬁh)x(7",$)u~h(7n’xf)}

+

+
/—/‘\/—/‘\/—/‘\/—/‘H/—/‘\/—/H/—/‘\/—/H

ﬁh(T",l‘)—ﬁh(T"al‘j—l/z)}(ﬂh)x(T",l‘j —0)
+ (T—T")ﬁh(T",l‘)Jr(l‘—l‘j)+(T—T")(l‘—l‘j)ﬁh(T",l‘)/?}(ﬂh)m(T",l‘j -0)
(7= 7") (@) (7", 25) + (2 — ) () (7", 25 — 0)} Br(T", )

B e — )+ Bl uy_1>}

+

ﬁh(T",l‘)—ﬁh(T"al‘j—l/z)}(ﬂh)x(T",l‘j —0)
+ (T—T")ﬁh(T",l‘)Jr(l‘—l‘j)+(T—T")(l‘—l‘j)ﬁh(T",l‘)/?}(ﬂh)m(T",l‘j -0)

= @) 2) + (0 = ) (@) = 0) ) (570

Similarly, for 7 < 7 < 7"t and z; < x < Tj41/2, we have,

residue(r, )

+

= { ot =) = B0 o = )
{80 = 81" 1) ol 254 0)
+{ (1= 7") Bu(7" l‘)+(l‘—l‘j)+(T—T")(l‘—l‘j)ﬁh(T",l‘)/?}(ﬂh)m(T",l‘j+0)
—1—{ e (r ,xj)+(x—xj)(ﬁh)x(7",xj—I—O)}ﬁh(T",x).

It is thus easy to see that, by Theorem 4.2,

E(up, u; Bp)

// | residue(r, z) | dx dr

< {max{l, u =1} T(CL+ C2) + 2C5 + (2 + max{1l,u* — 1}/2) 06} A,

since || (@n)e ||Loo(0,7;1(0,1)) = | un [Loo(0, 7.8V (0,1)) and || (@r) e || L1 (0, 7;01(0,1)) 1S equal
to ZnT ! > iZo |l (u ;Lj_'ll - u?"’l) — (ufy; — u})|. This completes the proof of Lemma



18 ZHANGXIN CHEN AND BERNARDO COCKBURN

8. Extensions to the full unipolar model. In this section we shall extend
the results in the last few sections to the full model

(8.1a) Uy + (uB)e = N ttge, 7>0, 2€(0,1),
(8.1b) u(7,0) = up(T), >0,

(8.1¢) uw(r, 1) = uy (1), >0,

(8.1d) w(0, ) = u; (), z € (0,1),

where A is the normed Debye length and 5 is still given by (1.2). Since A ranges from
1073 to 1077, system (8.1) is convection-dominated. As mentioned in the introduction,
the results derived here can apply to other similar problems arising from different fields.

With the same notation as before, the approximate solution wup to problem (8.1)
is taken to be in the space Wa, @ Wa, such that

(8:20) (W = w)/AT+ [y = )/ A= N (g, — g 1)/ =0,
where the function ¢ € Wa,; ® Vag 1s the solution of

(8.2b)
(qn(7"),va0 ) = (up(7"), (Var)s ) + u1,a-(T") var (1) — o ar (7") vaz (0),
Yvaz € Vag,

after the mass matrix has been mass-lumped. This simple way to compute ¢ can be
easily extended to multidimensional cases. In our case, the expression for the degrees
of freedom of ¢; is taken as follows:

(urll - US,AT)/(AI/Q); for _] = 0’
(8.2¢) G2 = (Wi —uf)/Ax, forj=1,---,ny —1,
(UrllyAT - Uzz)/(Al’/Q), for _] = Ng,

The approximate solution (5n, ¢r) € War @ Vay x War @ Wa, is still defined by
(3.3) and the numerical initial and boundary conditions are defined in the same way
as before. We have the following simple stability result.

THEOREM 8.1. (Stability). Let up and (Bn, ¢n) be defined by (8.2) and (3.3),
respectively. Assume that the hypotheses on the data (2.2) and the following CFL
condition are satisfied:

1 Az }
wr + 202 /(Az)?’ (2ur — 1)Az + m* + 202 /Ax”’

(8.3) A" < min {

where m* 1s defined as in Theorem 4.2. Then

(8.4a) up(7, ) € 10,u*], (r,2)€[0,7]x [0,1],
8.4b) | Bn | Loo (0,750 (0,1)) < ™*.

Notice that since the values of A are very small, it is reasonable to take Az > A% in
practice. In this case, the CFL-condition (8.6) becomes essentially the CFL condition
(4.1) for the zero diffusion case. Thus, discretizing the second-order term in (8.1a) in
an explicit way does not increase significantly the complexity of the numerical method.



ERROR ESTIMATES 19

In the present case, we consider initial data u; and ¢1(0) such that

(85&) B(Oa 0) Z 60 > Oa
(8.5b) £(0,1) < B < 0.

