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Abstract

We develop geometric dynamicsl systerms methods ko determine how various eomponents
contribute ko 2 neuronal network's emergent population behavior. The resulia elarify the
multiple roles inhibition can pley in producing different rhythms. Which rhythma arise
depends on how inhibition interacts with intringic properties of the neurons; the nature
of these interactions depends on the underlying architecture of the network. Our analy-
gis demonatrates that fast inhibitory coupling may lead to synchronized rhythma if either
the cells within the network or the architecture of the network is sufficiently complicated.
This cannok oceur in mutually coupled networks with simple cells; the geometric approach
helps explain how additional network complexity allows for synchronized rhythms in the
presence of fast inhibitory coupling. The networks and issues considered are motivated
by recent models for thalamic oscillations. The analysis helpa clarify the roles of various
biophygical features, such sas fast and slow inhibition, corfical inputs and ionic conduc-
tances, in producing network behavior sssociated with the apindle sleep rhythm and with
paroxysmal discharge rhythms. Transitions between these rthythms are slso discussed.
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1. Imiroduction.

Neurcmal networks often exhibit a rich variety of oacillatory behavior. The dynamics
of even s single cell may be quite complicated; it may, for example, fire repetitive apikes
or burata of action potentials that are each followed by a silent phase of near quieacent
behavior [22,41]. The burating behavior may wax and wane on a slower time seale [1,5].
Examples of population rhythms include synchronous behavior, in which every cell in the
network fires af the same time, and clustering, in which the enfire populatiom of cells
breaks up into subpopulations or blocks; the cells within s single block fire synchronously
while different blocks are desynchronized from each other [13,19]. Of course, nuch more
complicated population rhythms are also peasible [34,36]). Activity may also propagate
through the network in & wave-like manner [7,14,18,23].

A network’s population thythm results from inkeraciions beiween three separate com-
ponents: the intringic properties of individusl neurons, the synaptic properties of coupling
between neurons, and the architecture of coupling (i.e., which nenrons communicate with
each other). These components typically involve oumerous parameters and multiple Hme
acales. The synaphic eoupling, for example, can be excitatory or inhibitory, and ita pos-
gible turn on and tum off rates can vary widely. Neuronsal syatems may include several
different rypes of cells as well as different fypes of coupling. An important and fypically
wvery challenging problem is to determine the role each componeni plays in shaping the
emergent network behavior.

In this paper we congider recent models for thalamic oacillations [6,8,14,15,28,29,30,33,44).
The networks congist of several fypes of cells and include excitatory as well aa bhoth faar
and slow inhibitory eoupling. One interesting property of these networks is that they ex-
hibit very differeni: rhythms for different paramerer ranges. For some paramefer values,
the network behavior resembles that of the spindle sleep rhythm: one populstion of eells is
aynchronized ab the spindle frequeney while another population of cells exhibita clustering.
If & certain parameter, corresponding to the sirength of fast inhibition, is varied, then
the entire network becomes synchronized. This resembles paroxysmal discharge thythms
ssgocisted with spike-and-wave epilepsy. In other parameter ranges, the network behavior
is similar to that sssociated with the dera sleep rhythm; in this case, each cell exhibits an
entirely different hehavior from before.

We develop geometric dynamicsl aystems methods to analyze the mechaniams respon-
gible for each of these rhythms and for the transitions between them. This appmach helps
determine each component's eonfribution to the network behavior and ko darify how the
behavior changes with respect to parameters. We are particularly interested in analyzing
the role of inhibitory eoupling in generating different oscillatory behaviors. This is done by
considering a aeries of networks with increasing levels of complexity. Our ansalysis demon-
atrates, for example, how networks with distinet architeciures can make different uses of
inhibition ko produce different rhythma. The techniques we develop are quite general and
do not depend on the detsils of the specific systerms. For & given network, however, these
techniques lead fo rather precise conditions for when a particular rhythm is possible.

Many papers have considered the role of inhibition in synchronizing cacillations [2,9,10,
11,12,21,24,25,32,37,38,42,43,45,46]. One conclusion of some of these papers is that inhi-
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bition can lead to synchrony only if the inhibition decays at & sufficiently slow rate [32,43];
in particular, the rate of decay of the synapses muak be slower than the rate af which the
neurons recover in their refractory period. These theoretical siudies, however, have con-
gidered very idealized networks that inelude rather simple models for both the individual
neurons and the srchiteciure of synaptic coupling. By considering more realistic hiophys-
ical models, we demonatrate that fast inhibitory coupling cen indeed lead to synehronous
rhythrma. We show that this is possible both in networks which indude complicated cells,
but simple architectures, and in neiworks with more complieated architectures, bui simple

cella.

Geomelric singular perturbation methods have been used previously to study the pop-
ulation thythma of neuronsl networks [20,26,27,32,34,35]. The relevent networks each
possess different; time scales; this allows one ko dissect the full system into fast and slow
subaystems. The advantage of this approach is that the fast and slow subsyatems are of
lower order than the original system. If the cella are homogenaous, then one can make a
further reduction by viewing all the oscillators as points evolving in & single phase space.
The dimension of this phase space equals the toral number of slow intrinsic and alow
aynaptic variables corresponding ko 2 single eell.

There are two crucial issues related o this snalysis. The first is concerned with the
existence of & singular solution corresponding to a particular pattem. We assume that
individusal cells, without any coupling, are unable to oscillate. The existence of network
cacillabory behavior then depends on whether the singular irajectory is able ko ‘escape’ from
the silent phase. An important point will be that greater cellular or network complexity
enhsnees each cell's opportunity to escape the silent phase when coupled. The second issue
is eoncerned with the stability of the solution. We must demonatrate that the trajectories
eorresponding ko different cells are brought elaser together aa they evolve in phase space.
As we shall see, this compression is usually not controlled by one single factor; it depends
on the underlying architecture as well as nonfrivisl interactions between the infrinsie and
synaptic properties of the cells {(see also [32]). Our anslysia demonstrates, for example,
why thalamic networks are well suited to use inhibitory coupling both to help synchronize
wmacillations and ko produce other, clustered, thythms,

An outline of the paper is the following. In the next section we deseribe, in detsil, the
types of networks to be considered. We will distinguish betwesn simple and complex cells.
As s concrele example, we consider recent conductance based models for thalamoeortieal
relay (TC) cells [§,14]. Complex eells can be reslized as a model for a TC cell which
includes three ionic currents: 2 low threshold calcium current (fr), the non-selective aag
current {(J) and 2 leak. A simple cell does not include 7. In this context, our results help
to explain the role of I in penerating network sctivity; we shall see that this role depends
on the architecture of the network. 'We also discuss differeni: forma of synaptie coupling
and different: architectures ko be considered later.

In Sections 3 and 4 we consider a series of networks in order to understand when
muiually coupled inhibikory networks can produce synchronized rhythms. Synchrony is
nok poasible in networks with simple cella and faar synapees and in Section 3 we explain
why. This analysis helpa to motivate what ingredients are needed for synchronization. In
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Section 4 we show that synchronization is pogsible in mutually coupled networks which
include complex cells and faar synapses. This analysis is similar to that in [32], where it waa
shown that synchronization is possible in networks with simple cells and slow inhibitory
coupling. Theaee networks eontein two types of slow processes: one eorresponds fo an
intrinsic ionic current and the other to & synaptic slow varisble. The main conclusion of
the analysis here is that what is crucial for synchronization is that the network possess
ak lesst two slow processes; one may be inkrinsic and the other aynaptic or both may be
intrinsie.

In Sectiona 5 and §, we consider networks with architectures motivated by recent mod-
els for the spindle sleep rhythm. The more complex architectures allow the network ko
uge inhibition in different ways to produce different population rhythms. In particular,
inhibition ean play an imporkant role in synchronizing the rhyihms in 8 much more robust
way than in the mutuslly coupled networks. We will demonstrate how funing various
parameters allovws the network to control the effect of inhibition and thereby control the
emergent. behavior.

Consequences of these results for the full thalamic networks are presented in Section
7. We consider the roles of various biophysical parameters associated with fast and slow
inhihition, the ssg current, cortical inputs, and other currents. These maults help clarify
both the mechanismsa responsible for the spindle, delta, and paroxysmal discharge thythms
and the ways thak changes in biophysical parameters lead Lo transitions between different
rhythms. We conclude with a discussion in Section 8.

2. The Models.

‘We now present, the models to be considered later. We begin by deseribing the equations
corresponding ko individual cells. 'We distinguish between what we call simpie celis and
complez eells. We then describe the synaptic coupling between two cells. Ik is necessary
to explain which parameters determine whether the synapse is ezeifatory or inhibitory
and which other parameters defermine whether the synapse is fast or slow. It will also
be necessary o distinguish between divect synapses and dndivect synapses. Finslly, we
describe the fypes of architeciures ko be considered.

A, Single Cells.
We madel & sémple cell aa the relaxation oscillator

v o= fv,w)
(24.1) w' = egly,w)

Here ¢is assumed to be small. We assume that the v —nullcline, f{, w) =0, defines a cubie-
shaped curve a3 shown in Fig. 1A, and the w—mullcline, ¢ = 0, is 8 monokone decreasing
curve which intersects { = 0 2f 2 unique poinf p;. We also assume that f = 0 (f < 0)
ghove (below) the v—nulldine and g 2> 0 {< ) below (sbowe) the w—nullcline. I pg liss on
the middle branch of f = {, then {24.1) gives rise to & periodie solution for all £ aufficiently
amall and we ssy that the system is oscillmtory. In the limik € — 0, one can eonskruck a
gingulsr solution a3 shown in Fig. 1A. If pg lies on the left branch of f = 0, then the
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aystem is seid fo be exeitable pg is & skable fived point and there are no periodic solutions
for all € amall. For some of our results, it will be necessary to make some further, more
technical, sssumplions on the nonlinesarities f and g. We will sometimes assume thar

{24.2) fw » 0, go <0 z2nd g, < 0
near the singular aolutiona.

By a eomplez cell we mean one which containg af leaat kwo slow processes. We consider
complex cells which satisfy equations of the form

¥ o= fimuy)
(24.3) w' = egin,w)
¥ = ehin,y)

Trecise sssumptions required on the nonlinear functions in (24.3) are given later. For now,
we assume that for each fixed value of y, the functions f{», w, ) and g{»,w) satisfy the
condirions described shove for 2 simple esll. Then {f{»,w,y) =0} defines a cubic shaped
surface. The system (2A.3) is asid to be ezedtable if there exista a unique fixed point, which
we denote by po, and this lies on the lefi branch of the cubic shaped surface. One can
conatruet singuler solutions of {24.3) and one of these is shown in Fig. 1B. The singular
aolutiom shown beging in the silent phsase, or left branch, of the surface. It evolves there
until it reaches the curve of jump-up points which correspond to the left ‘knees' of the
cubic surface. ‘The singular solution then jumps up to the sekive phase, or right branch, of
the surface. It evolves in the active phase uniil it reaches the jump-down points or right
‘knees’ of the surface. It then evolves in the silent phase, approaching the stable fized
point 2k pg. A more formal deseription of certain singular solutions is given in Section 4B.

B. Synaptic Coupling.

Congider the network of two mukuslly eoupled eells: £, + Ep. The equations corre-
aponding o this network are

m = flm,m) — Gayn32(V1 — Vayn)
@ = €h (w1, 1)

(2B.1) vy = f{vz,02) — Bepnd1{¥z — Veyn)
% = €h{ve 1)

Here, ;3 = wy and A = g if the cells are simple, while ¢ = (wg, 3) and & = (g, /) if the
cells are complex. In (2B.1), geyn > 0. It is the paramefer vayy that determines whether

the synapae is excitatary ar inhibitory. If been < » along each bounded singular solution,
then the synapse is inhibitory.

The coupling arises in the synaptic variables s;, ¢ = 1,2. We consider two choices for
the s;. Each s; may satisfy a firat order equation of the form

{2B.2) g = afl — ;) H{y; — Ogn) — s
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Here, o and 3 are paitive constants, H is the Heaviside step function and 84y is a
threshold shove which one cell can influence the other. Note that & and £ are related o
the rates at which the synapses turn on or turn off. For fast synapses, we sssume that
hoth of these constanta are (1) with respect to €. For a slow synapse, we assume that
a ={1) and # = {¢); hence, a alow synapse activates on the fast time scale, but turns
off on the slow kime seale.

If the synaptic variables satisfy (2B.2], then we say that the synapse is direct. We
will also consider éndivect synapses. These are madeled by introducing a second synaptic
varisble #;, as in [15,32]. The equations for {z;, 5;) are:

I; = 60:3(1 - 'riJH(”i - snynJ - eﬁ:-ti
{2B.3) = ol —5)H{x; — ;) — A
Here, &y and 8, are positive constants. Note thak indirect synapses have the effect of
introducing & delsy in the synaptic action and this delsy rakes place on the slow Hme
scale. If, aay, the cell £, fires, then &, will activate once »; crosses the threshold 8. The
ackivation of s; must waik until £) crosses the second threshold 8.,

C. Globally Imhibitory Nedworks.

Besides mutually eoupled networks, we also consider networks with the following archi-
Leckure:

O Fastinh. O O
// \\ Slow nh. O
O=0 =5—0 O

J-cells E-cells

Thia network conteaing two different types of cells; these are labeled as E-eella and J-cells.
Each E-cell sends fasr excitation to some of the J-cells and each J-cell sends inhibition to
some of the E-cells. The inhibition may be fast or slow {or both). There is no communi-
cation among different E-cells; however, the Jcella commmunicate with each other via faar
inhibitory coupling.

