THE ANALYSIS OF A COATING FLOW
WITH EVAPORATION

Jiirgen Socolowaky*

Abstract. Thi wark is concerned with a plane steady-state coating low problem
inchding evaporation effects. The motion is governed by 2 free boundary valne
problem for a coupled system of Navier-Stokes and Stefan equations. One of the
a priori nokoovwn free surfaces is noncompact and the other oone hag 2o a priori
unknown contact point at the rigid wall. The mam objertive of the paper is to
prove that for sufficiently emall data (flux, wall speed and wall temperatures) the
free bonndary value problem & uniquely solvable in appropriate weighted Hiolder
apaces. The proof is reslized in several steps and # is based cn methods knowm
for the Navier-Stokes equations.
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1 The mathematical model

Thia paper is devoted to a plane aieady-state nonisothermal flow problem
with two free boundaries describing a coating process with evaporation. A
heavy viscous incompressible fluid ia coated onfo a horizontally moving rigid
wall {ef. Fig.1). One of the a priori unknown free surfaces is noncompact and
the other one ends ai an a priori unlmown confact point on the rigid wall.
The flow domain is unhonnded and evaporation is taken into aceonnt. This
is important in many fechnological and scientific applications; interesting
examples can be fonnd in the field of materials procesaing, particularly in
coating and aolidification processes with evaporation [2], [4], [10], [11], [16]
or in cryafal growth processes [12], [15], [17]. We assume that the viseoaity of
the liquid ia conatant, although in general case it may depend on femperature,
too.
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Let us consider the mathematical model for this coating process. A heavy
viseons incompressible liguid fills ¢he infinite region ¥ € B2 bounded by the
straight line T = {« € ;23 = 0} and the half lines

Ei:{IEKziELSO,L“z:hL—ILt&na}

Di={z€B 5 <0, 53 =hy— z tanny, hy > by > 0},

where o is a real mmber with 0 € o < 772 {of. Fig.1). The region 7 is then
the union of the firat quadrant of B2 with the half-atrip between I; and .
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Figl: Flow demain of A coating flow

The foree of gravity is direcied along the vector e, = (0, —1)7. We
suppoae that the flow of the lignid is generated by the stream F°{x) and by
the motion of the lower rigid wall &) with constant velocity 12 in z;-direction.
The values i and F%{a) are assumed io be positive. Tn agresment with many
experimental studies we further suppose that the free aurfaces separate from
the rigid walls at the " sharp” eorner pointa )5 and )3, The lower free surface
Tt "houches” the moving rigid wall & ai the a priori nnknown point £ (z,0]
- the 3o called dynamie contact point. We asaume that T is deacribed as the
graph of a function ty with respect to z; € [0, ], This assumption makes
gense physically and it is a key to handling the lower free surface.

The following notatons are nsed:T,, (m = 1,2)- free surfaces with the
representations ¥; =t (x;) and x5 = polz); & ={z € V; 23 < (=) for



2y >0 and 21 = ynfxa) for 22 < by} - flow domain of the fluid; &) = {= €
&; £1 =t}; n and 7 are unit vectors directed along the exterior normal and
along the tangent to &, resp.; V = (8/8z1,8/822)T, Vo = grad p, V- v =
div » and V2 is the Laplace operator; S{») is the tensor of deformation
velocities with elements 5;; = 8v,/8x; 4 8v, /8x,. Finally, & . b is the inner
produet of the vertora o, b in K2,

The dimensionless viseosity and densify are assimed fo be equal ko 1.
The aymbaols A, §, #(f) denote the dimensionless thermal conduetivicy, the
aceeleration of graviey and the surface tension funetion, resp.

Thua, ihe mathematical problem consista of the determination of the
unbounded domain 7 occupied by the fluid, ie. the determination of the
functions % and s inchisive of the dynamie contact point §1(%,0), the
veloeity #{z) = (m(x), mafz))T, the pressure 5i{z) and the temperature 9(z)
which satisfy in 7 the equations

P4 (v Vo +Vp=10, V=10, {1.1)
AV (n-V)8=0 {1.2)
amd the following boundory conditions (=BCa)

v, =0(j =2,8), »-nf, = % yTeSulnle, =0 (m=1,12),

Br - Soln+p—(R07T]-7=0, v-n=0 (z€i;5 << i),

wg, = (8,07 {zEDy;m =i >0, {1.3)

