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Abstract

We develop geometric dynamical systems methods to determine how various components
contribute to a neuronal network’s emergent population behavior. The results clarify the
multiple roles inhibition can play in producing different rhythms. Which rhythms arise
depends on how inhibition interacts with intrinsic properties of the neurons; the nature
of these interactions depends on the underlying architecture of the network. Our analy-
sis demonstrates that fast inhibitory coupling may lead to synchronized rhythms if either
the cells within the network or the architecture of the network is sufficiently complicated.
This cannot occur in mutually coupled networks with simple cells; the geometric approach
helps explain how additional network complexity allows for synchronized rhythms in the
presence of fast inhibitory coupling. The networks and issues considered are motivated
by recent models for thalamic oscillations. The analysis helps clarify the roles of various
biophysical features, such as fast and slow inhibition, cortical inputs and ionic conduc-
tances, in producing network behavior associated with the spindle sleep rhythm and with
paroxysmal discharge rhythms. Transitions between these rhythms are also discussed.
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1. Introduction.

Neuronal networks often exhibit a rich variety of oscillatory behavior. The dynamics
of even a single cell may be quite complicated; it may, for example, fire repetitive spikes
or bursts of action potentials that are each followed by a silent phase of near quiescent
behavior [22,41]. The bursting behavior may wax and wane on a slower time scale [1,5].
Examples of population rhythms include synchronous behavior, in which every cell in the
network fires at the same time, and clustering, in which the entire population of cells
breaks up into subpopulations or blocks; the cells within a single block fire synchronously
while different blocks are desynchronized from each other [13,19]. Of course, much more
complicated population rhythms are also possible [34,36]. Activity may also propagate
through the network in a wave-like manner [7,14,18,23].

A network’s population rhythm results from interactions between three separate com-
ponents: the intrinsic properties of individual neurons, the synaptic properties of coupling
between neurons, and the architecture of coupling (i.e., which neurons communicate with
each other). These components typically involve numerous parameters and multiple time
scales. The synaptic coupling, for example, can be excitatory or inhibitory, and its pos-
sible turn on and turn off rates can vary widely. Neuronal systems may include several
different types of cells as well as different types of coupling. An important and typically
very challenging problem is to determine the role each component plays in shaping the
emergent network behavior.

In this paper we consider recent models for thalamic oscillations [6,8,14,15,28,29,30,33,44].
The networks consist of several types of cells and include excitatory as well as both fast
and slow inhibitory coupling. One interesting property of these networks is that they ex-
hibit very different rhythms for different parameter ranges. For some parameter values,
the network behavior resembles that of the spindle sleep rhythm: one population of cells is
synchronized at the spindle frequency while another population of cells exhibits clustering.
If a certain parameter, corresponding to the strength of fast inhibition, is varied, then
the entire network becomes synchronized. This resembles paroxysmal discharge rhythms
associated with spike-and-wave epilepsy. In other parameter ranges, the network behavior
is similar to that associated with the delta sleep rhythm; in this case, each cell exhibits an
entirely different behavior from before.

We develop geometric dynamical systems methods to analyze the mechanisms respon-
sible for each of these rhythms and for the transitions between them. This approach helps
determine each component’s contribution to the network behavior and to clarify how the
behavior changes with respect to parameters. We are particularly interested in analyzing
the role of inhibitory coupling in generating different oscillatory behaviors. This is done by
considering a series of networks with increasing levels of complexity. Our analysis demon-
strates, for example, how networks with distinct architectures can make different uses of
inhibition to produce different rhythms. The techniques we develop are quite general and
do not depend on the details of the specific systems. For a given network, however, these
techniques lead to rather precise conditions for when a particular rhythm is possible.

Many papers have considered the role of inhibition in synchronizing oscillations [2,9,10,
11,12,21,24,25,32,37,38,42,43,45,46]. One conclusion of some of these papers is that inhi-
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bition can lead to synchrony only if the inhibition decays at a sufficiently slow rate [32,43];
in particular, the rate of decay of the synapses must be slower than the rate at which the
neurons recover in their refractory period. These theoretical studies, however, have con-
sidered very idealized networks that include rather simple models for both the individual
neurons and the architecture of synaptic coupling. By considering more realistic biophys-
ical models, we demonstrate that fast inhibitory coupling can indeed lead to synchronous
rhythms. We show that this is possible both in networks which include complicated cells,
but simple architectures, and in networks with more complicated architectures, but simple
cells.

Geometric singular perturbation methods have been used previously to study the pop-
ulation rhythms of neuronal networks [20,26,27,32,34,35]. The relevant networks each
possess different time scales; this allows one to dissect the full system into fast and slow
subsystems. The advantage of this approach is that the fast and slow subsystems are of
lower order than the original system. If the cells are homogeneous, then one can make a
further reduction by viewing all the oscillators as points evolving in a single phase space.
The dimension of this phase space equals the total number of slow intrinsic and slow
synaptic variables corresponding to a single cell.

There are two crucial issues related to this analysis. The first is concerned with the
existence of a singular solution corresponding to a particular pattern. We assume that
individual cells, without any coupling, are unable to oscillate. The existence of network
oscillatory behavior then depends on whether the singular trajectory is able to ‘escape’ from
the silent phase. An important point will be that greater cellular or network complexity
enhances each cell’s opportunity to escape the silent phase when coupled. The second issue
is concerned with the stability of the solution. We must demonstrate that the trajectories
corresponding to different cells are brought closer together as they evolve in phase space.
As we shall see, this compression is usually not controlled by one single factor; it depends
on the underlying architecture as well as nontrivial interactions between the intrinsic and
synaptic properties of the cells (see also [32]). Our analysis demonstrates, for example,
why thalamic networks are well suited to use inhibitory coupling both to help synchronize
oscillations and to produce other, clustered, rhythms.

An outline of the paper is the following. In the next section we describe, in detail, the
types of networks to be considered. We will distinguish between simple and complex cells.
As a concrete example, we consider recent conductance based models for thalamocortical
relay (TC) cells [8,14]. Complex cells can be realized as a model for a TC cell which
includes three ionic currents: a low threshold calcium current (I7), the non-selective sag
current (I;) and a leak. A simple cell does not include I. In this context, our results help
to explain the role of Ij, in generating network activity; we shall see that this role depends
on the architecture of the network. We also discuss different forms of synaptic coupling
and different architectures to be considered later.

In Sections 3 and 4 we consider a series of networks in order to understand when
mutually coupled inhibitory networks can produce synchronized rhythms. Synchrony is
not possible in networks with simple cells and fast synapses and in Section 3 we explain
why. This analysis helps to motivate what ingredients are needed for synchronization. In



Section 4 we show that synchronization is possible in mutually coupled networks which
include complex cells and fast synapses. This analysis is similar to that in [32], where it was
shown that synchronization is possible in networks with simple cells and slow inhibitory
coupling. Those networks contain two types of slow processes: one corresponds to an
intrinsic ionic current and the other to a synaptic slow variable. The main conclusion of
the analysis here is that what is crucial for synchronization is that the network possess
at least two slow processes; one may be intrinsic and the other synaptic or both may be
intrinsic.

In Sections 5 and 6, we consider networks with architectures motivated by recent mod-
els for the spindle sleep rhythm. The more complex architectures allow the network to
use inhibition in different ways to produce different population rhythms. In particular,
inhibition can play an important role in synchronizing the rhythms in a much more robust
way than in the mutually coupled networks. We will demonstrate how tuning various
parameters allows the network to control the effect of inhibition and thereby control the
emergent behavior.

Consequences of these results for the full thalamic networks are presented in Section
7. We consider the roles of various biophysical parameters associated with fast and slow
inhibition, the sag current, cortical inputs, and other currents. These results help clarify
both the mechanisms responsible for the spindle, delta, and paroxysmal discharge rhythms
and the ways that changes in biophysical parameters lead to transitions between different
rhythms. We conclude with a discussion in Section 8.

2. The Models.

We now present the models to be considered later. We begin by describing the equations
corresponding to individual cells. We distinguish between what we call simple cells and
complex cells. We then describe the synaptic coupling between two cells. It is necessary
to explain which parameters determine whether the synapse is excitatory or wnhibitory
and which other parameters determine whether the synapse is fast or slow. It will also
be necessary to distinguish between direct synapses and indirect synapses. Finally, we
describe the types of architectures to be considered.

A. Single Cells.

We model a simple cell as the relaxation oscillator

v = f(v,w)
(2A.1) w' = eg(v,w)

Here € is assumed to be small. We assume that the v—nullcline, f(v, w) = 0, defines a cubic-
shaped curve as shown in Fig. 1A, and the w—nullcline, g = 0, is a monotone decreasing
curve which intersects f = 0 at a unique point pg. We also assume that f > 0 (f < 0)
above (below) the v—nullcline and g > 0 (< 0) below (above) the w—nullcline. If py lies on
the middle branch of f = 0, then (2A.1) gives rise to a periodic solution for all € sufficiently
small and we say that the system is oscillatory. In the limit € — 0, one can construct a
singular solution as shown in Fig. 1A. If py lies on the left branch of f = 0, then the
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system is said to be excitable; pg is a stable fixed point and there are no periodic solutions
for all € small. For some of our results, it will be necessary to make some further, more
technical, assumptions on the nonlinearities f and g. We will sometimes assume that

(2A.2) fw > 0, gy < 0 and g, < O

near the singular solutions.

By a complex cell we mean one which contains at least two slow processes. We consider
complex cells which satisfy equations of the form

v = f(vvw7y)
(2A.3) w' = eg(v,w)

y = eh(v,y)

Precise assumptions required on the nonlinear functions in (2A.3) are given later. For now,
we assume that for each fixed value of y, the functions f(v,w,y) and g(v,w) satisfy the
conditions described above for a simple cell. Then {f(v,w,y) =0} defines a cubic shaped
surface. The system (2A.3) is said to be excitable if there exists a unique fixed point, which
we denote by po, and this lies on the left branch of the cubic shaped surface. One can
construct singular solutions of (2A.3) and one of these is shown in Fig. 1B. The singular
solution shown begins in the silent phase, or left branch, of the surface. It evolves there
until it reaches the curve of jump-up points which correspond to the left ‘knees’ of the
cubic surface. The singular solution then jumps up to the active phase, or right branch, of
the surface. It evolves in the active phase until it reaches the jump-down points or right
‘knees’ of the surface. It then evolves in the silent phase, approaching the stable fixed
point at pg. A more formal description of certain singular solutions is given in Section 4B.

B. Synaptic Coupling.

Consider the network of two mutually coupled cells: E; <+ E5. The equations corre-
sponding to this network are

Ull - f(vlv ql) - gsynSZ(Ul - Usyn)
q1 = eA(v,q1)
(2B]‘) ’Ué = f(1)27 QZ) - gsynsl(’UQ - vsyn)

qé = 6A(”27€I2)

Here, ¢; = w; and A = g if the cells are simple, while ¢; = (w;,y;) and A = (g, h) if the
cells are complex. In (2B.1), gsyn > 0. It is the parameter vy, that determines whether
the synapse is excitatory or inhibitory. If v,,, < v along each bounded singular solution,
then the synapse is inhibitory.

The coupling arises in the synaptic variables s;, ¢« = 1,2. We consider two choices for
the s;. Each s; may satisfy a first order equation of the form

(2B.2) s; = a(l —s;)H(v; — Osyn) — B



Here, oo and (3 are positive constants, H is the Heaviside step function and 0, is a
threshold above which one cell can influence the other. Note that o and 8 are related to
the rates at which the synapses turn on or turn off. For fast synapses, we assume that
both of these constants are O(1) with respect to e. For a slow synapse, we assume that
a = 0(1) and # = O(e); hence, a slow synapse activates on the fast time scale, but turns
off on the slow time scale.

If the synaptic variables satisfy (2B.2), then we say that the synapse is direct. We
will also consider indirect synapses. These are modeled by introducing a second synaptic
variable x;, as in [15,32]. The equations for (z;,s;) are:

z; = ey (1 —m)H(v; — Osyp) — €8y
(2B.3) s; = a(l —s;))H(z; — 0y) — Bs;
Here, «, and (3, are positive constants. Note that indirect synapses have the effect of
introducing a delay in the synaptic action and this delay takes place on the slow time

scale. If, say, the cell F, fires, then z; will activate once vy crosses the threshold 0,,,,. The
activation of s; must wait until x; crosses the second threshold 8.

C. Globally Inhibitory Networks.

Besides mutually coupled networks, we also consider networks with the following archi-
tecture:

Fast inh.

O O O
// \\\ Slow inh. O
O==0 = —0 O

J-cells E-cdlls

This network contains two different types of cells; these are labeled as E-cells and J-cells.
Each E-cell sends fast excitation to some of the J-cells and each J-cell sends inhibition to
some of the F-cells. The inhibition may be fast or slow (or both). There is no communi-
cation among different E-cells; however, the J-cells communicate with each other via fast
inhibitory coupling.