This network is motivated by recent models for aleep rhythms [8,44]. The E- and J-cella
correspond to thalamocorticsal relay (TC) and thalamie reticularis (RE) cells, respectively.
In Section 5, we consider networks with this architecture in which each E- and J-cell is
maodeled as a simple cell. In Sections § and 7, we consider more hiophymical madels for
these cells,

D. Singular Sclutions.

All of the networks in this paper are analyzed by freating ¢ a3 g amsll, @ngular perfur-
bation parsmeter. The first atep in this snalysis is to identify the fast and slow varisbles.
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We then dissect the full system of equations into fast and slow subsystems. The fasf
aubayatem is obfained by simply setfing ¢ = 0 in the original equations. This leads to a
reduced set of equations for the fasi variables with each of the slow warisbles constant.
The slow subsyatem is obkained by firat introducing the slow fime acale T = ¢t and then
setting € = {) in the resulting equakions. This leads to a reduced system of equakions for
jusk the slow variables, after solving for each fast variable in terms of the slow ones.

3. Muiually Coupled Simple Cells With Fast Inhibitory Synapses.

A. Imtroductory Remarks.

We now consider networks of two mutually eoupled simple eells with fasi; inhibitory
aynapses. These networks cannot support stable synchronized oscillationa (for small €)
znf here we explain why, There are different ressona depending on whether the cells are
exvikable or cscillatory and whether the synapses are direet or indirect. We freat various
cagea separately. This analysis will help motivate the dynamical properties needed for a
maore complex network to achieve synchrony.

Here we derive the slow equations. For this, it will be convenient ko introduce the
following notation. Let F(»,w, 3] = f(», %) — gayns(v — Vayn). We assume that for each
g, {(»,w): F{v,w,s) =0} defines a cubic-shaped curve denoted by €. Denote the left,
and right branches of this cubic by £, = {» = @5 (w, 5]} and R, = {» = dplw, 5)},
respectively. Ik is natural fo assume thatk %‘;ﬂ‘i and %‘;ﬂh are both pasitive. Finally, let
Grlw, 3) = g{@c{w, 8),w) and Gg{w,3) = g{0g{w, s),w).

For the case of simple eells with fask, divect synapses, the slow variables are wy and wg,
while the fask varisbles are #;,%2, 1 and ;. The slow equations are obtained by letting
T = et in (2B.1}, (2B.2) and then setting ¢ = in the resulting equation. This leads to the
alow system

] F{*’ijwia SJ]
(34.1) iy = glng,uy)
0 = ol — %:)H(y — Bgyn) — B3

Here, 1 = 1,2, § # 1, and differentistion is with respect o 1.

If cell 4 is silent, so that 2 < 8gpn, then 3; =0 and (g, ;) liea on the left branch of the
cubic determined by s;. That is, % = @r{uy, 5;). The slow evolution of w; is given by the
scalar equation

{3A2] t!.Ji = G_[,{wi,:?jj

If cell 4 is ackive, 8o that »; > @an, then (g, uy;) lien on the right branch of the cubie
determined by s;. Hence, »; = @g{uy, 57) and the slow evolution of w; is given by

{34.3) iy = Gglwi, 55)

From the last equation in (34.1), if follows that s; = 255 = 0.4 when cell 4 is active.
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B. Excitable Cells.

We assume throughout this subsection that the synapses are fast and both cells, without
any eoupling, are excitable. We will show that 2 singular periodic synchronous solution
cannot exiat if the synapees are direct. Such & solution may exist if the synapses are
indirect, however it musk be unskable.

If the synapses are direct, then, for a synchronous solution, each cell lies on L during
the sileni phase. If the cells are excitable, then there exisis a stable reat point on g and
each cell is aktracted to this stable rest point. Henee, the eells can never jump up ko the
active phase and the synchronous periodic solution cannot exiat.

If the synapaes sre indirect, then the cells lie on £, immediately after jumping down
from the active phase. They remain on this branch uniil the varisbles x; fall below their
threshold 8. If this delay is long enough, then the cells may lie shove the left knee of
Lo when they are relessed from inhibition. In this case, the cells jump up to the active
phase and & synchronous periodie solukion may exist. After the cells jump-up, each z;
rises above &, with s; still at ¢ 4; this persista for the remasinder of the oscillation. Such &
gingular solution appears in Fig. 24.

Such s solution is unskable. If perturbed, then one of the cells, say cell 1, jurmps up firar,
when x; falls to &;. Af this time, cell 2 lies in the silent phase with x; > 8. Afier cell 1
jumps up, v > Vge and therefore £) > 0. Hence, g, is fived at ¢4 and cell 2 cannot be
released from the silent phase. Cell 2 must wait near the fixed point on £, unkil cell 1
returns ko the silent phase before it can jump up. This will eventually result in some form
of antisynchronoua oscillation.

C. Oscillatory Cells With Direct Synapses.

Now suppase that each cell is oscillatory; we still sssume that the synapses are fast and
direct. Then 2 synchmnous periodic solukion exista. The orbif lies on £ during the silent.
phase and lies on R, during the active phase.

This solution is unstable for the following resson. Suppese both cella are initially very
close o each other on £5. The cells then evolve on £5 unikil one of the cells, say eell 1,
reaches the lefi knee of £o. Cell 1 then jumps up to the active phase. When ;) crosses
the threshold 8., s, switches from 0) fo o4 and cell 2 jumps from Ly to Ly, 88 shown
in Fig. 2B. This demonsfrates that the cells are uniformly separsted for arbifrarly close
initial data. The synchronous solution must, therefore, be unstable.

D. Oscillatory Cells With Indirect Synapses.

The synchronous solution is unatsble for direct synapses because when one cell fices if
immediately ‘ateps on’ the other eell. If the synapses are indirect, then there is 2 delay
frorm when one cell fires unfil the other cell feels the inhibition. This givea the second
cell 2 ‘window of opportunity’ in which o fire. We claim, however, thai the synchronous
solutiom musk akill be unstable.

To simplify the snalysis, we assume that the delay is a fived constant 8. By this we
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mean the following. Consider the slow kime scale T = o and suppose that one ecell, say cell
1, juripa up when © = 1. Since #y cromses @y on the fast time scale, this immediately
activates the variable ;. The delay corresponds to how long ii takes &) to eross 8. We
assume that z;{rg + &) = 8;. The delay should actually depend on z,{0). The following
analysis can be essily extended fo that case.

To prove that the synchronoua solution is unstable, we begin with both cella in the ailent
phase with one cell, say cell 1, at the lefi knee of £g ready to fire. We follow the singular
golution around in phase space until the cells complete one eycle  that is, until one of the
cells returns to the left knee of £o. We show that the ‘distance' between the cells incresses
after this one eycle. By ‘distance’ we mean the following: If the cells lie on the same
branch of the ssme cubic, then the distanece betwesn the ecells is the time it takea for the
trailing cell to evolwe on that branch ko the position of the leading cell. Note that as long
23 the cells remain on the same branch, this distance is invariant. Henee, any expansion
in the distance muat take place sa the cells jump from one branch fo another. Below, we
focus on the sequence of events from the moment eell 1 jumpa up unkil eell 2 jumps up and
begina to inhibit cell 1. We demonatrate that there is expansion in the distance between
the cells during this jumping up process; see also Fig. 2C. A similar argument holds for the
Jumping down process. Throughout this srgument we consider the slow time seale ™ = €.
We denote the distanee betwesn the cells at time T as p{r).

Suppose cell 1 jumps up when T = (. Moreover, cell 2 beging so dose to eell 1 that i
reaches the left knee of £, and then fires af some time m, < & After it jumps up, cell 2
lies on ‘Rg for 7o < T < 6. When T =4, eell 2 jumps from Ry to B, ,. Cell 1, on the other
hand, lies om Rp for 0 < < 5 + 4. It jumps from R b0 R, when r = 5 + &, Hence,
both cells lic on B, when 7 =15+ d {see Fig. 2C). We claim that p{ry 4+ 6) > p(0). This
gives the desired expansion.

Note that p{()) = 1. Both cells jurmp up af the left Imee of £y to the same point on Ry
and fthen lie on Ry for 4 < 7 < §. Hence, p{8) = p(0)). The cells, however, lie on different
branches for § < T < 15+ §. The distance between the cells may then change becsuse the
rate ak which a2 cell evolves depends on which branch the cell lies en. Nobe that cell 1 is
the leading cell and it lies on Ro. Hence, the distance berween the cells will incresse if the
rate at which a cell evolves on Ry is grester than the rate on B, ,. We show that this is
indeed the case.

According to (3A.3), the tate at which a cell evolves on the right branch R, is Gg{w, 5).
For expansion, therefore, we need to show that [Ze{w, 0)| > [Ze{w, 0.4)]. We will, in fact,
show that %Gg{w, 3] » O for 2 € [),1]. Sinee Gp{w, 1) < 0, this gives the desired resuls.

Recall that Grlw, 5) = g{Br{w, 3], w). Hence, % = %%‘:‘. From {24.2), ‘?ﬁ < 4.
To eompube %#, noke thak

(3.01] F(@R{wl SJ,ﬂJ,SJ =1
Differentiste this equation with respect to 3 to obtain

8%z _ _Fu _ gun(®a(w,) — vom)

ds F, F,
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Now © — tgyn > 0 because the synapse is inhibitory. Finally, we daim that £, < { near
the left and right branches of the cubica. To see why this is true, differentiate (3D.1) with
respect to w. This shows thak

8% _ _Fu _ _fu
Huw £y Fy

We amumed in (24.2) that f,, > () near the singular solutions and we asmmed above that
Q‘%j‘ > 0. It follows that F, < {0 and this completes the analysia.

E. Remarks.

Our anslysis has shown that an inhibitory network must have three properties in order to
exhibit a stable periodic synchronous solution. The first ia that cells muat be able to escape
the silent phase. We will assume throughout the remainder of the paper that esch cell
without ecoupling is excitable. In the example considered in this section, directly coupled
excitable simple cella cannot give rise to cgeillations. This ia becsuse the dimension of the
alow manifold eorreaponding to each cell is only one: there is one slow infrinsic variable
znfd there are no synaphic dlow varisbles. In more complex networks, coupled excitable
cells are able to escape the sileni phase. This follows beeause there are af leasi two slow
variables corresponding o each eell; one may be intrinsie and the other synaptic or both
mey be intrinsic slow variables. The higher dimensional slow manifold sllows the excitable
cells ro escape the sileni: phase, alihough there is skill 2 atable fived point corresponding
to the completely quiescent skate.

The second requirement for skability of synchronous solutions is that the onser of in-
hibition must be sufficiently slow. (See also [3,11,32].) When one cell jumps up to the
active phase, there must be a delay before inhibition is felt by the second eell. The second
cell then hss an opporfunity fo fire. The resson why these networks with direct synapses
cannot synchronize is because the inhibition furns on the fast fime scale; there is no auch
‘window of opportunity.’

The third property is that there ruat be compression between the solutions eorrespond-
ing ko each eell as they evolve in phase space. This compression may fake place as the
cells evolve along higher dimensional slow manifolds or as they jump up or down betwesn
these manifolds. When discussing ‘compression,' we will need to identify 2 metric in which
the eompression fakea place. It will sometimes be convenient o use the usual Euclidean
metrie; however, it is often more convenient ko use a2 Hme metric a8 was done earlier in
this section, as well as in [20,32,35].

4. Muitually Coupled Complex Cellk With Fast Inhibitory Synapses.

A. Singular Solutions.

We now demonstrate that two mutually coupled complex cells, which are separately
excitable, can exhibif atable synchronized oscillations when connected with fash inhibitory
eoupling. The synchronous solukion mey exist if the synapses are direct, but 23 in the
previous section it can be stable only if the synapses are indirect. We assume that each
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cell is exeitable for fived levels of inpuk. As before, we analyze the nefwork by conskructing
gingular solutions. These consiaf of various pieces; each piece corresponds ko & solution of
either fasl or alow equaiions. The fash equakions are obtained by simply letling € = {) in
{2B.1) and either {2B.2) or (2B.3). The slow equations are obtained by setting + = ¢t and
then letting ¢ = {J. Hence, if the synapses are direet, then the slow equakions are

0 = floa,wi,v:) — gayn (B — Vayn)
g = glvg,w)
{44.1) th = h{vg, u)
0 = ol — %)H (1 — Bayn) — B

One can reduce this syatem fo equations for just the slow varisbles (y;,w;). There are
several eases fo consider depending on whether both cells are silent, both are sctive or one
is silent and the other is sctive. Here we derive the reduced slow equations for when the
aynapses are direct. The equations for indirect synapses are similar buf there are more
cased bo congder.

We assume that the solution of the first equation in (4A.1) defines a cubie-shaped surface
C. and the left and right branches of this surface can be expressed as w; = ®p{wy, 1, %)
and u; = D g{w;, yq, 5;), respectively.

