THE ANALYSIS OF A COATING FLow
WITH EVAPORATION

Jiirgen Socolowsky*

Abstract. This work is concerned with a plane steady-state coating flow problem
including evaporation effects. The motion is governed by a free boundary value
problem for a coupled system of Navier-Stokes and Stefan equations. One of the
a priori unknown free surfaces is noncompact and the other one has an a priori
unknown contact point at the rigid wall. The main objective of the paper is to
prove that for sufficiently small data (flux, wall speed and wall temperatures) the
free boundary value problem is uniquely solvable in appropriate weighted Holder
spaces. The proof is realized in several steps and it is based on methods known
for the Navier-Stokes equations.
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1 The mathematical model

This paper is devoted to a plane steady-state nonisothermal flow problem
with two free boundaries describing a coating process with evaporation. A
heavy viscous incompressible fluid is coated onto a horizontally moving rigid
wall (cf. Fig.1). One of the a priori unknown free surfaces is noncompact and
the other one ends at an a priori unknown contact point on the rigid wall.
The flow domain is unbounded and evaporation is taken into account. This
is important in many technological and scientific applications; interesting
examples can be found in the field of materials processing, particularly in
coating and solidification processes with evaporation [2], [4], [10], [11], [16]
or in crystal growth processes [12], [15], [17]. We assume that the viscosity of
the liquid is constant, although in general case it may depend on temperature,
too.
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Let us consider the mathematical model for this coating process. A heavy
viscous incompressible liquid fills the infinite region V' € R? bounded by the
straight line 3 = {x € R*; 2, = 0} and the half-lines

Yy ={r €R* 2, <0, 29 = h; — 2, tan a}

23:{.TER2;.$1§0, .TQZhQ—.xlt&IlOé, h2>h1>0},

where « is a real number with 0 < o < 7/2 (cf. Fig.1). The region V is then
the union of the first quadrant of R? with the half-strip between ¥y and 5.
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Fig.1: Flow domain of a coating flow

The force of gravity is directed along the vector e, = (0,—1)T. We
suppose that the flow of the liquid is generated by the stream F°(a) and by
the motion of the lower rigid wall ¥; with constant velocity R in x-direction.
The values R and F°(«) are assumed to be positive. In agreement with many
experimental studies we further suppose that the free surfaces separate from
the rigid walls at the "sharp” corner points )3 and 3. The lower free surface
[’y "touches” the moving rigid wall ¥, at the a priori unknown point @, (7, 0)
- the so called dynamic contact point. We assume that I'; is described as the
graph of a function 1, with respect to xy € [0, hy]. This assumption makes
sense physically and it is a key to handling the lower free surface.

The following notations are used:T',,(m = 1,2)- free surfaces with the
representations x; = ¢ (xy) and xy = @u(x1); G = {x € V; 2y < pa(xy) for



xy > 0 and x; > ¥y(xq) for xy < hy} - flow domain of the fluid; 6(t) = {x €
G; xy = t}; n and 7 are unit vectors directed along the exterior normal and
along the tangent to G, resp.;V = (9/0x1,0/0x9)Y, Vp = grad p, V- v =
div v and V? is the Laplace operator; S(v) is the tensor of deformation
velocities with elements S;; = dv;/0x; + 0v;/0x;. Finally, a - b is the inner
product of the vectors a, b in R?.

The dimensionless viscosity and density are assumed to be equal to 1.
The symbols A, §,0(f) denote the dimensionless thermal conductivity, the
acceleration of gravity and the surface tension function, resp.

Thus, the mathematical problem consists of the determination of the
unbounded domain G occupied by the fluid, i.e. the determination of the
functions 1, and 9 inclusive of the dynamic contact point Q1(Zy,0), the
velocity v(x) = (vi(x),vo(2))", the pressure H(x) and the temperature 6(x)
which satisfy in G' the equations

~V*u + (v-V)v+ Vp =0, V.v=0, (1.1)
— AV + (v-V)0 =0 (1.2)
and the following boundary conditions (=BCs)
00

o . , 7-S(w)nlp, =0 (m=1,2),

U|2j =0(j=2,3), wv-n|p, =

Br-S(wn+v— (R0 -7=0, v-n=0 (zeX;T < <),

v, = (R,0)"  (z €Ty a > >0), (1.3)
Ols, =0; (j=1,...,3), Or, =0, (m=1,2), (1.4)
d Vi (@2)