8, =8; {i=1,...,3), 8, =8 (m=1,2), {1.4)
d‘;[l - (ffi]]] 5 + A0 = Sl —n- s,
T e = A0)ea(e) = Jr(p 40 S,

wl0) =hy,  tilh) =0, (0] =coby =—A. {L.5)

The faex that the motion is caused by nonzero flux is mathematically formm-
laied in the form

j;m it z3)dey = F%a). (t€R) {1.6)
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In {1.1),{1.5) the fransformation p{x] = fi{x]+ § 23— fi, where fi denotes the
original physical pressure, is realized and the symbols 3{8) = §/e(0), 7 =
fiu— fir are alao used. In the laat equotion (=eq.) fi, . denote the (conatant)
atmospherie preasures ontaide Ty and Ty, resp.

I was shown (ef. e.g. [3], [12], [14], [21]) for a large nmmber of liquids that
the surface tension can be regarded as a linear funeiion of the temperaiure,
ie.

o(8) =a— b8, {1.7)

with constant poditive coefficienta 4, 5. The reatriction
[#{x)| £ conar. a3 x; — +o0, {1.8)

resulting from physical considerations completes the free boundary value prob-
fem {=BVT) (1.1)-(1.6). For amore detailed diseussion of BVD {1.1}-{1.6] we
refer to the literatare [3], [13], [20]. Let us emphasize that problem {1.1)-{1.6)
representa some coupling of the well-Imown free BVT for the Navier-Stokes
equ. and the Siefan problem (of. [5], [13]]). For the Stefan problem we refer -
e.g - to the book [6] of A. Friedman.

Another essential featnre of BVD (1.1]-{1.6) is the presence of a o called
dynamie contact point. There are several papers presenting analytical siudies
of different: free BVTs including dynamie contact pointa or lines {ef. [7], [8],
[20], [25] and the references given therein). The natre of dynamic eontact
lines and angles as well aa the nessity of alip bonndary conditions like {1.3),
[i-e. the second line of {1.3]] were explained in [2{]. Here we only assume that
4, &, B are prescribed with #/2 < v <, {ie. 0 € A< 4x), & >0
and A = const. > 0. Note that the resiziction v, < 7 (e, # 7 and
congeruently A < 4o0) are mathematically not nessessary. It was only
asmmed in order to simplify the fanetion spaeces and the notations. In [25]
the resulta of [20] were extendad to the case v, = 7 and & = 0. The main
reault of the present paper (of. Theorem 6.1) can also be extended to the case
4 ==, B =01in the same manner as in [25].

The present abndy aims to prove the unique solvability of BVD (1.1)-
{1.6) in weighted Hélder spaces for small data F*{a), It, |9;| nsing fanetional-
analytic methods. Similar stationary problems in bounded domains hawve
heen analytcally inveatigated by many authors [14], [26]. The eomrespond-
ing isothermal problem {ie. BVI* (1.1),{1.3),{1.5),{1.6] with & = 0] was
solved analytically and numerically in former papera [18], [20]. There is
a great number of amidies presenting numerical procedures for nonisnthermal
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free BVDs {ef. [3], [9], [14]). Numerical results of mch problems inehuding
temperature-dependent viscosities and dissipation terms are alao given by
the author [22]. The aolvability of the full free BVT (1.1)-(1.6) will be shown
in several steps. Becanse the present siudy is an extension of former reanlis
[20] to the temperaimre-depending case we concentrate special attention to
the eqa. and BCs for the temperature.

2 Function spaces

Let B be an arbitrary domain in B2 and ¥ ¢ B a manifold of dimension
R < 2. The symbol pw(z) denotes the distance dist{z, N) := infex |2 — ¥ .
Let 3 = {3, /%) be a multiindex in this section with

8y
B =8 +& and DPu=——— (& eNU{D}).
L 2 8.’12{18-’1?);’

The symbaol [r] will denote the inteper par of 7.
C"(B){r = 0, non-integer) denotes the Holder space of functions defined in
a domain B C B with a finite norm

¢ s [DPPu(z) — DPuly)]
|y = aip |24 4+ mp ————",
s |§<r B |ﬂ|z=[:rl"“53 Il

Let Cr{ B, N] be the weighted Hélder space of finciions defined in B\ and
having a finite norm