If bath cella are silent,; then each v < Ogpn and 3; = 0. Let Griw g, 3) = g(@r(w, y, 5), w)
and Hy{w,y,3) = h{Oc{w, p, 5), y). Then each (wy, y;) satisfies the aquations

{(44.2) i

Grluyy, 0
HL{wayiﬂj

If both cells are active, then each #; > Gy and the last equation in (4A.1) implies that s; =
o4 =of{a+ f). Let Gr{w,y, 5] = g{0a(w,y, 5), w) 2and Hr(w, y, 5) = A(rlw, ¥, 5),9).
Then each {wy, ;) satisfies the equations

W = Grluwy,o4)
(44.3) 7

HR{wl ! :UAJ

Finally suppose that one cell, say cell 1, is gilent and cell 2 is active. Then the slow
varisbles sstisfy the reduced equations

iy = Gri{w,m,04)
i = Hp{wi,th,04)
(44.4) y = Gplws, 1,0)
Y2 = Hgwa,yz,0)

We may view a singular solution ss two points moving around in the {y, w) slow phase
space. Each point corresponds to one of the cella. The pointa evalve sccording to one of
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the reduced slow systems until one of the poioks reaches a jump-up or jump-down curve.
The cells then jump in the full phase apace; however, the slow variables remain constank
during the fask transitions. The points then ‘change directioms’ in slow phase space and
evolve acconding ko some other reduced slow equations.

Since the cells are excitable, the reduced systerm {44.2) with s = {) has & stable fixed
point, which we denote by I The slow phase space earresponding to (4A.2) is illuatrated
in Fig. 3A. Note that while some of the trajectories are attracied towards %, others are
able ko reach the jump-up curve. That is, even though the uncoupled cells are excitable,
it ia posgible for & cell fo begin in the silent phase aned still fire. This will be important in
the next section when we discuss the existence of the synchronous solution.

The following Lerma characterizes the left and right. folds {or jump-up and jump-down
curves) of C;. We assume here that fy > 0 on the lefi branch of ; while fy < 0 on the
right. This ssaumption is juskified, based on biophysicsl considerations, in Remark A1 of
Appendix A.

Lemma 1: The left and right folds of C, can be expressed as Jp = {{vx(y, ), wely, ), 9]}
and Jr = {{ra{y, 8), waly, 5),4)} wheme ‘%‘”y“ < 0, ‘%“,’f =10, %"y“ >0, and '%f =

Proof: Since vy{y, 5) = Oz {wely, 3),p, ), it follows from (4A.1) and the definition of
folds that

0= f(@L{wL{y: 3]: , 5]1 w.[r(ya 3]1?}) - gﬁws{@L{wL{y1 3): ) 5] - ”nyﬂ.)
(Mﬁ] 0= fﬂ(@L{wL(ylSle!sjle(yiley] - Hayn?

Differentizting the first equation in (4A.5) with respect to w and using the second equation,
we ohiain

af 8
0= 3_51% — Bayn(Polwoly 8):1:9) — veyn)
Hence,
{Mﬁ] a& = gﬂyn(@L(tﬂL{y,QLy, 3] — ’Hﬂ'ﬂ]

83 _fw

The right hand side of this expression has a positive numerator because the coupling is
inhibitory and s pesitive denominsator from (24.2), so 3—5‘%— > {). Amnalogously, B—B"—f =0

Similady, differentiating with respect b0  in (44.5) yields 0 = %%"y“ + %5, or as”y =
_g, with f, and f, evaluated on Jp. Analogously, 2= = _J’,}, with fy, fu evaluated
on Jz. The shove sssumptions on fy, together with (2A.2), yield the desired result.

Remark 1: In the thalamie networks of interest, the y curreni: has 2 much smaller reversal
pokential and maximal conduckanes than the w current. When 2 cell is in the silent phase,
the disparity between the strengths of these currents can be mitigated by the desctivation
of the w current. When 2 cell is in the acfive phase, however, this implies that | f,| < |ful,
a0 |‘%"y‘1| is quite small. {See Remark A2in Appendix A.) Correspondingly, in (w, i) phase
apace, the jump-down curve Jg is nearly horizontal {see Fig. 3E).
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B. Existence of the Synchronous Solution.

Here we illustrate why it is possible for a synchronous solution bo exist in a nerwork of
muiually coupled eomplex cells even when ihe individual cells are excitable. A numerically
generated picture of such a solution, projected onto the slow variables {y, w), is shown in
Fig. 3B. The precise equations which this particular solution satisfies and the parameter
velues used numerically are given in Appendit A.

Une constructs the singular synchronous solution as follows. 'We begin when the cells
are in the silent phase just after they have jumped dowm. The slow variables then evolve
aecording to (4A.2). If they are able to reach the jump-up curve, then they jump up
asccording fo the fast equations. While in the active phase, the slow varisbles satisfy
{44.3) until they reach the jump-down eurve. They then jump down secording to the faar,
equations, and this completes one eyele of the synehronous solution.

It is mot clear how fo choose the starting point {:(0), wi{0)) so that the singular orbit
returns precisely to this poink after one eycle. Note, however, that the variables y; relax
wvery cleme o f; = 0 during the active phase. If we suppese that y; = 0 af the jump-down
point then the value of w; is determined; that is, for the coupled cells, w; s wg{0),04). A
atrzightforward fized poink srgument shows that the synchronous solution will therefore
exist if the solution of (44.2) which begins at (3, wi) = (0, wr((, .4)) is able to reach the
curve of jump-up poinks.

The reason why a synchronous solukion can exisk even when the uncoupled cells cannot
cacillake is that the synchronous solution lies on a different cubic during the active phase
than the uncoupled eells. For this resson, the synchronous jumps down along 2 different
curve than the uncouplad cells. From Lemma 1, the jump-down curve Jg{o4) has larger
values of w than the jump-down eurve Jg(0); see Fig. 3B. It is therefore possible for the
coupled cells to jump down ko & point from which they are able to eventuslly escape the
gilent phase, although the uncoupled eells jurmp down fo & poink from which they cannot
eacape.

There is & nice biophysical inkerprefation for why coupled excitable cells may be able
to ogcillare. Recall that & complex cell is an example of & thalamoeortical relay cell. {See
Section 7 for & more detailed discussion.] Then w eorresponds fo the insetivation variable
of the Iy current. A larger value of w means that this current is more deinsctivated. This
implies that if the eells jump down ak & larger value of w, then it eadier for the cells ko
become sufficiently depolarized so they can reach threshold and fire.

The construction of the synehronous solution for indirect synapses is very similar. The
only difference is that after the cells jump up or jump down, there is & delay unkil the
inhihition either furns on or furna off. The cells awitch their cubic surface while in the
gilent and active phases, assuming that the delay is shorter than the time that the cells
apend in each of fheir silent and active phases. We will assume that this is the case
throughout the remainder of this paper.

C. Stability of the Synchronous Solutions.
We assure throughout this section that the synapses are indirect. As in Section 3E
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this condition is necessary for the stability of the synchronous solution in mutually eoupled
networks. Indirect synapaes provide s window of opportunity for both cella to jump up
during the same cycle; however, one must still show that the cells are brought closer
together, or compressed, as they evolve in phase space.

It is not at all obvious how to define ‘compression.' We need to demonstrate thak the
cells are brought eloser rogether; howewver, this requires that we have s notion of distance
between the eells. There are seversl possible mefrics; each of these mefrics has cerkain
advantages on different: pieces of the solukion. One obvious metric is the Euclidean distance
between the poinfa in phase space corresponding to the cells. As seen in Section 3, it is
somekimes convenient to work with a time metric; however, this is only naturally defined
if the cells evolve on 2 one-dimensionsl slow manifold. Here the slow manifolds are two
dimensional. We will deseribe several mechanisms for compression, each corresponding ko
a different piece of the singular solution.

It will be necessary to make some sssumplions on the evolution of the cella. In a more
complete discussion, we would have to consider other cases. However, our goal here is
gimply toshow that it is possible for the synchronous solution ko be atable for some robuat,
class of systems.

i. The Jump Up

Suppose thak eell 1 lies on the jump-up curve when T = {). Afier cell 1 fires, there is a
delay in the onset of inhibition. We sssume that cell 2 baging in the silent phase so eloe
to the jump-up curve that it fires before it feels this inhibition. Suppose thak cell 2 fires
when = Tj.

We now need make some sssumptions on the nonlinearities; these are all satisfied for
the example described in Appendix A. Let {*, w*) be the point where the synchronous
solution jumpa up. We assume that

(Al) Gyt w*) <0, Holy*,w*) >0, Grlpt,w*)<) and Hg(y*,w*) <0
(A2) |@Fely w'0)| < |Grly®,w*,0)| and |Hp(y*,w,0)| < |He(y*, w*,0)|

Nate that {Al) implies that w decreases and y increases in the silent phase just before the
jump up while both w and y decresse in the setive phase just after the jump up. (A2)
implies that the w and y coordinates of hoth cells change at & faster rate after the jump
up fthan before the jump up.

There are now several cases fo eonsider depending on the orientation of the cells both
befare and after they jump up. We will only work ouf two of these in detail. These are
the cases which arise most often for the system deseribed in Appendix A. Similar analysia
applies ko the other cases.

Assume that wi{0) < wg{0), wi(0) < we{To) and p{Ts) > y2(D). See Fig. 4A. These
sssumpkions imply that |y (Te) — y2(To)| < |[#1(0) — #2(0)| so0 there is compression in
the y-coordinates after the jumps. From {A2), there is alao compression in a time metrie
carresponding to the y-coardinste. For each o, let py(ro) be the time it takes for cell 2 to
evolve from its pasition af T = T unkil its y-coordinate is that of cell 1 when + = ;. It



GEOMETRIC ANALY SIS OF POPULATION IRHY THMS 15

then follows that py(To) < py(0).

We now show that there is also a compression in the time metric corresponding to the w-
coordinate. This is denoted by pu (7). Let a~ = [Ge{y*, 2", 0)| and at = |Gr{y’, v, 0)|.
Then

wa(0) —wn(0) _ wa(0) — wa(T) N we(Tp) — wy (0

Pul] =2 — — -
o gy 4 S0 gy ealle) Z )
{4D.1) ~ 210) ;:vn{iﬂ:) N wz(%)ﬂ - w,{0)
= pu(Th)

Now suppose that w{0) < we(0), wi{0) < we(Th) and 3 ({Th) < ¥2(0). The exact
same calenlation given in {4D.1) shows that there is compression in the time metrie py,
across fhe jump up. A simple calculation also shows that there is compression in p,.

ii. The Active Phaze

Next asmume that the cells are active with £; > 8;. Then each (y;, w;) satisfies (44.3).
It is essy to see why the cells are eompressed in the Euclidesn metric if we make some
gimplifying sssumptions eoncerning the nonlinear funciions g and f. These sssumptions
arise naturally if one considera the network in Appendix A; it is slso & simple makter to
extend this anslysia to more general syatema.

Suppose that g and £ are of the form g{p, w) = (wa(v) — w)/ru(r) and A{p,y) =
(#a(#) —#)/y(v). Note that while in the active phase, y..(v) and w.(p) are very amall.
Moreaver, Ty(») and 7. () are nearly constant. We assume here that while in the active
phase, g(v,w) = —w/fru and A{p,y) = —p/r, where 5, and T, are pogitive conatanta.
It follows that each (w;, ;) satisfies the simple linear equations

W = —w/ir,
] _?1."'71;

If we ignore the jump-down curve, then each slow variable decays to 0 af an exponential
rate. In particulsr, the distance between the cells decays exponentially. Aetually, more is
true: Each (3, u;) approaches the ongin tangent ko the weakest eigendirection.

Now suppoae that the jump-down curve passes close to the origin. The Fuclidean dis-
tance between the cells still decresses expomentially and both cells jump down at neady
the same point. This ia the poink where the jump-down curve crosses the weakeak eigendi-
rection.

We note that there is another, more subtle, souree of compression while the cella are
active. There will be some period of time when eell 2 receives inhibition but cell 1 does not;
that is, 5) =4 but g3 = {). During this fime, the {1, u;) satisfy different equations. It is
then possible that the frajectories (yi{r), wi(r)) eross in the slow phase space. This leads
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to & reversal of orienkation between the cells as shown in Fig. 4B. In the next seckion, we
will discuss why a reversal of orientation can lead to compression in the cells’ trajectories.

iii. The Jump Down

We now show that if the cells reverse their orientation while in the active phase, then
this can lead ko a form of compresdon after the cells jump down. Let T; be the Hme
when cell ¢ jumps down, Recall that cell 1 jumped up firat with w){0) < we{0). We will
assume that wy (7] < wy(r) as long both cells are active. Maoreover, from Remark 1, the
jump-dowm curve is nearly horizontal. Hence, cell 1 jumps down firak; that is, T} < T5.

If the cells' trajectories cross while in the active phase, then 3 {Ty) < y2(T%). This is
shown in Fig. 4B. Let pf:(le be the time it would take for the solution of {(4A.3) starting
at {1 (T} ), we{T})) to reach the y-coordinate p {T4). It follows that pi?(Tl] » Ty — T

ForT) < r < Ty, cell 1 evolves in fhe silent phase with y increasing while cell 2 evolves in
the active phase with y decressing. If 1 (Te) < y2(T%), then |ya(Ta)—wn(T2)| < |y2(Th) -
#1(T1)| so there is compression in the y-coordinates of the cells across the jump. Now
suppase that i {Te) > ye(T%) as shown in Fig. 4B. Let pg(ng be the rime if would fake
for the solution of {44.2) atarting at (y2{T%), wa{T%)) to reach the y-coordinate of cell 1.
Since ya(T1) > wi(T1), it follows thar pf.{Tz] < T3 — T). We have now demonstrated
that pﬁ{Tg) < Ty —-1T) = pﬁ{le. That is, there is compression in the kHme mefric
carresponding to the y-coordinate. We note that since the jump-down curve is neardy
horizonfsal, any eompression in the w-coordinates is, to firsi order, neutral.