Lo
[Tt P O T g P

‘ salo) - Ty1) = L - n-S(v)n
T+ (e S g S
©2(0) = hy, Y1(h1) =0, ¥1(0) = cotyy = —A. (1.5)

The fact that the motion is caused by nonzero flux is mathematically formu-
lated in the form

/W) o(tay)dey = FOa). (1 €R) (1.6)
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In (1.1),(1.5) the transformation p(x) = p(x)+ § w2 — P, where p denotes the
original physical pressure, is realized and the symbols 5(0) = g/o(0), b =
Pu — i are also used. In the last equation (=eq.) p;, p, denote the (constant)
atmospheric pressures outside I'y and I's, resp.

It was shown (cf. e.g. [3], [12], [14], [21]) for a large number of liquids that
the surface tension can be regarded as a linear function of the temperature,
ie.

g(@)=a—-100, (1.7)

with constant positive coefficients a,b. The restriction
Ip(z)] < const. as x; — 400, (1.8)

resulting from physical considerations completes the free boundary value prob-
lem (=BVP) (1.1)-(1.6). For a more detailed discussion of BVP (1.1)-(1.6) we
refer to the literature [5], [13], [20]. Let us emphasize that problem (1.1)-(1.6)
represents some coupling of the well-known free BVP for the Navier-Stokes
eqs. and the Stefan problem (cf. [5], [13]). For the Stefan problem we refer -
e.g. - to the book [6] of A. Friedman.

Another essential feature of BVP (1.1)-(1.6) is the presence of a so called
dynamic contact point. There are several papers presenting analytical studies
of different free BVPs including dynamic contact points or lines (cf. [7], [§],
[20], [25] and the references given therein). The nature of dynamic contact
lines and angles as well as the nessity of slip boundary conditions like (1.3),
i.e. the second line of (1.3)] were explained in [20]. Here we only assume that
V1, &1, B are prescribed with 7/2 < v <7, (i.e. 0 < A < 4+00), & > 0
and B = const. > 0. Note that the restriction v < 7 (i.e.yy # 7 and
consequently A < +o00) are mathematically not nessessary. It was only
assumed in order to simplify the function spaces and the notations. In [25]
the results of [20] were extended to the case 7; = 7 and B = 0. The main
result of the present paper (cf. Theorem 6.1) can also be extended to the case
v, =7, B =0 in the same manner as in [25].

The present study aims to prove the unique solvability of BVP (1.1)-
(1.6) in weighted Holder spaces for small data F°(«), R, |0;| using functional-
analytic methods. Similar stationary problems in bounded domains have
been analytically investigated by many authors [14], [26]. The correspond-
ing isothermal problem (i.e. BVP (1.1),(1.3),(1.5),(1.6) with b = 0) was
solved analytically and numerically in former papers [18], [20]. There is
a great number of studies presenting numerical procedures for nonisothermal
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free BVPs (cf. [3], [9], [14]). Numerical results of such problems including
temperature-dependent viscosities and dissipation terms are also given by
the author [22]. The solvability of the full free BVP (1.1)-(1.6) will be shown
in several steps. Because the present study is an extension of former results
[20] to the temperature-depending case we concentrate special attention to
the eqs. and BCs for the temperature.

2 Function spaces

Let B be an arbitrary domain in R?> and N C B a manifold of dimension
7 < 2. The symbol py(z) denotes the distance dist(x, N) :=inf ey |2 —y|.
Let 3 = (1, f2) be a multiindex in this section with

o181y

= B + 3 and DPu = ———
|ﬁ| /61 ﬁ? 8xf18x’g2

(Bi e NU{0}).

The symbol [r] will denote the integer part of r.
C"(B)(r > 0, non-integer) denotes the Holder space of functions defined in
a domain B C R* with a finite norm

D? — DB
July) = > sup |Dul+ Y sup |D"u(z) u(y)|

— =
l<r “€P STgees vl

Let C7(B, N) be the weighted Hélder space of functions defined in B\ N and
having a finite norm

ulerpay = Y. sup v (2)|D%u(x)|

18l<r xz€B\N

r—s D/BU x) — Dﬁu Y
+ > sup pi(x)  sup [P u(x) . @)
18=[r] "€B\N o—yl<ion(@) 1T =Y

CI(B,N)(r > s > 0;r,s non-integer) denotes the space of functions with a
finite norm

lu

crmny = ul + Y sup pVIT (@)D ()]

s<|Bl<r zEB\N



D?F —DP
+ Z sup py *(w)  sup | D u(z) u(y)|
1p1=lr) “EBW eyl<ion@ [T

Clearly, C"(B, N) is a subspace of C7(B, N consisting of functions vanishing
on N together with their derivatives of order up to [s]. For s < 0 assume
C"(B,N):=C"(B,N).