This network is motivated by recent models for sleep rhythms [8,44]. The E- and J-cells
correspond to thalamocortical relay (TC) and thalamic reticularis (RE) cells, respectively.
In Section 5, we consider networks with this architecture in which each E- and J-cell is
modeled as a simple cell. In Sections 6 and 7, we consider more biophysical models for
these cells.

D. Singular Solutions.

All of the networks in this paper are analyzed by treating e as a small, singular pertur-
bation parameter. The first step in this analysis is to identify the fast and slow variables.
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We then dissect the full system of equations into fast and slow subsystems. The fast
subsystem is obtained by simply setting ¢ = 0 in the original equations. This leads to a
reduced set of equations for the fast variables with each of the slow variables constant.
The slow subsystem is obtained by first introducing the slow time scale 7 = et and then
setting € = 0 in the resulting equations. This leads to a reduced system of equations for
just the slow variables, after solving for each fast variable in terms of the slow ones.

3. Mutually Coupled Simple Cells With Fast Inhibitory Synapses.

A. Introductory Remarks.

We now consider networks of two mutually coupled simple cells with fast inhibitory
synapses. These networks cannot support stable synchronized oscillations (for small €)
and here we explain why. There are different reasons depending on whether the cells are
excitable or oscillatory and whether the synapses are direct or indirect. We treat various
cases separately. This analysis will help motivate the dynamical properties needed for a
more complex network to achieve synchrony.

Here we derive the slow equations. For this, it will be convenient to introduce the
following notation. Let F(v,w,s) = f(v,w)— gsynS(v —vsyn). We assume that for each
s, {(v,w): F(v,w,s) =0} defines a cubic-shaped curve denoted by Cs. Denote the left
and right branches of this cubic by L; = {v = & (w,s)} and R, = {v = ®r(w,s)},
respectively. It is natural to assume that % and % are both positive. Finally, let
Gr(w,s) = g(Pr(w,s),w) and Gr(w,s) = g(Pr(w,s),w).

For the case of simple cells with fast, direct synapses, the slow variables are w; and ws,
while the fast variables are v1,v3,s7 and s2. The slow equations are obtained by letting
T =€t in (2B.1), (2B.2) and then setting € = 0 in the resulting equation. This leads to the
slow system

0 = F(vi,wi, Sj)
0 = a(l —s;)H(vi — Ogyn) — Bsi
Here, : = 1,2, j # i, and differentiation is with respect to 7.

If cell ¢ is silent, so that v; < sy, then s; = 0 and (v;, w;) lies on the left branch of the
cubic determined by s;. That is, v; = ®r(w;, s;). The slow evolution of w; is given by the
scalar equation

(34.2) w; = Gr(wi,s;))

If cell i is active, so that v; > 64y, then (v;,w;) lies on the right branch of the cubic
determined by s;. Hence, v; = ®r(w;, s;) and the slow evolution of w; is given by

(3A3) wz = GR(wi,sj)

From the last equation in (3A.1), it follows that s; = ;55 = o4 when cell 7 is active.



B. Excitable Cells.

We assume throughout this subsection that the synapses are fast and both cells, without
any coupling, are excitable. We will show that a singular periodic synchronous solution
cannot exist if the synapses are direct. Such a solution may exist if the synapses are
indirect, however it must be unstable.

If the synapses are direct, then, for a synchronous solution, each cell lies on £y during
the silent phase. If the cells are excitable, then there exists a stable rest point on £y and
each cell is attracted to this stable rest point. Hence, the cells can never jump up to the
active phase and the synchronous periodic solution cannot exist.

If the synapses are indirect, then the cells lie on £,, immediately after jumping down
from the active phase. They remain on this branch until the variables xz; fall below their
threshold 6,. If this delay is long enough, then the cells may lie above the left knee of
Lo when they are released from inhibition. In this case, the cells jump up to the active
phase and a synchronous periodic solution may exist. After the cells jump-up, each z;
rises above 0, with s; still at o 4; this persists for the remainder of the oscillation. Such a
singular solution appears in Fig. 2A.

Such a solution is unstable. If perturbed, then one of the cells, say cell 1, jumps up first
when x5 falls to 6,. At this time, cell 2 lies in the silent phase with z; > 0,. After cell 1
jumps up, v1 > vy and therefore 2} > 0. Hence, s; is fixed at 04 and cell 2 cannot be
released from the silent phase. Cell 2 must wait near the fixed point on £,, until cell 1
returns to the silent phase before it can jump up. This will eventually result in some form
of antisynchronous oscillation.

C. Oscillatory Cells With Direct Synapses.

Now suppose that each cell is oscillatory; we still assume that the synapses are fast and
direct. Then a synchronous periodic solution exists. The orbit lies on £y during the silent
phase and lies on R, , during the active phase.

This solution is unstable for the following reason. Suppose both cells are initially very
close to each other on Ly. The cells then evolve on Ly until one of the cells, say cell 1,
reaches the left knee of Ly. Cell 1 then jumps up to the active phase. When vy crosses
the threshold 0,,,, s1 switches from 0 to o4 and cell 2 jumps from Ly to £, ,, as shown
in Fig. 2B. This demonstrates that the cells are uniformly separated for arbitrarily close
initial data. The synchronous solution must, therefore, be unstable.

D. Oscillatory Cells With Indirect Synapses.

The synchronous solution is unstable for direct synapses because when one cell fires it
immediately ‘steps on’ the other cell. If the synapses are indirect, then there is a delay
from when one cell fires until the other cell feels the inhibition. This gives the second
cell a ‘window of opportunity’ in which to fire. We claim, however, that the synchronous
solution must still be unstable.

To simplify the analysis, we assume that the delay is a fixed constant . By this we
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mean the following. Consider the slow time scale 7 = et and suppose that one cell, say cell
1, jumps up when 7 = 7y. Since vy crosses 0y, on the fast time scale, this immediately
activates the variable x1. The delay corresponds to how long it takes x; to cross 6,. We
assume that zq(79 + 0) = 0,. The delay should actually depend on z1(0). The following
analysis can be easily extended to that case.

To prove that the synchronous solution is unstable, we begin with both cells in the silent
phase with one cell, say cell 1, at the left knee of Ly ready to fire. We follow the singular
solution around in phase space until the cells complete one cycle — that is, until one of the
cells returns to the left knee of £y. We show that the ‘distance’ between the cells increases
after this one cycle. By ‘distance’ we mean the following: If the cells lie on the same
branch of the same cubic, then the distance between the cells is the time it takes for the
trailing cell to evolve on that branch to the position of the leading cell. Note that as long
as the cells remain on the same branch, this distance is invariant. Hence, any expansion
in the distance must take place as the cells jump from one branch to another. Below, we
focus on the sequence of events from the moment cell 1 jumps up until cell 2 jumps up and
begins to inhibit cell 1. We demonstrate that there is expansion in the distance between
the cells during this jumping up process; see also Fig. 2C. A similar argument holds for the
jumping down process. Throughout this argument we consider the slow time scale 7 = et.
We denote the distance between the cells at time 7 as p(7).

Suppose cell 1 jumps up when 7 = 0. Moreover, cell 2 begins so close to cell 1 that it
reaches the left knee of £y and then fires at some time 7y < §. After it jumps up, cell 2
lies on Ry for 79 < 7 < 9. When 7 =4, cell 2 jumps from Ry to R, ,. Cell 1, on the other
hand, lies on Rg for 0 < 7 < 79 + ¢. It jumps from Ry to R,, when 7 = 79 + 0. Hence,
both cells lie on R,, when 7 = 79+ 6 (see Fig. 2C). We claim that p(m9+0) > p(0). This
gives the desired expansion.

Note that p(0) = 79. Both cells jump up at the left knee of Ly to the same point on Ry
and then lie on Ry for 79 < 7 < 6. Hence, p(d) = p(0). The cells, however, lie on different
branches for 0 < 7 < 79+ 0. The distance between the cells may then change because the
rate at which a cell evolves depends on which branch the cell lies on. Note that cell 1 is
the leading cell and it lies on Ry. Hence, the distance between the cells will increase if the
rate at which a cell evolves on Ry is greater than the rate on R,,. We show that this is
indeed the case.

According to (3A.3), the rate at which a cell evolves on the right branch R, is Gr(w, s).
For expansion, therefore, we need to show that |Gr(w,0)| > |Gr(w,04)|. We will, in fact,
show that 2 Gr(w,s) > 0 for s € [0,1]. Since Gg(w, s) < 0, this gives the desired result.

Recall thag Gr(w,s) = g(Pr(w, s),w). Hence, 8gsR = %%}%. From (2A.2), % < 0.

To compute %, note that
(3D.1) F(®Pr(w,s),w,s) = 0
Differentiate this equation with respect to s to obtain

OPr _ _E _ gsyn(q)R(w,S)—vsyn)

03 N F’U F’U
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Now v — wgy, > 0 because the synapse is inhibitory. Finally, we claim that F;, < 0 near
the left and right branches of the cubics. To see why this is true, differentiate (3D.1) with
respect to w. This shows that

8CI)R o Fy _ f’w

ow F, F,

We assumed in (2A.2) that f,, > 0 near the singular solutions and we assumed above that
% > 0. It follows that F, < 0 and this completes the analysis.

E. Remarks.

Our analysis has shown that an inhibitory network must have three properties in order to
exhibit a stable periodic synchronous solution. The first is that cells must be able to escape
the silent phase. We will assume throughout the remainder of the paper that each cell
without coupling is excitable. In the example considered in this section, directly coupled
excitable simple cells cannot give rise to oscillations. This is because the dimension of the
slow manifold corresponding to each cell is only one: there is one slow intrinsic variable
and there are no synaptic slow variables. In more complex networks, coupled excitable
cells are able to escape the silent phase. This follows because there are at least two slow
variables corresponding to each cell; one may be intrinsic and the other synaptic or both
may be intrinsic slow variables. The higher dimensional slow manifold allows the excitable
cells to escape the silent phase, although there is still a stable fixed point corresponding
to the completely quiescent state.

The second requirement for stability of synchronous solutions is that the onset of in-
hibition must be sufficiently slow. (See also [3,11,32].) When one cell jumps up to the
active phase, there must be a delay before inhibition is felt by the second cell. The second
cell then has an opportunity to fire. The reason why these networks with direct synapses
cannot synchronize is because the inhibition turns on the fast time scale; there is no such
‘window of opportunity.’

The third property is that there must be compression between the solutions correspond-
ing to each cell as they evolve in phase space. This compression may take place as the
cells evolve along higher dimensional slow manifolds or as they jump up or down between
these manifolds. When discussing ‘compression,” we will need to identify a metric in which
the compression takes place. It will sometimes be convenient to use the usual Euclidean
metric; however, it is often more convenient to use a time metric as was done earlier in
this section, as well as in [20,32,35].

4. Mutually Coupled Complex Cells With Fast Inhibitory Synapses.

A. Singular Solutions.

We now demonstrate that two mutually coupled complex cells, which are separately
excitable, can exhibit stable synchronized oscillations when connected with fast inhibitory
coupling. The synchronous solution may exist if the synapses are direct, but as in the
previous section it can be stable only if the synapses are indirect. We assume that each



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 11

cell is excitable for fixed levels of input. As before, we analyze the network by constructing
singular solutions. These consist of various pieces; each piece corresponds to a solution of
either fast or slow equations. The fast equations are obtained by simply letting ¢ = 0 in
(2B.1) and either (2B.2) or (2B.3). The slow equations are obtained by setting 7 = et and
then letting € = 0. Hence, if the synapses are direct, then the slow equations are

0 = f(vwwz)yz) gsynsj(v 'Usyn)
w; = g(vi, w;)
(4A'1) Ui = h’(vzvyz)
0 = ol —s;)H(vi — Osyn) — Bsi

One can reduce this system to equations for just the slow variables (y;,w;). There are
several cases to consider depending on whether both cells are silent, both are active or one
is silent and the other is active. Here we derive the reduced slow equations for when the
synapses are direct. The equations for indirect synapses are similar but there are more
cases to consider.

We assume that the solution of the first equation in (4A.1) defines a cubic-shaped surface
Cs and the left and right branches of this surface can be expressed as v; = @ (w;, yi, $;i)
and v; = ®r(w;,y;, s;), respectively.