A numerical example of arientation reversal in two cells' rrajectories in (g, w)-apace is
gshown in Fig. 4C. Ak the top of the Figure, the cells are in the silent: phase. Each cell jurmps
up where the corresponding #f = 0; chronologieally, cell 1 jumps up first. In the active
phase, the trajectories eross, because the cells experience different levels of inhibition; cell
2 receives inhibition first. The paths eross again af the boktom left of the Figure after the
leading cell, cell 1, falls down to the silent phase.

iv. The Sileni Phaze

Suppose that both eslls lie in the silent phase with 2; < @gn. Then each (1, wy;) satisfies
{44.2) until one of them reaches the jump-up curve. We now define s metric between the
cells and, in Appendix B, we analyze how to choose parameters ko gusrantee that the
metric decresses as the cells evolve in the silent phase. This meiric is similar to that

introduced in [32].

Suppose that cell 1 reaches the jump-up curve first and this is a6 the point (%}, wi).
{See Fig. 12 in Appendix B.) Fix some fime 15 and let w]® be the physical translate of
the jump-up curve o the position of cell 1 at time m; that is, (y§,w}) is translated to the
point {#1{ra), w1 {m)). Then the ‘distance’ between (1 {m),w1{mo)) and {yz{ro), wa(m))
is the time it tekes for the solution of (4A.2) which begins af (y(m),we(ty)) to crom
wp’. This is certainly well defined as long as the two cells are sufficiently close o each
other.

Umne can compute explicitly how this metric changes a3 the cells evolve in the silent



GEOMETRIC ANALY SIS OF POPULATION IRHY THMS 17

phase. The computation is rather kechnical so we present this in Appendix B. A more
complete diseussion of how this metric is used to prove the atsbility of the synehronous
aolution of twro rumally coupled simple cells with slow synapees is given in [32].

D. Further Remarks.

The analysis in this section is similar to that in [32], where it was proven that two
mutually coupled simple cells with slow inhibitory coupling ean synchronize. In hoth
papers, baro slow variables are needed to achieve both the existence and the stability of
the synchronous solution. The additionsl dimension ko the branch of the slow meanifold
corresponding ko the silent phase allows excitable cells to escape. The compression of cells
can kake place as the cells evolve glong the higher dimensional slow manifold or a3 they
jump up or down. The compression during the jumping process depends an the geometry
{or slope) of the curve of knees and the orientation of the cells both before and after
the jumps. Farameters which determine this slope may, therefore, have subtle effecta on
the atability of the synchronous solution; geyn is one such parameter [see (4A.8)]. The
regults in [32] provide precise conditions on combinations of parameters which ensure that
the synchranous solution is stable. Ineressing goyn, for example, may sometimes stabilize
the synchronous solution; however, when other parameters sstisfy a different relationship,
incressing g,,, may destabilize the synchronous solution.

The size of the domasin of sktraction of the synchronous solution is, to & large extent,
determined by the delay in the onset of inhibition. The two eella are able o fire together
if the frailing cell lies within the window of opportunity determined by this delay. If
the krailing cell lies outside of this window, then the network typically exhibits antiphase
behsavior in which the cells take turns firing, although other network behavior is possible.
The system mey ‘erash,’ for example, sinee the completely quiescent state is asymptotically
atsable.

In our analysis, we assumed that the cells and coupling are homogeneous. The effect
of heferogeneities on mutually eoupled simple cells with slow synspses was studied in
[3,12,46]. They found that the synchronous selution is not very robust to mild levels
of heterogeneities; & 5% variation in parameters was sufficient to destroy synchronous
behavior. We have done & number of numerical simulations in order Fo study the effects
of heterogeneities on the network considered in this seetion. Our numerical results are
congistent with those in previous atudies.

E. Globally Inhibitory Networks With Simple Cells.

A. Imtroduction.

We now congider the network deseribed in Section 2C. Reeall that in this network, E-
cells excite Jf-cells, which in fturn inhibit E-cells. We assume, for now, that there are jusk
two E-cella, denoted by £, and Es, and there is one J-cell, which we denote as J. Larger
networks are considered later. Each cell is sssumed ko be & simple cell; the E-cells are
identical fo each other, but they may be different from the J. Each cell is glso sssumed to
be excitable for fived levels of input.
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The syatem of equations corresponding ko each Fj is

{0, 9%) — Ginp8s(35 — Vinn)
fg{”ijwi]
= afl — 5) H{m — &) — A3

i

(54.1) w

AR
|

while the equation for J is

1
”’J = fi{wgw;) - 5{31 + 82)Bezel s — Vo)

(54.2) wly = egr{vg,wy)
5{! = O:J{]. - SJ)H{‘HJ - 9,1) - fK,jS,J

Here, each synapse is direct. Indirect synapses will be needed when we discuss the stability
of solutions. Note that the inhibitory varable s; turns off on the slow fime scale. The
resson why we write the equations this way will become clear in the analysis. We assume
that 8 = {1); however, there ia no problem in extending the analysis if # = Oe). I
#; > 0, then 3; — 04 = ﬁ on the fasl fime scale.

Two types of network behavior are shown in Figs. 8 and 9. A synchronous solution,
in which each cell fires during every eyele, is shown in Fig. 9. In Fig. B, each excitatory
cell fires every second cycle, while J fires during every cyele. This type of solution will be
referred ho 23 & clustered solution. In the next seckion, we will consfruet singular orbits
carresponding to each of these solutions and then analyze their stability. The conatructions
will help determine conditions for when the different solutions exist and are siable. As we
ghall see, these constructions carry over to larger networks.

B. The Synchronous Solution.

We now construch & singular frajectory corresponding to & synchronous solution in phase
space. Again, the trajectory for each cell lies on the left or right branch of a cubic nullcline
during the silent and active phasea. Which cubic a cell inhabits depends on the rotal
aynaplic inpuf that the cell receives. Nullclines for the E; are shown in Fig. 54 and those
for J in Fig 5B. Note in Fig. 5A that the s; = 1 nulleline lies above the 5; = { nullcline,
while in Fig. 5B, the sy = é(sl + 33] = a4 nulleline lies below the s:5 = 0 nullcline.
This ia because the E; receive inhibition from J while J receives excitation from the Ej.
We will make several assumptions concerning the flow in the following eonstruction. These
are justified laker.

We begin with each cell in the sctive phase just after it has jumped up. These are the
pointa labeled Iy and &g in Fig. 5. Each E; evolves down the right branch of the ;=1
cubic, since the synapses are direct, while J evolves down the right branch of the 8ix =04
cubic. We assume that the E; have g shorter sctive phase than J so each E; reaches the
right knee ) and jumpa dovm o the point 7% before J jumpa dovmn. We alao sasume that,
af this Hme J lies above the right knee of the sy, = 0 cubic. J must then jump from the
point £, to the point 27 along the s, = 0 cubic. On the next piece of the solution, J
maoves down the right branch of the s, =0 cubic while the E; move up the left branch of
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the 2; =1 cubic. When J meaches the right knee £)3 it jumps down to the point 4 slong
the lefi branch of the 3;, = 0 cubic. Since 3; furna off on the slow fime scale, the E; do
nok jump to another cubie.

Now the inhibition to E; ma off dlowly. The trajectory for E; moves upwards, with
increasing wy, unkil il ercsses the w nulleline. Then each w; starta to decrease. If this orbif;
is gble to reach & left knee, then it jumps up ko the active phase and this completes one
cyele of the synchronous solution. When F; jurmps up, J also jumps up if it lies above the
left knee of the 3i = &4 cubie.

We now derive maore quantitative conditions for when the singulsr synchronous solution
exigts. If is not sk all obvious, for example, why we needed to sssume thak the schive
phase of J is longer than that for the E;. It is also not. clear what conditions are needed to
ssgure that the E; are shle ko reach 2 jump-up curve once they are released from inhibition.
These two issues are actually closely related.

We firat: discuss how the E; can reach the jump-up curve. For this, if is convenient:
to derive equations for the evolution of the slow varisbles (uy, 5;) a3 was done in Section
44, Let T = e, denote the lefi branch of the eubic f{n w) — ginps(v — 2] =0 by
v = Op{w,s) and let Gr{w,s) = g{Oc{w, 3),5). Then each {wq, s;) satidfies the slow
equations

i = Grw, 85)
(5-31) QJ = —KJSJ

The phase plane corresponding ko this system is illustrated in Fig. 6. There are fwo
important curves shown in the Figure. The firat is the jump-up eurve w = w;{a;); this
is the curve of ‘left knees.' The second curve, which is denoted by We{s;), eorresponds
to the fixed points of first two equations in {54.1) in which the inpuk 7 is held constant.
This corresponds to the w-nulleline of {5B.1).

We need o determine when s solution {(w(r), 2 ;{(r)) of (5B.1) heginning with 2;{0) =1
and w{)] < Wr(1) can reach the jump-up eurve wris;). This is dearly impossible if
Wr(1) < ws(0) 80 we shall assume that Wr(l) > we(d). If w{)) > we{)) and K; is
sufficiently large, then the solution will certsainly reach the jump-up curve; this is because
the aolution will be nearly vertical as shown in Fig. 6. If, on the other hand, K ; is too
amall, then the solution will never be sble to reach the jump-up curve. This is because
the solution will slowly approsach the eurve Wi{s;) and lie very close to this eurve as a5
approaches zero, This is also shown in Fig. §. We conclude thak the cells are able to escape
the silent phase if the inhibitory synapses turn off sufficiently quickly and the w-value of
the cells are sufficiently large when this deactivation begina. Escape is not possible for very
alowly desactivating aynapses. A biophysical inkerpretation of this is that escape is possible
for GABA, synapses and will occur if the cell's fr current is sufficiently deinsctivated
when inhibition begina to wear off.

We assurme that K; is large enough so that escape is possible. Choose W, so that
the salution of (5B.1) that begina with s;{0)) =1 will be ahle to reach the jump-up curve
only if w{() > Wes.. The existence of the singular synchronous solution now depends on
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whether the E; lie in the region where wy > Wy, when J jumps down to the silent phase.
We claim rhar this requirea that the sctive phase of J be sufficiently long. One can give a
gimple estimake on how long this active phase must be a3 follows.

Suppose that all the cells jump up when T =), the E; jump down when + = rg and J
jumpa down when T = r;. We require that w;{r;) > W,,.. Since the time the E; spend
in the silent phase before they are relessed from inhibition ia 1y — T, this implies that,
5 — T musk be sufficiently large. Hence, J's active phase must be sufficiently longer than
the F;'s. Mare precigely, let wgg be the value of w af the right knee of the s; = 1 cubie
and lef Tz be the time it takes for the solution of the firat equation in {5B.1) with s; =1
to go from w = way tow = W,,.. We require that

{hB.2) TS — T > T&

Remark 2: In the previous construction we sssumed that the synsptic inhibifion =
decays on the slow time scale. This was needed o insure thak J recovers sufficiently in
ita gilent phase so it can fire once excited by the cells E;. In parficular, J can fire only
if (w5, Siae) lies sbove the left knee of the 84 = 1 cubie. Hence, if the recovery of J is
rather fast, then one can allow s; to turn off rather quickly; that is, K ; can be chosen to
be quite large. This will be important in the next section when we consider the stability
of the synchronous solution, as these parameters help defermine ita domain of skiraction.

C. Siability of the Singular Synchronous Solution.

We now demonstrate that the synchronous solution is skable if the synapse g; is indirect
and the active phase of J is sufficiently long. We atart with the E; a amall distance apart,
Just after they have both jumped up to the active phase. Assume that this causes J fo fire.
We will show that affer one cyele, both of the E; are so close thak they must fire fogether
again. Moreover, there is a contraction in the distance between the E-cells during each
cyele.

The analysis proceeds as in the previous section. We assume that the active phases of
the E; are shorker than that of J so that the E; return to the silent phase and proeeed
up the left branch of the s; = 1 eubic before J jumps down. As the E; mowve up this left
branch, they spproach the point /%, where the s; = 1 cubie intersects the w-nullcline. See
Fig. 5A. If the active phase of J is sufficiently long, then the E; lie as close a3 we please
to i%, and therefore to each other, when J jumps down. This is precisely what is required
to guarsntes that they will both fire fogether during the next cycle. While in the ailent
phase, the E; spproach Ir, at an exponential rate (in the slow time scale). This leads to &
wvery strong compression of Euclidean disiance between the cells while in the dileni phase.
Thia compression ia certainly stronger than any possible expansion over the remsinder of
the eycle. Afier the J-cell falls down, s; decays on the slow fime seale. Thia sllows the
J-cell to recover, ao that it can fire when excited by the firing of the E-cells and the whole
cycle repeats.

