
ERROR ESTIMATES FOR A FINITE ELEMENT METHOD FORTHE DRIFT-DIFFUSION SEMICONDUCTOR DEVICE EQUATIONSZHANGXIN CHEN* and BERNARDO COCKBURNyAbstract. In this paper, optimal error estimates are obtained for a method for numericallysolving the so-called unipolar model (a one-dimensional simpli�ed version of the drift-di�usion semi-conductor device equations). The numerical method combines a mixed �nite element method usinga continuous piecewise-linear approximation of the electric �eld with an explicit upwinding �niteelement method using a piecewise-constant approximation of the electron concentration. For initialand boundary data ensuring that the electron concentration is smooth, the L1(L1)-error for theelectron concentration and the L1(L1)-error of the electric �eld are both proven to be of order �x.The error analysis is carried out �rst in the zero di�usion case in detail and then extended to the fullunipolar model.Key words. semiconductor devices, conservation laws, �nite elements, error estimatesAMS(MOS) subject classi�cations. 65N30, 65N10, 35L60, 35L651. Introduction. In this paper, we obtain error estimates for a method fornumerically solving the so-called unipolar model, see [2] and the references therein,u� + (u�)x = 0 � > 0; x 2 (0; 1);(1.1a) u(�; 0) = u0(� ); if �(�; 0) > 0; � � 0;(1.1b) u(�; 1) = u1(� ); if �(�; 1) < 0; � � 0;(1.1c) u(0; x) = ui(x); x 2 (0; 1);(1.1d)where ��x = 1� u; x 2 (0; 1); � � 0;(1.2a) � = �; x 2 (0; 1); � � 0;(1.2b) �(�; 0) = 0; for � � 0;(1.2c) �(�; 1) = �1(� ); for � � 0;(1.2d)where � is the (scaled) electric potential. The numerical method under considerationcombines a mixed �nite element method using a continuous piecewise-linear approx-imation of the electric �eld, ��, with an explicit upwinding �nite element methodusing a piecewise-constant approximation of the electron concentration, u. The re-sulting scheme can be considered to be the counterpart of the monotone schemes forscalar conservation laws, the main di�erence being that in our case, the `
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2 zhangxin chen and bernardo cockburnorder of convergence is sharp, as the numerical results in [1] indicate, and re
ectsthe fact that the solution u can display discontinuities which always are contact dis-continuities. If the electron concentration does not display discontinuities, numericalresults in [1, x2e] indicate that the L1(L1)-error for the electron concentration andthe L1(L1)-error of the electric �eld are both of order �x. The main objective ofthis paper is to prove that this is indeed true.We thus restrict ourselves to a class of data for which the electron concentrationu does not display discontinuities. It is important to emphasize the fact that it is notenough to require the initial and boundary data to be very smooth to guarantee theabsence of discontinuities in the electron concentration. In fact, discontinuities mightappear even if the data are very smooth, as happens in classical conservation laws. Onthe other hand, the system of equations (1.1) and (1.2) is not a classical conservationlaw, and under some conditions on the sign of the electric �eld near the boundariesit can be proven that the solution is smooth indeed. It is for the class of data thatensures the satisfaction of the above conditions that we prove that the L1(L1)-errorfor the electron concentration and the L1(L1)-error for the electric �eld are optimal,that is, of order �x.To obtain the error estimates, we use the approximation result obtained in [2],which is an extension to our framework of the Kuznetsov approximation result [5] forclassical conservation laws. In this paper, we do not estimate the `entropy productionterm' as we did in [2]. Instead, we take advantage of the compactness properties of thesolution generated by the scheme under consideration to write the error in terms ofthe approximation errors in the data and in terms of the `residue' of the approximatesolution. The error estimates then follow from an estimate of the `residue', which inturn follows from the regularity properties of the approximate solution only. We showthat the smoothness assumptions on the exact solution do not play explicitly any rolein the error estimate. This makes our approach suitable for an error analysis of anadaptive algorithm, which will be explored in a forthcoming paper.The error analysis will be carried out �rst for the system (1.1) and (1.2), i.e., forthe unipolar model with the di�usion term neglected. Then, it will be extended to thefull model under a suitable assumption on the initial data. The results obtained herecan be extended to other convection-dominated problems such as those for miscibledisplacement in porous media [3], [4].The paper is organized as follows. In x2, we display and discuss the hypotheses onthe data. In x3, we de�ne our numerical scheme. In x4, we prove that, under suitableconditions on the sign of the exact electric �eld near the boundary, the approximateelectron concentration satis�es new compactness properties; see Theorem 4.2. In x5,we state the approximation result obtained in [2] and show how to combine it withthe compactness properties of the approximate solution to obtain our main result, theerror estimates of Theorem 5.5. The results in x4 and x5 are proven in x6 and x7,respectively. In x8, the full unipolar model is analyzed and the corresponding resultsare stated; see Theorems 8.1, 8.2 and 8.3. We end in x9 with some concluding remarks.2. The hypotheses on the data. We want to consider initial and boundarydata for which the solution u does not display discontinuities. A necessary conditionfor this to happen is that the initial and boundary data be smooth. This requirement,however, is not su�cient. To see this, consider the boundary x = 0 and suppose that�(0; � ) < 0 for � 2 [0; �?) and that �(0; � ) > 0 for � > �?. In this case, for � 2 [0; �?),the electron concentration u is being convected out of the domain. This causes theappearance of a discontinuity precisely at the boundary which is then convected inside



