
The Analysis of a Coating Flowwith EvaporationJ�urgen Socolowsky�Abstract. This work is concerned with a plane steady-state coating 
ow problemincluding evaporation e�ects. The motion is governed by a free boundary valueproblem for a coupled system of Navier-Stokes and Stefan equations. One of thea priori unknown free surfaces is noncompact and the other one has an a prioriunknown contact point at the rigid wall. The main objective of the paper is toprove that for su�ciently small data (
ux, wall speed and wall temperatures) thefree boundary value problem is uniquely solvable in appropriate weighted H�olderspaces. The proof is realized in several steps and it is based on methods knownfor the Navier-Stokes equations.Key Words. Coating 
ow, evaporation, free boundary problems, Navier- Stokesequations, Stefan problem, dynamic contact point.AMS(MOS) subject classi�cation. Primary 35R35, 35Q35. Secondary 35Q30,76D05.1 The mathematical modelThis paper is devoted to a plane steady-state nonisothermal 
ow problemwith two free boundaries describing a coating process with evaporation. Aheavy viscous incompressible 
uid is coated onto a horizontally moving rigidwall (cf. Fig.1). One of the a priori unknown free surfaces is noncompact andthe other one ends at an a priori unknown contact point on the rigid wall.The 
ow domain is unbounded and evaporation is taken into account. Thisis important in many technological and scienti�c applications; interestingexamples can be found in the �eld of materials processing, particularly incoating and solidi�cation processes with evaporation [2], [4], [10], [11], [16]or in crystal growth processes [12], [15], [17]. We assume that the viscosity ofthe liquid is constant, although in general case it may depend on temperature,too.�Fachhochschule Brandenburg, FB Technik, Magdeburger Str.50, D-14770Brandenburg/Havel(Germany) 1



Let us consider the mathematical model for this coating process. A heavyviscous incompressible liquid �lls the in�nite region V 2 R2 bounded by thestraight line �1 = fx 2 R2 ; x2 = 0g and the half-lines�2 = fx 2 R2 ; x1 � 0; x2 = h1 � x1 tan�g�3 = fx 2 R2 ; x1 � 0; x2 = h2 � x1 tan�; h2 > h1 > 0g;where � is a real number with 0 � � < �=2 (cf. Fig.1). The region V is thenthe union of the �rst quadrant of R2 with the half-strip between �2 and �3.
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Fig.1: Flow domain of a coating 
owThe force of gravity is directed along the vector eg = (0;�1)T . Wesuppose that the 
ow of the liquid is generated by the stream F 0(�) and bythe motion of the lower rigid wall �1 with constant velocity R in x1-direction.The values R and F 0(�) are assumed to be positive. In agreement with manyexperimental studies we further suppose that the free surfaces separate fromthe rigid walls at the "sharp" corner points Q2 and Q3. The lower free surface�1 "touches" the moving rigid wall �1 at the a priori unknown point Q1(x1; 0)- the so called dynamic contact point. We assume that �1 is described as thegraph of a function  1 with respect to x2 2 [0; h1]. This assumption makessense physically and it is a key to handling the lower free surface.The following notations are used: �m(m = 1; 2)- free surfaces with therepresentations x1 =  1(x2) and x2 = '2(x1); G = fx 2 V ; x2 < '2(x1) for2



x1 > 0 and x1 >  1(x2) for x2 < h1g - 
ow domain of the 
uid; �(t) = fx 2G; x1 = tg; n and � are unit vectors directed along the exterior normal andalong the tangent to @G, resp.;r = (@=@x1; @=@x2)T ; rp = grad p; r � v =div v and r2 is the Laplace operator; S(v) is the tensor of deformationvelocities with elements Sij = @vi=@xj + @vj=@xi. Finally, a � b is the innerproduct of the vectors a; b in R2 .The dimensionless viscosity and density are assumed to be equal to 1.The symbols �; ĝ; �(�) denote the dimensionless thermal conductivity, theacceleration of gravity and the surface tension function, resp.Thus, the mathematical problem consists of the determination of theunbounded domain G occupied by the 
uid, i.e. the determination of thefunctions  1 and '2 inclusive of the dynamic contact point Q1(x1; 0), thevelocity v(x) = (v1(x); v2(x))T , the pressure p̂(x) and the temperature �(x)which satisfy in G the equations�r2v + (v � r)v +rp = 0; r � v = 0; (1.1)��r2� + (v � r) � = 0 (1.2)and the following boundary conditions (=BCs)vj�j = 0 (j = 2; 3); v � nj�m = @�@n �����m ; � � S(v)nj�m = 0 (m = 1; 2);~B� � S(v)n+ [v � (R; 0)T ] � � = 0; v � n = 0 (x 2 �1; x1 � x1 � x̂1);vj�1 = (R; 0)T (x 2 �1; x1 � x̂1 > 0); (1.3)�j�j = �j (j = 1; : : : ; 3); �j�m = �̂m (m = 1; 2); (1.4)ddx2  01(x2)[ 1 + ( 01(x2))2 ]1=2 + �(�)x2 = 1�(�) [ p+ p� n � S(v)n ] ;ddx1 '02(x1)[ 1 + ('02(x1))2 ]1=2 � �(�)'2(x1) = 1�(�)(�p + n � S(v)n);'2(0) = h2;  1(h1) = 0;  01(0) = cot 
1 = �A: (1.5)The fact that the motion is caused by nonzero 
ux is mathematically formu-lated in the form Z�(t) v1(t; x2) dx2 = F 0(�): (t 2 R) (1.6)3