'ﬂ -
belggam = 3. sup plyl () |Dou{z)|
|Bl<r 2ERNN

s —ps
+ Z aup piy *{x) aup Lﬁ[‘f‘w”
o] <5 be-pl<donte £
CHB,N)r = 2 > 0;r, 3 non-inkeger] denotes the space of finctions wich a

finite norm

belepea = ul§ + 37 sup M) Dui)|
‘<|-‘s|‘:*tEB i

LT



+ Z sup py *{x) sup —|Dﬂu(:c] — f':t(y]'
|3=[] #EB\N |e—p|<Fen(2) |I - ‘I,'|
Clearly, C: (B, N) ia a aubapace of &7(B, N) consisting of functions vanishing
on N iogether with their derivatives of order up to [s]. For s < {0 asmme
€8, N) = C1{B, N).

For the definition of a generalized aolution to the linear auxiliary prob-
lem we need also the following funciion spaces. Noie that the domain
& ia wnbounded. Define the sets Ty = {& € T35 < 2 < £} and
i = {.T = E]_, &y o= 3?]_}

By £§°(E,T) we mean the sct of all infinitely differentiable vector fune-
tiona # vanishing for | | 3 1 and sarisfying the following BCa

vy, =0(=2,3), vz, =0, v-n=0{zelUTUIy).
Further we have:
JohE, T = {v € UG, T, div e =0},

The Sobolev spaces D(€7) and H{{) are the completiona of the seta C5°(G,T)
amd J3°(@&, T') with respect to the THrichlet norm

2 2
. ; O
e llz=ll e o= fp 2 (a_rj- “

i =1
CgalG,T) i the sei of all infinitely differenciable scalar fields 8{z) vanishing
for |z | 1 and satisfying the BCa
Oz, =0{i=1,2,3), . =0{m=1,2).

The Sobolev space Dy{) is then the completion of the set C3{E, T) with
regpect to the Dirichlet norm

2 2
g 5 ag
12 Bl e o= [ 3 (52 )

T i=1

Finally we define the weighted Hélder spaces to which the generalized solu-
tiona to the problem (1.1)-{1.6) belong. Let £* be the value 2* := max({|£,|, %)
where & denotes the value £ = min,,zpa,)thi{za). We use the following

[i]



notations: * == Ua U Uy, Ju =0k, ¥ = [0k}, = [z €

Ciloy| < a* + 2}, 8 =z € Gyoy » "+ 1L 67 = {a € Gy <
—a* 1L Q= U, I = s e RO <5y < s* +2} JF 1= a0y €
R, & }1“4—1}.

For an arbitrary real number # > 0 define the space
€ () = {u(e), ¢l € CY{C°, Q%) explzm1 Julz) |or € C7{C),

exp{—zz)ulz)|q- € CT(GT)}

with rhe norm:
I 2 |1255= Pl o) + | exp(zer )5 4+ |exp(— 2y )u|§)

For functions f{z;) defined in R} we iniroduce the space £ (R} ) with the
Lo

17 1 = |Flexcogan + 17 (m0) explams) 3.

The norm |§|q; (5,14 I8 defined analogonsly.

3 Linear auxiliary problem with homogeneous
boundary conditicns

The linear auxiliary problem in the domain & with fived boundaries consisia

of the linearized Eqa.(1.1],{1.2) with given right-hand sides f,r and g, reap.,

and the homogeneons BCa (1.3),{1.4), where v - n was sef at zero. Thus, we

obtain

Vo 4+ V= Vo=, (@), {3.1)
V¥ =g (ze0), {8.2)

n=10 {£€ZpUoUZI;), pn=0 {zeTi UT3U Iy,
-8, =0(m=1,2), Br-Sxln+v.-r=0(xeciy), (33
Bln, =0 {j=1,...,8), fp.=0 {m=12) {3.4)

This problem can be decomposed into a BVT (3.1),(8.3) for #,p and a see-
ond BV (3.2),{3.4) for & The solution to BVD (3.1),{3.3) was completely
presented by the anthor [20]. Let na give the concept of a weak solntion to
BVT (3.2),{3.4).



Definition 3.1. By o weok solution to BVP (8.8),(3.4} we understand o
sealor fleld # € De() sofisfying the integrol identily

E0,8) = [ (v0-98)de = [ geae (8:5)

Sor oll sealor flelds £ € D(3).