Error Estimates 3the domain since �(0; � ) > 0 for � > �?. Thus, even if the solution u is very smoothup to � = �?, it displays a discontinuity thereafter. We have thus to select data forwhich the negative electric �eld given by the zero di�usion case satis�es the followingproperties: �(�; 0) > 0; for � 2 [0; T ]; or �(�; 0) < 0; for � 2 [0; T ];(2.1a) �(�; 1) < 0; for � 2 [0; T ]; or �(�; 1) > 0; for � 2 [0; T ]:(2.1b)In Theorem 4.2 , we prove that for data satisfying the following properties withu? � 1: u0 � 0;(2.2a) u1 � 1;(2.2b) ui(x) 2 [0; u?]; x 2 [0; 1];(2.2c) uix 2 BV(0,1);(2.2d) ui(0) = 0 and ui(1) = 1;(2.2e) �1(� ) 2 [0; �?1]; � 2 [0; T ];(2.2f) �1 2W1;1(0; T );(2.2g)if the conditions (2.1) are satis�ed, then the electron concentration u is indeed asmooth function. The properties (2.2a) and (2.2b) on the boundary data simplifygreatly our analysis. However, as pointed out in x9, the results below apply to othersets of data. Properties (2.2d) and (2.2e) are necessary to prevent the appearanceof discontinuities in the electron concentration. The property (2.2g) ensures that thenegative electric �eld �(�; x) is a Lipschitz-continuous function in � for each x 2 [0; 1].This implies, in particular, that conditions (2.1) are always satis�ed for small enoughvalues of T . The maximal value of T , T ?, for which (2.1) hold, will not be investigatedin this paper. Let us note, however, that it can be a very large number. For example,if ui(x) = x2 and �1 � 1=8, then T ? =1.3. The numerical scheme. Now, let us introduce our numerical scheme. Fol-lowing [1], let fxj+12 gnxi=0 be a uniform partition of (0; 1) such that x 12 = 0 andxnx+ 12 = 1. We also set x�12 = ��x and xnx+ 32 = 1 + �x in order to de�ne anauxiliary computational domain as 
h = (x� 12 ; xnx+ 32 ). Let f�ngnTn=0 be a partitionof [0; T ] with �0 = 0 and �nT = T . Set Ij = (xj�12 ; xj+12 );4xj = xj+12 � xj� 12 � 4x,and Jn = [�n; �n+1];4�n = �n+1 � �n. For simplicity, we take 4�n � 4� ; all ourresults hold for variable4�n. Finally, we associate with these partitions the followingspaces: V4x = fv 2 C0(0; 1) : vjIj 2 P 1(Ij); j = 1; � � � ; nxg;W4x = fw 2 L1(
h) : wjIj 2 P 0(Ij); j = 0; � � � ; nx + 1g;W4� = fw right-continuous : wjJn 2 P 0(Jn); n = 0; � � � ; nT � 1g:For v 2 V4x, vj+ 12 denotes the quantity v(xj+ 12 ). For w 2 W4x, wj denotes theconstant value w(x); x 2 Ij ; w0 and wnx+1 denote the boundary values. Finally, ifw 2 W4� , wn denotes the constant w(t); t 2 Jn.



4 zhangxin chen and bernardo cockburnTo discretize (1.1) and (1.2), we �rst discretize the data by setting�n1;�� = ZJn �1(� ) d�=��;(3.1a) u0;�� = ZJn u0(� ) d�=��;(3.1b) u1;�� = ZJn u1(� ) d�=��;(3.1c) (ui;�x)j = 8><>: u0;�� ; for j = 0;u1;�� ; for j = nx + 1;RIj ui(x) dx=�x; otherwise:(3.1d)We then de�ne the approximate solution uh to be the element inW��
W�x satisfyingthe boundary conditions(3.2a) un0 = un0;�� ; unnx+1 = un1;�� ;and the equation(3.2b) (un+1j � unj )=�� + (fnj+ 12 � fnj� 12 )=�x = 0;where the numerical 
ux fnj+ 12 = f(unj ; unj+1; �nj+12 ) is given by(3.2c) fnj+ 12 = unj �n+j+1=2 + unj+1 �n�j+1=2:Finally, the function (�h; �h) 2 W�� 
 V�x � W�� 
 W�x is de�ned by thefollowing mixed �nite element method:� ( (�h)x(�n); w�x ) = ( 1� uh(�n); w�x ); 8w�x 2W�x;(3.3a) ( �h(�n); v�x ) + (�h(�n); (v�x)x ) = �1;�� (�n) v�x(1); 8v�x 2 V�x;(3.3b)where (�; �) is the L2(0; 1)�inner product.Thus, the algorithm of our numerical method is:(3.4a) Compute the functions u0;�� ; u1;�� ; ui;�x, and �1;�� by (3.1);(3.4b) Set uh(0; �) = ui;�x(�);(3.4c) For n = 0; � � � ; nT � 1 compute uh(�n+1; �) as follows:(i) Compute (�h(�n; �); �h(�n; �)) by using the mixed �nite element method(3.3);(ii) Compute uh(�n+1; x) for x 2 (0; 1) by using the scheme (3.2).4. Compactness of the approximate solution. The goal of this section isto obtain some compactness properties of the approximate solution de�ned by ournumerical scheme (3.4) under the hypotheses (2.1) and (2.2). We begin with thefollowing result.



Error Estimates 5Theorem 4.1. Suppose that the hypotheses (2.2) on the initial and boundarydata hold. Assume that the following CFL condition is satis�ed:��n � min� 1u? ; �x(2u? � 1)�x+ �?1 +maxf1; u? � 1g=2	:(4.1)Then, there exists a constant C0, depending solely on T and the initial and boundarydata, such that ku� uh kL1(0;T ;L1(0;1)) � C0�x1=3;k � � �h kL1(0;T ;L1(0;1)) � C0�x1=3:Moreover, � 2 C0(0; T ;W 1;1(0; 1)).Proof. We can obtain the result by replacing in Theorem 2.3 in [2] the norm inL1(0; T ;L1(0; 1)) by the norm in L1(0; T ;L1(0; 1)). This can be done since in ourcase � 2 W 1;1(0; T ), by (2.2g); see Theorem 2.1 in [2]. The property of � followsfrom Theorem 2.3 in [1], equations (1.2), and from the smoothness hypothesis on �1,(2.2g). This completes the proof.Since � 2 C0(0; T ;W 1;1(0; 1)), then both �(�; 0) and �(�; 1) are continuos func-tions. Hence, there are numbers �0 and �1 such thatj �(�; 0) j � j �0 j for � 2 [0; T ];(4.2a) j �(�; 1) j � j �1 j for � 2 [0; T ];(4.2b)where, by the hypotheses (2.1), the numbers �0 and �1 are not equal to zero. Hence,by the error estimates of Theorem 4.1, if we have�x � �minfj �0 j; �1 jg=(2C0)�3;(4.3a)then, sign(�h(�; 0)) = sign(�(�; 0)) and j �h(�; 0) j � j �0 j=2;(4.2a') sign(�h(�; 1)) = sign(�(�; 1)) and j �h(�; 1) j � j �1 j=2:(4.2b')Moreover, if we require �x to be such that�x � minfj �0 j; j �1 jg=(4 (u? � 1));(4.3b)then we have sign(�h(�;�x)) = sign(�h(�; 2�x)) = sign(�(�; 0));(4.2c') sign(�h(�; 1��x)) = sign(�h(�; 1� 2�x)) = sign(�(�; 1));(4.2d')as will be proven in x6. Using these facts, we can prove the following result.Theorem 4.2. (Compactness of the approximate solution). Suppose that thehypotheses on the data (2.1) and (2.2) and the CFL condition (4.1) are satis�ed. Then,uh(�; x) 2 [0; u?]; (�; x) 2 [0; T ]� [0; 1];(4.4a) k �h kL1(0;T ;L1(0;1)) � m?;(4.4b) juh jL1(0;T ;BV (0;1)) � C1;(4.4c) max0�n�nT�1 jjun+1h � unh jjL1(0;1) � C2��;(4.4d)