In (1.1),(1.5) the transformation p(x) = p̂(x)+ ĝ x2� p̂u, where p̂ denotes theoriginal physical pressure, is realized and the symbols �(�) = ĝ=�(�); p =p̂u� p̂l are also used. In the last equation (=eq.) p̂l; p̂u denote the (constant)atmospheric pressures outside �1 and �2, resp.It was shown (cf. e.g. [3], [12], [14], [21]) for a large number of liquids thatthe surface tension can be regarded as a linear function of the temperature,i.e. �(�) = a� b �; (1.7)with constant positive coe�cients a; b. The restrictionjp(x)j � const. as x1 �! +1; (1.8)resulting from physical considerations completes the free boundary value prob-lem (=BVP) (1.1)-(1.6). For a more detailed discussion of BVP (1.1)-(1.6) werefer to the literature [5], [13], [20]. Let us emphasize that problem (1.1)-(1.6)represents some coupling of the well-known free BVP for the Navier-Stokeseqs. and the Stefan problem (cf. [5], [13]). For the Stefan problem we refer -e.g. - to the book [6] of A. Friedman.Another essential feature of BVP (1.1)-(1.6) is the presence of a so calleddynamic contact point. There are several papers presenting analytical studiesof di�erent free BVPs including dynamic contact points or lines (cf. [7], [8],[20], [25] and the references given therein). The nature of dynamic contactlines and angles as well as the nessity of slip boundary conditions like (1:3)2[i.e. the second line of (1.3)] were explained in [20]. Here we only assume that
1; x̂1; ~B are prescribed with �=2 < 
1 < �, (i.e. 0 < A < +1); x̂1 > 0and ~B = const. > 0. Note that the restriction 
1 < � (i.e.
1 6= � andconsequently A < +1) are mathematically not nessessary. It was onlyassumed in order to simplify the function spaces and the notations. In [25]the results of [20] were extended to the case 
1 = � and ~B = 0. The mainresult of the present paper (cf. Theorem 6.1) can also be extended to the case
1 = �; ~B = 0 in the same manner as in [25].The present study aims to prove the unique solvability of BVP (1.1)-(1.6) in weighted H�older spaces for small data F 0(�); R; j�jj using functional-analytic methods. Similar stationary problems in bounded domains havebeen analytically investigated by many authors [14], [26]. The correspond-ing isothermal problem (i.e. BVP (1.1),(1.3),(1.5),(1.6) with b = 0) wassolved analytically and numerically in former papers [18], [20]. There isa great number of studies presenting numerical procedures for nonisothermal4



free BVPs (cf. [3], [9], [14]). Numerical results of such problems includingtemperature-dependent viscosities and dissipation terms are also given bythe author [22]. The solvability of the full free BVP (1.1)-(1.6) will be shownin several steps. Because the present study is an extension of former results[20] to the temperature-depending case we concentrate special attention tothe eqs. and BCs for the temperature.2 Function spacesLet B be an arbitrary domain in R2 and N � B a manifold of dimensionn < 2. The symbol �N (x) denotes the distance dist(x;N) := infy2N jx� y j.Let � = (�1; �2) be a multiindex in this section withj�j = �1 + �2 and D�u = @j�ju@x�11 @x�22 ( �i 2 N [ f0g ) :The symbol [r] will denote the integer part of r.Cr(B)(r > 0; non-integer) denotes the H�older space of functions de�ned ina domain B � R2 with a �nite normjuj(r)B = Xj�j<r supx2B jD�uj+ Xj�j=[r] supx;y2B jD�u(x)�D�u(y)jjx� yjr�[r] :Let _Crs (B;N) be the weighted H�older space of functions de�ned in BnN andhaving a �nite normjuj _Crs (B;N) = Xj�j<r supx2BnN �j�j�sN (x)jD�u(x)j+ Xj�j=[r] supx2BnN �r�sN (x) supjx�yj< 12�N (x) jD�u(x)�D�u(y)jjx� yjr�[r] :Crs (B;N)(r > s > 0; r; s non-integer) denotes the space of functions with a�nite norm jujCrs (B;N) := juj(s)B + Xs<j�j<r supx2BnN �j�j�sN (x)jD�u(x)j5