For the definition of a generalized solution to the linear auxiliary prob-
lem we need also the following function spaces. Note that the domain
G is unbounded. Define the sets ¥y; = {z € ¥; 7, < 27 < 21} and
Y9 1= {SC S 21, x> S%l}

By C§°(G,T') we mean the set of all infinitely differentiable vector func-
tions v vanishing for | x| > 1 and satisfying the following BCs

vy, =0(j =2,3), vlg, =0, v-n=0@&elulhul,).
Further we have:
J(G,T) :={v e C(G,T), divv =0}

The Sobolev spaces D(G) and H(G) are the completions of the sets C3°(G,T)
and J§°(G, ') with respect to the Dirichlet norm

ou;
o il v o= [ 32 (2 0

z]l

C5o(G, 1) is the set of all infinitely differentiable scalar fields 6(x) vanishing
for |z | > 1 and satisfying the BCs

9|2j :0(]21,2,3), 9|pm:0(m:1,2)

The Sobolev space Dy(G) is then the completion of the set CF5(G,T7) with
respect to the Dirichlet norm

2 2
o0
2. 2 —
160 =l 0 M= [ 3 (57) ar

Finally we define the weighted Holder spaces to which the generalized solu-
tions to the problem (1.1)-(1.6) belong. Let z* be the value * := max(|#], 1)
where 7; denotes the value &, := ming,cjo,)¥1(22). We use the following
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notations: @ := Q1 U Q2 UQ3UQy, Jy :=]0, [, Y1 := {0, 1}, G* := {z €

Giloy| < 2"+ 2}, GT = {r € Gjap > 2" + 1}, G = {z € Gja; <
_x*_1}7Q = QIUQ27 Jg = {.Tl eRO < < .T*—|—2}, J2+ = {xl c
Raxl >«T*+1}

For an arbitrary real number z > 0 define the space
C;.(G) = {u(x),uleo € CJ(G°, Q") exp(2a1)u()|g+ € CT(GT),

exp(—za1)u(r)|a- € C"(G7)}

with the norm:

crco.on) + |exp(zx1)u|gl + |eXp(—2$1)U|gz-

[ lGsi= lu

For functions f(z;) defined in RL we introduce the space C7 (R} ) with the

norm

cr(19,0) T | f(21) exp(le)&l.

I £ 1l = 1f

cr(Ji,vy) 18 defined analogously.

The norm |g

3 Linear auxiliary problem with homogeneous
boundary conditions

The linear auxiliary problem in the domain G with fized boundaries consists
of the linearized Eqs.(1.1),(1.2) with given right-hand sides f,r and g, resp.,
and the homogeneous BCs (1.3),(1.4), where v - n was set at zero. Thus, we

obtain
Vi +Vp=f, V-v=r, (x € G), (3.1)

—Vi =y, (x € G), (3.2)

v=0 (r€ X UXyUN3), ven=0 (xrel;UlyUy),
7-SWnlp, =0 (m=1,2), Br-Swn+v-71=0(@eXy), (3.3)
O, =0 (j=1,....3), O, =0 (m=12). (3.4)

This problem can be decomposed into a BVP (3.1),(3.3) for v, p and a sec-
ond BVP (3.2),(3.4) for §. The solution to BVP (3.1),(3.3) was completely
presented by the author [20]. Let us give the concept of a weak solution to
BVP (3.2),(3.4).



Definition 3.1. By a weak solution to BVP (3.2),(3.4) we understand a
scalar field 0 € Dy(G) satisfying the integral identity

Ey(0,€) = /G(ve-vg)dxz/Gggdx (3.5)

for all scalar fields £ € Dy(G).