The existence of such a soluton can be shown in the same manner as in [21],
where a modified unbonnded domain for two liquids was considered. This
procedure ia well Inown for the Laplace equation in bounded domains. Ler
h, i3 e the representation funetiona deseribed in Section 1. We define the
dynamie contact angle «, and both static contact anglea ~y, v at the contact
pointa &, {2, &3, reap., by the relations

3
% = % +atctan[-(0)], % = 5 — & — arctan[~} (ha)],

oz =7 + o + arctan[— g4 (D)].

Analysing some model problems [19], [23] for £ in a neighbourhaod of Gy, O,
23,84, it conld be shown that the weak solution £ belonga to £42{2%) with
2 satisfying the condition 0 < s < g = mingepr 23)[1/3, 7/(2v)]. Asmme
now that the fived boundaries Ty, (m = 1,2) are of class ¥, Finally, we
need the sef G, t) = {z e Gyu—t <z <pu+ih

Theorem 3.1 There iz a posifive real nuwnber z; such thot for any g €
O3 AG) with s €]0, 3] and 2z €0, & the generalized solution § € De(G)
to BVP (8.2),(3.4) sotisfies the inequality

[ V0P < s (g 125 (39)
Fip,L)

where |jt| = 2* + 4 haolds ond o dees not depend on .
Proof: Multiplying FEqs.(3.2] by # and infegrating by parta the result in

the domain G, 1) one obtaina

89 80
Eo(8,8) ey = j; o 40dz + j; » Mo —da; - j; . M5 —dm. (37)

Integracing He.(3.7) with reapect to t over the interval |y — 1, 5] we get

"
f (f _qﬂd&:) dt‘ + f Aﬂﬂd:rg }, {3.8)
n-1 \Welnt) g O

)

s




where the nokations Z{y,5) = fﬂﬂ—l{fG(pt] Pdx)ydt, OHpy) = {z €
Guu+n—l<z <p+n}, Di{my)i={relpu-n<a <p—y+l}
are nsed. Now we estimate the right-hand side of (3.8). Taking into account
Friedrichs' inequalicy it is eagy to prove that

&
‘ f M—dz;
am(n)  OF1L

" 1/2
/ ( / gm:c) dt] < ¢ s ( [ 100, dr)
ATy W) n-1

v ) 12 . 1
<l g lepm (f e [ df) < ot 1l 8 N g Zuo )
e
{3.10)
where ¢y 1= 162 /4 . By virtne of inequalities {3.9),{3.10) it follows from {3.8)
that

< o2 | 8 [[arums (3.9)

. 1 .
Zpyn) € esea || 8 [l +72000) + 5 || 8 lfieg

< o6 1|8 g er 1182 [ampuy; - {3.11)
Since  dZ{p,n)/dn =| £ ”;%H'UJ.'I] + || ||?,_0_w] the estimate {3.11]
can be represented in the form  Z{u,n) < erdZ{u,n)fdn +ca || ¢ By -
Muldplying the last inequality by exp{—(n — 2)/c;) and integrating with
respect to 1 over the interval [2, 1 /2] we get

H —u/2— 2y ey [P 2 5—2
2n2) < 2 (i ) p (LL=2) 2 [ gy e (122 a
(3.12)

oy oy oy

From the estimate || §, ||o< S || ¢ || which resnlts from the existence of a
generalized solntion to BVT (8.2,(3.4) {of.[21]) it follows that

# #/2 2 2 2 ¢ 42
z(uf)= [ O ) dt < b IBS o || ¢ I eofl] 4 115 2)"
.t

nf2-1
{3.13)
Inequality (8.13) can be obfained with the help of the norms in the spaces
7 (&) and Ly{@). Now we estimate the second term on the right-hand side
of (3.12). For y > * + 4 we have

i)
| ¢ [Epms cro sup fexp{zzy)|g(=) [ f exp{—2zz1)dxy
*E(p M) B
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< ev exp{ —22u) sinh(229) (|| g [, 2)*
Therefore, for z €], 1/{2e7)[ and pr > 2* +4 , it follows chat

#f2 2 n- 2 2,2 2
. I8 g oxp | === ) dn < corexpl=221{]| ¢ llgs-a)"x

ui2 S )
< [ sinbtz)omp (-1 ) dy € cenpl-22)l 4 s 834
2

Since fG(p.ll [VeRdz < Z{,2), the relations {3.12)-{3.14) bring us fo the
inequality (3.6) for arbitrary g = 2* + 4 and z €]0, z| where 2, 1= 1/{4deq)
holds. The same considerations prove the inequality (3.6) in the case g <
—x* — 4. This proves the theorem.