+ Xj�j=[r] supx2BnN �r�sN (x) supjx�yj< 12�N (x) jD�u(x)�D�u(y)jjx� yjr�[r] :Clearly, _Crs (B;N) is a subspace of Crs(B;N) consisting of functions vanishingon N together with their derivatives of order up to [s]. For s < 0 assumeCrs (B;N) := _Crs (B;N).For the de�nition of a generalized solution to the linear auxiliary prob-lem we need also the following function spaces. Note that the domainG is unbounded. De�ne the sets �11 := fx 2 �1; x1 < x1 < x̂1g and�12 := fx 2 �1; x1 > x̂1g.By C10 (G;�) we mean the set of all in�nitely di�erentiable vector func-tions v vanishing for j x j � 1 and satisfying the following BCsvj�j = 0 (j = 2; 3); vj�12 = 0; v � n = 0 (x 2 �1 [ �2 [ �11):Further we have: J10 (G;�) := fv 2 C10 (G;�); div v = 0g:The Sobolev spaces D(G) andH(G) are the completions of the sets C10 (G;�)and J10 (G;�) with respect to the Dirichlet normk ux k2G:=k ux k2L2(G)= ZG 2Xi;j=1�@ui@xj�2 dx:C1�;0(G;�) is the set of all in�nitely di�erentiable scalar �elds �(x) vanishingfor jx j � 1 and satisfying the BCs�j�j = 0 (j = 1; 2; 3); �j�m = 0 (m = 1; 2):The Sobolev space D�(G) is then the completion of the set C1�;0(G;�) withrespect to the Dirichlet normk �x k2G:=k �x k2L2(G)= ZG 2Xi=1 � @�@xi�2 dx:Finally we de�ne the weighted H�older spaces to which the generalized solu-tions to the problem (1.1)-(1.6) belong. Let x� be the value x� := max(j~x1j; x̂1)where ~x1 denotes the value ~x1 := minx22[0;h1]  1(x2). We use the following6



notations: Q� := Q1 [ Q2 [Q3 [ Q4; J1 :=]0; h1[; Y1 := f0; h1g; G0 := fx 2G; jx1j < x� + 2g; G+ := fx 2 G; x1 > x� + 1g; G� := fx 2 G; x1 <�x� � 1g; Q̂ = Q1 [ Q2; J02 := fx1 2 R; 0 < x1 < x� + 2g; J+2 := fx1 2R; x1 > x� + 1g.For an arbitrary real number z > 0 de�ne the spaceCrs;z(G) = fu(x); ujG0 2 Crs (G0; Q�); exp(zx1)u(x)jG+ 2 Cr(G+);exp(�zx1)u(x)jG� 2 Cr(G�)gwith the norm:k u kr;zG;s:= jujCrs (G0;Q�) + j exp(zx1)uj(r)G+ + j exp(�zx1)uj(r)G�:For functions f(x1) de�ned in R1+ we introduce the space Crs;z(R1+) with thenorm k f kr;zR1+;s= jf jCrs (J02 ;0) + jf(x1) exp(zx1)j(r)J+2 :The norm j~gjCrs (J1;Y1) is de�ned analogously.3 Linear auxiliary problem with homogeneousboundary conditionsThe linear auxiliary problem in the domain G with �xed boundaries consistsof the linearized Eqs.(1.1),(1.2) with given right-hand sides f; r and g, resp.,and the homogeneous BCs (1.3),(1.4), where v � n was set at zero. Thus, weobtain �r2v +rp = f; r � v = r; (x 2 G); (3.1)�r2� = g; (x 2 G); (3.2)v = 0 (x 2 �12 [ �2 [ �3); v � n = 0 (x 2 �1 [ �2 [ �11);� � S(v)nj�m = 0 (m = 1; 2); ~B� � S(v)n+ v � � = 0 (x 2 �11); (3.3)�j�j = 0 (j = 1; : : : ; 3); �j�m = 0 (m = 1; 2): (3.4)This problem can be decomposed into a BVP (3.1),(3.3) for v; p and a sec-ond BVP (3.2),(3.4) for �. The solution to BVP (3.1),(3.3) was completelypresented by the author [20]. Let us give the concept of a weak solution toBVP (3.2),(3.4). 7