We need ko sssume fhat 37 corresponds fo an indireck synapee for fhe same resson as
we did previously. When one of the F-cells fires, this csuses J to fire, which, in turn, sends
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inhibition back to the other E-cell. If 5; ia direct, then this causes the second E-cell fo be
‘stepped on' on the faar Hme acale and the synchronous solufion cannot be atable. Note
that the time between the firings of the E-cells is determined by K ;, the rate at which
55 decays. If K; is larpe, then the fime between firings is short; it is then easgier for the
second cell to pass through the *window of opportunity’ provided by the indireck synapse.

Cur analysis has shown that the dymamica of the J-cell can influence the domain of
aktraction of the synchronous solution in several ways. If J's active phase is long, then
the E-cells lie elome to each other, near It when J jumps down and relesses them from
inhibition. Moreover, if J recovers quickly in the silent phase, then K; can be chosen to
be large, as noted in Remark 2. Both of these factors make it eadier for the E-cells to pass
through window of opportunity and fire during the same eyele. Hence, they both enhance
the domain of stiraction of the synchronous solution.

Remark 3: There are important differences between the ways in which mutually coupled
and globally inhibitory networks use inhibition ko synchronize cacillations. In mutually
coupled networks, a second slow varisble is required for the existence of the synchronized
solution; it allows the eells ko escape from the silent phase. The second slow variable is slso
required for the compression of the cells as they evolve in phase space. The existence and
atability of the aynchronous solution in globelly inhibitory networks, on the other hand, is
controlled by the dynamics of the Jcell. If the J-cell's active phase is long enough, then
this pushes the E-cells, in their silent phase, to a pasition from which they can escape;
maoreover, this provides a strong compression of the E-cells. For this network, we atill
require that the inhibition decays on the slow fime scale; however, the resson is so that
the J-cell can recover sufficiently. The slow recovery is not needed to allow the E-cells to
escape or for compression. In fack, the domain of skability of the synchronous solution is
increased if the synapees decay quickly. Once the E-cells are released from inhibition, they
musk all pass through the window of opporfunity. A fask decay of inhibition allows them
to pass through this window that much quicker.

D. Clustered Sclution.

We now desceribe the geometric construction of the singular ankiphase, or clustered,
aolutiom. It sufficea ko consider one-half of 2 complate cycde. During this half-cyele, E;
fires and returns ko the initial peosition of Eg, J fires and returns to its initisl position,
and Ej evalves in the silenf phase ko the initizl position of E). By symmelry, we can then
continue the solution for another half-cyele with the roles of E, and E; reversed.

When E; jumps up, it forces J o jump up to the right branch of the s,,, = 1o cubic.
Then E), moves dowm the right branch of the s; = 1 eubic, while J moves down the right.
branch of the su = %a 4 cubic and E; moves up the lefi branch of the 575 =1 cubic. We
sssume, a3 before, that E's active phase is shorter than J/'a active phase, so E, jumps
down before J does so. It is passible that J lies below the right knee of the six =10 cubic
af this time, in which case J alao jumps down. If J lies sbhowve this right knee, then it moves
down the right branch of the 8y, =1{) cubic until it reaches the right: knee and then jurmps
dowm. During this time, both E; and E; mowe up the left branch of the sy =1 cubic.

After JJ jumpa down, 5;{r) slowly decresses. If E; is shle to reach the jump-up curve,
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then it fires and this completes the firat half cyele of the singular solution. Suppose that
T = 7 when this occurs. For thia to be one-half of an antiphsse solution, we need that
wy{rr] = wi{0), wi{re) = we(0), and w;{re) = w;{0]. We now derive conditions for
when the antiphase solution exista, These will imply that the setive phase of J eannok be
too long or koo shork, compared with the active phase of the E;. If J's active phase is too
long, then the network exhibifa synchronoua behavior ss deseribed before. I J's achive
phase is too short, then the syastem approaches the stable quiescent. skate.

Suppose that E; and J jump up when = 0, E; jumps down when © = g, and J
jumpa down when r = 75, Lef To, Taae, 800 W be a3 defined in the previous section.
To have a clustered solukion, we require that

{5'01] wl{fJJ < Wenr: < w!('r..i]

The second inequelity is necessary to sllow Ep ko fire during the second half eycle. The
firat: inequality guarantees that K, does not fire during this hslf cyele. It follows from the
definitions that the firak inequality is equivalent fo

(2D.2) Ti—TE < Tea
Next we derive a similar expression for the second inequality in (5D.1). Forwg < wy, let

A{wg, ) o be the time it fakes for & solution of the firat equation in {5B.1) with ;=1
to go from wy to wy. We need o prove that p{wes,wa{r5)) > Tes. Now,

pluns,we(ts)) = plwgs, we(0)) + plwe(0),wa(rs))
Mareover, were = (Te) and we{)) = w{1#). Hence,
plursk, wa(ts]] = plen(re),wi{rr)) + plwe(0), walrs))

Clearly, p{wz(0),w2(r;)) = 7, because F; lies on the 3; = 1 cubie for 0 < r < r7. I is
notk true that ) lies on the s; = 1 cubic for 7 < T < 7#; however, if the first equakion
in (5B.1) is weakly dependent on s, then we have that p{wy {r&),w1{mF)) ¥ tr— =
this case, the second inequality in {5D.1) is equivalent. to

{5-03) Te—Tg + Ti = Tanr

Recall thak it is sometimes possible to choose the parameter K7 to be rather large; see
Remsark 2. In this case, r7 — 75 is amall; that is, Ey escapea the silent phase 83 soon aa i,
ia relessed from inhibition. Then (5D.3) is approximately equivalent to

1
{5—04) Ty > E{TE +'renr:J

Cambining (5D.2) and (5D.4) leada to the following condition for the existence of &
cluatered solution if the synaptic varisble s; turns off quickly:

1
{5—05] E{'TE +feﬂ::J < Ti < Te+ Tese
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E. Further Remarks.

The geometric eonstructions of the synchronous and clustered solutions extend in a
atraightforward manner ko globally inhibitory networks with an arbitrary number of ex-
citatory cells E;. Of course, in a larger network there are more possibilities for cluatered
aolutions; however, if each cluster contains {approximately) the same number of eells, then
inequalities similar to {5D.5) must be satisfied. This is similar to ansalysis in [35] where
precise conditions are derived for the existence of clustered skares in a locally execitatory
and globally inhibitory network model for seene segmentation.

The synchronous and clustered solutions are quite robuat: ko heterogeneities sand changes
of parameters. The synchronous solution is eongiderably more robust for this network than
it was for the mutually eoupled networks considered in Section 3 and in [32]. This is because
the glohal inhibitor J provides a powerful compression mechanisim. The strength of this
compression depends o 2 large extent on how long J remains active and this is controlled
by intringic properties of J. While J is active, all the E-cells approach the same fized
point at an exponentizl rate. They are then ready to jump up together when relessed from
inhibition. There is no such powerful compression mechaniam for the mutually coupled
networks.

6. Globally Inhibitory Networks with Complex Cells.

The discussion in the previous seckion generalizes to globally inhibitory networks with
ecomplex cells. The primary difference is thak each eell containg an additionsl slow varisble,
g0 it is necessary ko consider & higher dimensionsl alow phase space. Here we outline the
geomelric construction of the singular synehronous solution. Of eourse, this solution exista
cnly if certein sssumptions are made on the nonlinesr funckions in the model. We deseribe
necessary assumphions as they arise in the discussion. In the next section, we demonsirake
nunerically that these assumptions are satisfied for the model of the apindle sleep rhythm.

We begin by considering the network in Section 2C in which there are two E-cells
and one J-cell. Each E-<ell is assmumed o be 2 complex cell and without any coupling
satisfies equations of the form (24.3). We sssume, for now, that J is 2 simple eell; thia
will simplify the discussion somewhat. Later we discuss howr fo generalize the conskruetion
when J evolves vie more complex dynamics. Assume, for now, that the synapees are direct.
Then each E; astisfies a ayatem of the form:

¥ = f{0aWat) — Gink 5100 — Vina)
wi = eg{m, )

{6.1) % = ehlv,m)
& = a(l —s)H{p;— &) - s

The inhibitory cell satisfies (5A.2).

During the silent and active phases, each E-eell lies an either the left or right branch of
ane of the cobic surfaces {{z,w,y) : f{0,w,¥) — gima25(v — inn) = 0}. We write these
branches as {» = @.{w,py, 55)} where o =L or . Let Ga{w,y, 55) = g(Balw, p,55),w)
and Hy{w,y, 55) = M{D.{w, 3, 55), #). The cubic surface on which the E-cells lie depends
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on the value of 5;; moreover, the evolution of 55 depends on whether the J-cell is active or
gilent. If J is silent (v ; < &;) then the slow varisbles corresponding o the E-cells satisfy
the equations

= Ga(wayis..i)
{62) ¥ = Hﬂ!{w:f:SJJ
g5 = —K ;34

where o = L or It, depending on whether the E-cell is silent or sctive. If J is active
{#s > 8;) then the slow variables evalve aecording to the equations

tb Gw‘!(wl I 1 ]J
(8.3) # = Holw,y1)

The slow variables satisfy these aysterma until either one of the {w;,1;, 5;) reaches a fold
of & cubie surface or the J-cell jumpa up or down. The set of folds forma two surfaces of
knees. These surfaces can be written a8 {w = wa(y, 551}, @ =L or R, where w,(y, 55) ia
a3 in Lemma 1.

Fig. 7illustrates the evolution of the slow variables (wg, 1, 55) for the singular synchro-
nous solution. We begin af the poinf labeled I on the jump-up surface w = wriy, 37).
The E-cells then jump up and this forees J to jump up. Henee, 3; — 1. This eorresponds
to the segment in Fig. 7 that connects Iy to the point % on the 3; = 1 surface. Each cell
then evolves in the active phase with 2; = 1 and each {w;, ;) satisfiea (§.3) with o = R. Aa
hefore, we assume thatk the active phases of the E-cells are shorter than thet of J. Hence,
the E-cells jump down when the {uy, ;) reach the jump-down eurve w; = wg{ty;, 1). Thia
is af the point labeled 1% in Fig. 7. While JJ lies in the active phase, the {w;, u;) satisfy
{6.3) with o = L. At 7, J jumps down and the (w34, 25) satisfy (6.2) with ¢ = L until
they reach the jump-up curve. This then completes one eyele of the singular solution.

The stebility analygia procesds just as in the previous section. What is erucisl for
atability is that J remainsg active long enough. The E-cells must then approach the astable
fixed poink of {.3), with @ = L, on the left branch of the 2; = 1 surface. This provides
the eompression needed for stahility.

The construction of & clustered solution is slso very similar to thak deseribed in the
previous sechon. We do not deseribe the construction here; some comments are given in
the next section. Similar analysis also holda if the J-cell aatisfies more complex dynamics.
What is important here is that J's active phase is sufficiently long in comparison with the
active phase of the E-cells. This is discussed in derail in the next section when we consider
the influence of biophysical parameters on models for the spindle sleep rhythm.

7. Thalamic Network.

A. Imtroduction.

The maodel for the spindle sleep rhythm falls into the framework of the network con-
gidered in the preceding section. The two populations of eells in the model both lie in



GEOMETRIC ANALY SIS OF POPULATION Y THMS 25

the thalamus. These are the thalamocortical relay {(T'C) cells and the thalamic reticularia
{RE) cells, corresponding to the Fcells and J-cells, respectively. One difference between
the spindle model and those considered eadier is thak the spindle model containg mimer-
ous RE, as well as TC, cells. The RE cells communicate with each other through fasf
inhibitory synapaes, sa illustrated in the network shown in Section 2.

During & spindle pocket, the network exhibita behavior similar to the clustered solution
discussed in the previous section. The RE population is synchronized while the TC cells
break up into groups; eells within each group are synchronized while cells within different
groupa are desynehronized. The network also exhibita completely synchronized rhythma,
The synchronized rhythms arise, for example, when fast inhibition is removed from the
network. Recenf resulta have slao shown that the synchrony can arise if the RE population
receives additional excitation, corresponding to cortical inpuk. Hence, the network can
transform from elustering ko synchronized behavior without any change in the inhibitory
gynapsss. We will explain the dynamic mechanisma responsible for these rhythms and
trangitions between them, using the geometrie approach.

B. Maodel.

The following model containg many perameters and nonlinesr functions. These are
given in Appendix A. The cells are modeled using the Hodgkin-Huxley formaliam [17); the
equations are very similar ko those in [15].

The equations of each TC-eell are:

v = —Ip(wg, hi) — Taaglve,ve) — Ie(n) — Ly — I
(7B.1) R = (hoo(vg) — Ry fra(ng)
i = (rea(m) — r) /5 (o)

Nate that this is & eomplex eell, with A; and r; corresponding to w and y reapectively. The
terma Iy, Toag, and I, ave intrinsic eurrents; they are given by: Ir{», i) = geratr (v h{n—
Bea )i Toag{t ) = Guagh(t'— Pugg) end Ip{») = gp{» —ng). The terms I4 and Iz represent
the fast and slow inhibitory input from the RE-cells. We model the fast inhibition 74 as
in previous sections; that is, T4 = ga{m — ﬂA)ﬁEBJA where g4 and 4 are the
maximal eonductance and the reversal potential of the synaptic current. The sum is over
all RE-cella which send input ko this TC-cell and Npg representa the macimum number
of RE cells which send inhibition to & single TC cell. Each synaptic variable 53;4 sakisfies
the first order equation

{(7B.2) &' = ap(l- ) H@L — 0r) - Bad,

where ﬂj’% is the membrane potentizl varisble of the §** RE-cell. Motivated by recent
experiments [7,8], we model the slow inhibition 77 somewhat differently from before. We
firat. discuss, however, the model for the RE-cells.
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The equations of each RE-cell are:

e;}'{ = —IH{‘H}, h}}] — IA_HP{‘H}-Z, mg) — Ig_;_-,{w}-;j —Iga —Im
(7B.3) e = (hroolvh) — hh)/ran(vh)
m = p[Cali(l — m;) — pamy
[Cal; = —wigr — [Cali

The Iy, Lsgp, and Iz; represent intrinsic currents. These are given by Jgpr{m k) =
oBamb (0)A(p — vE.), Lsge(v,m) = gagpm{y — vx) and Ipp(») = gaelv — vgs)-
More details concerning the biophysical significance of each term are given in [15,33].