If both cells are silent, then each v; < 85y, and s; = 0. Let G (w,y, s) = g(®r(w,y,s), w)
and Hp(w,y,s) = h(®r(w,y,s),y). Then each (w;,y;) satisfies the equations

w = Gr(w,y,0)
(4A.2) g = Hy(w,y,0)

If both cells are active, then each v; > 0y, and the last equation in (4A.1) implies that s; =

o4 = af(a+ (). Let Gr(w,y,s) = g(Pr(w,y,s),w) and Hr(w,y,s) = h(Pr(w,y,s),y).
Then each (w;,y;) satisfies the equations

W = Gr(w,y,04)
(4A3) y - HR(w7y7UA)

Finally suppose that one cell, say cell 1, is silent and cell 2 is active. Then the slow
variables satisfy the reduced equations

Q

wy = Gr(wi,y1,04)
Y1 = Hp(wi,y1,04)
(44.4) wy = GRr(wa,y2,0)
Y2 = Hg(wz,y2,0)

m

We may view a singular solution as two points moving around in the (y, w) slow phase
space. Each point corresponds to one of the cells. The points evolve according to one of
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the reduced slow systems until one of the points reaches a jump-up or jump-down curve.
The cells then jump in the full phase space; however, the slow variables remain constant
during the fast transitions. The points then ‘change directions’ in slow phase space and
evolve according to some other reduced slow equations.

Since the cells are excitable, the reduced system (4A.2) with s = 0 has a stable fixed
point, which we denote by Py. The slow phase space corresponding to (4A.2) is illustrated
in Fig. 3A. Note that while some of the trajectories are attracted towards Py, others are
able to reach the jump-up curve. That is, even though the uncoupled cells are excitable,
it is possible for a cell to begin in the silent phase and still fire. This will be important in
the next section when we discuss the existence of the synchronous solution.

The following Lemma characterizes the left and right folds (or jump-up and jump-down
curves) of C;. We assume here that f, > 0 on the left branch of C; while f, < 0 on the
right. This assumption is justified, based on biophysical considerations, in Remark Al of
Appendix A.

Lemma 1: The left and right folds of Cs can be expressed as J, = {(vL(y, s), wr(y,s),y)}

and Jr = {(vr(y,s), wr(y,s),y)} where 65”; <0, 8(3,"; > 0, aé,”—yR > 0, and 8(3,”—8’2 > 0.

Proof: Since vi(y,s) = @r(wr(y,s),y,s), it follows from (4A.1) and the definition of
folds that

0 = f(@L(wL (y7 3)7 Y, 8)7 wL(y7 8)7 y) - gsyns(q)L (’LUL (y7 8)7 Y, S) - vsyn)
(4A5) 0 = fv(@L (wL (y7 3)7 Y, 8)7 U)L(y, 3)7 y) — GsynS

Differentiating the first equation in (4A.5) with respect to w and using the second equation,
we obtain

af dw
0 = 8_1{) 3SL — gsyn(@L(wL(y, S), Y, 3) — Usyn)
Hence,
(4A.6) owy, _ gsyn(@L(wL (y, 3)7y7 3) _ Usyn)

88 f’w

The right hand side of this expression has a positive numerator because the coupling is
inhibitory and a positive denominator from (2A.2), so 2% > (. Analogously, aé”—sR > 0.

Js
Similarly, differentiating with respect to y in (4A.5) yields 0 = g—qf} 85‘; ?)_57 or aéﬂyL —
_j{_i’ with f, and f,, evaluated on Jr. Analogously, aé”—yR = _j{_i’ with f,, f. evaluated

on Jg. The above assumptions on f,, together with (2A.2), yield the desired result.

Remark 1: In the thalamic networks of interest, the y current has a much smaller reversal
potential and maximal conductance than the w current. When a cell is in the silent phase,
the disparity between the strengths of these currents can be mitigated by the deactivation
of the w current. When a cell is in the active phase, however, this implies that |f,| < |fuw],
SO |85”—yR| is quite small. (See Remark A2 in Appendix A.) Correspondingly, in (w,y) phase
space, the jump-down curve Jg is nearly horizontal (see Fig. 3B).
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B. Existence of the Synchronous Solution.

Here we illustrate why it is possible for a synchronous solution to exist in a network of
mutually coupled complex cells even when the individual cells are excitable. A numerically
generated picture of such a solution, projected onto the slow variables (y,w), is shown in
Fig. 3B. The precise equations which this particular solution satisfies and the parameter
values used numerically are given in Appendix A.

One constructs the singular synchronous solution as follows. We begin when the cells
are in the silent phase just after they have jumped down. The slow variables then evolve
according to (4A.2). If they are able to reach the jump-up curve, then they jump up
according to the fast equations. While in the active phase, the slow variables satisfy
(4A.3) until they reach the jump-down curve. They then jump down according to the fast
equations, and this completes one cycle of the synchronous solution.

It is not clear how to choose the starting point (y;(0),w;(0)) so that the singular orbit
returns precisely to this point after one cycle. Note, however, that the variables y; relax
very close to y; = 0 during the active phase. If we suppose that y; =~ 0 at the jump-down
point then the value of w; is determined; that is, for the coupled cells, w; ~ wr(0,04). A
straightforward fixed point argument shows that the synchronous solution will therefore
exist if the solution of (4A.2) which begins at (y;, w;) = (0, wr(0,04)) is able to reach the
curve of jump-up points.

The reason why a synchronous solution can exist even when the uncoupled cells cannot
oscillate is that the synchronous solution lies on a different cubic during the active phase
than the uncoupled cells. For this reason, the synchronous jumps down along a different
curve than the uncoupled cells. From Lemma 1, the jump-down curve Jg(o4) has larger
values of w than the jump-down curve Jg(0); see Fig. 3B. It is therefore possible for the
coupled cells to jump down to a point from which they are able to eventually escape the
silent phase, although the uncoupled cells jump down to a point from which they cannot
escape.

There is a nice biophysical interpretation for why coupled excitable cells may be able
to oscillate. Recall that a complex cell is an example of a thalamocortical relay cell. (See
Section 7 for a more detailed discussion.) Then w corresponds to the inactivation variable
of the I current. A larger value of w means that this current is more deinactivated. This
implies that if the cells jump down at a larger value of w, then it easier for the cells to
become sufficiently depolarized so they can reach threshold and fire.

The construction of the synchronous solution for indirect synapses is very similar. The
only difference is that after the cells jump up or jump down, there is a delay until the
inhibition either turns on or turns off. The cells switch their cubic surface while in the
silent and active phases, assuming that the delay is shorter than the time that the cells
spend in each of their silent and active phases. We will assume that this is the case
throughout the remainder of this paper.

C. Stability of the Synchronous Solutions.

We assume throughout this section that the synapses are indirect. As in Section 3E
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this condition is necessary for the stability of the synchronous solution in mutually coupled
networks. Indirect synapses provide a window of opportunity for both cells to jump up
during the same cycle; however, one must still show that the cells are brought closer
together, or compressed, as they evolve in phase space.

It is not at all obvious how to define ‘compression.” We need to demonstrate that the
cells are brought closer together; however, this requires that we have a notion of distance
between the cells. There are several possible metrics; each of these metrics has certain
advantages on different pieces of the solution. One obvious metric is the Euclidean distance
between the points in phase space corresponding to the cells. As seen in Section 3, it is
sometimes convenient to work with a time metric; however, this is only naturally defined
if the cells evolve on a one-dimensional slow manifold. Here the slow manifolds are two
dimensional. We will describe several mechanisms for compression, each corresponding to
a different piece of the singular solution.

It will be necessary to make some assumptions on the evolution of the cells. In a more
complete discussion, we would have to consider other cases. However, our goal here is
simply to show that it is possible for the synchronous solution to be stable for some robust
class of systems.

i. The Jump Up

Suppose that cell 1 lies on the jump-up curve when 7 = 0. After cell 1 fires, there is a
delay in the onset of inhibition. We assume that cell 2 begins in the silent phase so close
to the jump-up curve that it fires before it feels this inhibition. Suppose that cell 2 fires
when 7 =T.

We now need make some assumptions on the nonlinearities; these are all satisfied for
the example described in Appendix A. Let (y*, w*) be the point where the synchronous
solution jumps up. We assume that

(Al) Gr(y*,w*) <0, Hp(y*,w*) >0, Gr(y*,w*)<0 and Hg(y*,w*)<0
(A2) |Gp(y*,w*,0)| < |Gr(y*,w*,0)] and |Hp(y*,w*,0)| < |Hg(y*, w*,0)]

Note that (Al) implies that w decreases and y increases in the silent phase just before the
jump up while both w and y decrease in the active phase just after the jump up. (A2)
implies that the w and y coordinates of both cells change at a faster rate after the jump
up than before the jump up.

There are now several cases to consider depending on the orientation of the cells both
before and after they jump up. We will only work out two of these in detail. These are
the cases which arise most often for the system described in Appendix A. Similar analysis
applies to the other cases.

Assume that wq(0) < w2(0), w1(0) < w2(Tp) and y1(To) > y2(0). See Fig. 4A. These
assumptions imply that |y1(To) — y2(To)| < |y1(0) — y2(0)| so there is compression in
the y-coordinates after the jumps. From (A2), there is also compression in a time metric
corresponding to the y-coordinate. For each 79, let p,(70) be the time it takes for cell 2 to
evolve from its position at 7 = 79 until its y-coordinate is that of cell 1 when 7 = 7y. It
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then follows that p,(To) < py(0).

We now show that there is also a compression in the time metric corresponding to the w-
coordinate. This is denoted by py, (7). Let a= = |GL(y*, w*,0)| and o™ = |Ggr(y*, w*,0)].
Then

wa (0) - wl(O) wo (0) — Wy (To) wo (To) - wl(O)

bull) = a- - a~ + a~
~ To n ’w2(T0)aj w1(0) > TO 4 ’wz(TO)a: wl(())
(4D.1) ~ wl(o) ;_:Ul(TO) + w2(T0)aI wl(O)
~ pw(TO)

Now suppose that w;(0) < wz(0), w1(0) < w2(Tp) and y1(To) < y2(0). The exact
same calculation given in (4D.1) shows that there is compression in the time metric p,,
across the jump up. A simple calculation also shows that there is compression in p,.

ii. The Active Phase

Next assume that the cells are active with x; > 6,. Then each (y;, w;) satisfies (4A.3).
It is easy to see why the cells are compressed in the Euclidean metric if we make some
simplifying assumptions concerning the nonlinear functions g and h. These assumptions
arise naturally if one considers the network in Appendix A; it is also a simple matter to
extend this analysis to more general systems.

Suppose that g and h are of the form ¢(v,w) = (W (v) — w)/Tw(v) and h(v,y) =
(Yoo (v) —y)/Ty(v). Note that while in the active phase, yoo(v) and we,(v) are very small.
Moreover, 7,(v) and 7, (v) are nearly constant. We assume here that while in the active
phase, g(v,w) = —w/7, and h(v,y) = —y/7, where 7, and 7, are positive constants.
It follows that each (w;,y;) satisfies the simple linear equations

W = —w/Ty
y = —y/7y

If we ignore the jump-down curve, then each slow variable decays to 0 at an exponential
rate. In particular, the distance between the cells decays exponentially. Actually, more is
true: Each (y;,w;) approaches the origin tangent to the weakest eigendirection.

Now suppose that the jump-down curve passes close to the origin. The Euclidean dis-
tance between the cells still decreases exponentially and both cells jump down at nearly
the same point. This is the point where the jump-down curve crosses the weakest eigendi-
rection.

We note that there is another, more subtle, source of compression while the cells are
active. There will be some period of time when cell 2 receives inhibition but cell 1 does not;
that is, s1 = 04 but s3 = 0. During this time, the (y;, w;) satisfy different equations. It is
then possible that the trajectories (y;(7),w;(7)) cross in the slow phase space. This leads
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to a reversal of orientation between the cells as shown in Fig. 4B. In the next section, we
will discuss why a reversal of orientation can lead to compression in the cells’ trajectories.

iii. The Jump Down

We now show that if the cells reverse their orientation while in the active phase, then
this can lead to a form of compression after the cells jump down. Let T; be the time
when cell ¢ jumps down. Recall that cell 1 jumped up first with wy(0) < w2(0). We will
assume that wi(7) < we(7) as long both cells are active. Moreover, from Remark 1, the
jump-down curve is nearly horizontal. Hence, cell 1 jumps down first; that is, T7 < T5.

If the cells’ trajectories cross while in the active phase, then y1(T1) < y2(T%2). This is
shown in Fig. 4B. Let p;l (T1) be the time it would take for the solution of (4A.3) starting

at (y2(T1), w2(T1)) to reach the y-coordinate y;(T1). It follows that pZ(T1) > Tp — Th.