De�nition 3.1. By a weak solution to BVP (3.2),(3.4) we understand ascalar �eld � 2 D�(G) satisfying the integral identityE�(�; �) := ZG(r� � r�) dx = ZG g� dx (3.5)for all scalar �elds � 2 D�(G).The existence of such a solution can be shown in the same manner as in [21],where a modi�ed unbounded domain for two liquids was considered. Thisprocedure is well known for the Laplace equation in bounded domains. Let 1; '2 be the representation functions described in Section 1. We de�ne thedynamic contact angle 
1 and both static contact angles 
2; 
3 at the contactpoints Q1; Q2; Q3, resp., by the relations
1 = �2 + arctan[� 01(0)]; 
2 = 3�2 � �� arctan[� 01(h1)];
3 = � + �+ arctan[�'02(0)]:Analysing some model problems [19], [23] for � in a neighbourhood of Q1; Q2;Q3; Q4, it could be shown that the weak solution � belongs to Cs+2s (G0) withs satisfying the condition 0 < s < st := minj2f1;2;3g[1=3; �=(2
j)]. Assumenow that the �xed boundaries �m (m = 1; 2) are of class C3+ss . Finally, weneed the set G(�; t) := fx 2 G; �� t < x1 < �+ tg.Theorem 3.1 There is a positive real number zt such that for any g 2Css�2;z(G) with s 2]0; st[ and z 2]0; zt[ the generalized solution � 2 D�(G)to BVP (3.2),(3.4) satis�es the inequalityZG(�;1) jr�j2dx � c0e�2zj�j ( k g ks;zG;s�2 )2 ; (3.6)where j�j > x� + 4 holds and c0 does not depend on �.Proof: Multiplying Eqs.(3.2) by � and integrating by parts the result inthe domain G(�; t) one obtainsE�(�; �)jG(�;t) = ZG(�;t) g�dx+ Z�(�+t) �� @�@x1dx2 � Z�(��t) �� @�@x1dx2: (3.7)Integrating Eq.(3.7) with respect to t over the interval ]� � 1; �[ we getZ(�; �) � c1�����Z ���1 �ZG(�;t) g�dx� dt����+ ����Z
�(�;�) �� @�@x1dx2����� ; (3.8)8



where the notations Z(�; �) := R ���1(RG(�;t) �2xdx)dt; 
+(�; �) := fx 2G; �+ � � 1 < x1 < � + �g; 
�(�; �) := fx 2 G; �� � < x1 < �� � + 1gare used. Now we estimate the right-hand side of (3.8). Taking into accountFriedrichs' inequality it is easy to prove that����Z
�(�;�) �� @�@x1dx2���� � c2 k �x k2
�(�;�); (3.9)����Z
�(�;�) �ZG(�;t) g�dx� dt���� �k g kG(�;�) �Z ���1 k � k2G(�;t) dt�1=2� c3 k g kG(�;�) �Z ���1 k �x k2G(�;t) dt�1=2 � c4 k g k2G(�;�) + 14c1Z(�; �);(3.10)where c4 := c1c23=4 . By virtue of inequalities (3.9),(3.10) it follows from (3.8)that Z(�; �) � c1c4 k g k2G(�;�) +14Z(�; �) + c5 k �x k2
�(�;�)� c6 k g k2G(�;�) +c7 k �x k2
�(�;�) : (3.11)Since dZ(�; �)=d� =k �x k2
+(�;�) + k �x k2
�(�;�) the estimate (3.11)can be represented in the form Z(�; �) � c7dZ(�; �)=d� + c6 k g k2G(�;�) :Multiplying the last inequality by exp(�(� � 2)=c7) and integrating withrespect to � over the interval [2; �=2] we getZ(�; 2) � Z ��; �2� exp���=2� 2c7 �+c6c7 Z �=22 k g k2G(�;�) exp��� � 2c7 � d�:(3.12)From the estimate k �x kG� c0 k g kG which results from the existence of ageneralized solution to BVP (3.2,(3.4) (cf.[21]) it follows thatZ ��; �2� = Z �=2�=2�1 �ZG(�;t) �2xdx� dt �k �x k2G� c8 k g k2G� c9(k g ks;zG;s�2)2:(3.13)Inequality (3.13) can be obtained with the help of the norms in the spacesCrs;z(G) and L2(G). Now we estimate the second term on the right-hand sideof (3.12). For � > x� + 4 we havek g k2G(�;�)� c10 supx2G(�;�)[exp(zx1)jg(x)j]2 Z �+���� exp(�2zx1)dx19