Since, by (1.2), (3.3), (2.2d), (2.2g), and (3.1),
Bn(0,0) > 8(0,0) — |ui |Bv(0,1) A — || (1) ||Loo(0,a7) AT,
Bn(0,1) < B(0,1) + |ui |Bv(0,1) Az + || (1) ||Loo(0,a7) AT,

it 1s easy to see that for Az and A7 such that

(8.6) | i |Bv(0,1) A% 4+ || (1) ||Los(0,ar) AT < min{ By, —F1}/2,
we have

(8.52") 3,(0,0) > Bo/2 > 0,

(8.5b”) Bn(0,1) < /2 <0.

Moreover, since there is a constant C4 such that
[E A Bhllze=(o,1) < Cr2AT,

(see Lemma 3.11 in [1]), we have that there is a time 7% > max{ 3y, — 51 }/(2 C13) such
that, for T" < T™,

6zzoa andﬁg +l§0a nIO,"',TLT—l.

In some cases, T* = oo, for example when v* = 1 and ¢; = 0. The hypotheses (8.5) on
the initial data u; and ¢1(0) guarantee the absence of boundary layers of the solution
u of (8.1) and (1.2). The treatment of the case in which boundary layers are present
requires a much more complicated analysis.

We now state the following results on the numerical scheme (8.2).

THEOREM 8.2. (Compactness). Assume, in addition to the assumptions of The-
orem 8.1, that the hypothesis (8.5) holds. Then, for T < T* and Ax and At satisfying
(8.6), we have

(8.7a) 0?}3)7(1 |u?y —uj | < C5 Az, forn=0,---, nr,

(8.7h) Jo max 1|uy+1—uy|§03(Ax+Ar), forj=0,-,ng+1,
Snsnr—

(8.7¢) Z|u?+1—2u?+u?_1|§CloAx, forn=20,-- nr.
=1

The above results allows us to conclude that the method converges to the exact
solution of (8.1) and (1.2) and that the continuous version of the estimates (8.4) and
(8.7) also hold for the exact solution; that is,

u(r,z) € [0,u*], (7r,2)€[0,7]x][0,1],
1 Bl Los (0,705 00,1)) < M,
lwz ||Loo(0,7,050(0,1)) < Cs,
Il wr [|o(0,7521(0,1)) < Cs,

| s | Los0,7;01(0,1)) < C1o-
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With these results, we can easily obtain the following error estimates.

THEOREM 8.3. (Error estimates). Suppose that the hypotheses on the data (2.2)
and (8.5) and the CFL condition (8.3) are satisfied and that (u, ) and (up,Br) are
the respective solutions of the systems given by (8.1) and (1.2) and by (8.2) and (3.3).
Then, there is a constant C' dependent only of the data and T such that, for T <T*
and for Az and At satisfying (8.6),

lu = unllzesomipi(o,yy < C(Az+A?),
18 = BullLes(o,riL(0,1)) < C(Az + A*).

The proof of Theorems 8.1, 8.2, and 8.3 can be carried out in the same manner
as in the zero-diffusion case; we omit the details. We remark that, as A = 0, the error
estimates above reduce to the results given in Theorem 5.5.

9. Extensions and concluding remarks. The requirement that wg = 0 and
u1 = 1 has been used in the proof of (4.4e) and (4.4f) and thus in the proof of Lemma
6.4. However, the results are still valid if ug = 1 and u; = 0. Moreover, our results
remain valid for other sets of boundary conditions that ensure the smoothness of the
electron concentration. For example, when the initial condition satisfies the hypothesis

1
Ugy Ui S BV(O,l) and / U; = 1’
0

and the boundary conditions (1.2¢) and (1.2d) are replaced by the Neumann boundary
condition

¢z(x=0) = do(x=1)=0.

In this case, the analysis in the previous sections is in fact simpler since the boundary
terms involved with 8, (-,0) and Fr(-, 1) drop out. Also, the results hold for the case
where we have the Neumann boundary condition in place of (8.1b-c):

ug(x =0) = uz(x =1)=0.

In the present case, we do not need to make any assumption on ¢; like (8.5).

Let us finish this paper by pointing out that the main difficulty in the analysis of
the numerical method for the full unipolar drift diffusion model is associated with the
presence of the boundaries; the case in which the domain is not the interval (0, 1) but
the real line can be easily handled. Moreover, without an hypothesis like (8.5) that
allow us to have some control on the sign of the approximate (negative) electric field
at the boundaries, i1t 1s not possible to use the technique used in the zero-diffusion
case. For example, this technique allows us to prove Lemma 6.2 by means of a very
local-in-time estimate, namely, £*T1 < (1 + 3A7)¢", which is simply not true when A
is not equal to zero. To handle this case a new technique must be found which does
not have the local character of the technique used for the zero diffusion case.
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