For Ty < 7 < T%, cell 1 evolves in the silent phase with y increasing while cell 2 evolves in
the active phase with y decreasing. If y;(T%) < y2(T%2), then |y2(T2)—y1(T2)| < |y2(T1)—
y1(T1)| so there is compression in the y-coordinates of the cells across the jump. Now
suppose that y1(T2) > y2(T2) as shown in Fig. 4B. Let pJ(T2) be the time it would take
for the solution of (4A.2) starting at (y2(73), w2(T3)) to reach the y-coordinate of cell 1.
Since yo(T1) > y1(T1), it follows that pg (Tz) < To —Ty. We have now demonstrated
that pg (Tz) < Th—Th < pé‘(T 1). That is, there is compression in the time metric
corresponding to the y-coordinate. We note that since the jump-down curve is nearly
horizontal, any compression in the w-coordinates is, to first order, neutral.

A numerical example of orientation reversal in two cells’ trajectories in (y, w)-space is
shown in Fig. 4C. At the top of the Figure, the cells are in the silent phase. Each cell jumps
up where the corresponding y; = 0; chronologically, cell 1 jumps up first. In the active
phase, the trajectories cross, because the cells experience different levels of inhibition; cell
2 receives inhibition first. The paths cross again at the bottom left of the Figure after the
leading cell, cell 1, falls down to the silent phase.

iv. The Silent Phase

Suppose that both cells lie in the silent phase with x; < 6,,,,. Then each (y;, w;) satisfies
(4A.2) until one of them reaches the jump-up curve. We now define a metric between the
cells and, in Appendix B, we analyze how to choose parameters to guarantee that the
metric decreases as the cells evolve in the silent phase. This metric is similar to that
introduced in [32].

Suppose that cell 1 reaches the jump-up curve first and this is at the point (y7,w7).
(See Fig. 12 in Appendix B.) Fix some time 7y and let w}’ be the physical translate of
the jump-up curve to the position of cell 1 at time 79; that is, (y7,w7) is translated to the
point (y1(70), w1(70)). Then the ‘distance’ between (y1(70), w1(70)) and (ya2(70), w2(70))
is the time it takes for the solution of (4A.2) which begins at (y2(70), w2(79)) to cross
w;®. This is certainly well defined as long as the two cells are sufficiently close to each
other.

One can compute explicitly how this metric changes as the cells evolve in the silent
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phase. The computation is rather technical so we present this in Appendix B. A more
complete discussion of how this metric is used to prove the stability of the synchronous
solution of two mutually coupled simple cells with slow synapses is given in [32].

D. Further Remarks.

The analysis in this section is similar to that in [32], where it was proven that two
mutually coupled simple cells with slow inhibitory coupling can synchronize. In both
papers, two slow variables are needed to achieve both the existence and the stability of
the synchronous solution. The additional dimension to the branch of the slow manifold
corresponding to the silent phase allows excitable cells to escape. The compression of cells
can take place as the cells evolve along the higher dimensional slow manifold or as they
jump up or down. The compression during the jumping process depends on the geometry
(or slope) of the curve of knees and the orientation of the cells both before and after
the jumps. Parameters which determine this slope may, therefore, have subtle effects on
the stability of the synchronous solution; g, is one such parameter [see (4A.6)]. The
results in [32] provide precise conditions on combinations of parameters which ensure that
the synchronous solution is stable. Increasing g,,., for example, may sometimes stabilize
the synchronous solution; however, when other parameters satisfy a different relationship,
increasing gsyn, may destabilize the synchronous solution.

The size of the domain of attraction of the synchronous solution is, to a large extent,
determined by the delay in the onset of inhibition. The two cells are able to fire together
if the trailing cell lies within the window of opportunity determined by this delay. If
the trailing cell lies outside of this window, then the network typically exhibits antiphase
behavior in which the cells take turns firing, although other network behavior is possible.
The system may ‘crash,’ for example, since the completely quiescent state is asymptotically
stable.

In our analysis, we assumed that the cells and coupling are homogeneous. The effect
of heterogeneities on mutually coupled simple cells with slow synapses was studied in
[3,12,46]. They found that the synchronous solution is not very robust to mild levels
of heterogeneities; a 5% variation in parameters was sufficient to destroy synchronous
behavior. We have done a number of numerical simulations in order to study the effects
of heterogeneities on the network considered in this section. Our numerical results are
consistent with those in previous studies.

5. Globally Inhibitory Networks With Simple Cells.

A. Introduction.

We now consider the network described in Section 2C. Recall that in this network, E-
cells excite J-cells, which in turn inhibit F-cells. We assume, for now, that there are just
two E-cells, denoted by E; and E5, and there is one J-cell, which we denote as J. Larger
networks are considered later. Each cell is assumed to be a simple cell; the E-cells are
identical to each other, but they may be different from the J. Each cell is also assumed to
be excitable for fixed levels of input.
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The system of equations corresponding to each FEj is

U'E = f(vi,w;) — GinnS7(Vi — Vinn)
(5A.1) w;, = eg(vi, w;)
si = a(l —s;)H(v; — 0) — Bs;
while the equation for J is
, 1
vy = fJ(UJv wJ) - 5(31 + 32)gewc(vJ - erc)
(5A.2) w’y = egs(vg,wy)

Si] = OéJ(l—SJ)H(UJ—QJ)—GKJSJ

Here, each synapse is direct. Indirect synapses will be needed when we discuss the stability
of solutions. Note that the inhibitory variable sy turns off on the slow time scale. The
reason why we write the equations this way will become clear in the analysis. We assume
that 0 = O(1); however, there is no problem in extending the analysis if 8 = O(e). If
v; > 0, then s; > 04 = a%_ﬁ on the fast time scale.

Two types of network behavior are shown in Figs. 8 and 9. A synchronous solution,
in which each cell fires during every cycle, is shown in Fig. 9. In Fig. 8, each excitatory
cell fires every second cycle, while J fires during every cycle. This type of solution will be
referred to as a clustered solution. In the next section, we will construct singular orbits
corresponding to each of these solutions and then analyze their stability. The constructions
will help determine conditions for when the different solutions exist and are stable. As we
shall see, these constructions carry over to larger networks.

B. The Synchronous Solution.

We now construct a singular trajectory corresponding to a synchronous solution in phase
space. Again, the trajectory for each cell lies on the left or right branch of a cubic nullcline
during the silent and active phases. Which cubic a cell inhabits depends on the total
synaptic input that the cell receives. Nullclines for the F; are shown in Fig. 5A and those
for J in Fig 5B. Note in Fig. 5A that the s; = 1 nullcline lies above the s; = 0 nullcline,
while in Fig. 5B, the s;¢ = %(81 + s9) = o4 nullcline lies below the sio; = 0 nullcline.
This is because the F; receive inhibition from J while J receives excitation from the FE;.
We will make several assumptions concerning the flow in the following construction. These
are justified later.

We begin with each cell in the active phase just after it has jumped up. These are the
points labeled Py and Q) in Fig. 5. Each E; evolves down the right branch of the s; =1
cubic, since the synapses are direct, while J evolves down the right branch of the sio; = 04
cubic. We assume that the E; have a shorter active phase than J so each E; reaches the
right knee P; and jumps down to the point P, before J jumps down. We also assume that
at this time J lies above the right knee of the s;,; = 0 cubic. J must then jump from the
point ()1 to the point Q)2 along the s;,; = 0 cubic. On the next piece of the solution, J
moves down the right branch of the s;,; = 0 cubic while the E; move up the left branch of
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the sy =1 cubic. When J reaches the right knee Q3 it jumps down to the point QX4 along
the left branch of the s;o; = 0 cubic. Since s; turns off on the slow time scale, the E; do
not jump to another cubic.

Now the inhibition to E; turns off slowly. The trajectory for E; moves upwards, with
increasing w;, until it crosses the w nullcline. Then each w; starts to decrease. If this orbit
is able to reach a left knee, then it jumps up to the active phase and this completes one
cycle of the synchronous solution. When FE; jumps up, J also jumps up if it lies above the
left knee of the s;,+ = o4 cubic.

We now derive more quantitative conditions for when the singular synchronous solution
exists. It is not at all obvious, for example, why we needed to assume that the active
phase of .J is longer than that for the F;. It is also not clear what conditions are needed to
assure that the E; are able to reach a jump-up curve once they are released from inhibition.
These two issues are actually closely related.

We first discuss how the F; can reach the jump-up curve. For this, it is convenient
to derive equations for the evolution of the slow variables (w;, s) as was done in Section
4A. Let 7 = et, denote the left branch of the cubic f(v,w) — ginns(v — vVinp) = 0 by
v=Pp(w,s) and let Gp(w,s) = g(Pr(w,s),s). Then each (w;, ss) satisfies the slow
equations

w = GL(U),SJ)
(5B.1) 5’] = —KJSJ

The phase plane corresponding to this system is illustrated in Fig. 6. There are two
important curves shown in the Figure. The first is the jump-up curve w = wy(ss); this
is the curve of ‘left knees.” The second curve, which is denoted by Wg(sy), corresponds
to the fixed points of first two equations in (5A.1) in which the input s; is held constant.
This corresponds to the w-nullcline of (5B.1).

We need to determine when a solution (w(7), s;(7)) of (5B.1) beginning with s;(0) =1
and w(0) < Wg(1) can reach the jump-up curve wg(sy). This is clearly impossible if
Wr(1) < wg(0) so we shall assume that Wg(1) > wr(0). If w(0) > wr(0) and Ky is
sufficiently large, then the solution will certainly reach the jump-up curve; this is because
the solution will be nearly vertical as shown in Fig. 6. If, on the other hand, K is too
small, then the solution will never be able to reach the jump-up curve. This is because
the solution will slowly approach the curve Wg(ss) and lie very close to this curve as sy
approaches zero. This is also shown in Fig. 6. We conclude that the cells are able to escape
the silent phase if the inhibitory synapses turn off sufficiently quickly and the w-value of
the cells are sufficiently large when this deactivation begins. Escape is not possible for very
slowly deactivating synapses. A biophysical interpretation of this is that escape is possible
for GABA 4 synapses and will occur if the cell’s I current is sufficiently deinactivated
when inhibition begins to wear off.

We assume that K; is large enough so that escape is possible. Choose Wes. so that
the solution of (5B.1) that begins with s;(0) = 1 will be able to reach the jump-up curve
only if w(0) > Wes.. The existence of the singular synchronous solution now depends on
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whether the E; lie in the region where w; > W,s. when J jumps down to the silent phase.
We claim that this requires that the active phase of J be sufficiently long. One can give a
simple estimate on how long this active phase must be as follows.

Suppose that all the cells jump up when 7 = 0, the E; jump down when 7 = 75 and J
jumps down when 7 = 7;. We require that w;(7y) > Wes.. Since the time the E; spend
in the silent phase before they are released from inhibition is 7; — 7, this implies that
77 — 7 must be sufficiently large. Hence, J’s active phase must be sufficiently longer than
the E;’s. More precisely, let wrg be the value of w at the right knee of the s; = 1 cubic
and let 77, be the time it takes for the solution of the first equation in (5B.1) with s; =1
to go from w = wrg to w = Wes.. We require that

(5B.2) T] — TR > TIL

Remark 2: In the previous construction we assumed that the synaptic inhibition s
decays on the slow time scale. This was needed to insure that J recovers sufficiently in
its silent phase so it can fire once excited by the cells F;. In particular, J can fire only
if (wy, sto) lies above the left knee of the si; = 1 cubic. Hence, if the recovery of J is
rather fast, then one can allow s; to turn off rather quickly; that is, K; can be chosen to
be quite large. This will be important in the next section when we consider the stability
of the synchronous solution, as these parameters help determine its domain of attraction.

C. Stability of the Singular Synchronous Solution.

We now demonstrate that the synchronous solution is stable if the synapse s; is indirect
and the active phase of J is sufficiently long. We start with the E; a small distance apart,
just after they have both jumped up to the active phase. Assume that this causes J to fire.
We will show that after one cycle, both of the E; are so close that they must fire together
again. Moreover, there is a contraction in the distance between the FE-cells during each
cycle.

The analysis proceeds as in the previous section. We assume that the active phases of
the E; are shorter than that of J so that the E; return to the silent phase and proceed
up the left branch of the s; = 1 cubic before J jumps down. As the E; move up this left
branch, they approach the point P;, where the s; = 1 cubic intersects the w-nullcline. See
Fig. 5A. If the active phase of J is sufficiently long, then the E; lie as close as we please
to Pr, and therefore to each other, when J jumps down. This is precisely what is required
to guarantee that they will both fire together during the next cycle. While in the silent
phase, the E; approach Pj, at an exponential rate (in the slow time scale). This leads to a
very strong compression of Euclidean distance between the cells while in the silent phase.
This compression is certainly stronger than any possible expansion over the remainder of
the cycle. After the J-cell falls down, s; decays on the slow time scale. This allows the
J-cell to recover, so that it can fire when excited by the firing of the E-cells and the whole
cycle repeats.