� c11 exp(�2z�) sinh(2z�)(k g ks;zG;s�2)2:Therefore, for z 2]0; 1=(2c7)[ and � > x� + 4 , it follows thatZ �=22 k g k2G(�;�) exp��� � 2c7 � d� � c12 exp(�2z�)(k g ks;zG;s�2)2�� Z �=22 sinh(2z�) exp�� �c7� d� � c13 exp(�2z�)(k g ks;zG;s�2)2: (3.14)Since RG(�;1) jr�j2dx � Z(�; 2); the relations (3.12)-(3.14) bring us to theinequality (3.6) for arbitrary � > x� + 4 and z 2]0; zt[ where zt := 1=(4c7)holds. The same considerations prove the inequality (3.6) in the case � <�x� � 4. This proves the theorem. �Theorem 3.2 For arbitrary g 2 Css�2;z(G) with s 2]0; st[ and z 2 [0; zt[ theBVP (3.2),(3.4) has a unique solution � 2 Cs+2s;z (G) and the estimatek � ks+2;zG;s � c14 k g ks;zG;s�2; (3.15)holds where c14 does not depend on g.Note that Eq.(3.2) is elliptic in the sense of Douglis-Nirenberg [1],[24] andthat the BCs (3.4) ful�l the complementarity conditions [24]. Therefore,one is able to prove Theorem 3.2 in a well-known manner [19], too. Joiningthe solution � to BVP (3.2),(3.4) given here with the solution v; p to BVP(3.1),(3.3) (cf.[19]), we obtain the solvability of the full linear problem (3.1)-(3.4).4 Linear auxiliary problem with nonhomoge-neous boundary conditionsIn this section we study the following BVP with nonhomogeneous BCs�r2v +rp = f; r � v = r; (x 2 G); (4.1)�r2� = g; (x 2 G); (4.2)10



vj�j = 0 (j = 2; 3); v � nj�11 = 0; ~B� � S(v)n+ v � � = a1 (x 2 �11);v � � j�12 = a2; v � nj�m = bm; � � S(v)nj�m = dm (m = 1; 2); (4.3)�j�j = 0 (j = 1; 2; 3); �j�m = �̂m (m = 1; 2): (4.4)The boundary values must ful�l the compatibility conditionsZG rdx = Z�1 b1ds� Z�2 b2ds; b1(x̂1; 0) = 0; bm(0; hm) = 0 (m = 1; 2); (4.5)�̂1(0; h1) = 0; �̂1(x1; 0) = 0; �̂2(0; h2) = 0: (4.6)The problem (4.1)-(4.4) can also be decomposed into a BVP (4.1),(4.3) forv; p and a second BVP (4.2),(4.4) for the temperature �. The solution toBVP (4.1),(4.3) was given in [20], too. Let us present the correspondingtheorem. Remark that the numbers s�; z� denote some constants resultingfrom model problems in angular domains (cf. [20]) for the isothermal BVP(3.1),(3.3).Theorem 4.1 Let h1 be a positive constant and ('2�h1) 2 C3+s1+s;z(R1+);  1 2C3+s1+s(J1; Y1). For arbitrary s 2]0; s�[; z 2]0; z�[; f 2 Css�2;z(G); r 2 Cs+1s�1;z(G);a1 2 Cs+2s (�11; Q1); a2 2 Cs+2s;z (�12; Q4); b1 2 Cs+2s (�1; Q̂); b2 2 Cs+2s;z (�2);d1 2 Cs+1s�1(�1; Q̂); d2 2 Cs+1s�1;z(�2) such that conditions (4.5) are ful�lled,BVP (4.1),(4.3) is uniquely solvable with v 2 Cs+2s;z (G);rp 2 Css�2;z(G).Moreover, the inequalitykvks+2;zG;s + krpks;zG;s�2 � c15 �kfks;zG;s�2 + krks+1;zG;s�1 + ja1jCs+2s (�11;Q1[Q4)+ka2ks+2;z�12;s + jb1jCs+2s (�1;Q̂) + kb2ks+2;z�2;s + jd1jCs+1s�1(�1;Q̂) + kd2ks+1;z�2;s�1� (4.7)applies.Next we are studying BVP (4.2),(4.4) under the compatibility conditions(4.6).Theorem 4.2 Let h1 be a positive constant and ('2 � h1) 2 C3+s1+s;z(R1+); 1 2 C3+s1+s(J1; Y1). For arbitrary s 2]0; st[; z 2]0; zt[; g 2 Css�2;z(G); �̂1 2Cs+2s (�1; Q̂); �̂2 2 Cs+2s;z (�2); such that conditions (4.6) are ful�lled, BVP(4.2),(4.4) has a unique solution � 2 Cs+2s;z (G). Moreover, the estimatek�ks+2;zG;s � c16 �kgks;zG;s�2 + j�̂1jCs+2s (�1;Q̂) + k�̂2ks+2;z�2;s � (4.8)holds. 11