Theorem 3.2 For arbitrory g € C;_, (G) with s €]0, & and 2 € [0, [ the
BVP (3.2),(3.4) hos o unigue solution @ € OFFX(() and the estimote

18 &< eua [l 9 162 (3.15)

holds where o1y does not depend on g.

Note that FEe.(3.2) is elliptic in the sense of Douglis Nirenberg [1],[24] and
that the BCs (3.4) fulfil the eomplementarity eonditions [24]. Therefore,
one is able to prove Theorem 3.2 in a well known manner [19], too. Joining
the aolution & to BVD (3.2),{3.4) given here with the soludon #, 5 to BVD
{3.1),(3.3) {ef.[19]), we obtain the solvability of the full linear problem (3.1)-
(3.4).

4 Linear auxiliary problem with nonhomoge-
neous boundary conditions

In this section we siudy the following BVD with nonhomogeneons BCs
-V +Va=1 Vo=, (@), {4.1)
—V9=g (zeC) (4.2)
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vlg; =0(j=23), v-nlg, =10, Br-S(mn+rv-r=a &€y,
B-Tlg, =62, v-ifp, =by, T-8Sphp, =ds{m=12], {4.3)
85, =0 (i=123), .0 m=12.  (44)
The boundary values mnsi fulfil the compaiibility eonditions

f rde = | buds— | byds, bi(E,,0) =0, ba(0,hy) =0 (m = 1,2), (4.5)
7 I T's

&0, hy) =10, #u(x,0) =10, ({0, ha) =1 {4.6)
The problem {4.1)-{4.4) can also be decomposed into a BVD (4.1),{4.3] for
o,p and a second BVD (4.2),{4.4) for the temperature £. The solution to
BVD (4.1),{4.3) was given in [20], too. Let us present the corresponding
theorem. Remark thai the nnmbers s,, 2, denote some conatanis resulting
from model problems in angular domaina {cf. [20]) for the isothermal BVD
(3.1),(5.3).
Theorem 4.1 Let by, be o positive constont and (pa—ha) € Gﬁ:lz(R_l'_], e
CEaUL V). For arbitrary s €]0, s, 2 €]0, &, f € Uiy, (G),r € C2L(Q),
iy € G:+2(ELL:Q1L iy € C:IR(ELESQ*IL 1}-!’1. € C:+2(TIIQ]5 b-) S G:,-:i(rﬂ:
dy € CHHT, Q) dy € O (Ts) such that conditions (4.5} are fulfilled,
BVP ({.1),(4.8) ts uniquely solvoble with v € C*12{@),Vp € 1, (().
Mareover, the inequality

2, . , 1,
||1,-||:;+‘ Y+ ||VP||::1;_2 <o (”f”:;‘:_z + ||'r||:2_',—n—31. + |aL|(—’:”fn11.Q1U¢?a]

3, 3, 1,
+lloal5hs + B | ezrae, o + [1Ba g =" + | gmtrir, y + ||42||H,nf1) {4.7)
applies.

Next we are stndying BVI® {4.2],{(4.4) mnder the compatibility conditions
(4.6).
Theorem 4.2 Let ho, be a positive eonstont ond {p3 — ha) € Ci‘:,_":l,, L,
W € ORI, Y1), For arbitrary s €]0, &, 2 €0, 2], g € €2_5,(@), 6 €
T, Q), 8 € €EHTy), suck that conditions ({.6) are fulfilled, BVF
(4.2),4.4) hos o unique solution § € 51N ). Moreover, the estimate
18152 < e (Jlalifss + Bulopaqaan +1BIEYY (48)
holds.
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Proof: Firaily one constmeis a scalar field £ € C:f(G] satiafying the
BCa (44) and an estimate of type (4.8) where the norm of g on the right-
hand side is omitted. Such a field can be obtained as in [20]. Then we set
¢ :=¢ + v where ¥y is a solution o

—Vix =g+ V¢

with homogeneons BCs (3.4]. Due to {g + V2¢) € U1, (@) the existence of
¥ followa from Theorem 3.2. |

Joining the resnlis of Theorems 4.1 and 4.2 one geia the unique aolvabilicy
of BVD {4.1)-{4.4) and the corresponding eatimare for its sobution.