The existence of such a solution can be shown in the same manner as in [21],
where a modified unbounded domain for two liquids was considered. This
procedure is well known for the Laplace equation in bounded domains. Let
11, 2 be the representation functions described in Section 1. We define the
dynamic contact angle 7, and both static contact angles v, v3 at the contact
points @1, @2, @3, resp., by the relations

3T

™ ’ !
n=3 + arctan[—v(0)], =5 T arctan[—v4 (hy)],

Y3 = T + « + arctan[—5(0)].

Analysing some model problems [19], [23] for # in a neighbourhood of @1, Qs,
Q3, Q4, it could be shown that the weak solution 6 belongs to C:*%(G°) with
s satisfying the condition 0 < s < s; := minjeq 233[1/3, 7/(27;)]. Assume
now that the fixed boundaries I',, (m = 1,2) are of class C?T¢. Finally, we
need the set G(u,t) ={rx € G,p—t <y < p+t}.

Theorem 3.1 There is a positive real number z, such that for any g €
Cs_, (G) with s €]0,s,] and z €]0,z[ the generalized solution § € Dy(QG)

s—2,z

to BVP (3.2),(3.4) satisfies the inequality
[P < e (g i) (36)
G(p,1)

where |p| > x* 4+ 4 holds and ¢y does not depend on fu.

Proof: Multiplying Eqs.(3.2) by # and integrating by parts the result in
the domain G(j,t) one obtains

o a0
Eo(0,0) ) = / g0d + / 202 4, - / 2 4z, (37)
&) sty 0T su—ty 0T

Integrating Eq.(3.7) with respect to ¢ over the interval |n — 1,7 we get

"
/ (/ g@dx) dt‘ + / )\Qﬁdxg } . (3.8)
7]7]_ G(IJ"t) Q¥(Nﬂ7) ax]‘

8
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where the notations Z(u,n) := fG 92dx dt, Qf(u,n) = {a €

Gou+n—1<az <p+n}, Q (u 77) —{xGG p—n <z <p—n+1}
are used. Now we estimate the right-hand side of (3.8). Taking into account
Friedrichs’ inequality it is easy to prove that

o0
/ AN—dx,
QF (u,m) A,

. 1/2
/ ( / gedx) dt\ <1 9 llogen) ( [ dt)
QF (p,m) G(u,t) n—1

n 1/2 1
<3|l g llagn (/ 100 Ery dt) < s |l g Neunm +4—Z(M777)a
n—1 1

(3.10)
where ¢y := ¢;c3/4 . By virtue of inequalities (3.9),(3.10) it follows from (3.8)
that

< s )1 6 [Bruny (3.9)

1
ZZ(,LL,H) +¢5 || 0, ||?ﬁ:(uﬂl)

< ¢6 || 9 G Fer | a1l - (3.11)

Since  dZ(u,n)/dn = s [Gr(u + I 0o lI§-(.,) the estimate (3.11)
can be represented in the form  Z(u,n) < erdZ(p,m)/dn+ co || 9 14,0
Multiplying the last inequality by exp(—(n — 2)/c7) and integrating with
respect to 7 over the interval [2, u/2] we get

7 —pu/2-2\ e M n—2
202 2 2 (5 ) oo (ZZ2 ) [ g g o0 (<122 )

(3.12)
From the estimate || 0, ||c< @ || ¢ ||¢ which results from the existence of a
generalized solution to BVP (3.2,(3.4) (cf.[21]) it follows that

K w2 2
z(ns) = [ (/ 0 dx) dt < 0 N15< s Il < eal g 115)"
p/2=1 \JG(u,t)

(3.13)
Inequality (3.13) can be obtained with the help of the norms in the spaces
C;.(G) and Ly(G). Now we estimate the second term on the right-hand side
of (3.12). For u > * 4+ 4 we have

Z(ym) < crea | g Neum +

|l g ||GW7 <cp sup [exp(zay)|g(2)]])? / exp(—2zxy)da
r€G(p,n)



< ey exp(—22p) sinh(2en)([| g [18-0)%
Therefore, for z €]0,1/(2¢7)[ and p > a* +4 , it follows that

w2 ) n—2
[ 00 P o0 (<222) an < covest-2em 0 1,
2

©/2
X / sinh(2zp) exp (—?) dn < cigexp(=2zp)(|| 9 I1352)%  (3.14)
2 7

Since fG(H,l) |VO|*dx < Z(u,2), therelations (3.12)-(3.14) bring us to the
inequality (3.6) for arbitrary p > 2* +4 and z €]0, z;[ where z, := 1/(4¢7)
holds. The same considerations prove the inequality (3.6) in the case p <
—2* — 4. This proves the theorem. |

Theorem 3.2 For arbitrary g € C7 , .(G) with s €]0,s,[ and z € [0, z[ the
BVP (3.2),(3.4) has a unique solution 6 € C3t?*(G) and the estimate

1011E7< ca ll g 15— (3.15)

holds where ci4 does not depend on g.