In (7B.3), Ir4 represents the inhibitory inpuf from ofher RE-cells. It is modeled as
T4 = gra(vh — vra)ze— ¥ 9ka where the sum is over all RE-cells which send input;

to the i RE-cell. Each synaptie variable s} , satisfies a first order equation similar to
(7B.2). The term Iz represents excitatory inpuf from the TC-cells and is expressed as
Is = ga(vh —ve)x- Y. o where the sum is over all TC-cells which send excitatory

input. to the f* RE cell. The synaptic variables sjé alao satisfy first order equationa d@milar
to {7B.2).

It remains to discuss how we model the slow inhibitory current Iz, Similady to [7], we

asaumme that B

I S
Ig = bi (n—n
B 9333.-4-3{‘ )

where sy;, along with variable =, satisfies

SJM- = le{Ibi - 9,;5){1 - 555) - kgsh-
s [ZH(‘H} - am,)] {1 £0) — kazni

(7B.4) o= g

The parameters are such that xp; can only become ackivated if 2 sufficienily large number
of RE-cells have their membrane potentials »i, above the threshold &g,. The threshold is
chosen rather large so the RE bursts raust be sufficiently powerful to activate xp;. Once
#y; becames activated it furns on the synaptic variable sp;; the expression s in Ig further
delays the effect of the inhibition on the postsynaptic cell.

C. Numerical Simulations.

A clustered solution is shown in Fig. 8 There are 3 RE cells in this example and they
cacillate in synchrony at about 12.5 Hz; one of the RE cells is shown in Fig. BA. The RE
cells aynchronize due bo exeitakion from the TC population. This ia discussed in more detail
later (see Section 7D). There are § TC cells and they form two clusters, each oscillating
ak half of the RE oscillation frequency, as shown in Fig. 8B. In Fig. 8C, we show the time
courses of the fast {54) and slow (s) inhibitory synaptic varishles, respectively. Note that
the fast inhibition activakes during every eycle. This provides the hyperpolarizing current
needed to deinactivate each TC cell's Iy current. The fast inhibition is also needed to
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desynchronize the TC cells so they can form dusters. The slow current: g never ackivakes
during this solution. This is because the RE cells do not fire powerful encugh burats; that
is, the membrane potentials 2% do not rise ahove the threshold 8z, = — 25mV long enough
o activate the variables xy;.

A synchronous solufion is shown in Fig. 9. The parameters are exsacily as in Fig. 8
excepl we sek g4 = {); that is, we have turned off the fast inhibition between RE cells.
Note in Fig. 9 that each TC cell fires during every cyele along with the RE cells. The slow
inhibitory eurrent I now activates during every eycle. Comparing the slow inhibitory
varishle with the fasr inhibitory varizble in Fig. 9C, we see that the slow inhibifion atays
on longer and that it both tums on and turns off more graduslly. Removing the RE-TC
fast inhibition a3 well (g4 = () enhancea sy activation and TC synchronization. Geometrie
analysis is very useful in understanding why removing fast, inhibition allows slow inhibikion
to activate and why this, in furn, leads fo synchronizetion of the network. This is diseussed
in the next subsection.

In Fig. 10 we plot the trajectory (f;{7), ri{), 5,{7)) corresponding o the synchronous
golution shown in Fig. 9. We also plok the numerically eomputed surface of knees corre-
aponding o the jump-up points; there is a similar jump-down surface, buf i is nok shown.
The behavior of the trajectory is consistent with that discussed in the previous section.
For example, the cells jump up when the irajectory crosses the jump-up surface of knees
{approximately, since ¢ # {) numerically). In Fig. 11 we show a similar plot but for the
clustered solution shown in Fig. 8. Here we use s4(r) instead of s,(r). The trajectory is
maore complicated sinee two clusters fire instead of jusk one.

Or nurericsl studies show that the synchronous and clustered solutions are robust ko
moderate levels of heterogeneities and variations in the parameters. For example, these
solutions were not affected by heterogeneities of abouf 20% in asg conductances and abouf
5% in the TC Iy conductance. Stronger T'C heterogeneities fend to promote TC cluskering
in this model. In the resultant pakterns, TC cells with similar properties fire together,
independent of the way they are initially periurbed from synchrony.

Since the length of the RE cell active phase is erucially important in determining whether
the T'C cells will synchronize or cluster, varistions in RE intrinsic properties may have
important consequences for the network behavior. Weakening the L4 g - or I conductances
or atrengthening Iy tend to lengthen the RE active phase by making #f less negative
there. Corresponding changes in reversal potentials have a similar effect. Modulating these
paramebers may, therefore, switeh the network rhythm between synchrony and clustering,.

D. Remarks.

i. Removing Fast Inhibition.

Fast inhibition occurs in fwo places: the RE cells inhibit themselves as well as the
T cells. Removing faat inhibition has different consequences for each of these synaptic
connections and both of these help to synchronize the T'C eells [B,15]. Removing the RE-
T fast inhibition is clearly helpful for synchronization among the TC cells since the fast
inhibition has 8 wery short rise time. Note that the fast inhibitory synapees are direct in
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(7B.1), {7B.2). This rise time helpa datermine the domain of attraction of the synchronous
aolutiom; & short rise fime corresponds fo 8 small domain of attraction. In fack, it is
precisely this inhibition that is responsible for desynchronizing the TC eells during the
clustered solution.

Removing the RE-RE fast inhibiftion is perhaps even more crucial for synchronizing the
TC cells. This allows the RE cella to fire longer, more powerful bursts which, in furn,
activate the slow inhibitory eurrent . The analysis in previous sections demonstrates
that long, powerful burating of the RE cells is a necessary condition for the TC cells to
synchronize, Our numerical simulations {e.g. Figs. 8-11) show, in fact, that the TC cella
will synchronize even if fask inhibition is removed from within the RE population but not.
from the RE-TC connections.

Why removal of inhibition leads to stronger RE bursts can be easily undersiood by
considering frajectories in phase apace. This removal forces the RE cells to lie on the
right branch of & different cubic while in the active phase. If the RE cells are simple,
then the cubic of the disinhibited cells lies below the cubic of the cells with inhibition.
The disinhibited cells therefore jump up ko larger values of membrane potential; moreover,
their jump-down paint (right knee) lies below the jump down point of the inhibited cells.
The disinhibited RE cells, therefore, have a longer active phase. Similar ansalydia holds if
the IE cells are complex.

Note that the slow inhibitory current Iz has dlower rise and deesy fimes than I4. The
glow rise time enhances the domasin of atiraction of the synchronous solution. The slow
decay fime can help to bring the eells eloser together while in the silent phase, as diseussed
in Section 4. Hence, both effects enhance the ability of the TC cells to synchronize.

ii. Role of the Sag Current.

We view the TC cells 83 examples of complex cells. I one removes the ssg current
Iy, or keepa it constank, then they become simple cells. Hence, questions concerning the
differences between networks with simple or complex cells are closely related to issues
related o the role of the sag current. The analysis in Sections 3 and 4 shows that in
mutusally eoupled networks, whether the cells are simple or complex is significant. Added
complexity allows the cells (o escape from the silent phase and also lesds to possible
eompression mechanisms. In globslly inhibitory networks, however, there does nok seem
to be that much of a difference in network behavior if the cells are simple or eomplex. The
dynamical mechanisms responsible for the syncehronous and cluatered solutions are basically
the same for simple or complex cella. We do not view the sag current, therefore, s playing
a direct mole in the generation of these rhythms. Recall that oscillakions arise when the
cells are capable of eseaping from the silent phase. The ssg current helps modulate the
intringic properties of the TC cells and this can, in turn, determine whether or not escape
is even posgible. From s more hiophysical viewpoint, the sag current depolarizes the TC
cells while they are dilent. Hence, a stronger asg current raises the TC's resting potentisl.
If this resiing potentizal is koo large, then inhibitory input from the RE cells may not be
capable of hyperpolarizing the TC cells sufficiently ko deinsctivete the Iy current. If this
is the case, then the T'C cells will not be able to fire (i.e. escape the silent phase).
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This relakes elmely ko some theories about mechanisms responsible for the waxing and
waning behavior during rhe spindle rhythm [1,5,16). It is known that the sag current ia
maodulated by many subakances thak shifi its activation curve, providing a different amount,
of this current af esch particular wolisge level. To inearporste waxing and waning, we
followr [5] and samume that the ssg eonductance depends on ealeinm as well as on voltage.
Caleium slowly incresses while the TC cells oscillate; this incresses the sag conductance,
which slowly depolarizes the cells. This eventuslly prevents deinsctivation of Fr, which
atops the spindle oscillations. A new apindle pocket forms when enough of the caleium has
been removed by extrusion or uptake ko allow oscillakions ko stert agsin. The new apindle
pocket may be initiated by input from eortical eells which oacillate at & very slow rhythm.
This is discussed in more defail in the next subsection.

We note that incressing the sag current (within the range where escape is possible) tends
to enhance the TC synchronizafion, and this alsa decresses the amplitude and period of
T bursts. The enhancement of synchronization oceurs becsuse the increased sag current:
tends to depolarize the TC cells more rapidly; it was shown in the previous section that,
this leada ko afronger compression. The decresse in amplitude and period occurs because
increasing the sag conductance lowers the left branch of the cubic corresponding to the
TC cells while in the silent phase but raises the right: branch of the cubic while the cells
are in the active phase. This is because the current is depolarizing while the cells silent.
but hyperpolarizing while the cells are active. Increasing geag also makes the slope of the
curve of knees of the silenf phase more negative; this sllows T'C cells fo jump up ko the
active phase at smaller values of A; and r;, further decreasing the amplitude and period of
cacillation.

iii. Synchronizetion Among the RE Cells.

The RE cells are synchronized during the spindle rhythm. This is primarily due to the
excitation they receive from the TC cells. While only shout half of the TC cells fire during
each eycle, if each TC cell sends exeitation to several RE cells, then every RE eell will
receive 2 sufficient amount of excitation ko fire during every eycle.

Experimenta have also shown that the RE cells can sustain synchronized rhythms when
these cells are completely isolated [30)]. In fack, these are the experiments which motivated
many of the theoretical studies concerning how synchronization can arise in & populakion
of inhibitory cells. If one eonsiders the RE cells to be modeled as simple cells, then the
canclusion of these studies is that synchronization is possible only if the decay of inhibition
is sufficiently slow. However, modeling the RE cells a5 in {7B.3), we consider them ko be
complex cells; the slow variables are A% and m;. We then conclude that synchronization
is possible even if the inhibition decays quickly.

iv. Cortical Inpuis.

Cortical inputa are believed to be important in the generation of the apindle and delta
aleep rhythmma [4,8,28,31]. During these rhythima, cortical cells caeillate at a slow rhythm of
about .1-.2 Hz. This dlow rhythm organizes the spindle pockets, g3 was discussed earlier.
A new spindle pocket is initisted when cortical cells fire and send excitation to the RE
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cells. The RE cella fire and send inhibition to the TC cells, evenfually causing them ko fire
in cluaters.

Recent papers have also emphasized the importanee of the corfex in the peneration
of gpike-and-wave epileptic oscillations [§,29,31]. Some experiments have suggested that
this ¢an arise without removing fast inhibition in the thalamus [8,31]. Recall that in
the mechapiam diseussed previously, disinhibition of the RE cells leads to more powerful
RE bursts and this permita the TC cells to synchronize. If one does not remove the faar
inhibition among the RE cells, but. instead induees exeitation from the ecortex, then this will
have the asme effect: the RE cells will fire more powerful burats because of the additional
excitation (their cubies are lowered). Hence, the TC cells can synchronize even though
they receive faat inhibition from the RE cells.

During the delta sleep rhythm, the RE cells fire af the frequency of, and phase-locked to,
the slow cortical rhythm, The T'C population rhythm is very regular af 1-4 Hz. Each TC
cell fires 8 number of kimes and then has subthreshold oscillations for 8 mmber of eyeles.
The TC cella are periodically revived within the frequency range of the slow rthythm, A
mechanism is proposed in [33] for the transition between the spindle and delta rhythma.
Sinee fast inhibition fends to foree the TC cells to cluster during spindling and the T'C cella
are gynchronized during delra, this effect of fast inhibition must be removed during the
delta rhythm. I was shown in [33] that in order to remove this effect, it is not necessary
to actually change any parameters associated with the fask inhibitory synapses. Instead, it
auffices ko hyperpolarize the RE cells; this can be accomplished, for example, by incressing
their leak conductance. This makes the RE cells insensitive to excitation from the TC
cells, Since the RE cells do nok respond to oyele by cyele excitation from the TC cells,
they are functionally shsenk from the network and are unsble Fo send fast inhibition back
to the TC cells. The RE cells do respond, however, to the cortical cells by firing at the
alow rhythrm. During the resulting eyele, the T'C cells receive both fast and slow inhibition,
which eause them &ll to fire. The continuing presence of slow inhibition allows the TC cells
to fire for a few more eyeles and also helps them to synchronize.