6 zhangxin chen and bernardo cockburnwhere m? = �?1+maxf1; u?�1g=2, C1 depends on T and jui jBV (0;1), and C2 dependson C1, m?, and u?. Moreover, for �x satisfying the conditions (4.3), the followingproperties hold:nT�1Xn=0 �n+h (0) jun1 � un0 j�� � C3�x2;(4.4e) nT�1Xn=0 �n�h (1) junnx+1 � unnx j�� � C4�x2;(4.4f) nxXj=1 j �n+j+1=2(unj+1 � unj )� �n+j�1=2(unj � unj�1) j � C5�x;(4.4g) nxXj=1 j �n�j+1=2(unj+1 � unj )� �n�j�1=2(unj � unj�1) j � C5�x;(4.4h) nT�1Xn=0 nxXj=0 j (un+1j+1 � un+1j ) � (unj+1 � unj ) j � C6;(4.4i)where C3 = � m? k (ui)x kL1(0;1)=�0; if �(�; 0) > 0;0; if �(�; 0) < 0;C4 = � m? k (ui)x kL1(0;1)=j�1j; if �(�; 1) < 0;0; if �(�; 1) > 0;and C5 and C6 depend on T; u?;m?; j (ui)xx jBV (0;1); k (ui)x kL1(0;1); C1; C3; and C4.The properties (4.4a), (4.4b), (4.4c) and (4.4d) have been proven in [1]. Theremaining properties will be proven in x6. Next, we show how to use the abovecompactness properties of the approximate solution to get our error estimates.5. The error estimates. To obtain error estimates, we use an extension of theKuznetsov approximation theory for conservation laws [5, Lemma 2] to our frame-work obtained in [2]. This approximation result gives a measure of the closednessof two arbitrary pairs of functions (u; �) and (v; �) satisfying the following regularityrequirements:(u; �) and (v; �) are right-continuous function from [0; T ) to(5.1a) L1(0; 1)�W 1;1(0; 1) and have limits from the left on (0; T ] ;u; v 2 L1(0; T ;BV (0; 1)) \ L1(0; 1;L1(0; T ));(5.1b)



Error Estimates 7in terms of the following smoothness-measuring quantities:(5.2) �+x;0(�; v; �) = sup0����Z T0 j v(�;�) � v(�; 0�) j �+(�; 0) d�;��x;1(�; v; �) = sup0����� Z T0 j v(�; 1��)� v(�; 1+) j ��(�; 1) d�;�+�;0(�0; v) = sup0����0 k v(�) � v(0) kL1(0;1);���;T (�0; v) = sup0����0 k v(T ��)� v(T ) kL1(0;1);�� (�0; v) = supj ���0 j��0�;� 02[0;T ] k v(� )� v(� 0) kL1(0;1);�� (�0; �) = supj� j��0 Z T0 �(� +�) ���� Z 10 (�(�; x) � �(� +�; x)) dx ����d�;where �0 and � are arbitrary positive numbers, v(�; 0�) denotes the boundary datafor v at x = 0, v(�; 1+) the boundary data for v at x = 1, and � is the characteristicfunction of the interval [0; T ], and in terms of the entropy form E�0;�(v; u; �)(5.3a) E�0 ;�(v; u; �) = Z T0 Z 10 �(v; u(�; x); �;'(�; x; �; �)) dxd�;where�(v; c; �;'(�; x; �; �)) =� Z T0 Z 10 jv(� 0; x0) � cj'� 0 (�; x; � 0; x0) dx0 d� 0(5.3b) � Z T0 Z 10 jv(� 0; x0) � cj �(� 0; x0)'x0 (�; x; � 0; x0) dx0 d� 0+ Z 10 jv(T; x0)� cj'(�; x;T; x0) dx0� Z 10 jv(0; x0)� cj'(�; x; 0; x0) dx0+ Z T0 G(v(� 0; 1�)� c; v(� 0; 1+)� c ; �(� 0; 1))'(�; x; � 0; 1) d� 0� Z T0 G(v(�; 0�) � c; v(� 0; 0+)� c ; �(� 0; 0))'(�; x; � 0; 0) d� 0� Z T0 Z 10 �x0(� 0; x0)V (v(� 0; x0); c)'(�; x; � 0; x0) dx0 d� 0;where the `entropy' 
ux G and the function V are de�ned byG(vleft; vright; �) = jvleftj �+ + jvrightj ��;(5.3c) V (v; c) = jv � cj � v sign(v � c);(5.3d)and '(�; x; � 0; x0) = !�0(� � � 0)!�(x � x0), where !�(s) = !(s=�)=�; 8s 2 R. Thefunction ! : R ! R is an even nonnegative C1(R) with support included in [�1; 1]