5 Nonlinear auxiliary preblem

Conaider BVT* {1.1)-(1.4),{1.6) in & with fired boundary. Let again k., > 0
be a given constant and {2 — k) € C‘fi:,{ﬁﬁ.], ¥ € OH2JLY). The
apace parametera g and z fulfil the conditions

0 < 2 < 5 :=minfs,, 5], 0 < 2 < zp :==min[z, 2], {5.1)

where s, z are taken from Theorem 3.1 and s,, z, are taken from Theorem
4.1. Let the temperatures at the walla &; (4 = 1,2, 3) be constant and denote
by e the maxinmm of their moduli [#] (j = 1, 2, 3). Furthermare, suppose
that 8, € €4, ), (82— 81) € C1AT) and [ff)|r,. € Pmae (m =1,2).
Finally, assnme f3 = &, for £, > #. The last assumption is essentiell for
the applied aolution method and it guarantees a constany layer rhickness as
Xy — +0CI.

By (a0, 571,60 we understand a solution to BVD (1.1)-{1.4),{1.6) in
the channel £~ (here the BCa on Ty, Ty, T are sxeluded). Finally, {ut), i),
9] denotes a sohition to BVT {1.1)-{1.4),{1.6) in &+, where & is a domain
approximating the curve T'y by the half -line x5 = ko, a3 2y > £, (here the BCa
on I;{j = 2, 3] are excluded). These solutions can explicitly be caleulated.
They have the form

6F%a)

nE_]{:rL,s:g] = {22 — by + 2z tano){ha — 22 — 21 ban o),
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vl (wy, x9) = —%(m — hy 421 tan o) (kg — 23 — 2, tana),
PNy, x5) = —ﬁ%[& — {23 — hy) fan o,
8wy, m) =8 + % (82— 82), {5.2)
o) = 4 s (m- T o (2on), wedn
W =0, 8 =5, g = (hi]i (R - Fﬂn—(;)) z, (zel'). (53)

Now the solution (v, 5t 801 hitherto only defined on &7 can be ex-
tendad or restricted to & # & with the help of formula (5.3). In this case
the notation is preserved. Let M{F, R, 8) := max { F{e), R, Bpae) and let in
the remaining pari. of this paper g be a amooth real funciion vanishing for
t < % +1 and being equal to 1 for ¢ = & + 2.

Theorem B.1 For o sufficiently smoll number M{F, %, &) ond for 3,z sai-
isfying condition (5.1) the BVP (1.1)-(1.6} hos o unigue solution (v, 5 &)
permitiing the representaiion

v=gl—2)ol +glz)eM +u,  p=g{-z ) +glz M + 4,

8 = g(—2,)007 + g2, )8 + 85, {5.4)

where 00 4= 500 50-1 000 and 9071 are given by formuloe (5.2),(5.3)
and w, 8y € CHE), Vg e 2, (F). Moreorer,

o Nl + 11 Ve [z + 1| o 1627S conlF(0), R Base) (5.5)

holds and e15 — 0 for M{F,R,8) — 0.

Proof: Introdnes the notationa v :=»— ), §i:= p—gand 8 := £— 8, wheme
o1, 7,4, ¢ and By are given in (5.4). Taking into account the expressions
(5.2),{5.3) for «, §i and & we obtain the following syatem for {m, ¢, &)

—V2u 4+ Vi = My (), Vow=r, {5.6)
— V260 = Ma(f, u), (5.7)
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wlg, =0{j =2,3], w-n|g =40, Br-S{uwl+rv-r=a (&€ Dy,
WeT|p, =&, W A, =bs, 1 -Slwhr, =da{m=12), (58]
By, =0 (j=1,2,3), B, =B, (m=12), {5.9)
where 4y, 43, by, dm, B fm = 1,2], My{w), Ma{#h,w) and r have the repre-
gentations

i ={], i = It [1 — g(i‘]_]], b]_ = {], d]_ = {],

by = gle etz Il + (P2 o,
dy = [t + () {20 ()il

sl P (- S k) el
Mi{w) =F — (2 V) —{w Vi + (o V),
A=Vlu—{u-Viu—V§ r =g’(—3:1_]u£_] — g’{n:j_]ug"'], {5.10)
M(fo,0) = Fy — (w- V) — (u- V) + (w- V),
Fy =3V — {u- V1§,
&, =8, B, =8 — 48, {5.11)

In [20] it: was proved that the problem (5.6),(5.8) with right-hand sides {5.10)
is nniquely solvable provided that max[F%(n), K] is snfficienily small. Fur-
thermore, the inequalicy

el + [V ellgh-2 < ear(F{(e), R) (5.12)

was shown where ¢;7 —+ 0 as max[F°{a), R] — 0. The proof ia based on
Banach'a fixed point theorem and the resulis of Theorem 4.1.