We need to assume that sy corresponds to an indirect synapse for the same reason as
we did previously. When one of the E-cells fires, this causes J to fire, which, in turn, sends
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inhibition back to the other E-cell. If s is direct, then this causes the second E-cell to be
‘stepped on’ on the fast time scale and the synchronous solution cannot be stable. Note
that the time between the firings of the E-cells is determined by K, the rate at which
sy decays. If K is large, then the time between firings is short; it is then easier for the
second cell to pass through the ‘window of opportunity’ provided by the indirect synapse.

Our analysis has shown that the dynamics of the .J-cell can influence the domain of
attraction of the synchronous solution in several ways. If J’s active phase is long, then
the F-cells lie close to each other, near Pr, when J jumps down and releases them from
inhibition. Moreover, if J recovers quickly in the silent phase, then K ; can be chosen to
be large, as noted in Remark 2. Both of these factors make it easier for the E-cells to pass
through window of opportunity and fire during the same cycle. Hence, they both enhance
the domain of attraction of the synchronous solution.

Remark 3: There are important differences between the ways in which mutually coupled
and globally inhibitory networks use inhibition to synchronize oscillations. In mutually
coupled networks, a second slow variable is required for the existence of the synchronized
solution; it allows the cells to escape from the silent phase. The second slow variable is also
required for the compression of the cells as they evolve in phase space. The existence and
stability of the synchronous solution in globally inhibitory networks, on the other hand, is
controlled by the dynamics of the J-cell. If the J-cell’s active phase is long enough, then
this pushes the E-cells, in their silent phase, to a position from which they can escape;
moreover, this provides a strong compression of the E-cells. For this network, we still
require that the inhibition decays on the slow time scale; however, the reason is so that
the J-cell can recover sufficiently. The slow recovery is not needed to allow the E-cells to
escape or for compression. In fact, the domain of stability of the synchronous solution is
increased if the synapses decay quickly. Once the E-cells are released from inhibition, they
must all pass through the window of opportunity. A fast decay of inhibition allows them
to pass through this window that much quicker.

D. Clustered Solution.

We now describe the geometric construction of the singular antiphase, or clustered,
solution. It suffices to consider one-half of a complete cycle. During this half-cycle, F1
fires and returns to the initial position of E5, J fires and returns to its initial position,
and F5 evolves in the silent phase to the initial position of E;. By symmetry, we can then
continue the solution for another half-cycle with the roles of E; and E5 reversed.

When E; jumps up, it forces J to jump up to the right branch of the sy, = %O'A cubic.
Then F; moves down the right branch of the s; = 1 cubic, while J moves down the right
branch of the s;,; = %O'A cubic and E5 moves up the left branch of the s; = 1 cubic. We
assume, as before, that F;’s active phase is shorter than J’s active phase, so E; jumps
down before J does so. It is possible that J lies below the right knee of the s;,; = 0 cubic
at this time, in which case J also jumps down. If J lies above this right knee, then it moves
down the right branch of the s;,; = 0 cubic until it reaches the right knee and then jumps
down. During this time, both E; and Fs move up the left branch of the s; = 1 cubic.

After J jumps down, s;(7) slowly decreases. If E5 is able to reach the jump-up curve,
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then it fires and this completes the first half cycle of the singular solution. Suppose that
7 = 7 when this occurs. For this to be one-half of an antiphase solution, we need that
wa(7r) = w1(0), wi(7p) = w2(0), and wy(7p) = ws(0). We now derive conditions for
when the antiphase solution exists. These will imply that the active phase of J cannot be
too long or too short, compared with the active phase of the F;. If J’s active phase is too
long, then the network exhibits synchronous behavior as described before. If .J’s active
phase is too short, then the system approaches the stable quiescent state.

Suppose that Ey and J jump up when 7 = 0, FE; jumps down when 7 = 7, and J
jumps down when 7 = 75. Let 71, Tese, and Weg. be as defined in the previous section.
To have a clustered solution, we require that

(5D1) wl(TJ) < Wese < w2(TJ)

The second inequality is necessary to allow Es to fire during the second half cycle. The
first inequality guarantees that E; does not fire during this half cycle. It follows from the
definitions that the first inequality is equivalent to

(5D.2) T]—TE < Tesc

Next we derive a similar expression for the second inequality in (5D.1). For wy < w, let
p(wo, w1) to be the time it takes for a solution of the first equation in (5B.1) with s; =1
to go from wp to wy. We need to prove that p(wrk, w2(7s)) > Tese. Now,

p(wri, w2(7s)) = p(wrk,w2(0)) + p(wz(0), wa(rs))

Moreover, wrpx = w1(7g) and w2(0) = wy(7p). Hence,

plwric, wa(77)) = p(wi(7r), wi(7r)) + p(w2(0), w2 (7))

Clearly, p(w2(0),w2(7s)) = 77, because Ey lies on the s; = 1 cubic for 0 < 7 < 7. It is
not true that E; lies on the sy = 1 cubic for 75 < 7 < 7F; however, if the first equation
in (5B.1) is weakly dependent on sy, then we have that p(wi(7g),w1(7r)) & 77 — 7. In
this case, the second inequality in (5D.1) is equivalent to

(5D3) TF —TE +TJ > Tesc

Recall that it is sometimes possible to choose the parameter K; to be rather large; see
Remark 2. In this case, 77 — 77 is small; that is, F5 escapes the silent phase as soon as it
is released from inhibition. Then (5D.3) is approximately equivalent to

1
(5D.4) 71 > 5(TE + Tese)

Combining (5D.2) and (5D.4) leads to the following condition for the existence of a
clustered solution if the synaptic variable s; turns off quickly:
1

(5D.5) §(TE + Tese) < Ty < TE + Tesc
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E. Further Remarks.

The geometric constructions of the synchronous and clustered solutions extend in a
straightforward manner to globally inhibitory networks with an arbitrary number of ex-
citatory cells F;. Of course, in a larger network there are more possibilities for clustered
solutions; however, if each cluster contains (approximately) the same number of cells, then
inequalities similar to (5D.5) must be satisfied. This is similar to analysis in [35] where
precise conditions are derived for the existence of clustered states in a locally excitatory
and globally inhibitory network model for scene segmentation.

The synchronous and clustered solutions are quite robust to heterogeneities and changes
of parameters. The synchronous solution is considerably more robust for this network than
it was for the mutually coupled networks considered in Section 3 and in [32]. This is because
the global inhibitor J provides a powerful compression mechanism. The strength of this
compression depends to a large extent on how long J remains active and this is controlled
by intrinsic properties of J. While J is active, all the E-cells approach the same fixed
point at an exponential rate. They are then ready to jump up together when released from
inhibition. There is no such powerful compression mechanism for the mutually coupled
networks.

6. Globally Inhibitory Networks with Complex Cells.

The discussion in the previous section generalizes to globally inhibitory networks with
complex cells. The primary difference is that each cell contains an additional slow variable,
so it is necessary to consider a higher dimensional slow phase space. Here we outline the
geometric construction of the singular synchronous solution. Of course, this solution exists
only if certain assumptions are made on the nonlinear functions in the model. We describe
necessary assumptions as they arise in the discussion. In the next section, we demonstrate
numerically that these assumptions are satisfied for the model of the spindle sleep rhythm.

We begin by considering the network in Section 2C in which there are two FE-cells
and one J-cell. Each FE-cell is assumed to be a complex cell and without any coupling
satisfies equations of the form (2A.3). We assume, for now, that J is a simple cell; this
will simplify the discussion somewhat. Later we discuss how to generalize the construction
when J evolves via more complex dynamics. Assume, for now, that the synapses are direct.
Then each FE; satisfies a system of the form:

vp = f(vi, wi,Yi) = Ginns7 (Vi — Vinn)
w; = eg(vi, w;)

(6.1) vi = eh(vi,y:)
si = a(l —s;))H(v; — 0) — Bs;

The inhibitory cell satisfies (5A.2).

During the silent and active phases, each E-cell lies on either the left or right branch of
one of the cubic surfaces {(v,w,y): f(v,w,y) — ginnss(v — vinn) = 0}. We write these
branches as {v = ®,(w,y,ss)} where @« = L or R. Let G (w,y,s5) = g(Pu(w,y, sy), w)
and Hy(w,y,s5) = h(Pu(w,y,ss),y). The cubic surface on which the E-cells lie depends
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on the value of s;; moreover, the evolution of s; depends on whether the J-cell is active or
silent. If J is silent (v; < 6;) then the slow variables corresponding to the E-cells satisfy
the equations

w o= Ga(wvyv SJ)
(62) y = Ha(w7y7 SJ)
S.J = —KJSJ

where « = L or R, depending on whether the E-cell is silent or active. If J is active
(vy > 6;) then the slow variables evolve according to the equations

w o= Ga(wvyvl)
(6.3) j = Ha(w,y,1)

The slow variables satisfy these systems until either one of the (w;,y;, sy) reaches a fold
of a cubic surface or the J-cell jumps up or down. The set of folds forms two surfaces of
knees. These surfaces can be written as {w = wq(y, s5)}, @ =L or R, where wq(y, sy) is
as in Lemma 1.

Fig. 7 illustrates the evolution of the slow variables (w;, y;, s5) for the singular synchro-
nous solution. We begin at the point labeled P; on the jump-up surface w = wy(y, sy).
The E-cells then jump up and this forces J to jump up. Hence, s; — 1. This corresponds
to the segment in Fig. 7 that connects P; to the point P, on the s; = 1 surface. Each cell
then evolves in the active phase with sy = 1 and each (w;, y;) satisfies (6.3) with &« = R. As
before, we assume that the active phases of the E-cells are shorter than that of J. Hence,
the E-cells jump down when the (w;,y;) reach the jump-down curve w; = wg(y;, 1). This
is at the point labeled Ps in Fig. 7. While J lies in the active phase, the (w;,y;) satisfy
(6.3) with & = L. At Py, J jumps down and the (w;,y;, sy) satisfy (6.2) with o = L until
they reach the jump-up curve. This then completes one cycle of the singular solution.

The stability analysis proceeds just as in the previous section. What is crucial for
stability is that J remains active long enough. The E-cells must then approach the stable
fixed point of (6.3), with & = L, on the left branch of the s; = 1 surface. This provides
the compression needed for stability.

The construction of a clustered solution is also very similar to that described in the
previous section. We do not describe the construction here; some comments are given in
the next section. Similar analysis also holds if the J-cell satisfies more complex dynamics.
What is important here is that J’s active phase is sufficiently long in comparison with the
active phase of the E-cells. This is discussed in detail in the next section when we consider
the influence of biophysical parameters on models for the spindle sleep rhythm.

7. Thalamic Network.

A. Introduction.

The model for the spindle sleep rhythm falls into the framework of the network con-
sidered in the preceding section. The two populations of cells in the model both lie in
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the thalamus. These are the thalamocortical relay (TC) cells and the thalamic reticularis
(RE) cells, corresponding to the E-cells and .J-cells, respectively. One difference between
the spindle model and those considered earlier is that the spindle model contains numer-
ous RE, as well as TC, cells. The RE cells communicate with each other through fast
inhibitory synapses, as illustrated in the network shown in Section 2C.

During a spindle pocket, the network exhibits behavior similar to the clustered solution
discussed in the previous section. The RE population is synchronized while the TC cells
break up into groups; cells within each group are synchronized while cells within different
groups are desynchronized. The network also exhibits completely synchronized rhythms.
The synchronized rhythms arise, for example, when fast inhibition is removed from the
network. Recent results have also shown that the synchrony can arise if the RE population
receives additional excitation, corresponding to cortical input. Hence, the network can
transform from clustering to synchronized behavior without any change in the inhibitory
synapses. We will explain the dynamic mechanisms responsible for these rhythms and
transitions between them, using the geometric approach.

B. Model.

The following model contains many parameters and nonlinear functions. These are
given in Appendix A. The cells are modeled using the Hodgkin-Huxley formalism [17]; the
equations are very similar to those in [15].

The equations of each TC-cell are:

v; = —Ir(vi,hi) — Lsag(vi, 1) — Ip(v;) —Ia — Ip
(7B.1) hiy = (hoo(vi) — hs)/Th(vs)
ri = (roo(vi) —ri)/7(vi)

Note that this is a complex cell, with h; and r; corresponding to w and y respectively. The
terms I, Isqg, and Iy, are intrinsic currents; they are given by: I (v, h) = goam?Z, (v)h(v—
VCa)s Lsag(V,7) = gsagr (v —vseg) and I (v) = gr(v—wvg). The terms I4 and Ip represent
the fast and slow inhibitory input from the RE-cells. We model the fast inhibition 74 as
in previous sections; that is, I4 = ga(v; — UA)NLTR S>> s’ where g4 and va are the
maximal conductance and the reversal potential of the synaptic current. The sum is over
all RE-cells which send input to this TC-cell and Nrg represents the maximum number
of RE cells which send inhibition to a single TC cell. Each synaptic variable s’ satisfies

the first order equation

-

(7B.2) sy = ap(l— ) H(vl, — 0r) — Brs’y

where v% is the membrane potential variable of the jt* RE-cell. Motivated by recent

experiments [7,8], we model the slow inhibition I somewhat differently from before. We
first discuss, however, the model for the RE-cells.
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The equations of each RE-cell are:

!/

vh = —Irr(vh, h%) — Iapp(h, mi) — Irp(vh) — Ira — I
(7B.3) M = (hroo(vi) = hiy) /Trn(vh)
mi' = m[Cali(1 —m;) — pam;
[Cal; = —vIrr —~[Cal;

The Igr,Iagp, and Iy represent intrinsic currents. These are given by Irp(v,h) =
9& mho (W)h(v — v&,), Lagp(v,m) = gampm(v —vk) and Irp(v) = gro(v — vRL).
More details concerning the biophysical significance of each term are given in [15,33].