8 zhangxin chen and bernardo cockburnand such that R 1�1 ! dx = 1. We can now state our approximation result, which is aparticular case of Theorem 2.1 in [2] (the case `M =1').Theorem 5.1 ([2]). Let (u; �) and (v; �) be functions satisfying the regularityconditions (5.1). Then, there exists a constant C such thatk v(T ) � u(T ) kL1(0;1) �k v(0)� u(0) kL1(0;1)+ C�k v(1+) � u(1+) kL1(0;T ) + k v(0�)� u(0�) kL1(0;T )+ Z T0 ���� Z 10 ��(�; x) � �(�; x)� dx ����d�+ Z T0 k @x0�(� 0) + (1� v(� 0)) kL1(0;1) d� 0+ Z T0 k @x�(� ) + (1� u(� )) kL1(0;1) d�+ ���x;1(�; u; �) + ��x;1(�; v; �) + �+x;0(�; u; �) + �+x;0(�; v; �)	+ ����;T (�0; u) + ���;T (�0; v) + �+�;0(�0; u) + �+�;0(�0; v)	+ ��� (�0; u) + �� (�0; v) + �� (�0; �)	+ E�0;�(v; u; �) +E�0;�(u; v; �) + �+ �0�;and, for � 2 [0; T ],k �(� )� �(� ) kL1(0;1) � k v(� ) � u(� ) kL1(0;1)+ k @x�(� ) + (1� v(� )) kL1(0;1)+ k @x�(� ) + (1� u(� )) kL1(0;1)+ ���� Z 10 ��(�; x)� �(�; x)� dx ����:We take (u; �) equal to the exact solution of (1.1) and (1.2) and (v; �) equal to thefunction (~uh; �h), where ~uh is an interpolation of uh. We de�ne ~uh to be a piecewisebilinear, continuous (in [0; T ]� [0; 1]) function determined by the following values at`the interpolation nodes':(5.4) 8><>: ~uh(�n; 0) = un0 ;~uh(�n; xj) = unj ; where xj = (xj�1=2+ xj+1=2)=2;~uh(�n; 1) = un1 ;for n = 0; � � � ; nT and j = 1; � � � ; nx. The following simple result states that ~uh anduh are reasonably close.Lemma 5.2. Suppose that the hypotheses on the data (2.2) and the CFL condition(4.1) are satis�ed. Then,k ~uh � uh kL1(0;T ;L1(0;1)) � (C1 + C2)�x:The next result displays the smoothness properties of ~uh relevant for our errorestimates. It follows directly formTheorem 4.2, the de�nition of ~uh, and the de�nitions(5.2).



Error Estimates 9Lemma 5.3. Assume that the hypotheses on the data (2.1) and (2.2) and the CFLcondition (4.1) are satis�ed. Then, for �x satisfying the conditions (4.3),�+x;0(�; ~uh; �h) � C7 (�+�x);��x;1(�; ~uh; �h) � C8 (�+�x);�+�;0(�0; ~uh) � C2 (�0 +�x);���;T (�0; ~uh) � C2 (�0 +�x);�� (�0; ~uh) � C2 (�0 +�x);where C7 = (C1 maxf1; u? � 1g+C3 + T C5 + T C6) and C8 = (C1 maxf1; u? � 1g+C4 + T C5 + T C6).Finally, the following result shows that the entropy form E�0;�(uh; u; �h) is suit-ably bounded. In our case, this is a direct consequence of the fact that the `residue'is small enough.Lemma 5.4 (Bound on the entropy form E�0;�(~uh; u; �h)). Assume that the hy-potheses on the data (2.1) and (2.2) and the CFL condition (4.1) are satis�ed. Then,for �x satisfying the conditions (4.3),E�0;�(uh; u; �h) = Z T0Z 10Z T0 Z 10 residue(� 0; x0) �'(�; x; � 0; x0) dx0 d� 0 dxd�;� C9�x;where residue(� 0; x0) = (~uh)� 0 + (�h ~uh)x0 ;�'(�; x; � 0; x0) = sign(~u(� 0; x0)� u(�; x))'(�; x; � 0; x0);and C9 = maxf1; u? � 1gT (C1 + C2) + 2C5 + (2 +maxf1; u? � 1g=2)C6.We can now state and prove our main result.Theorem 5.5. (Error Estimates). Suppose that the hypotheses on the data (2.1)and (2.2) and the CFL condition (4.1) are satis�ed. Then, for �x satisfying theconditions (4.3), ku� uhkL1(0;T ;L1(0;1)) � C�x;k� � �hkL1(0;T ;L1(0;1)) � C�x;where the constant C depends on the constants Ci, i = 1; � � � ; 9, of Theorem 4.2.Proof. By Lemma 5.2, we haveku� uhkL1(0;T ;L1(0;1)) � (C1 +C2)4x+ ku� ~uhkL1(0;T ;L1(0;1)):To estimate the second term of the right hand side, we use Theorem 5.1 with (v; �) =(~uh; �h). Thus, proceeding as in [2], we getk~uh(0) � u(0)kL1(0;1) � jui jBV (0;1)4x;k~uh(1+) � u(1+)kL1(0;T ) = 0;k~uh(0�) � u(0�)kL1(0;T ) = 0;Z T0 ���� Z 10 (�h(�; x)� �(�; x))dx���� dt � j�1jBV (0;T )4�;Z T0 k@x0�h(� 0) + (1� ~uh(� 0))kL1(0;1)d� 0 = Z T0 kuh(� 0)� ~uh(� 0))kL1(0;1)d� 0� T (C1 + C2)4x;Z T0 k@x�(� ) + (1� u(� ))kL1(0;1)d� = 0:



10 zhangxin chen and bernardo cockburnBy Lemma 5.3, ��x;1(�; ~uh; �h) + �+x;0(�; ~uh; �h) � (C7 + C8) (�+�x);�+�;0(�0; ~uh) + ���;T (�0; ~uh) � 2C2 (�0 +�� );�� (�0; ~uh) � C2 (�0 +�� ):As a consequence of the above inequalities and Theorem 4.1, we have��x;1(�; u; �) + �+x;0(�; u; �) � (C7 + C8) �;�+�;0(�0; u) + ���;T (�0; u) � 2C2 (�0 +�� );�� (�0; u) � C2 (�0 +�� ):By (5.2), (1.2), and (2.2g), v� (�0; �) � j�1 jBV (0;1)�0:Finally, we have, E�0;�(u; uh; �) � 0;E�0;�(uh; u; �h) � C9�x; by Lemma 5.4:Combining all the above results, we getkuh(T ) � u(T )kL1(0;1) � C(4x+ �+ �0);where the constant C depends on the constants Ci, i = 1; � � � ; 9 and is independent ofthe parameters � and �0. Thus, the �rst estimate follows by letting �0 and � go to zero.The second estimate can now be easily obtained from Theorem 5.1. This completesthe proof.6. Proof of Theorem 4.2. In this section we shall complete the proof ofTheorem 4.2.a. Proof of (4.4e) and (4.4f). Let us prove property (4.4e). Property (4.4f)can be proven in a similar way. Since condition (4.3a) is satis�ed, if �(�; 0) < 0,then (4.4e) follows trivially from (4.2a'). If �(�; 0) > 0, then, by (4.2a'), we have�h(�; 0) � �0=2 and (using (4.2a'), (4.2c'), (2.2a), (3.1b) and the CFL condition (4.1))we can write un1 � un0 = (1��� �n�11=2 =�x) (un�11 � un�10 )� (1��� �0=(2�x)) (un�11 � un�10 );� (1��� �0=(2�x))n (u01 � u00);� (1��� �0=(2�x))n k (ui)x kL1(0;1)�x=2;by (3.1d) and (2.2d). Hence,nT�1Xn=0 �n+h (0) jun1 � un0 j�� � m? nT�1Xn=0 jun1 � un0 j��� (m? k (ui)x kL1(0;1)=�0) (�x)2:This completes the proof of property (4.4e).



Error Estimates 11b. Proof of (4.4g) and (4.4h). To prove properties (4.4g) and (4.4h), we needseveral preliminary lemmas.Lemma 6.1 ([1]). We have, for n = 0; � � � ; nT � 1, the following equalities:�nj+ 12 � �nj� 12 =(1� unj )4x; j = 1; � � � ; nx;(6.1) un+11 � un+10 =��4�4x�n�32 � (un2 � un1 )(6.2a) + �1 +4� (1� un1 � un0 )� 4�4x�n+12 � (un1 � un0 )+ (1 +4� (1� un0 ))un0 � un+10 ;for j = 1; � � � ; nx � 1,un+1j+1 � un+1j =��4�4x�n�j+ 32� (unj+2 � unj+1)(6.2b) +�1 +4� (1� unj+1 � unj )� 4�4x�n+j+ 12 + 4�4x�n�j+ 12� (unj+1 � unj )+�4�4x�n+j� 12� (unj � unj�1);and un+1nx+1 � un+1nx =un+1nx+1 � �1 +4� (1� (unnx+1)�unnx+1(6.2c) +�1 +4� (1� unnx+1 � unnx) + 4�4x�n�nx+ 12� (unnx+1 � unnx)+�4�4x�n+nx� 12� (unnx � unnx�1):Lemma 6.2. Suppose that the hypotheses (2.1) and (2.2) and the CFL condition(4.1) are satis�ed. Then, for �x satisfying the conditions (4.3), we havemaxninf�j�nsup junj+1 � unj j � k (ui)x kL1(0;1)e3T4x;where ninf = � 0; if �(�; 0) > 0;1; if �(�; 0) < 0;nsup = � nx; if �(�; 1) < 0;nx � 1; if �(�; 0) > 0:Proof. Let us consider �rst the case in which �0 > 0 and �1 < 0. Set�n = max0�j�nx junj+1 � unj j. Then, by the CFL condition (4.1), (2.2a), (2.2b), andthe identities (6.2) of Lemma 6.1, we havejun+11 � un+10 j � �1 +4� (1� un1 � un0 )� 4�4x�n+12 � �n;jun+1j+1 � un+1j j � �1 +4� (1� unj � unj+1)� 4�4x(�n�j+ 32 + �n+j+ 12 � �n�j+ 12 � �n+j� 32 )� �n;



12 zhangxin chen and bernardo cockburnfor j = 1; � � � ; nx � 1, andjun+1nx+1 � un+1nx j � �1 +4� (1� unnx+1 � unnx) + 4�4x�n�nx+ 12� �n:Notice that here we are using the condition (4.3b) to ensure that �n3=2 > 0 and that�nnx+1=2 < 0 by (6.1). Thus, using (6.1), we get�n+1 � (1 + 34� )�n:The result follows easily from this inequality.To prove the result in the case in which �0 < 0 and �1 > 0, we proceed as abovewith �n = max1�j�nx�1 junj+1 � unj j. In this case, thanks to the hypothesis (4.3b),we have that �n3=2 < 0 and that �nnx+1=2 > 0 by (6.1). Hence, it is not necessary toconsider the quantities (un1 � un0 ) and (unnx+1 � unnx), as in the previous case. Theother two cases can be proven in a similar way. This completes the proof of Lemma6.2. The following result follows easily from Lemma 6.1 and simple, but tedious alge-braic manipulations.Lemma 6.3. We have, for n = 0; � � � ; nT � 1,un+12 �2un+11 + un+10=��4�4x�n�52 � (un3 � 2un2 + un1 )+ 4�4x ��(un2 � un1 )�x� (�n�52 � 2�n�32 + �n�12 )� (un2 � un1 )�4� (un1 � un0 ) (un2 � un1 )+ �1 +4� (1� un1 � un0 )� 4�4x (�n+32 � �n�12 )� (un2 � 2un1 + un0 )+ 4�4x ��n12 + (�n+12 � �n+32 )� (un1 � un0 );for j = 2; � � � ; nx � 1,un+1j+1�2un+1j + un+1j�1=��4�4x�n�j+ 32� (unj+2 � 2unj+1 + unj )+ 4�4x ��(unj+1 � unj )�x� (�n�j+ 32 � 2�n�j+ 12 + �n�j�12 )� (unj+1 � unj )�4� (unj � ûnj ) (unj+1 � unj )+ �1 +4� (1� unj � ûnj )� 4�4x(�n+j+ 12 � �n�j� 12 )� (unj+1 � 2unj + unj�1)�4� (ûnj � unj ) (unj � unj�1)+ 4�4x ��(unj � unj�1)�x� (�n+j+ 12 � 2�n+j� 12 + �n+j�32 )� (unj � unj�1)+ �4�4x�n+j� 32� (unj � 2unj�1+ unj�2);