Our analysis has shown that it is possible for the TC o synchronize even in the presence
of faaf inhibition if the BE cell bursta are powerful encugh. This does nof, however,
contradict the argument in [33] that the effect of fast inhibition to the TC cells must be
removed during delts. Since the RE cella fire st the slow rhythm in delts, their burats are
completely abaent. {afier the first eyele] while the TC cells fire. Hence, the RE cells do not
produce the powerful burats that would be needed to synchronize the T C cells if the effect
of the fast inhibition remsined.

v. Variations in Synchronous Oscillations.

The thalamic network may exhibit other fypes of solukions than those discussed above.
This is because sssumptions required for the geometrie constructions of the solutions may
nok be satisfied for some rangea of parameter values, Subtle varistions in nefwork behavior
can arise as paramekers that change the underlying geometry of phase space are varied.

One possibility thal appears, for cerfain biophysically relevant parameter values, is that,
the right kmees of each RE-cell's family of cubics lie above the left knees of the RE-cell's
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cubica. In this case, each RE cell recovers instantly upon jump-down. Hence, synchrony
is pomsible even if the inhibition to the TC cells decays on the fasr rime scale, since slow
deeay of inhibition was only needed to allow the RE cells ko recover. Itk is important to
nate that our requirement of 2 long RE cell ackive phase for skable synchrony can atill
be mert here. To see this, note that the RE cubics sre extremely flat in the active phase
{that is, for relevant »g values, Ar changes little slong them) and lie near the Ar =1 axis.
When an RE cell is excited and fires, ita pg jumpa up to & lerge value on the fast dme
geale. Its »g then decresses on the slow time seale. This slow decrease oceurs because Ag
and the synaptic excitation variable sz {see Appendix A and note that g is small) decay
slowly. This can yield & sufficiently long RE active phase for stable synchrony (with neary
constant Ag throughout the oscillation).

In this scenario, if the T'C cells approach sufficiently elose to the siable equilibrium in
the silent phase while the RE cells are still active, then they can all fire as soon as they are
disinhibited bty RE jump-down. Hence, atable synchrony can occur here in the presence of
fask inhibition even though the RE-TC fast inhibitory synapses are direct. The TC firing
immedistely excites the RE cells to fire again. If one or more TC cells have nok crossed
the middle branch of their »-nullclines when an RE cell's voltage reaches 85, however,
then those TC eells furn back and clusters form. Hence, the thresholds for inhibition and
excitation influence the TC population behavior in this case.

One other subtlety to note, returning fo the ususl RE nullcline configuration, ia that,
the firing of 2 single TC cell may be insufficient: ko induce RE firing. This is the case if an
RE cell has not sufficiently recovered when the lead TC fires. Oscillations may nonetheless
be sustained if the firing of following TC cells induces RE cell firing. Thua, the length of
time for RE cell recovery should be messured up to the time when the last TC eell, not
the lead TC cell, fires.

B. Discussion.

We have considered s series of networks in order fo study how network eomponenta
contribute fo emergent population rhythms. This work is motivated by recent models
for sleep thythms; however, the analysis and methods are quite genersl, so they should
apply to other madels as well. Our results clarify the multiple roles inhibition can play in
producing different thythmas, Which rhythms are produced depends on how the inhibition
inkeracta with infrinsic properties of the cells; the nature of these inferactions depends on
the underlying architecture of the network.

Inhibition may help either ko synchronize or o deaynchronize oacillations, depending
on several factors. Fast onsei of inhibition fends o desynchronize the cells, beesuse when
cne eell fires it then quickly ‘steps on' other cells. For this ressom, we generzally need
to sssume that the synapses are indirect for stable synchronization to occur. Slow offset
of inhibition may help to synchronize the oacillations; it can lead to compression of the
cells while they evolve in either the silent or active phases. Compression {or expansion)
czn also fake place as the cells jump up or down beiween the silent and active phases.
This depends on the geometry of curves (or surfaces) of knees, which, in furn, depends on
bath the intrinsic and the synaptic components, such 88 gopn and goag. Another source
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af eompression srises in the globally inhibitory networks. While the inhibitory cell f is
active, it produces sustained inhibition to the E-cells. This forces the E-cells close to a
atable fived point and, therefore, cloge to each other. This ean be a very powerful source
of eompression of the E-cells.

We have demonstrated that rutuslly coupled nefworks of excitable cells with indirect
faat inhibitory eoupling can produce synchronized rhythma. This is nok possible if the
network containg only simple cells. The geameiric approach helps explain why the ad-
ditional network eomplexity allows for synchronized rhythms. The additional eomplexity
translakes, within the framework of the geometric approach, to higher dimensional slow
manifolds. This allows the cells to escape from the silent phase. I also leads to additional
aources of compression. 'We conclude that synchronization is possible in mutually coupled
inhibitory networks if there are at least two slow variables in the intrinsic and for synaptic
dynamies. This has relevance for isolated RE cell populations, which can synchronize even
though they include faar inhibition.

By studying both mutuslly coupled and globally inhibitory networks we have seen how
the underlying network architecture can influence the possible population rhythma. As
discussed in Remark 3, these two networks use inhibition in very different ways to syn-
chronize oscillations. In both networks, when one E-cell fires, it produces inhibition samong
the remaining F-cells. This is accomplished by 2 single connection in the mutually coupled
networks, but through kwo connections via the inhibitory cell J in the globally inhibitory
networks. The globally inhibitory networks are much more robust because the Jcell has
ita own internal dynamics and can, therefore, control the amount of inhibition it sends
back to the E-cells. In mmutually coupled nefworks, the inhibition is, in some sense, ‘slave’
to the dynamics of the E-cells.

Globally inhibitory networks can produce different rhythma depending on the infrinsic
dynamies of the inhibitory J-cella. If the J-cells produee powerful burats, then the resulting
inhibition leads to synchronized rhythms. A rapid rate of synchronization, and a large
domain of sttraction for the synchronous solution, are achieved when the following factors
are present: indirect synapses to provide & window of opportunity, 2 long J-cell active phase
to enhance compresdon among E-cells, and s fast J-cell recovery coupled with relatively
fast synaptic decay. Less powerful inhibition, or & amaller window of opporfunity, results
in clustering srmong the Fcells. The network crashes if the smount of inhibition is too
amall. In the madels for sleep rhythmas, there asre several possible ways to control the
RE cells’ burats and therefore to eontrol the emergent nefwork behavior. Maore powerful
RE burata result from removel of fast inhibition from among the RE cells or from the
addition of excitatory inpuf from the cortex. Other inirinsic BE paramefers, such a8 a
lesk conductance, may slso greatly influence rthe RE cells' dynamica. We have seen how
such considerations help explain the transition between spindle, delta, and paroxysmal
discharges in RE-TC nefworks.

The geomelric approach helps ta clarify the mechanisms, both biological and mathemat-
ical, respomsible for the population rhythms. The analysis can lead ko precise siatements
for when s rhythm is possible. For example, & T'C cell can fire only if if is sufficiently hy-
perpolarized; this deinschivates the Iy currenf. A geomelric interpretation of this is that
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a TC cell can fire only if, during the silent phase, it lies in the region where trajectories
are ghle to reach the jumpup curve of knees. By considering the slow equations corre-
aponding to the TC cells [see {§.2)], one can then derive conditions for when a TC will fire.
In this sense, the geometric analysis helps elarify how different parameters influence the
rhythms. For example, the analysis demonstraies that the asg current plays different roles
in generating synchronized rhythms in mutually eoupled and globally inhibikory networks.
In mutusally eoupled networks, fast inhihition cannot produee synchronized rhythms unless
the cells are complex. If the cells are considered to be TC eells, then this implies that the
asg currenk is essential for synchronization in the presence of fast inhibition; it provides
an additional slow variable. In globally inhibitory networks, however, synchronization can
arise even if the cells are simple. Henee, the sag current contributes to the rhythmas by
adjusting the intrinsic properties of the cells so that they are capable of oscillating at all.

We nofe that the geometric approach used here is somewhat different from that used
in many dynamicsl ayatems atudies. All of the networks considerad here consist of many
differential equations, especially for larger netwarks. Traditionally, one would inferpref the
aolutiom of this syster as & single frajectory evolving in & very large dimensional phase
apace. We consider several frajectories, one eorresponding to each cell, moving around in
a much lower dimensionsal phase space. After reducing the full system o a ayakem for jusk
the slow variables, the dimension of the lower dimensionsal phase space equals the number
of slow inirinsic variables and slow synaptie variables corresponding to each cell. In the
worsh case eongidered here, there are two slow verisbles for each eomplex cell and one alowr
synaptic varizble; hence, we never have to consider phase spaces with dimension more than
three. Of eourse, the parficular phase space we need fo consider may change, depending
on whether the cells are active or silent and slso depending on the synaptic input that a
cell receives.

Our snalysis of globally inhibitory networks is closely related to that in [35,39,40],
where & model for scene segmentation is considered. In thakt model, different clusters
carrespond to different objects in & visusl scene; the phasea of macillators eneode the hinding
of pixels with similar sepsory features. The model {denoted ss LEGIDN) there includes
bhath loesl excitation and global inhibition. The global inhibitory cell ssfidfies a simple
one dimensional differential equation. Because of ita simple dynamics, the global inhibitor
there eannot essily conirol the emergent: network behavior via adjustments to its infrinsic
properties. Using & more complex maodel for the global inhibitor in LEGIDON may have
important eonsequences, particularly since there is often no unique snswer fo the quesiion
of how 2 given seene should be segmented. A house, for example, may be grouped into a
gingle segment if viewed from afar. The sarme house, if viewed nearby, may be broken into
multiple segments, including a door, 2 roof, windows, and other elements. The analysis
in this paper demonatrates that the level of inhibition produced by the global inhibitor
controls the level of aynchrony among the E-cells. Hence, by controlling this level of
inhibition, one can control the level of resolution that the LEGION network will produce.

Acknouledgments. Research for this paper was supported in part by the NSF grant DMS-
94237065, Some of fhe resesrch was done while the suthors were visifing the IMA af the
University of Minnesots.
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Appendix A.

The equations for the TC and RE cells in the thalamic network are given in Section 7B.
As our biophysical mukually eoupled network of complex cells, we considered a pair of TC
cells, each governed by (7E.1); note that in the ¢ase of simple cells without slow inhibition,
these could be thought of as simplified RE eells or TC cells. The synaptic variasbles in this
nindel satisfy (2B.3). For numerical simulstions, we approximated Heaviside funetions by

functions of the form 1

1+ exp(—w{n — 8))

The functions fi.o(n),Mag (1), o {¥), Agac() and Mg () are assumed to be of the same
form, namely, if § = i, m,r, ig or mg, then

Hy{n) =

1

A e (R ATLY

Furiher, we take
Thi

1 +exp{{v + ven) fown)

with Tgs({») having an snalogous form, and

Thi{®) = ™o +

exp{{1 + Pre0) fOrr0) +exp{— (1 + sy ) fOre1)

0] =Tpg +

To generate our numerical figures, we sharted cells under a slight perturbation from a
synchronous state. For Figures 3B and 4C, we used the following parsmeter values, hased
on [15,33]. Ip : gpa = 25,0 = 570,60, = —6.0, 00, = 140.0,85 = Bl.0y05 =40, g =
10.0,1h1 = 3.3, = 780,078 = 3.0; fugg ! Grag = 0.2, Vagg = —50.0,8, = 75.0,0, =
5.5, g = 200,11 = 10000, 8ppp = 715, Oppp = 14.2,8001) = 890,00y = 11.65; Iz - g1
0.025,vr =—75.0; Ta4: g4 =04, 04 = -0, =18.0, F = 4.0,0; =0.1, k =100.0, ez
0.3,¢f: = 0.1, 0y = —50.0. We did not include alow inhibition here.

To generate the elustered solution displayed in Figures 8 and 11, we used the following
parameter velues, slso hased on [15,33]. Six TC eells: Ir : gy = 1.5,0m = 590, 0, =
—9.0,v0, = 90.0, 8 = 820, 05 = 5.0, Tho = 66.5, Ty = 333.3, 00rp = 78.0,08 = 1.5; Jogp:
Gnag = 0.10, Veag = —40.0, 8, = 750, 0, = 5.5, 7o = 20,0, Try = 1000.0,0ev0 = T1.5, Oppn =
14.2 000 = 890,000 = 11.6; Iz g = 0.2, = —=76.0; T4 : g4 = 0.1, 84 = -84, =
80,8 =005,05 = -50.0,k4 =2.0; Ig: gg = 005%vg = 950,42 = W0~Lk, =01,k =
0.05,8,, = 0.8,k = 002, ks = 0.5, kg = 0.005, 85y = —25.0, #, = 2.0. Three RE eells:
Igr 1 gf, = 20,08 =520,0% = —9.0,0F, = 90.0,0F = 72.0,0f = 20,7 =668,7F, =
333.3,vf, = 780,08, = 1.0; Ligp : gagr = 0.1, vg = —90.0,1 = 0.02,p3 = 0025, v =
0.01,y = 0.08; Ipr : grr = 03,95 = —78.0; Inq @ gra = 0.25,054 = —B84.0), other
parameters g3 in Iy for the TC cells; Iz : gg = 0.8,95 = 0,05 = 2.0,z = 005,05 =
—35.0, kg = 2.0. [Note that in the cumrent fg, the variables s}, aatisfy an equation of the
form (7B.2), with the parameters ag, ... replacing op, ... ]

To generzte the synchronous solution displeyed in Figures 9 aned 1{), we used the same
parareter values except o = 16,8 = 02,0, = 30,065, = 20,454 = 0. By setting
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gr4a =0, we removed the RE-RE fast inhibition; for @ = 16,8 = 0.2 with the same initial
condidons and gz 4 = .25, the solution forms o clusters but slow inhibition is slightly
activated and it eventually destabilizes, while for gg4 = 0.5, the solution forms two clusters
without setivation of slow inhibition.