Proof: Firstly one constructs a scalar �eld � 2 Cs+2s;z (G) satisfying theBCs (4.4) and an estimate of type (4.8) where the norm of g on the right-hand side is omitted. Such a �eld can be obtained as in [20]. Then we set� := � + � where � is a solution to�r2� = g +r2�with homogeneous BCs (3.4). Due to (g+r2�) 2 Css�2;z(G) the existence of� follows from Theorem 3.2. �Joining the results of Theorems 4.1 and 4.2 one gets the unique solvabilityof BVP (4.1)-(4.4) and the corresponding estimate for its solution.5 Nonlinear auxiliary problemConsider BVP (1.1)-(1.4),(1.6) in G with �xed boundary. Let again h1 > 0be a given constant and ('2 � h1) 2 C3+s1+s;z(R1+);  1 2 C3+s1+s(J1; Y1). Thespace parameters s and z ful�l the conditions0 < s < s0 := min[s�; st]; 0 < z < z0 := min[z�; zt]; (5.1)where st; zt are taken from Theorem 3.1 and s�; z� are taken from Theorem4.1. Let the temperatures at the walls �j (j = 1; 2; 3) be constant and denoteby �max the maximum of their moduli j�jj (j = 1; 2; 3). Furthermore, supposethat �̂1 2 Cs+2s (�1; Q̂); (�̂2��1) 2 Cs+2s;z (�2) and j�̂m(x)j�m � �max (m = 1; 2).Finally, assume �̂2 � �1 for x1 � x̂1. The last assumption is essentiell forthe applied solution method and it guarantees a constant layer thickness asx1 ! +1.By (u(�); p(�); �(�)) we understand a solution to BVP (1.1)-(1.4),(1.6) inthe channel G� (here the BCs on �1;�1;�2 are excluded). Finally, (u(+); p(+);�(+)) denotes a solution to BVP (1.1)-(1.4),(1.6) in Ĝ+, where Ĝ+ is a domainapproximating the curve �2 by the half-line x2 = h1 as x1 � x̂1 (here the BCson �j(j = 2; 3) are excluded). These solutions can explicitly be calculated.They have the formu(�)1 (x1; x2) = 6F 0(�)(h2 � h1)3 (x2 � h1 + x1 tan�)(h2 � x2 � x1 tan�);12



u(�)2 (x1; x2) = �6F 0(�) tan�(h2 � h1)3 (x2 � h1 + x1 tan�)(h2 � x2 � x1 tan�);p(�)(x1; x2) = � 12F 0(�)(h2 � h1)3 cos2 � [x1 � (x2 � h1) tan�];�(�)(x1; x2) = �2 + x2 � h1 + x1 tan�h2 � h1 (�3 � �2); (5.2)u(+)1 (x1; x2) = R + 3(h1)2 �R � F 0(�)h1 � x2 �x22 � h1� ; (x 2 Ĝ+)u(+)2 � 0; �(+) � �1; p(+) = 3(h1)2 �R� F 0(�)h�2 � x1; (x 2 Ĝ+): (5.3)Now the solution (u(+); p(+); �(+)) hitherto only de�ned on Ĝ+ can be ex-tended or restricted to G+ 6= Ĝ+ with the help of formula (5.3). In this casethe notation is preserved. Let M(F;R; �) := max (F 0(�); R; �max) and let inthe remaining part of this paper g be a smooth real function vanishing fort � x̂1 + 1 and being equal to 1 for t � x̂1 + 2.Theorem 5.1 For a su�ciently small number M(F;R; �) and for s; z sat-isfying condition (5.1) the BVP (1.1)-(1.6) has a unique solution (v; p; �)permitting the representationv = g(�x1)u(�) + g(x1)u(+) + w; p = g(�x1)p(�) + g(x1)p(+) + q;� = g(�x1)�(�) + g(x1)�(+) + �0; (5.4)where u(+); u(�); p(+); p(�); �(+) and �(�) are given by formulae (5.2),(5.3)and w; �0 2 Cs+2s;z (G);rq 2 Css�2;z(G): Moreover,k w ks+2;zG;s + k rq ks;zG;s�2 + k �0 ks+2;zG;s � c16(F 0(�); R; �max) (5.5)holds and c16 �! 0 for M(F;R; �) �! 0:Proof: Introduce the notations u := v�w; ~p := p�q and ~� := ���0 wherev; w; p; q; � and �0 are given in (5.4). Taking into account the expressions(5.2),(5.3) for u; ~p and ~� we obtain the following system for (w; q; �0)�r2w +rq =M1(w); r � w = r; (5.6)�r2�0 =M2(�0; w); (5.7)13