Error Estimates 13where ûnj is an arbitrary real number, andun+1nx+1 � 2un+1nx + un+1nx�1= 4�4x ��nnx+ 12 + (�n�nx+ 12 � �n�nx� 12 )� (unnx+1 � unnx)+�1 +4� (1� unnx � unnx+1)� 4�4x (�n+nx+ 12 � �n�nx� 12 )� (unnx+1 � 2unnx + unnx�1)�4� (unnx+1 � unnx) (unnx � unnx�1)+ 4�4x ��(unnx � unnx�1)�x� (�n+nx+ 12 � 2�n+nx� 12 + �n+nx� 32 )� (unnx � unnx�1)+�4�4x�n+nx� 32� (unnx � 2unnx�1 + unnx�2):Lemma 6.4. Suppose that the hypotheses (2.1) and (2.2) and the CFL condition(4.1) are satis�ed. Then, for �x satisfying conditions (4.3), we havensup�1Xj=ninf+1 junj+1 � 2unj + unj�1j � C104x; n = 0; � � � ; nT ;where C10 = e2T �j (ui)xx jBV (0;1) + 3 e3TT C1 k (ui)x kL1(0;1) + 2C3 + 2C4�.Proof. Let us consider �rst the case in which �0 > 0 and �1 < 0 (thus, ninf+1 = 1and nsup � 1 = nx). We take ûnj = unj in Lemma 6.3. After simple, but lengthyalgebraic manipulations, we obtainnxXj=1 jun+1j+1 � 2un+1j + un+1j�1 j �(1 + 2�� ) nxXj=1 junj+1 � 2unj + unj�1j+ 3 sup1�j�nx junj+1 � unj j junh jBV (0;1)��+�4�4x�n+1=2 +�� j 1� un1 j� jun1 � un0 j+��4�4x�n�nx+1=2 +�� j 1� unnx j� junnx+1 � unnx j:>From the above inequality, it is easy to obtain, for 0 � m � nT ,nxXj=1 jumj+1 � 2umj + umj�1j�e2T nxXj=1 ju0j+1 � 2u0j + u0j�1j+ 3 e2T nT�1Xn=0 sup1�j�nx junj+1 � unj j junh jBV (0;1)��+ e2T nT�1Xn=0 �4�4x�n+1=2 +�� j 1� un1 j� jun1 � un0 j+ e2T nT�1Xn=0 ��4�4x�n�nx+1=2 +�� j 1� unnx j� junnx+1 � unnx j:



14 zhangxin chen and bernardo cockburnBy (3.1d), (2.2d), Lemma 6.2, properties (4.4c), (4.4e), (4.4a), and (4.4f), and condi-tion (4.3b), we see thatnxXj=1 jumj+1�2umj + umj�1j � e2T j (ui)xx jBV (0;1)�x+ 3 e5TT C1 k (ui)x kL1(0;1)�x+ e2T C3(1 + 2�x j 1� un1 j=�0)�x+ e2T C4(1 + 2�x j 1� unnx j=�1)�x� e2T �j (ui)xx jBV (0;1) + 3 e3TT C1 k (ui)x kL1(0;1) + 2C3 + 2C4��x:Now, let us consider the case in which �0 < 0 and �1 > 0 (thus, ninf + 1 = 2 andnsup � 1 = nx � 1). In this case, we takeûnj = 8><>: un1 ; for j = 2;unj ; for j = 3; � � � ; nx � 2;unnx ; for j = nx � 1;in Lemma 6.3. With this choice and by condition (4.3b), we haveun+13 � 2un+12 + un+11=��4�4x�n�72 � (un4 � 2un3 + un2 )+ 4�4x ��(un3 � un2 )�x� (�n�72 � 2�n�52 + �n�32 )� (un3 � un2 )�4�(un2 � un1 ) (un3 � un2 )+ �1 +4� (1� un2 � un1 )� 4�4x (�n+52 � �n�32 )� (un3 � 2un2 + un1 );andun+1nx � 2un+1nx�1 + un+1nx�2= �1 +4� (1� unnx�1 � unnx)� 4�4x (�n+nx� 12 � �n�nx� 32 )� (unnx � 2unnx�1 + unnx�2)�4�(unnx � unnx�1) (unnx�1 � unnx�2)+ 4�4x ��(unnx�1 � unnx�2)�x� (�n+nx� 12 � 2�n+nx� 32 + �n+nx� 52 )� (unnx�1 � unnx�2)+ �4�4x�n+nx� 52� (unnx�1 � 2unnx�2 + unnx�3):We can thus proceed as in the previous case. The other two cases can be proven in asimilar fashion. This completes the proof.We are now ready to prove the properties (4.4g) and (4.4h). Let us prove (4.4g).Since�n+j+1=2(unj+1 � unj )� �n+j�1=2(unj � unj�1) =�n+j+1=2 (unj+1 � 2unj + unj�1)+ (�n+j+1=2 � �n+j�1=2) (unj � unj�1);



Error Estimates 15we havenxXj=1 j �n+j+1=2(unj+1 � unj )� �n+j�1=2(unj � unj�1)j � nxXj=1 �n+j+1=2 junj+1 � 2unj + unj�1 j+ nxXj=1 j �n+j+1=2 � �n+j�1=2 j junj � unj�1 j� (m? C10 +maxf1; u? � 1gC1)�x;by Lemma 6.4, (4.4a) and (4.4c). This completes the proof of property (4.4g). Theproperty (4.4h) can be proven in a similar way.c. Proof of (4.4i). To prove property (4.4i), we need the following preliminaryresult that follows from Lemma 6.1.Lemma 6.5. We have, for n = 0; � � � ; nT � 1, the following equalities:(un+11 � un+10 )� (un1 � un0 ) = ��4�4x�n�32 � (un2 � 2un1 + un0 )+4� (1� un1 )un1 � 4�4x (�n+12 + �n�32 ) (un1 � un0 );(un+1j+1 � un+1j )� (unj+1 � unj ) = ��4�4x�n�j+ 32� (unj+2 � 2unj+1 + unj )+ �4� (1� unj+1 � unj )� 4�4x(�n+j+ 12 � �n+j� 12 ) + (�n�j+ 32 � �n�j+ 12 )� (unj+1 � unj )+ ��4�4x�n+j� 12� (unj+1 � 2unj + unj�1);for j = 1; � � � ; nx � 1, and(un+1nx+1 � un+1nx )� (unnx+1 � unnx) = 4�4x ��n�nx+ 12 + �n+nx� 12� (unnx+1 � unnx)�4� (1� unnx)unnx + ��4�4x�n+nx�12� (unnx+1 � 2unnx + unnx�1):We can now prove the property (4.4i). By Lemma 6.5, Lemma 6.4, (4.4a), (4.4b),