In (7B.3), Ira represents the inhibitory input from other RE-cells. It is modeled as
Ira = gra(vh —vr A)NLRR > sha where the sum is over all RE-cells which send input
to the it» RE-cell. Each synaptic variable s%, 4 satisfies a first order equation similar to
(7B.2). The term Ig represents excitatory input from the TC-cells and is expressed as
Ig = gp(vy — ,UE)NLRT > s% where the sum is over all TC-cells which send excitatory

input to the i*” RE cell. The synaptic variables sjé also satisfy first order equations similar
to (7B.2).

It remains to discuss how we model the slow inhibitory current Ip. Similarly to [7], we
assume that

Ip = g (vi —vB)

where sp;, along with variable xy;, satisfies

Spi = k1H(xp; — O5p) (1 — Spi) — kaspi
ks

(7B4) .I‘;n = NTR [Z H(U}{ — 9Rb) (1 — xbi) — k4-'17bi

The parameters are such that zp; can only become activated if a sufficiently large number
of RE-cells have their membrane potentials v}é above the threshold #g,. The threshold is
chosen rather large so the RE bursts must be sufficiently powerful to activate zp;. Once
Tp; becomes activated it turns on the synaptic variable sp;; the expression sg‘;i in I further
delays the effect of the inhibition on the postsynaptic cell.

C. Numerical Simulations.

A clustered solution is shown in Fig. 8. There are 3 RE cells in this example and they
oscillate in synchrony at about 12.5 Hz; one of the RE cells is shown in Fig. 8A. The RE
cells synchronize due to excitation from the TC population. This is discussed in more detail
later (see Section 7D). There are 6 TC cells and they form two clusters, each oscillating
at half of the RE oscillation frequency, as shown in Fig. 8B. In Fig. 8C, we show the time
courses of the fast (s4) and slow (sp) inhibitory synaptic variables, respectively. Note that
the fast inhibition activates during every cycle. This provides the hyperpolarizing current
needed to deinactivate each TC cell’s I current. The fast inhibition is also needed to
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desynchronize the TC cells so they can form clusters. The slow current Ip never activates
during this solution. This is because the RE cells do not fire powerful enough bursts; that
is, the membrane potentials v%, do not rise above the threshold 6g, = —25mV long enough
to activate the variables xyp;.

A synchronous solution is shown in Fig. 9. The parameters are exactly as in Fig. 8
except we set gra = 0; that is, we have turned off the fast inhibition between RE cells.
Note in Fig. 9 that each TC cell fires during every cycle along with the RE cells. The slow
inhibitory current Iz now activates during every cycle. Comparing the slow inhibitory
variable with the fast inhibitory variable in Fig. 9C, we see that the slow inhibition stays
on longer and that it both turns on and turns off more gradually. Removing the RE-TC
fast inhibition as well (g4 = 0) enhances s, activation and TC synchronization. Geometric
analysis is very useful in understanding why removing fast inhibition allows slow inhibition
to activate and why this, in turn, leads to synchronization of the network. This is discussed
in the next subsection.

In Fig. 10 we plot the trajectory (h;(7),r;(7), sp(7)) corresponding to the synchronous
solution shown in Fig. 9. We also plot the numerically computed surface of knees corre-
sponding to the jump-up points; there is a similar jump-down surface, but it is not shown.
The behavior of the trajectory is consistent with that discussed in the previous section.
For example, the cells jump up when the trajectory crosses the jump-up surface of knees
(approximately, since € # 0 numerically). In Fig. 11 we show a similar plot but for the
clustered solution shown in Fig. 8. Here we use s4(7) instead of s,(7). The trajectory is
more complicated since two clusters fire instead of just one.

Our numerical studies show that the synchronous and clustered solutions are robust to
moderate levels of heterogeneities and variations in the parameters. For example, these
solutions were not affected by heterogeneities of about 20% in sag conductances and about
5% in the TC It conductance. Stronger TC heterogeneities tend to promote TC clustering
in this model. In the resultant patterns, TC cells with similar properties fire together,
independent of the way they are initially perturbed from synchrony.

Since the length of the RE cell active phase is crucially important in determining whether
the TC cells will synchronize or cluster, variations in RE intrinsic properties may have
important consequences for the network behavior. Weakening the I 4 p or I, conductances
or strengthening I tend to lengthen the RE active phase by making v}, less negative
there. Corresponding changes in reversal potentials have a similar effect. Modulating these
parameters may, therefore, switch the network rhythm between synchrony and clustering.

D. Remarks.

i. Removing Fast Inhibition.

Fast inhibition occurs in two places: the RE cells inhibit themselves as well as the
TC cells. Removing fast inhibition has different consequences for each of these synaptic
connections and both of these help to synchronize the TC cells [8,15]. Removing the RE-
TC fast inhibition is clearly helpful for synchronization among the TC cells since the fast
inhibition has a very short rise time. Note that the fast inhibitory synapses are direct in
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(7B.1), (7B.2). This rise time helps determine the domain of attraction of the synchronous
solution; a short rise time corresponds to a small domain of attraction. In fact, it is
precisely this inhibition that is responsible for desynchronizing the TC cells during the
clustered solution.

Removing the RE-RE fast inhibition is perhaps even more crucial for synchronizing the
TC cells. This allows the RE cells to fire longer, more powerful bursts which, in turn,
activate the slow inhibitory current Ip. The analysis in previous sections demonstrates
that long, powerful bursting of the RE cells is a necessary condition for the TC cells to
synchronize. Our numerical simulations (e.g. Figs. 8-11) show, in fact, that the TC cells
will synchronize even if fast inhibition is removed from within the RE population but not
from the RE-TC connections.

Why removal of inhibition leads to stronger RE bursts can be easily understood by
considering trajectories in phase space. This removal forces the RE cells to lie on the
right branch of a different cubic while in the active phase. If the RE cells are simple,
then the cubic of the disinhibited cells lies below the cubic of the cells with inhibition.
The disinhibited cells therefore jump up to larger values of membrane potential; moreover,
their jump-down point (right knee) lies below the jump down point of the inhibited cells.
The disinhibited RE cells, therefore, have a longer active phase. Similar analysis holds if
the RE cells are complex.

Note that the slow inhibitory current Ip has slower rise and decay times than 4. The
slow rise time enhances the domain of attraction of the synchronous solution. The slow
decay time can help to bring the cells closer together while in the silent phase, as discussed
in Section 4. Hence, both effects enhance the ability of the TC cells to synchronize.

ii. Role of the Sag Current.

We view the TC cells as examples of complex cells. If one removes the sag current
Iy, or keeps it constant, then they become simple cells. Hence, questions concerning the
differences between networks with simple or complex cells are closely related to issues
related to the role of the sag current. The analysis in Sections 3 and 4 shows that in
mutually coupled networks, whether the cells are simple or complex is significant. Added
complexity allows the cells to escape from the silent phase and also leads to possible
compression mechanisms. In globally inhibitory networks, however, there does not seem
to be that much of a difference in network behavior if the cells are simple or complex. The
dynamical mechanisms responsible for the synchronous and clustered solutions are basically
the same for simple or complex cells. We do not view the sag current, therefore, as playing
a direct role in the generation of these rhythms. Recall that oscillations arise when the
cells are capable of escaping from the silent phase. The sag current helps modulate the
intrinsic properties of the TC cells and this can, in turn, determine whether or not escape
is even possible. From a more biophysical viewpoint, the sag current depolarizes the TC
cells while they are silent. Hence, a stronger sag current raises the TC’s resting potential.
If this resting potential is too large, then inhibitory input from the RE cells may not be
capable of hyperpolarizing the TC cells sufficiently to deinactivate the Iz current. If this
is the case, then the TC cells will not be able to fire (i.e. escape the silent phase).
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This relates closely to some theories about mechanisms responsible for the waxing and
waning behavior during the spindle rhythm [1,5,16]. It is known that the sag current is
modulated by many substances that shift its activation curve, providing a different amount
of this current at each particular voltage level. To incorporate waxing and waning, we
follow [5] and assume that the sag conductance depends on calcium as well as on voltage.
Calcium slowly increases while the TC cells oscillate; this increases the sag conductance,
which slowly depolarizes the cells. This eventually prevents deinactivation of Iy, which
stops the spindle oscillations. A new spindle pocket forms when enough of the calcium has
been removed by extrusion or uptake to allow oscillations to start again. The new spindle
pocket may be initiated by input from cortical cells which oscillate at a very slow rhythm.
This is discussed in more detail in the next subsection.

We note that increasing the sag current (within the range where escape is possible) tends
to enhance the TC synchronization, and this also decreases the amplitude and period of
TC bursts. The enhancement of synchronization occurs because the increased sag current
tends to depolarize the TC cells more rapidly; it was shown in the previous section that
this leads to stronger compression. The decrease in amplitude and period occurs because
increasing the sag conductance lowers the left branch of the cubic corresponding to the
TC cells while in the silent phase but raises the right branch of the cubic while the cells
are in the active phase. This is because the current is depolarizing while the cells silent
but hyperpolarizing while the cells are active. Increasing gsq4 also makes the slope of the
curve of knees of the silent phase more negative; this allows TC cells to jump up to the
active phase at smaller values of h; and r;, further decreasing the amplitude and period of
oscillation.

iii. Synchronization Among the RE Cells.

The RE cells are synchronized during the spindle rhythm. This is primarily due to the
excitation they receive from the TC cells. While only about half of the TC cells fire during
each cycle, if each TC cell sends excitation to several RE cells, then every RE cell will
receive a sufficient amount of excitation to fire during every cycle.

Experiments have also shown that the RE cells can sustain synchronized rhythms when
these cells are completely isolated [30]. In fact, these are the experiments which motivated
many of the theoretical studies concerning how synchronization can arise in a population
of inhibitory cells. If one considers the RE cells to be modeled as simple cells, then the
conclusion of these studies is that synchronization is possible only if the decay of inhibition
is sufficiently slow. However, modeling the RE cells as in (7B.3), we consider them to be
complex cells; the slow variables are h% and m;. We then conclude that synchronization
is possible even if the inhibition decays quickly.

iv. Cortical Inputs.

Cortical inputs are believed to be important in the generation of the spindle and delta
sleep rhythms [4,8,28,31]. During these rhythms, cortical cells oscillate at a slow rhythm of
about .1-.2 Hz. This slow rhythm organizes the spindle pockets, as was discussed earlier.
A new spindle pocket is initiated when cortical cells fire and send excitation to the RE
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cells. The RE cells fire and send inhibition to the TC cells, eventually causing them to fire
in clusters.

Recent papers have also emphasized the importance of the cortex in the generation
of spike-and-wave epileptic oscillations [8,29,31]. Some experiments have suggested that
this can arise without removing fast inhibition in the thalamus [8,31]. Recall that in
the mechanism discussed previously, disinhibition of the RE cells leads to more powerful
RE bursts and this permits the TC cells to synchronize. If one does not remove the fast
inhibition among the RE cells, but instead induces excitation from the cortex, then this will
have the same effect: the RE cells will fire more powerful bursts because of the additional
excitation (their cubics are lowered). Hence, the TC cells can synchronize even though
they receive fast inhibition from the RE cells.

During the delta sleep rhythm, the RE cells fire at the frequency of, and phase-locked to,
the slow cortical rhythm. The TC population rhythm is very regular at 1-4 Hz. Each TC
cell fires a number of times and then has subthreshold oscillations for a number of cycles.
The TC cells are periodically revived within the frequency range of the slow rhythm. A
mechanism is proposed in [33] for the transition between the spindle and delta rhythms.
Since fast inhibition tends to force the TC cells to cluster during spindling and the TC cells
are synchronized during delta, this effect of fast inhibition must be removed during the
delta rhythm. It was shown in [33] that in order to remove this effect, it is not necessary
to actually change any parameters associated with the fast inhibitory synapses. Instead, it
suffices to hyperpolarize the RE cells; this can be accomplished, for example, by increasing
their leak conductance. This makes the RE cells insensitive to excitation from the TC
cells. Since the RE cells do not respond to cycle by cycle excitation from the TC cells,
they are functionally absent from the network and are unable to send fast inhibition back
to the TC cells. The RE cells do respond, however, to the cortical cells by firing at the
slow rhythm. During the resulting cycle, the TC cells receive both fast and slow inhibition,
which cause them all to fire. The continuing presence of slow inhibition allows the TC cells
to fire for a few more cycles and also helps them to synchronize.