wj�j = 0 (j = 2; 3); w � nj�1 = 0; ~B� � S(w)n+ v � � = a1 (x 2 �11);w � � j�12 = a2; w � nj�m = bm; � � S(w)nj�m = dm (m = 1; 2); (5.8)�j�j = 0 (j = 1; 2; 3); �j�m = �̂m (m = 1; 2); (5.9)where a1; a2; bm; dm; �̂m (m = 1; 2);M1(w);M2(�0; w) and r have the repre-sentations a1 = 0; a2 = R [1� g(x1)] ; b1 = 0; d1 = 0;b2 = g(x1)'02(x1)[1 + ('02)2)]�1=2 u(+)1 j�2;d2 = [1 + ('02)2)]�1 n2g0(x1)'02(x1)u(+)1 j�2�g(x1)[1� ('02)2] 3(h1)2 �r � F 0(�)h1 � ['2(x1)� h1]� ;M1(w) = F1 � (u � r)w � (w � r)u+ (w � r)w;F1 = r2u� (u � r)u�r~p; r = g0(�x1)u(�)1 � g0(x1)u(+)1 ; (5.10)M2(�0; w) = F2 � (w � r)~� � (u � r)�0 + (w � r)�0;F2 = �r2~� � (u � r)~�;�̂1 = �̂1; �̂2 = �̂2 � g �1: (5.11)In [20] it was proved that the problem (5.6),(5.8) with right-hand sides (5.10)is uniquely solvable provided that max[F 0(�); R] is su�ciently small. Fur-thermore, the inequalitykwks+2;zG;s + krqks;zG;s�2 � c17(F 0(�); R) (5.12)was shown where c17 �! 0 as max[F 0(�); R] �! 0: The proof is based onBanach's �xed point theorem and the results of Theorem 4.1.Let us consider problem (5.7),(5.9) with right-hand sides (5.11). Obvi-ously, F2 � 0 for jx1j � x� + 1. Therefore, F2 2 Css�2;z(G) holds. Letw 2 Cs+2s;z (G) be the unique solution to the problem (5.6),(5.8) with right-hand sides (5.10). Suppose that �0 2 Cs+2s;z (G). In this case we can concludekM2(�0; w)ks;zG;s�2 � c18(F 0(�); R; �max) �k�0ks+2;zG;s + kwks+2;zG;s +c19kwks+2;zG;s k�0ks+2;zG;s + c18(F 0(�); R; �max)� ; (5.13)14



where c18 �! 0 as M(F;R; �) �! 0. Simple calculations using the assump-tions ('2 � h1) 2 C3+s1+s(R1+) and  1 2 C3+s1+s(J1; Y1) show that the functions�̂m(m = 1; 2) from (5.11) ful�l the conditions of Theorem 4.2 and the com-patibility conditions (4.6). Thus problem (5.7),(5.9) can be written in theform �0 = AM2(�0; w) =: B(�0); (5.14)where A is an operator which maps a scalar �eld g 2 Css�2;z(G) into a solution� of problem (4.2),(4.4). By virtue of Theorem 4.2, the range of this operatoris the set of all scalar �elds belonging to Cs+2s;z (G), satisfying BCs (5.11) andkA gks+2;zG;s � kAk[kgks;zG;s�2 + j�̂1jCs+2s (�1;Q̂) + k�̂2ks+2;z�2;s ]� kAk[kgks;zG;s�2 + c20(F 0(�); R; �max)]; (5.15)where kAk < +1 and c20 �! 0 as M(F;R; �) �! 0: Repeating the consid-erations from [19] and using (5.13) it is possible to prove that the operatorB carries the ball k�0ks+2;zG;s < " of the space Cs+2s;z (G) into itself and that itis there a contraction operator. In this case we put " := min[1; (c21kAk)�1]and M(F;R; �) := "=c22 with constants c21; c22 independent of F;R; �. Fur-thermore, from (5.13) the estimatek�0ks+2;zG;s � c23(")kAkc24(F 0(�); R; �max) (5.16)follows in this ball and c24 �! 0 as M(F; r; �) �! 0. From Banach's �xedpoint theorem we conclude �nally the unique solvability of (5.14) and theinequality k�0ks+2;zG;s � c25(F 0(�); R; �max): (5.17)Joining inequalities (5.17) and (5.12) one gets the estimate (5.5). Thus thetheorem is completely proved. �Next, let us consider BVP (1.1)-(1.4),(1.6) in a slightly di�erent domainG0 = fx 2 V ; x2 < f'2(x1) for x1 > 0 and x1 < f 1(x2) for x2 < h1gwhere (f'2 � h1) 2 C3+s1+s;z(R1+);f 1 2 C3+s1+s(J1; Y1) are functions close to '2and  1 in the C3+s1+s;z(R1+)-norm and in the C3+s1+s(J1; Y1)-norm, respectively.Moreover, we require that f'2(0) = h2 and f 1(h1) = 0 hold. Let the solutionbe (v0; p0; �0). To estimate the di�erence of solutions of both problems wemap the domain G0 onto G. Constructing this mapping as in [20] we obtain15