16 zhangxin chen and bernardo cockburn(4.4c), and Lemma 6.2, we havenxXj=0j (un+1j+1 � un+1j )� (unj+1 � unj ) j� nxXj=1 4�4x�n�j+ 12 junj+1 � 2unj + unj�1 j+ nxXj=1 4�4x�n+j� 12 junj+1 � 2unj + unj�1 j+4� j1� un1 jun1 + 4�4x ��n+12 � �n�32 � jun1 � un0 j+ nx�1Xj=1 j4� (1� unj+1 � unj )� 4�4x(�n+j+ 12 � �n+j�12 ) + (�n�j+ 32 � �n�j+ 12 )j junj+1 � unj j+ 4�4x (��n�nx+ 12 + �n+nx� 12 ) junnx+1 � unnx j+4� j1� unnxjunnx� (2C5 + C11 + 2k (ui)x kL1(0;1) e3T )4�+ 4�4x�n+12 jun1 � un0 j+ 4�4x (��n�nx+ 12 ) junnx+1 � unnx j;where C11 depends on u? and C1. Finally, by (4.4e) and (4.4f), we getnT�1Xn=0 nxXj=0 j (un+1j+1 � un+1j )� (unj+1 � unj ) j �(2C5 + C11 + 2k (ui)x kL1(0;1) e3T )T+ 2(C3 +C4)�x:This completes the proof of property (4.4i).7. Proof of Lemma 5.4. In this section we prove Lemma 5.4. The �rst equalityof the lemma follows directly from the de�nition of the entropy form E�0;�(~uh; u; �h),(5.3), the de�nition of ~uh, (5.4), and a simple integration by parts.To obtain the inequality, we observe that, by (5.3),E�0;�(uh; u; �h) � Z T0 Z 10 j residue(�; x) j dx d�:For �n < � < �n+1 and for xj�1=2 < x < xj, we have, using Taylor expansions, (5.4),



Error Estimates 17and (3.2),residue(�; x)= (~uh)� (�; x) + �h(�n; x) ( ~uh)x(�; x) + (�h)x(�n; x) ~uh(�; x)= �(~uh)� (�n; xj) + �h(�n; xj�1=2) ( ~uh)x(�n; xj � 0) + (�h)x(�n; x) ~uh(�n; xj)�+ ��h(�n; x)� �h(�n; xj�1=2)� (~uh)x(�n; xj � 0)+ �(� � �n) �h(�n; x) + (x� xj) + (� � �n)(x� xj)�h(�n; x)=2� (~uh)�x(�n; xj � 0)+ �(� � �n) (~uh)� (�n; xj) + (x � xj) (~uh)x(�n; xj � 0)� �h(�n; x)= ���n�j+1=2(unj+1 � unj ) + �n�j�1=2(unj � unj�1)�+ ��h(�n; x)� �h(�n; xj�1=2)� (~uh)x(�n; xj � 0)+ �(� � �n) �h(�n; x) + (x� xj) + (� � �n)(x� xj)�h(�n; x)=2� (~uh)�x(�n; xj � 0)+ �(� � �n) (~uh)� (�n; xj) + (x � xj) (~uh)x(�n; xj � 0)� �h(�n; x):Similarly, for �n < � < �n+1 and xj < x < xj+1=2, we have,residue(�; x)= ��n+j+1=2(unj+1 � unj )� �n+j�1=2(unj � unj�1)�+ ��h(�n; x)� �h(�n; xj+1=2)� (~uh)x(�n; xj + 0)+ �(� � �n) �h(�n; x) + (x� xj) + (� � �n)(x� xj)�h(�n; x)=2� (~uh)�x(�n; xj + 0)+ �(� � �n) (~uh)� (�n; xj) + (x � xj) (~uh)x(�n; xj + 0)� �h(�n; x):It is thus easy to see that, by Theorem 4.2,E�0;�(uh; u; �h)� Z T0 Z 10 j residue(�; x) j dx d�� �maxf1; u? � 1gT (C1 + C2) + 2C5 + (2 +maxf1; u? � 1g=2)C6��x;since k (~uh)x kL1(0;T ;L1(0;1)) = juh jL1(0;T ;BV (0;1)) and k (~uh)�x kL1(0;T ;L1(0;1)) is equalto PnT�1n=0 Pnxj=0 j (un+1j+1 � un+1j ) � (unj+1 � unj )j. This completes the proof of Lemma5.4.



18 zhangxin chen and bernardo cockburn8. Extensions to the full unipolar model. In this section we shall extendthe results in the last few sections to the full modelu� + (u�)x = �2 uxx; � > 0; x 2 (0; 1);(8.1a) u(�; 0) = u0(� ); � � 0;(8.1b) u(�; 1) = u1(� ); � � 0;(8.1c) u(0; x) = ui(x); x 2 (0; 1);(8.1d)where � is the normed Debye length and � is still given by (1.2). Since � ranges from10�3 to 10�5, system (8.1) is convection-dominated. As mentioned in the introduction,the results derived here can apply to other similar problems arising from di�erent �elds.With the same notation as before, the approximate solution uh to problem (8.1)is taken to be in the space W�� 
W�x such that(8.2a) (un+1j � unj )=�� + (fnj+ 12 � fnj�12 )=�x� �2(qnj+ 12 � qnj�12 )=�x = 0;where the function qh 2W�� 
 V�x is the solution of( qh(�n); v�x ) = (uh(�n); (v�x)x ) + u1;�� (�n) v�x(1)� u0;�� (�n) v�x(0);(8.2b) 8v�x 2 V�x;after the mass matrix has been mass-lumped. This simple way to compute qh can beeasily extended to multidimensional cases. In our case, the expression for the degreesof freedom of qh is taken as follows:qnj+1=2 = 8><>: (un1 � un0;�� )=(�x=2); for j = 0;(unj+1 � unj )=�x; for j = 1; � � � ; nx � 1;(un1;�� � unnx)=(�x=2); for j = nx;(8.2c)The approximate solution (�h; �h) 2 W�� 
 V�x � W�� 
 W�x is still de�ned by(3.3) and the numerical initial and boundary conditions are de�ned in the same wayas before. We have the following simple stability result.Theorem 8.1. (Stability). Let uh and (�h; �h) be de�ned by (8.2) and (3.3),respectively. Assume that the hypotheses on the data (2.2) and the following CFLcondition are satis�ed:��n � min� 1u? + 2�2=(�x)2 ; �x(2u? � 1)�x+m? + 2�2=�x	;(8.3)where m? is de�ned as in Theorem 4.2. Thenuh(�; x) 2 [0; u?]; (�; x) 2 [0; T ]� [0; 1];(8.4a) k �h kL1(0;T ;L1(0;1)) � m?:(8.4b)Notice that since the values of � are very small, it is reasonable to take �x� �2 inpractice. In this case, the CFL-condition (8.6) becomes essentially the CFL condition(4.1) for the zero di�usion case. Thus, discretizing the second-order term in (8.1a) inan explicit way does not increase signi�cantly the complexity of the numerical method.