Note that Eq.(3.2) is elliptic in the sense of Douglis-Nirenberg [1],[24] and
that the BCs (3.4) fulfil the complementarity conditions [24]. Therefore,
one is able to prove Theorem 3.2 in a well-known manner [19], too. Joining
the solution € to BVP (3.2),(3.4) given here with the solution v,p to BVP
(3.1),(3.3) (cf.[19]), we obtain the solvability of the full linear problem (3.1)-
(3.4).

4 Linear auxiliary problem with nonhomoge-
neous boundary conditions

In this section we study the following BVP with nonhomogeneous BCs
V0 +Vp=f, V-v=r, (x € G), (4.1)

—Vi =g, (x € G), (4.2)
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vlg, =0 (j=2,3), v-nl|g, =0, BT-S(v)n—i-v-T:al (x € E11),
v-Tly, =az, venlp, =bn, T-S)n|p, =d, (m=1,2), (4.3)
Ols, =0 (j=1,2,3), Olr, =0, (m=1,2). (4.4)

The boundary values must fulfil the compatibility conditions

/ rde = / bids —/ bads, by1(21,0) =0, b,(0,hy) =0 (m=1,2), (4.5)
G ' 2

~

01(0,hy) =0, 0:(71,0) =0, 05(0, hy) = 0. (4.6)
)_

The problem (4.1)-(4.4) can also be decomposed into a BVP (4.1),(4.3) for
v,p and a second BVP (4.2),(4.4) for the temperature §. The solution to
BVP (4.1),(4.3) was given in [20], too. Let us present the corresponding
theorem. Remark that the numbers s,, 2, denote some constants resulting
from model problems in angular domains (cf. [20]) for the isothermal BVP

(3.1),(3.3).

Theorem 4.1 Let hoo be a positive constant and (pa—hs) € CTEL(RY), 1y €
CYE(J1, V). For arbitrary s €]0,s.[, 2 €]0, 2.[, f € C:_, (G),r € CIH (G),
ay € C52(241,Q1), az € C312(215,Qq), by € CF2(T,Q), by € CSHA(Ty),
dy € C:HHT1,Q),dy € CL (Ty) such that conditions (4.5) are fulfilled,

BVP (4.1).(4.8) is uniquely solvable with v € C:1*(G),Vp € Ci_, (G).

s—2,z
Moreover, the inequality

2, : : L
llle + 1Vpllg—s < cs (||f||2,1_2 +rlleles + laler s, 000

s+2,z s+2,z

HlasllE2 4 bl gz, @) Il + oy, o + 1) (47)

applies.

Next we are studying BVP (4.2),(4.4) under the compatibility conditions
(4.6).

Theorem 4.2 Let ho be a positive constant and (ps — heo) € CE2 (RY),
U1 € CYE(L, Y1), For arbitrary s €]0,5,], 2 €]0,2[,9 € C:_, .(G), f,

C52(0y,Q), 0, € Cst*(Ty), such that conditions (4.6) are fulfilled, BVP
(4.2).(4.4) has a unique solution 6 € CSt?(G). Moreover, the estimate

s+2,z s,z ) no11s+2,z
1015727 < e1s (I9l5s + il oo + 1Ba1F27) (48)

holds.
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Proof: Firstly one constructs a scalar field £ € C51*(G) satisfying the
BCs (4.4) and an estimate of type (4.8) where the norm of ¢ on the right-
hand side is omitted. Such a field can be obtained as in [20]. Then we set
0 := & + \ where y is a solution to

—Vix =g+ V%

with homogeneous BCs (3.4). Due to (g4 V?¢) € C3_, (G) the existence of
x follows from Theorem 3.2. [ |

Joining the results of Theorems 4.1 and 4.2 one gets the unique solvability
of BVP (4.1)-(4.4) and the corresponding estimate for its solution.