a nonhomogeneous problem of determining the transformed solution (v̂; p̂; �̂)in G. Repeating the same conclusions as in [19] and performing some smallmodi�cations due to the temperature � one can prove the following theoremfor the di�erences U := v � v̂; P := p � p̂; TE := � � �̂. Let s and z be thesame as above.Theorem 5.2 If M(F;R; �) is su�ciently small and� := jf 1 �  1jC3+s1+s (J1;Y1) + kf'2 � '2k3+s;zR1+;1+s � 1 (5.18)then the inequalityk U ks+2;zG;s + k rP ks;zG;s�2 + k TE ks+2;zG;s � c26(F 0(�); R; �max) � � (5.19)holds, in which c26 �! 0 as M(F;R; �) �! 0:6 The complete free surface problemNow we study the solvability of the complete BVP (1.1)-(1.6) under the con-ditions (1.7) and (1.8). We consider v; p and � in Eqs.(1.5) as the solutionof the nonlinear auxiliary problem (1.1)-(1.4),(1.6) depending on the func-tions  1(x2); '2(x1), and we show that for su�ciently small M(F;R; �) thefunctions  1; '2 are determined from (1.5) uniquely. Firstly, it follows fromthe representation of the solution to BVP (1.1)-(1.6) that it is necessary tochoose h1 = F 0(�)=R in order to satisfy condition (1.8). This implies'2(x1) �! F 0(�)R as x1 �! +1: (6.1)In this case the pressure p(x) is bounded for x1 > 0 . Note that � 2 Cs+2s;z (G)yields the continuity of � up to the boundaries of G. Thus the inverse surfacetension ��1(�) = (a � b �)�1 is also a continuous function provided that� < a=b is su�ciently small. For this reason we can conclude thatp(x) �! p� = F 0(�)R as x1 �! +1 (6.2)hold applying the same operations as in the isothermal case (cf. [20]).16



Let be !2(x1) := '2(x1)�'2(x1) , where '2(x1) denotes a solution to thefollowing BVPddx1 '02(x1)[1 + ('02(x1))2]1=2 � �(0)'2(x1) = ��(0)F 0(�)R ; (x1 2 R1+)'2(0) = h2; '2(x1) �! F 0(�)R as x1 �! +1: (6.3)Analogously, let be !1(x2) :=  1(x2) �  1(x2) , where  1(x2) denotes asolution to the BVPddx2  01(x2)[1 + ( 01(x2))2]1=2 + �(0)x2 = �(0)F 0(�)R + �p̂g ; (x2 2]0; h1[) 1(h1) = 0;  01(0) = �A = cot �1: (6.4)These BVPs result from (1.5) in the case v � 0; p = p� = const., � = 0 beinga solution to the auxiliary BVP (1.1)-(1.4),(1.6) for the parameters R =F 0(�) = �1 = �2 = �3 = 0. It was easy to show [19] that the problem (6.3)has a unique solution , if the condition jh2 � h1j < [2=�(0)]1=2 is satis�ed.Furthermore, the di�erence ('2(x1) � h1) is equivalent to exp(�p�(0)x1)as x1 �! +1.The BVP (6.4) was studied [20] in detail and the corresponding resultswill be included in Theorem 6.1. For the unknown functions !m(x1) weobtain a two-point BVP like BVP (8.8) from [19] subtracting Eqs.(6.3) and(6.4) from Eq.(1.5). A di�erence to BVP (8.8) consists in the following. Wehave to substitute � by �(0) everywhere and, additionally, we introduce theoperators T (3)m de�ned asT (3)m !m := b ��(�)!m = �(0)� �(�)�(�) !m: (6.5)The remaining part of the proof of the main theorem can be realized asa modi�ed repetition of the proof of Theorem 8.1 in [19]. Instead of theoperator Eq.(8.10) from [19] we have to study the following one:!m = Lm(T (1)m !m + T (2)m !m + T (3)m !m) =: Bm!m (6.6)with T (3)m given in (6.5) and the other part taken from [19]. Since T (3)m isa contraction operator for small � we can conclude as in [19] that Bm is acontraction operator too in the ball k !m k3+s;zR1+;1+s< �. Consequently, we haveproved the main result of the present paper.17
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