Error Estimates 19In the present case, we consider initial data ui and �1(0) such that�(0; 0) � �0 > 0;(8.5a) �(0; 1) � �1 < 0:(8.5b)Since, by (1.2), (3.3), (2.2d), (2.2g), and (3.1),�h(0; 0) � �(0; 0)� jui jBV (0;1)�x� k (�1)� kL1(0;��)��;�h(0; 1) � �(0; 1) + jui jBV (0;1)�x+ k (�1)� kL1(0;��)��;it is easy to see that for �x and �� such thatjui jBV (0;1)�x+ k (�1)� kL1(0;��) �� � minf�0;��1g=2;(8.6)we have �h(0; 0) � �0=2 > 0;(8.5a') �h(0; 1) � �1=2 < 0:(8.5b')Moreover, since there is a constant C12 such thatjj�n+1h � �nh jjL1(0;1) � C12��;(see Lemma 3.11 in [1]), we have that there is a time T ? � maxf�0;��1g=(2C12) suchthat, for T � T ?, �n12 � 0; and �nnx+ 12 � 0; n = 0; � � � ; nT � 1:In some cases, T ? =1, for example when u? = 1 and �1 = 0: The hypotheses (8.5) onthe initial data ui and �1(0) guarantee the absence of boundary layers of the solutionu of (8.1) and (1.2). The treatment of the case in which boundary layers are presentrequires a much more complicated analysis.We now state the following results on the numerical scheme (8.2).Theorem 8.2. (Compactness). Assume, in addition to the assumptions of The-orem 8.1, that the hypothesis (8.5) holds. Then, for T � T ? and �x and �� satisfying(8.6), we havemax0�j�nx junj+1 � unj j � C3�x; for n = 0; � � � ; nT ;(8.7a) max0�n�nT�1 jun+1j � unj j � C3 (�x+�� ); for j = 0; � � � ; nx + 1;(8.7b) nxXj=1 junj+1 � 2unj + unj�1 j � C10�x; for n = 0; � � � ; nT :(8.7c)The above results allows us to conclude that the method converges to the exactsolution of (8.1) and (1.2) and that the continuous version of the estimates (8.4) and(8.7) also hold for the exact solution; that is,u(�; x) 2 [0; u?]; (�; x) 2 [0; T ]� [0; 1];k � kL1(0;T ;L1(0;1)) � m?;kux kL1(0;T ;L1(0;1)) � C3;ku� kL1(0;T ;L1(0;1)) � C3;kuxx kL1(0;T ;L1(0;1)) � C10:



20 zhangxin chen and bernardo cockburnWith these results, we can easily obtain the following error estimates.Theorem 8.3. (Error estimates). Suppose that the hypotheses on the data (2.2)and (8.5) and the CFL condition (8.3) are satis�ed and that (u; �) and (uh; �h) arethe respective solutions of the systems given by (8.1) and (1.2) and by (8.2) and (3.3).Then, there is a constant C dependent only of the data and T such that, for T � T ?and for �x and �� satisfying (8.6),ku� uhkL1(0;T ;L1(0;1)) � C(�x+ �2);k� � �hkL1(0;T ;L1(0;1)) � C(�x+ �2):The proof of Theorems 8.1, 8.2, and 8.3 can be carried out in the same manneras in the zero-di�usion case; we omit the details. We remark that, as � = 0, the errorestimates above reduce to the results given in Theorem 5.5.9. Extensions and concluding remarks. The requirement that u0 � 0 andu1 � 1 has been used in the proof of (4.4e) and (4.4f) and thus in the proof of Lemma6.4. However, the results are still valid if u0 � 1 and u1 � 0. Moreover, our resultsremain valid for other sets of boundary conditions that ensure the smoothness of theelectron concentration. For example, when the initial condition satis�es the hypothesisui; uix 2 BV(0,1) and Z 10 ui = 1;and the boundary conditions (1.2c) and (1.2d) are replaced by the Neumann boundarycondition �x(x = 0) = �x(x = 1) = 0:In this case, the analysis in the previous sections is in fact simpler since the boundaryterms involved with �h(�; 0) and �h(�; 1) drop out. Also, the results hold for the casewhere we have the Neumann boundary condition in place of (8.1b-c):ux(x = 0) = ux(x = 1) = 0:In the present case, we do not need to make any assumption on �1 like (8.5).Let us �nish this paper by pointing out that the main di�culty in the analysis ofthe numerical method for the full unipolar drift di�usion model is associated with thepresence of the boundaries; the case in which the domain is not the interval (0; 1) butthe real line can be easily handled. Moreover, without an hypothesis like (8.5) thatallow us to have some control on the sign of the approximate (negative) electric �eldat the boundaries, it is not possible to use the technique used in the zero-di�usioncase. For example, this technique allows us to prove Lemma 6.2 by means of a verylocal-in-time estimate, namely, �n+1 � (1 + 34� )�n, which is simply not true when �is not equal to zero. To handle this case a new technique must be found which doesnot have the local character of the technique used for the zero di�usion case.
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