5 Nonlinear auxiliary problem

Consider BVP (1.1)-(1.4),(1.6) in G with fized boundary. Let again he, > 0
be a given constant and (py — hoo) € CY12(RY), ¢y € CYF2(J1, V7). The
space parameters s and z fulfil the conditions

0 < s < sp:=minls,, s, 0 < z < zp = min|z,, 2, (5.1)

where s;, z; are taken from Theorem 3.1 and s,, 2z, are taken from Theorem
4.1. Let the temperatures at the walls f; (j = 1,2, 3) be constant and denote
bY Omae the maximum of their moduli |0;| (j = 1,2, 3). Furthermore, suppose
that 6, € Cst2(I'y, Q), (A, —0,) € Cst3(Iy) and 10, (2|1, < Opaw (m =1, 2).
Finally, assume §2 = @, for #; > &;. The last assumption is essentiell for
the applied solution method and it guarantees a constant layer thickness as
Ty — +00.

By (u7),p(7),67)) we understand a solution to BVP (1.1)-(1.4),(1.6) in
the channel G~ (here the BCs on ¥y, T}, 'y are excluded). Finally, (u‘*), p(*),
() denotes a solution to BVP (1.1)-(1.4),(1.6) in G'*, where G is a domain
approximating the curve I'y by the half-line 9 = h,, as x; > & (here the BCs
on X;(j = 2,3) are excluded). These solutions can explicitly be calculated.
They have the form

0
ug_>(x1, T9) = M(m — hy + a1 tan a)(hy — w9 — xq tan «),
(hy = h)?
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6F°(a) tan «

ug_)(xl,@) = - (xg — hy + @y tan @) (hy — x2 — 1 tan «),

(hy — h1)?
N 12F%«)
P )(:131,:132) = _(h2 _ h1)3 cos? o [#1 = (22 — hy) tan o,
B — —hy + 2 tana
0" )(3?1,902) =0, + hl hl (03 — 0,), (5.2)
2 — hy
3 F o T A
(@, 20) = R+ ho)? (R — #) Ty <?2 — hoo) ; (x € GY)

— 3 FO« .

WV=0,00 =8, pt) = ) (R - h(§ >> Ty, (x € GT). (5.3)

Now the solution (u(*), pt) 9(t)) hitherto only defined on G can be ex-
tended or restricted to Gt # G with the help of formula (5.3). In this case
the notation is preserved. Let M(F, R,0) := max (F°(a), R, 0,nq.) and let in
the remaining part of this paper g be a smooth real function vanishing for
t < ; + 1 and being equal to 1 for t > &y + 2.

Theorem 5.1 For a sufficiently small number M(F, R,0) and for s,z sat-
isfying condition (5.1) the BVP (1.1)-(1.6) has a unique solution (v,p,0)
permitting the representation

v=g(—e)u) +gle)u™ +w,  p=g(—w)p™ + g(z)p™ +q,

where ), w7 p) ) 0 and ) are given by formulae (5.2),(5.3)
and w, 0y € CSH(G), Vq € C3_, .(G). Moreover,

P 1557+ 1 Va 18 + 1 60 17 < c1s(FO(), R, nac) (5.5)

holds and c1s — 0 for M(F, R,0) — 0.

Proof: Introduce the notations v := v—w, p := p—q and 6 := #—0, where
v,w,p,q,0 and fy are given in (5.4). Taking into account the expressions
(5.2),(5.3) for u, p and 6 we obtain the following system for (w, ¢, )

—V*w + Vg = M, (w), V.ow=r, (5.6)
—V290 = M2(90, UJ), (57)
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w|2j:0(j:273>7 UJ'TL|21:0, BT'S(ZU)TL+U'T:CL1 (erH)?
W Tlg, =ay, w-nlp, =by,, 7-S(whn|p, =d, (m=1,2), (5.8)
Ols, =0 (j=1,2,3), flr, =6, (m=1,2), (5.9)

where ay, as, by, oy O (m = 1,2), My(w), My(0y, w) and r have the repre-
sentations

a1 — 0, a2 = R []_ — g(xl)] s bl = 0, dl = 0,
by = g(x1)@h ()1 + (¢)2)] 2 ulPlp,,

& = [1+ ()] {20/ (e0)eh(an)ul e,

et = s (= S foaten) -l

(oo)?
My(w)=F —(u-V)w—(w-V)u+ (w-V)w,
FL=V2u—(u-V)u—Vp, r=g(—z)ul” =g @)ul", (5.10)

MQ(QU,UJ) == F2 - (w . V)é - (U . V)go + (w . V)go,
Fy =AV%) — (u-V),
él :él, 62 292—g§1. (511)

In [20] it was proved that the problem (5.6),(5.8) with right-hand sides (5.10)
is uniquely solvable provided that max[F°(«), R] is sufficiently small. Fur-
thermore, the inequality

lwllge” + 1VallE— < cr(F°(a), R) (5.12)

was shown where ¢;7 — 0 as max[F°(a), R] — 0. The proof is based on
Banach’s fixed point theorem and the results of Theorem 4.1.