Our analysis has shown that it is possible for the TC to synchronize even in the presence
of fast inhibition if the RE cell bursts are powerful enough. This does not, however,
contradict the argument in [33] that the effect of fast inhibition to the TC cells must be
removed during delta. Since the RE cells fire at the slow rhythm in delta, their bursts are
completely absent (after the first cycle) while the TC cells fire. Hence, the RE cells do not
produce the powerful bursts that would be needed to synchronize the TC cells if the effect
of the fast inhibition remained.

v. Variations in Synchronous Oscillations.

The thalamic network may exhibit other types of solutions than those discussed above.
This is because assumptions required for the geometric constructions of the solutions may
not be satisfied for some ranges of parameter values. Subtle variations in network behavior
can arise as parameters that change the underlying geometry of phase space are varied.

One possibility that appears, for certain biophysically relevant parameter values, is that
the right knees of each RE-cell’s family of cubics lie above the left knees of the RE-cell’s



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 31

cubics. In this case, each RE cell recovers instantly upon jump-down. Hence, synchrony
is possible even if the inhibition to the TC cells decays on the fast time scale, since slow
decay of inhibition was only needed to allow the RE cells to recover. It is important to
note that our requirement of a long RE cell active phase for stable synchrony can still
be met here. To see this, note that the RE cubics are extremely flat in the active phase
(that is, for relevant vy values, hr changes little along them) and lie near the hg = 0 axis.
When an RE cell is excited and fires, its vg jumps up to a large value on the fast time
scale. Its vgp then decreases on the slow time scale. This slow decrease occurs because hg
and the synaptic excitation variable sg (see Appendix A and note that g is small) decay
slowly. This can yield a sufficiently long RE active phase for stable synchrony (with nearly
constant hp throughout the oscillation).

In this scenario, if the TC cells approach sufficiently close to the stable equilibrium in
the silent phase while the RE cells are still active, then they can all fire as soon as they are
disinhibited by RE jump-down. Hence, stable synchrony can occur here in the presence of
fast inhibition even though the RE-TC fast inhibitory synapses are direct. The TC firing
immediately excites the RE cells to fire again. If one or more TC cells have not crossed
the middle branch of their v-nullclines when an RE cell’s voltage reaches 0g, however,
then those TC cells turn back and clusters form. Hence, the thresholds for inhibition and
excitation influence the TC population behavior in this case.

One other subtlety to note, returning to the usual RE nullcline configuration, is that
the firing of a single TC cell may be insufficient to induce RE firing. This is the case if an
RE cell has not sufficiently recovered when the lead TC fires. Oscillations may nonetheless
be sustained if the firing of following TC cells induces RE cell firing. Thus, the length of
time for RE cell recovery should be measured up to the time when the last TC cell, not
the lead TC cell, fires.

8. Discussion.

We have considered a series of networks in order to study how network components
contribute to emergent population rhythms. This work is motivated by recent models
for sleep rhythms; however, the analysis and methods are quite general, so they should
apply to other models as well. Our results clarify the multiple roles inhibition can play in
producing different rhythms. Which rhythms are produced depends on how the inhibition
interacts with intrinsic properties of the cells; the nature of these interactions depends on
the underlying architecture of the network.

Inhibition may help either to synchronize or to desynchronize oscillations, depending
on several factors. Fast onset of inhibition tends to desynchronize the cells, because when
one cell fires it then quickly ‘steps on’ other cells. For this reason, we generally need
to assume that the synapses are indirect for stable synchronization to occur. Slow offset
of inhibition may help to synchronize the oscillations; it can lead to compression of the
cells while they evolve in either the silent or active phases. Compression (or expansion)
can also take place as the cells jump up or down between the silent and active phases.
This depends on the geometry of curves (or surfaces) of knees, which, in turn, depends on
both the intrinsic and the synaptic components, such as gy, and gs.y. Another source
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of compression arises in the globally inhibitory networks. While the inhibitory cell J is
active, it produces sustained inhibition to the FE-cells. This forces the E-cells close to a
stable fixed point and, therefore, close to each other. This can be a very powerful source
of compression of the E-cells.

We have demonstrated that mutually coupled networks of excitable cells with indirect
fast inhibitory coupling can produce synchronized rhythms. This is not possible if the
network contains only simple cells. The geometric approach helps explain why the ad-
ditional network complexity allows for synchronized rhythms. The additional complexity
translates, within the framework of the geometric approach, to higher dimensional slow
manifolds. This allows the cells to escape from the silent phase. It also leads to additional
sources of compression. We conclude that synchronization is possible in mutually coupled
inhibitory networks if there are at least two slow variables in the intrinsic and/or synaptic
dynamics. This has relevance for isolated RE cell populations, which can synchronize even
though they include fast inhibition.

By studying both mutually coupled and globally inhibitory networks we have seen how
the underlying network architecture can influence the possible population rhythms. As
discussed in Remark 3, these two networks use inhibition in very different ways to syn-
chronize oscillations. In both networks, when one E-cell fires, it produces inhibition among
the remaining F/-cells. This is accomplished by a single connection in the mutually coupled
networks, but through two connections via the inhibitory cell J in the globally inhibitory
networks. The globally inhibitory networks are much more robust because the J-cell has
its own internal dynamics and can, therefore, control the amount of inhibition it sends
back to the E-cells. In mutually coupled networks, the inhibition is, in some sense, ‘slave’
to the dynamics of the E-cells.

Globally inhibitory networks can produce different rhythms depending on the intrinsic
dynamics of the inhibitory J-cells. If the J-cells produce powerful bursts, then the resulting
inhibition leads to synchronized rhythms. A rapid rate of synchronization, and a large
domain of attraction for the synchronous solution, are achieved when the following factors
are present: indirect synapses to provide a window of opportunity, a long .J-cell active phase
to enhance compression among FE-cells, and a fast J-cell recovery coupled with relatively
fast synaptic decay. Less powerful inhibition, or a smaller window of opportunity, results
in clustering among the E-cells. The network crashes if the amount of inhibition is too
small. In the models for sleep rhythms, there are several possible ways to control the
RE cells’ bursts and therefore to control the emergent network behavior. More powerful
RE bursts result from removal of fast inhibition from among the RE cells or from the
addition of excitatory input from the cortex. Other intrinsic RE parameters, such as a
leak conductance, may also greatly influence the RE cells’ dynamics. We have seen how
such considerations help explain the transition between spindle, delta, and paroxysmal
discharges in RE-TC networks.

The geometric approach helps to clarify the mechanisms, both biological and mathemat-
ical, responsible for the population rhythms. The analysis can lead to precise statements
for when a rhythm is possible. For example, a TC cell can fire only if it is sufficiently hy-
perpolarized; this deinactivates the I current. A geometric interpretation of this is that
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a TC cell can fire only if, during the silent phase, it lies in the region where trajectories
are able to reach the jump-up curve of knees. By considering the slow equations corre-
sponding to the TC cells [see (6.2)], one can then derive conditions for when a TC will fire.
In this sense, the geometric analysis helps clarify how different parameters influence the
rhythms. For example, the analysis demonstrates that the sag current plays different roles
in generating synchronized rhythms in mutually coupled and globally inhibitory networks.
In mutually coupled networks, fast inhibition cannot produce synchronized rhythms unless
the cells are complex. If the cells are considered to be TC cells, then this implies that the
sag current is essential for synchronization in the presence of fast inhibition; it provides
an additional slow variable. In globally inhibitory networks, however, synchronization can
arise even if the cells are simple. Hence, the sag current contributes to the rhythms by
adjusting the intrinsic properties of the cells so that they are capable of oscillating at all.

We note that the geometric approach used here is somewhat different from that used
in many dynamical systems studies. All of the networks considered here consist of many
differential equations, especially for larger networks. Traditionally, one would interpret the
solution of this system as a single trajectory evolving in a very large dimensional phase
space. We consider several trajectories, one corresponding to each cell, moving around in
a much lower dimensional phase space. After reducing the full system to a system for just
the slow variables, the dimension of the lower dimensional phase space equals the number
of slow intrinsic variables and slow synaptic variables corresponding to each cell. In the
worst, case considered here, there are two slow variables for each complex cell and one slow
synaptic variable; hence, we never have to consider phase spaces with dimension more than
three. Of course, the particular phase space we need to consider may change, depending
on whether the cells are active or silent and also depending on the synaptic input that a
cell receives.

Our analysis of globally inhibitory networks is closely related to that in [35,39,40],
where a model for scene segmentation is considered. In that model, different clusters
correspond to different objects in a visual scene; the phases of oscillators encode the binding
of pixels with similar sensory features. The model (denoted as LEGION) there includes
both local excitation and global inhibition. The global inhibitory cell satisfies a simple
one dimensional differential equation. Because of its simple dynamics, the global inhibitor
there cannot easily control the emergent network behavior via adjustments to its intrinsic
properties. Using a more complex model for the global inhibitor in LEGION may have
important consequences, particularly since there is often no unique answer to the question
of how a given scene should be segmented. A house, for example, may be grouped into a
single segment if viewed from afar. The same house, if viewed nearby, may be broken into
multiple segments, including a door, a roof, windows, and other elements. The analysis
in this paper demonstrates that the level of inhibition produced by the global inhibitor
controls the level of synchrony among the FE-cells. Hence, by controlling this level of
inhibition, one can control the level of resolution that the LEGION network will produce.

Acknowledgments. Research for this paper was supported in part by the NSF grant DMS-
9423796. Some of the research was done while the authors were visiting the IMA at the
University of Minnesota.
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Appendix A.

The equations for the TC and RE cells in the thalamic network are given in Section 7B.
As our biophysical mutually coupled network of complex cells, we considered a pair of TC
cells, each governed by (7B.1); note that in the case of simple cells without slow inhibition,
these could be thought of as simplified RE cells or TC cells. The synaptic variables in this
model satisfy (2B.3). For numerical simulations, we approximated Heaviside functions by

functions of the form )

T+ exp(—(v—0))

The functions heo(v), Moo (V), oo (V), hreo (V) and mpgeo (v) are assumed to be of the same
form, namely, if £ = h, m,r, hg or mg, then

H(v)

1
~ 1+ exp((v + 0g) Joe)

oo (V)

Further, we take
Th1

T+ exp((0 + vra) /)

with 7rp(v) having an analogous form, and

Th(v) = ThO +

Tr1
exp((v + UTTO)/UTT‘O) + exp(—(v + vTTl)/UTTI)

(V) = Tpo +

To generate our numerical figures, we started cells under a slight perturbation from a
synchronous state. For Figures 3B and 4C, we used the following parameter values, based
on [15,33]. It : goq = 2.5,0,, = 57.0,0p, = —6.0,vc, = 140.0,0, = 81.0,0, = 4.0, 70 =
10.0, 71 = 73.3, 07, = 78.0,0:p = 3.0; ILssg : gsag = 0.2,0509 = —50.0,0, = 75.0,0, =
9.9, Tr0 = 20.0, 7.1 = 1000.0, Vo = 71.5,0740 = 14.2, 0,01 = 89.0,0,,.1 = 11.6; I, : g1, =
0.025,vp = =75.0; 14 : g4 =0.4,v4 = —-79.0,a =16.0,06 =4.0,0, = 0.1,k = 100.0, e, =
0.3,e8; = 0.1,0,y, = —50.0. We did not include slow inhibition here.

To generate the clustered solution displayed in Figures 8 and 11, we used the following
parameter values, also based on [15,33]. Six TC cells: It : goo, = 1.5,0,, = 59.0,0,, =
—9.0,vcq = 90.0, 0, = 82.0,0p, = 5.0, 70 = 66.6, 71 = 333.3, v, = 78.0,0,5 = 1.5; Iay:
Gsag = 0.15,v549 = —40.0,0, = 75.0,0, = 5.5, 70 = 20.0, 7.y = 1000.0, vrro = 71.5, 010 =
14.2,v;01 = 89.0,0,1 = 11.6; I, : g1, = 0.2,v, = —=76.0; 14 :ga =0.1,v4 = —84.0,x =
8.0,8 =0.05,0g = —50.0,k4 = 2.0; Ip : g = 0.05,vp = 95.0,A = 107*, k; = 0.1,k =
0.05,0.p = 0.8,k = 0.02, k3 = 0.5, k4 = 0.005,0r, = —25.0,k = 2.0. Three RE cells:
Ipr : g&, = 2.0,0F =52.0,0% = —9.0,0&, = 90.0,0F = 72.0,0F = 2.0, 7E = 66.6, 7% =
333.3,v8 = 78.0,0% = 1.0; Iapgp : gaup = 0.1,vx = —90.0, 1 = 0.02, pp = 0.025, v =
0.01,v = 0.08; Iry : grr = 0.3,vrr, = —76.0; Ira : gra = 0.25,vpa = —84.0, other
parameters as in I4 for the TC cells; Ig : gg = 0.6,vg = 0,ap = 2.0,8g = 0.05,0p =
—35.0, kg = 2.0. [Note that in the current I, the variables s%, satisfy an equation of the
form (7B.2), with the parameters ag, ... replacing ag,....]