Let us congider problem {5.7),(5.9) with right-hand sides (5.11). Obwi-
oudly, Fy = 0 for |z,| £ z* + 1. Themefore, Fy € £} ,,{&] holds. Let
w € £212(¢7) be the uniqne solution o the problem {5.6),{5.8) with right-
hand sides {5.10). Suppose that &, C:f(G]. In this case we can eonclnde

1 ¢80, )|y € e1aCF{a), 2, Brane) [[Bollly™ + [l G0+
cro [ IBollisy ™ + ea(F{2), R, Bras)] » (5.13)
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where cip — ) as M (F, I, #) — 0. Simple calenlations using the assump-
tions (03 — heo) € O (RY) and ¢y € CF12{J1, Y1) show that the functions
fn{m = 1,2) from {5.11) fulfil the conditions of Theorem 4.2 and the com-
patibility conditions (4.6). Thus problem (5.7),(5.9) can be writien in the
form

90 = AMQ(&B,'&JJ = B{ﬂn], (5.14]

where A is an operator which maps a scalar fielld § € ¢_, ({7 into a solution
& of problem (4.2],{4.4). By virtue of Theorem 4.2, the range of this operator
is the set of all scalar fields belonging to C:I‘;i(G], satisfying BCa (5.11) and

2, ; il i 2,
IAglEs™ < MIlalE -2+ Bloram: @) + 181157

< [MI815 -2 + caa{F o)y R, Bpuae )], (5.15)

where || A|| < +o0 and e — 0 a3 M(F, R, §) — 0. Repeating the conaid-
erations from [19] and using (5.13) it is possible to prove thar the operator
B carries the hall ||9n||:;';2" < £ of the space C81H ) into itself and that it
is there a confraction operator. In this case we put £ = min[l; (o 4] 7Y
amnd M{F, i, #) 1= £/raa with conatanta cay, rpa independent of F, 2, #. Far-
thermore, from (5.13) the estimate

180152 < canfe) MAlleaslF{ex), R, Bruae) (5.16)
follows in this ball and ey — 0 as M{F,r,#) — 0. From Banach's fixed

point theorem we conclude finally the unique solvability of (5.14) and the
inequality

o163 < eastF (), Ity B (5.17)
Joining inequalities (5.17) and {5.12) one geta the estimate (5.5). Thus the
theorem is complerely proved. |

Next, let us consider BVD (1.1)-{1.4],{1.6) in a slightly differeni domain
={zecV;z<fz) for = >0 and =z < 1,)71-{1'2] for =3 < hy}
where (3 — hao) € Cﬁ:I,(R';_],;b: £ 50, Y1) are funetions close to g
and ¢ in the Ci?::,s L ]-norm and in the Cﬁ:(Jl,H)—norm, reapec tively.
Moreover, we require that 52(0) = hy and ;-lr:(hlj = { hold. Let the soluiion
be (v, ¢, ). To estimate the difference of solutons of boih problems we
map the domain ' onto &, Construeting this mapping as in [20] we obtain
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a nonhomogeneons problem of determining the fransformed solation (f, ﬁ,@]
in {7. Repeating the same conclusions as in [19] and performing some amall
modifications due to the temperature & one can prove the following theorem

for the differences U i= v - H, P :=p— i, TFE =8 — 8. Lei 5 and 2 be the
game a3 above.

Theorem §.2 If M{F, R,8) is sufficiently smoll and
A= e — il + 172 -l <1 (5.18)
then the ineguolity
12 15 + 1| PP [z + | TE 577 S el F0), By Bpae) - & (5.19)

folds, in which ca — 0 0s M{F, It,8) —— 0.