Let us consider problem (5.7),(5.9) with right-hand sides (5.11). Obvi-
ously, £, = 0 for |z;| < 2* +1. Therefore, F, € C;_,_.(G) holds. Let
w € C:1*(G) be the unique solution to the problem (5.6),(5.8) with right-
hand sides (5.10). Suppose that 6y € C$1?(G). In this case we can conclude

1M(0p, )&z < c18(FO(@), R Ouna) {1661l + Nl 7+
crol[wlle S N0ollE " + crs(F0 (), R, Oinas)] (5.13)
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where cjg — 0 as M(F, R,0) — 0. Simple calculations using the assump-
tions (o2 — heo) € CHFE(RL) and ¢y € C7F2(J1, Y1) show that the functions
0, (m = 1,2) from (5.11) fulfil the conditions of Theorem 4.2 and the com-
patibility conditions (4.6). Thus problem (5.7),(5.9) can be written in the
form

90 = AMQ(Q(),U}) = 8(90), (514)

where A is an operator which maps a scalar field g € C;_, .(G) into a solution
6 of problem (4.2),(4.4). By virtue of Theorem 4.2, the range of this operator
is the set of all scalar fields belonging to C;1*(G), satisfying BCs (5.11) and

M glle < Mgl + 16 fre ]

cs+2ry.0) T 102]lr, s

< AIllgllE =2 + c20(F* (), R, O], (5.15)

where ||A]| < 400 and cg9 — 0 as M(F, R,0) — 0. Repeating the consid-
erations from [19] and using (5.13) it is possible to prove that the operator
B carries the ball ||6,]|52" < < of the space C:1*(G) into itself and that it
is there a contraction operator. In this case we put ¢ := min[1; (o1 ||A]|) 7]
and M(F,R,0) := c/cyy with constants cyy, ¢y independent of F, R, 0. Fur-
thermore, from (5.13) the estimate

16011557 < cxs(@)llAlleas(F (@), R, Orac) (5.16)

follows in this ball and cyy — 0 as M(F,7,0) — 0. From Banach’s fixed
point theorem we conclude finally the unique solvability of (5.14) and the
inequality

16115 < a5 (F(00), R, o). (5.17)
Joining inequalities (5.17) and (5.12) one gets the estimate (5.5). Thus the
theorem is completely proved. |

Next, let us consider BVP (1.1)-(1.4),(1.6) in a slightly different domain
G ={x€Viwy < P(x1) for a1 >0 and a1 < di(as) for as < hy}
where (9 — hoo) € Cfij‘z(Rfr),% € C32(J1, Y1) are functions close to s
and ¢ in the C7!? (R} )-norm and in the C72(J1,Y7)-norm, respectively.
Moreover, we require that ©,(0) = hy and ;D\I(hl) = 0 hold. Let the solution

be (v',p',0"). To estimate the difference of solutions of both problems we
map the domain G’ onto G. Constructing this mapping as in [20] we obtain

15
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a nonhomogeneous problem of determining the transformed solution (v, p, 0)
in G. Repeating the same conclusions as in [19] and performing some small
modifications due to the temperature # one can prove the following theorem
for the differences U :=v — 0, P :=p—p,TE =60 — 6. Let s and z be the
same as above.

Theorem 5.2 If M(F, R,0) is sufficiently small and
A= mvl - ¢1|ci°¢j(Jl,Y1) + [|p2 — 992“%?’113 <1 (5.18)
then the inequality
IO+ VPN + | TE NG < e2s(FO(), Ry Onaa) - A (5.19)

holds, in which cys — 0 as M(F, R,0) — 0.