Remaerk Al: We sssumed in the proof of Lemma 1 that for complex cells, f, > 0 in the
gilent phase, while f; < 0in the active phase. This is juatified for the TC-cell model for the
following reason. Note that y correspands fo the variable r; hence, fy = —gaag(t — vgag)-
Since veag = —40mV typically, while » ranges from around —80mV in the silent phase to
af leaat —30mV in the active phase, fhe result follows.

Remerk A2: We claimed in Remark 1 that |‘%’in| is quite small. This is also shown
numericslly in Fig. 3B. We can understand snalytically why this is so by recalling from
the proof of Lemma 1, that ‘5—%“ = —%: for @ = L or R corresponding ko the silenk or
active phase respectively. From (7B.1),

LTI _ gnag(ﬂ - ﬂnﬂg)

(A1) W - _ggamgn{ﬂ]{ﬂ—ﬂga]

Typicel values are goo, ~ .04 up fo 20, By = —40mV, go, ~ 2.5, v, & 140mV. In
the silent phase, m. (v) is small, so the mmerstor and denominsator in (A1) have similar
magnitudes, even though » = —B)mV. In the active phase, however, m.{r) = 1 while
» = 0, fypically. Hence, |%"y‘i| is quite samall.

Appendix B.

Congider 2 pair of complex cells in the sctive phase, with mutusal inhibitory ecoupling.
Suppose that the cells are perfurbed from synchrony such that the lead cell falla dovwn to
the silent phase at time 1, and the following cell falla dowm af time 7, > 7. During the
gilent phase, for r > , the slow dynamies of the two cells are given by

4

w = gy, w)
¥ = himy)
{B1) ¢ = —Ks

where » satisfies v = Or{w,p,5) and ' = £, Let V(1) = (g({w,»), A{y,v),—Ks). The
equation of variations rthak deacribes the evolution of tangent vectors to the flow of (B1) ia

fw' = —a"fw — B8y — &8s
&y = —a¥fw — W8y — Hds
(B2) §¢ = —Kis

where a¥ = —8g/0w, i* = —8g/8y = —8g /v -8B /Oy, and so on.

Fix the cell which jumps up out of the silent phase firak a3 cell 1 and call the other cell 2.
Let T} denote the jump-up time of eell ¢ and restrict to r € [rg, T} ). Let {g{r), p{T),o{r])
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denote the vector from the position of cell 1 fo that of cell 2, such that (n, p, o) satisfies
{B2); see Fig. 12 far & two-dimensionszl representation of this set-up.

Next, let wi{y, 5) denote the projection of the left surface of knees to {w, y, 3)-apace and
let {2, b €) = Vs (ya{T1), (T0)) — w{Th)] = (-1, B G (), s(T1)), (i Th), o{T))).
Let w} denote the physical translate of wr(y, 5) along the path of cell 1 to the pogition of
cell 1 st time T for example, af time 7, cell 1 lies in w}®. Agsin, see Fig. 12.

We define the time T'{r) as the time for cell 2 to flow to its firat intersection with w].
This astisfies

Tir)
(B3] {a,b,c) - [(m o) + fo Vir+£Hg]=10

where V is evaluated along the path of cell 2 {Fig. 12, but

T(r) T(r)
(B4) fo Vir+8)d = fo (V(7) +&V"(r) + O(£"))dE = V(T )T(r) + O(T*)

For small perfurbations from synchrony, if fhe vector field of (B1) is (1), then the O{T2)
term in {B4) can be neglected. Substituting the approximation (B4) into (B3) yields, at
leading order,

_{ﬂ!blcjl{ﬂ!plaj n—bp—co

(B5) 0 = "V T Tglwa) hlva,n) - ek

gince ¢ = —1. Henceforth, we omit the arguments indicating evaluation along the path of
cell 2 when this is clear.

A sufficient condition for compression in the dilent phase is that T¥{r) < 0for T € [rg, T1].
Thus, we proceed to compute T (r). Since (1, p, ) and V{r) satisfy {B2), we differentiate,
aubstitute from (B2), and simplify to obtain

[V(T) X (ﬂ! piaJ] ) [((ﬂ!'blcj " DV] X {ﬂ,b, c]]t
Tr) =
) (b, ) VT

(B8)

where { denotes kranspose.

Geomelrically, the determinant of three vectora gives the volume of the parallelepiped
they bound. The numerator of T°(1) consists of such 2 determinant, with the three edges
of the parallelepiped given by the vector field, the vector from the position of cell 1 Lo that
of cell 2, and a third vecktor. This last veckor relates the linesrization of the vector field to
the gradient of the franslate of the surface of knees.

Next, consgider

Z = (£1,23,Z3) =V x(mp,0)
(oh + pK 3,—og— 7K 3, py — 4h)
= {{h,—Ka)n{pa), (o) Alg,—Ka), (g k) A lm 2))

(B7)
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Differentiating (B7) and using (B2) gives, in system form,

Zi = _(bil‘ -I—K]Zl -I—ﬂng
(BSJ Z; = b“'Zl — (ﬂw +K]Zg
Zy = "B +c¥Z; — (a™ +H¥)Z,

For gimple cells, without the eurrent y, {(BS) simplifies to

ey O +nKa w wy —Z3 w
T(TJ_—{g-l-cKsjz{da Kl +¢ ]——@+CK5)2{c{a )+
Mareaver, Z; =), 30 Zf = —{a* + K)Z;. Hence, the sign of Z,(r) is invariant for + ¢

[re, T1]- In [32], Z3(r) = {wn{ry) — wa{ry))Kag{ry) < 0, which implies that —Z;{rp) > .
Thus, the sign of T"{1) matches that of {c{u* — K) 4+ ¢*) [Terman et al. use Ay to denote
¢]. By showing that this quantity is negative for sll relevant + for K < a_ {Cese Iin [32]),
Terman et al. achieve s sufficient condition for compression in the silent: phase.

In general, one can compute the signs of a, b, ¢ 83 well a5 o #,... (5ee e.g. Lemma
1) and then can use (Bf), (BB) to derive compression conditions for the dilent phase.
Simplifications facilitate this process in cerfain cases even for complex cells. For example,
¢ =o' = {) during the silent phase for E cella in s globally inhibitory nefwork as well as
for much of the silent phase for mutuslly coupled eells with fast synaptic decay. In the
latter case, however, an adjustment must be made to compensste for the fact that one cell
Inses inhibition before the other; we omik detsils and explicit computakions here.
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Figure Captions

Figure 1: Nullelines of simple and complex eells. A) The »- and w-nullelines of & simple
cell intersect at pg, on the middle branch of the »-nulleline, in the oscillatory case. Bold
curve indicates 8 singular periodic orbit, with double arrows denoting fasi pieces and single
arrows denoting slow pieces. B) The »-nulleline and a singular solution of an excitable
camplex cell with a stable critical point pg.

Figure 2: Tnstable synchronous solutions for mutuslly coupled simple cells. A) A sin-
gular synehronous perindie orbit for coupled excitable simple cella with indirect synapaes;
dark cireles indicate fixed points on Ly, £, ,. B) The dashed line indicates a singular syn-
chronoua periodic solution for coupled cacillatory dimple cells with direck synapses. This
soluticon is unstable: when one cell jumpa up, the other eell jumpa to £, ,. C) Instability in
the singular synchronoua periodie solukion for eoupled oscillakory simple eells with indireet
gynapaesa. Cell 1 follows the — - — - — path while cell 2 follows the — .- — - - — path. Cell
1 jumps up first; subsequentily, cell 2 becomes inhibited first and thus falls farther behind
cell 1.

Figure 3: Singular solutions for complex cells, A) The slow phase space of an uncoupled
complex cell, bounded by the jump-up curve Ji, and fhe jump-down curve Jz of the slow
manifold C,. The solid {dashed) curves represent evolution in the silent {active) phase.
I ia a stable fixed point. B) Numerically generated synchronens solution for mutually
coupled complex cells that are separately exeitable, in {y, w)-space. These curves, as well
aa those in other figures, were generated using the program XFPPAUT, developed by G. B.
Ermentmut, with parameter values given in Appendix A. The solid curve is the solution,
the dashed curves are the jump-up (labeled) and jump-down (spproximately horizonfal,
unlabeled) curves for 5 = 0.2, and the dash-datted curves are those for s = g4 = 0.8, Nate
that the eurves for s = (.8 lie at larger w-values than thase for 3 = 0.2, Since € # ), the
synchronous solution does not jump up [ = 0, near {yw) = {0.08,0.07)] immediately
upon reaching the jump-up curve.

Figure 4: Compresion mechanisms for mutually coupled complex cells. A) Compression
in the timemetric p, can occur between mukually coupled complex cells in the jump up.
Nate that w{0) < wa{Tp) and y, (To) > #2(0). The Euclidean distances dy, (0], dw{Th) are
used to compute the dme metrica p,{0), p., (T3], respectively. B) A reversal of arientation
in the scfive phase (solid lines) can lead to eompression in the jump down; dashed line
indicates evolution of cell 1 in the silent phase. C) Numerically eomputed trajectories of
a pair of mutually coupled complex cells undergoing order reversal. Cells 1,2 eorrespond
to ¢1, ¢z respectively in B). Parameter values are given in Appendix A.

Figure B: Nullclines for A) E-cells and B) J-cells in a globsally inhibitory network with
gimple cells. The hesvy lines and points 1%, £; correspond to the singular synchronous
aolutiom discussed in the kext. Note that 55 deceys on the slow fime scale.

Figure 6: The slow phase plane for an E-cell. The curve wy{s;) is the jump-up curve,
which trajectories reach if K ; is large encugh {(— - — - — path; eell jumps up from the point,
marked as “*'). The dotted curve We(s;) consista of zeros of &5 (w, 5;) in system (5B.1);
trajectories tend to the stable exitical point We{0) 23 s; — 0 for small Ky (—-- —-- -
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path). Note that w' < for w > Wp.

Figure T: Threedimensional slow phase apace for & singular synchronons periodie orbit.
of the globally inhibitory network. Double (single) amrows denate evolution on the faat
{slowr) time seale, solid {dashed) lines indicate the silent {active)] phase, and pointa ; are
a4 discussed in the text. The shaded region representa the jumpup surface w = wy {y, 5;).

Figure B: Numerical solution, with two TC clusters, of the thalamic network [parameter
values given in Appendix A]. Voltagea are in mV and time is in msee. A) RE eell {the fime
course of which matches that of the RE population of 3 cells). B)] TC population of § cells,
forming two clusters of three cells each. C) Inhibitory synaptic varizbles 34 {dashed) and
3y {golid); note that sy = 0, sinee the RE cell burats are not powerful enough o sctivate
alow inhibition in this case.

Figure 9: Numerical synchronous solution of the thalamic network [parameter values
given in Appendix A]. Voltages are in mV and time is in msee. A) RE cell {the rime
course of which matches that of the RE population of 3 cells). B) TC population of § cella
{synchronized). C) Inhibitory synaptic varisbles s4 {dashed) and s, {s0lid); note that 54
turns on and off faster than 3y, which in kurn skays on longer.

Figure 10: Numerical trajectory of & TC cell, rogether with jumpup surface of knees
(shaded), in the (f, r, 5] slow phase space. The TC cell shown belongs to the synchronized
population of § TC cells shown in Figure 9. Note that sy does not immediately increase
when the cell jumps up, since we have taken slow inhibitory synapses to be indirect.

Figure 11: Numerical trajectory of a TC cell, together with jumpup surface of knees
{shaded), in the (A,r,54) phase space. The TC cell shovn belongs to one of the cluaters
of the solution shown in Figure 8. We use 34 rather than s, since slow inhibition is not
activated in this solution. The frajectory shown jumps up ko the active phase only once,
after passing & bit through the jump-up surface (since ¢ # {)). When it comes elose to
the jump-up surface & second fime, it is inhibited by the jumping of the other cluster (not
shown); hence, 54 — 1 but A, r continue o increase.

Figure 13: The set-up for analydis of compression in the silent phase in two dimensions
(i.e., assuming s is fized); rhe picture generslizea naturslly to 3« when s is included =aa
snother slowly evolving varisble. Cell 1 jumpa up firat, with r = Ty, at {(yj,wj)]. The
larger dotted square shows 2 blow-up of the smaller dotted aquare, in which the vectors ¥
and {5, p) are defined.
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