6 The complete free surface problem

Now we sindy the solvability of the complete BVD (1.1)-{1.6] under the con-
ditions (1.7) and (1.2). We congider »,5 and £ in Fgs.(1.5) aa the solution
of the nonlinear anxiliary problem (1.1)-(1.4),(1.6) depending on the fune-
tions t (#3), yal1 ], and we show that for anfficiently small M(F, I2,#) the
functions 1, pa are determined from (1.5) uniguely. Firatly, it follows from
the representaiion of the solution to BVIT {1.1)-(1.6) that it is necessary fo
choose b, = FY{r)/ R in order to satisfy condition (1.8). This implies

F{a)

walEy] — T as &y —+ +00. {6.1)

In this case the pressure plx) is bounded for =, > 0. Note that & € C:f‘{G]
yields the contimmicy of & up fo the bonndaries of &, Thus the inverse surface
tension o 1{8) = (4 — 5&)7! is also a continmons function provided that
# < /b is aufficiently amall. For this reason we can conclude that

F{qa)
I

pE) — = a3 &) — +00 {6.2)

hold applying the same operations as in the isothermal case {of. [20]).
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Let be wols) 1= ywalx ) — Falei) , where (5 ) denotes a solution to the
following BVT

d‘; T (??:iz%:]nﬂll 5 — BO)Ba(a) = —50) P I(E“J, a, € RL)
D)) = ha, pale) — Fﬂj(fJ ag &1 —+ 4o, {6.3)

Analogoudly, let be wnfxa) 1= th{x2) — Wi{za) , where ¥, ({5;) denotes a
golution to the BVD

d ¥ () I . N
&1 +(EJ1_(-T2]]2]11‘& + B0z, = 3{0) T + 7 fza €]0, Ry
k) =0, W) =—A =cntf. {6.4)

These BVTa reault from (1.5) in the case # =0,5 = 5, = conat., # = ) being
a solution to the auxiliary BVT (1.1)-(1.4),{1.6) for the parameters it =
F%n) =8 =8, =8, =0. It was easy o show [19] that the problem {6.3)
has a nnique solution , if the condition |ky — h| < [2/3(0]]%2 is satisfied.
Furthermore, the difference {pa(s1] — ha) is equivalent to exp(— \/%]ml]
a3 & — 400,

The BVT {6.4) was atudied [20] in detail and the corresponding resmlta
will be included in Theorem 6.1. For the unknown funetions why,{z,) we
obtain a two-point BVT like BVT (8.8] from [19] anbtracting Fqa.(6.3) and
{6.4) from Eq.(1.5). A difference to BVD (8.8) consista in the following. We
have to anbatituie 3 by 2{0) everywhere and, additionally, we introduce the
operatora T defined as

Wy, = 22, = T —ald) 5
ol g 1= a(g]wm = ey U {6.5)

The remaining part of the proof of the main theorem ecan be realized as
a modified repetition of the proof of Theorem 8.1 in [19]. Instead of the
operator Eq.(8.10) from [19] we have to amdy the following one:

i = Lo Tty + TPt 4+ T i) = Bt {6.6)

with T given in {6.5) and the other part taken from [19]. Since T8 is
a contraction operator for small & we can conclude as in [19] that By, is a
coniraction operator oo in the ball || wpy, ||;ff+‘-: e. Conseruently, we have

proved the main result of the present paper.
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Theorem 6.1 There evist positive real numbers 5 < 5 , 7 < minfzy, /3(0)]
and My such thot for arbitrery 3 €]0,5], 2 €]0,2[, M (F, I, &) < My and for
positive by, ha, Fo{ ), I sofisfying the conditions

] 24+ 1)
ﬁ(ﬂ 0= hy < O

Fn(rl (Pu p;] Y h.]_ A+l

I F B(0) Ry
the free BVP (1.1)-(1.6} hos o unigue solution {5, 9, pa,th} which con be
represented in the form

‘ Fa(r}:]

by < {6.7)

v =g{-=)u) + gz (RO 4w, palm) = Byle) + unlm),

p=g{—z)p +pole) + 1, tulea) = Yila) +ounles),
8= g(—21) 87 + g{x1) 81 + fo(a), {6.8)
where g, (w=), 500, 80)) are token from Theorem 5.1 and A := A{1 + A%)-1R2
wos sel. Moveover, 8,1 € C2H ) o € C""l ACPUGH) Vi € 8, (0)

and uy € Q&:S(R}FJ! uy € L+!(J1!Y1] fold.
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