6 The complete free surface problem

Now we study the solvability of the complete BVP (1.1)-(1.6) under the con-
ditions (1.7) and (1.8). We consider v,p and 6 in Eqs.(1.5) as the solution
of the nonlinear auxiliary problem (1.1)-(1.4),(1.6) depending on the func-
tions ¥y (29), p2(21), and we show that for sufficiently small M(F, R, ) the
functions v, vy are determined from (1.5) uniquely. Firstly, it follows from
the representation of the solution to BVP (1.1)-(1.6) that it is necessary to
choose ho, = F°(a)/R in order to satisfy condition (1.8). This implies

£(a)

pa(1) — as xp — +00. (6.1)
In this case the pressure p(z) is bounded for z; > 0 . Note that 6 € C31*(G)
yields the continuity of # up to the boundaries of G. Thus the inverse surface
tension 071(f) = (a — bf)~! is also a continuous function provided that
0 < a/b is sufficiently small. For this reason we can conclude that

£(a)

p(x) — pe = 7 a8 T — +00 (6.2)

hold applying the same operations as in the isothermal case (cf. [20]).
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Let be wy(xy) := po(x1) —Py(x1) , where $,(x;) denotes a solution to the
following BVP

d Dy(x1) _ Fo(a) .
T T 7 ey 0Pl =207 e R
©5(0) = ha, p2(21) — % as rp — +00. (6.3)

Analogously, let be wy(xy) = ¥y (x9) — ¥, (22) , where 1, (x5) denotes a
solution to the BVP

d Ell(l"?) B FO%a) 5p .
Ay 1+ (P (25))2]1/2 + 6(0)z = 5(0) R + P (w2 €]0, hy])
0y (h) =0,  ¢[(0)=—A=cotb. (6.4)

These BVPs result from (1.5) in the case v = 0,p = p, = const., § = 0 being
a solution to the auxiliary BVP (1.1)-(1.4),(1.6) for the parameters R =
Fa) =0, = 0, = 03 = 0. Tt was easy to show [19] that the problem (6.3)
has a unique solution , if the condition |hy — hoo| < [2/3(0)]'/2 is satisfied.
Furthermore, the difference (s(21) — hoo) is equivalent to exp(—+/3(0)z;)
as xr1 — +00.

The BVP (6.4) was studied [20] in detail and the corresponding results
will be included in Theorem 6.1. For the unknown functions w,,(x;) we
obtain a two-point BVP like BVP (8.8) from [19] subtracting Eqs.(6.3) and
(6.4) from Eq.(1.5). A difference to BVP (8.8) consists in the following. We
have to substitute 5 by 3(0) everywhere and, additionally, we introduce the

operators T,Sf’ ) defined as

bo o(0) —o(0)

7 = Wy, = —————— Wy 6.9
T T o)

The remaining part of the proof of the main theorem can be realized as

a modified repetition of the proof of Theorem 8.1 in [19]. Instead of the

operator Eq.(8.10) from [19] we have to study the following one:
Wi = L (TWw, + TP w,, + T®w,) =: Brwi, (6.6)

with 7.2 given in (6.5) and the other part taken from [19]. Since TP is
a contraction operator for small # we can conclude as in [19] that B,, is a
contraction operator too in the ball || wy, ||§’§51z+s< e. Consequently, we have
proved the main result of the present pabpelr.Jr
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Theorem 6.1 There exist positive real numberss < sy , Z < min|zy, 1/(0)]
and My such that for arbitrary s €)0,5|,z €|0,Z[, M(F,R,0) < My and for
positive hy, hy, Fy(«), R satisfying the conditions

Fy(a) 2 2(A+1)
\f” TR |S\VBoy CSM VT
Fola)  (Du—01) M A+1
hy < 7T p 2+ 5o (6.7)

the free BVP (1.1)-(1.6) has a unique solution {v,p,0,ps,11} which can be
represented in the form

v =g(—z)u™ + g(z1)(R,0)" +w, p2(21) = Pyl1) + walz1),

p = g(—21)p") + po(a) + pa, U1 (22) = Uy (02) + wi(w2),
0= g(—SLj) 9(_) + g(SLj) 91 + 90(.T>, (68)

where g, (u), p) 00 are taken from Theorem 5.1 and A == A(1+ A?)~1/2
was set. Moreover, By, w € C:12(G),py € C3H (G°UGT),Vpo € C:_, .(G)

s—1,z s—2,z

and wy € C72 (RY),wy € CTE2(J1, Y1) hold.
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