To generate the synchronous solution displayed in Figures 9 and 10, we used the same
parameter values except a = 16,3 = 0.2,0,, = 3.0,afh = 2.0,gra = 0. By setting
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gra = 0, we removed the RE-RE fast inhibition; for o = 16, 8 = 0.2 with the same initial
conditions and gr4 = 0.25, the solution forms two clusters but slow inhibition is slightly
activated and it eventually destabilizes, while for gr4 = 0.5, the solution forms two clusters
without activation of slow inhibition.

Remark A1l: We assumed in the proof of Lemma 1 that for complex cells, f, > 0 in the
silent phase, while f, < 0 in the active phase. This is justified for the TC-cell model for the
following reason. Note that y corresponds to the variable 7; hence, f, = —gsaq(v — Vsaq)-
Since vsqg ~ —40mV typically, while v ranges from around —80mV in the silent phase to
at least —30mV in the active phase, the result follows.

Remark A2: We claimed in Remark 1 that |85”—yR| is quite small. This is also shown
numerically in Fig. 3B. We can understand analytically why this is so by recalling from
the proof of Lemma 1, that aaLy" = —f—i for « = L or R corresponding to the silent or
active phase respectively. From (7B.1),

awa Isa (U — VUsa )
Al e 9 g
(41) By~ goamZ ) - vow)

Typical values are gsqq ~ .04 up to 2.0, vsqg = —40mV, gca ~ 2.5, vo, = 140mV. In
the silent phase, mq,(v) is small, so the numerator and denominator in (A1) have similar
magnitudes, even though v ~ —80mV. In the active phase, however, my (v) &~ 1 while
v ~ 0, typically. Hence, |8(3)”—yR| is quite small.

Appendix B.

Consider a pair of complex cells in the active phase, with mutual inhibitory coupling.
Suppose that the cells are perturbed from synchrony such that the lead cell falls down to
the silent phase at time 7; and the following cell falls down at time 79 > 7. During the
silent phase, for 7 > 79, the slow dynamics of the two cells are given by

w' = g(v,w)
y = h(v,y)
(B1) s = —Ks

where v satisfies v = ®r(w,y,s) and ' = L. Let V(1) = (g(w,v), h(y,v),—Ks). The
equation of variations that describes the evolution of tangent vectors to the flow of (B1) is

dw' = —a"dw —b¥oy — c“is
0y’ = —a¥ow — Yoy — c¥0s
(B2) ds' = —Kos

where o = —0g/0w, b* = —0g/0y = —0g/dv - 0P /0y, and so on.

Fix the cell which jumps up out of the silent phase first as cell 1 and call the other cell 2.
Let T; denote the jump-up time of cell i and restrict to 7 € [1o, T1]. Let (n(7), p(7),0(T))
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denote the vector from the position of cell 1 to that of cell 2, such that (7, p, o) satisfies
(B2); see Fig. 12 for a two-dimensional representation of this set-up.

Next, let wp (y, s) denote the projection of the left surface of knees to (w, y, s)-space and
let (a,b,¢) = Viwg (y1(T1), 5(T1)) — w(T1)] = (=1, %5k (y2(T1), s(T1)), Z (y1(Th), 5(11))).
Let w] denote the physical translate of wr,(y, s) along the path of cell 1 to the position of
cell 1 at time 7; for example, at time 73, cell 1 lies in w}?. Again, see Fig. 12.

We define the time 7'(7) as the time for cell 2 to flow to its first intersection with w7.
This satisfies

T(r)
(3 @) (o) + [ Vir+edg =0
where V' is evaluated along the path of cell 2 (Fig. 12), but
T(r) T(r)
(B4) /0 V(r+&)d§ = /0 (V() +&V'(1) + O(€M))d = V(r)T(r) + O(T*)

For small perturbations from synchrony, if the vector field of (B1) is O(1), then the O(T"?)
term in (B4) can be neglected. Substituting the approximation (B4) into (B3) yields, at
leading order,

(avbvc)'(n7p70') U—bP—CU
(B5) (7) (a,b,c)-V —g(wz,v2) + bh(yz2,v2) — cK sy
since a = —1. Henceforth, we omit the arguments indicating evaluation along the path of

cell 2 when this is clear.

A sufficient condition for compression in the silent phase is that 77(7) < 0 for 7 € o, T} ].
Thus, we proceed to compute 77(7). Since (1, p, o) and V(1) satisfy (B2), we differentiate,
substitute from (B2), and simplify to obtain

[V(T) X (777 Ps U)] ) [((av b, C) ) DV) X (av b, C)]T

- T = ((a-b.0) - VTP

where T denotes transpose.

Geometrically, the determinant of three vectors gives the volume of the parallelepiped
they bound. The numerator of T”(7) consists of such a determinant, with the three edges
of the parallelepiped given by the vector field, the vector from the position of cell 1 to that
of cell 2, and a third vector. This last vector relates the linearization of the vector field to
the gradient of the translate of the surface of knees.

Next, consider
7 = (Zl,Zz,Zg) =V x (77, p,O’)
(B7) = (oh+ pKs,—og —nKs, pg —nh)
= ((h’v _KS) A (pa 0-)7 (777 0-) A (ga —KS), (ga h) A (7)7 P))
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Differentiating (B7) and using (B2) gives, in system form,

Zi = —(by+K)Z1 -|-ayZ2
(BS8) Zh = b7 — (a* + K)Z,
Zé = szl —|— CyZQ — (aw + by)Zg

For simple cells, without the current y, (B6) simplifies to

og+nKs — 7y
T/ — wo_ K wy w o K w
(7) = LS el = K) + ") = e (e = K) +)
Moreover, Z; = 0, so Z, = —(a" 4+ K)Zs. Hence, the sign of Zy(7) is invariant for 7 €

[T2,T1]. In [32], Za(T2) = (w1(72) — wa(72))K s2(12) < 0, which implies that —Z(12) > 0.
Thus, the sign of T(7) matches that of (¢(a®” — K) + ¢*) [Terman et al. use A; to denote
c]. By showing that this quantity is negative for all relevant 7 for K < a_ (Case I in [32]),
Terman et al. achieve a sufficient condition for compression in the silent phase.

In general, one can compute the signs of a, b, c as well as a™,b",... (see e.g. Lemma
1) and then can use (B6), (B8) to derive compression conditions for the silent phase.
Simplifications facilitate this process in certain cases even for complex cells. For example,
o = o' = 0 during the silent phase for F cells in a globally inhibitory network as well as
for much of the silent phase for mutually coupled cells with fast synaptic decay. In the
latter case, however, an adjustment must be made to compensate for the fact that one cell
loses inhibition before the other; we omit details and explicit computations here.
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Figure Captions

Figure 1: Nullclines of simple and complex cells. A) The v- and w-nullclines of a simple
cell intersect at pg, on the middle branch of the v-nullcline, in the oscillatory case. Bold
curve indicates a singular periodic orbit, with double arrows denoting fast pieces and single
arrows denoting slow pieces. B) The v-nullcline and a singular solution of an excitable
complex cell with a stable critical point pyg.

Figure 2: Unstable synchronous solutions for mutually coupled simple cells. A) A sin-
gular synchronous periodic orbit for coupled excitable simple cells with indirect synapses;
dark circles indicate fixed points on Ly, L,,. B) The dashed line indicates a singular syn-
chronous periodic solution for coupled oscillatory simple cells with direct synapses. This
solution is unstable: when one cell jumps up, the other cell jumps to £, ,. C) Instability in
the singular synchronous periodic solution for coupled oscillatory simple cells with indirect
synapses. Cell 1 follows the — - — . — path while cell 2 follows the — .- — .- — path. Cell
1 jumps up first; subsequently, cell 2 becomes inhibited first and thus falls farther behind
cell 1.

Figure 3: Singular solutions for complex cells. A) The slow phase space of an uncoupled
complex cell, bounded by the jump-up curve Jr and the jump-down curve Jg of the slow
manifold Cs. The solid (dashed) curves represent evolution in the silent (active) phase.
Py is a stable fixed point. B) Numerically generated synchronous solution for mutually
coupled complex cells that are separately excitable, in (y, w)-space. These curves, as well
as those in other figures, were generated using the program XPPAUT, developed by G. B.
Ermentrout, with parameter values given in Appendix A. The solid curve is the solution,
the dashed curves are the jump-up (labeled) and jump-down (approximately horizontal,
unlabeled) curves for s = 0.2, and the dash-dotted curves are those for s = 04 = 0.8. Note
that the curves for s = 0.8 lie at larger w-values than those for s = 0.2. Since € # 0, the
synchronous solution does not jump up [y’ = 0, near (y,w) = (0.08,0.07)] immediately
upon reaching the jump-up curve.

Figure 4: Compression mechanisms for mutually coupled complex cells. A) Compression
in the time-metric p,, can occur between mutually coupled complex cells in the jump up.
Note that w1(0) < w2(Tp) and y1(Tp) > y2(0). The Euclidean distances d,,(0), d,,(To) are
used to compute the time metrics py, (0), pu (7o), respectively. B) A reversal of orientation
in the active phase (solid lines) can lead to compression in the jump down; dashed line
indicates evolution of cell 1 in the silent phase. C) Numerically computed trajectories of
a pair of mutually coupled complex cells undergoing order reversal. Cells 1,2 correspond
to c1, co respectively in B). Parameter values are given in Appendix A.

Figure 5: Nullclines for A) E-cells and B) J-cells in a globally inhibitory network with
simple cells. The heavy lines and points P;, Q; correspond to the singular synchronous
solution discussed in the text. Note that s; decays on the slow time scale.

Figure 6: The slow phase plane for an E-cell. The curve wp(sy) is the jump-up curve,
which trajectories reach if K ; is large enough (— - — - — path; cell jumps up from the point
marked as ‘*’). The dotted curve Wg(ss) consists of zeros of G (w,ss) in system (5B.1);
trajectories tend to the stable critical point Wg(0) as sy — 0 for small Ky (—--— - -
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path). Note that w’ < 0 for w > Wp.

Figure 7: Three-dimensional slow phase space for a singular synchronous periodic orbit
of the globally inhibitory network. Double (single) arrows denote evolution on the fast
(slow) time scale, solid (dashed) lines indicate the silent (active) phase, and points P; are
as discussed in the text. The shaded region represents the jump-up surface w = wy,(y, 7).

Figure 8: Numerical solution, with two TC clusters, of the thalamic network [parameter
values given in Appendix A]. Voltages are in mV and time is in msec. A) RE cell (the time
course of which matches that of the RE population of 3 cells). B) TC population of 6 cells,
forming two clusters of three cells each. C) Inhibitory synaptic variables s4 (dashed) and
sp (solid); note that s, = 0, since the RE cell bursts are not powerful enough to activate
slow inhibition in this case.

Figure 9: Numerical synchronous solution of the thalamic network [parameter values
given in Appendix A]. Voltages are in mV and time is in msec. A) RE cell (the time
course of which matches that of the RE population of 3 cells). B) TC population of 6 cells
(synchronized). C) Inhibitory synaptic variables s4 (dashed) and s; (solid); note that s4
turns on and off faster than s, which in turn stays on longer.

Figure 10: Numerical trajectory of a TC cell, together with jump-up surface of knees
(shaded), in the (h, 7, sp) slow phase space. The TC cell shown belongs to the synchronized
population of 6 TC cells shown in Figure 9. Note that s; does not immediately increase
when the cell jumps up, since we have taken slow inhibitory synapses to be indirect.

Figure 11: Numerical trajectory of a TC cell, together with jump-up surface of knees
(shaded), in the (h,r,s4) phase space. The TC cell shown belongs to one of the clusters
of the solution shown in Figure 8. We use s4 rather than s, since slow inhibition is not
activated in this solution. The trajectory shown jumps up to the active phase only once,
after passing a bit through the jump-up surface (since € # 0). When it comes close to
the jump-up surface a second time, it is inhibited by the jumping of the other cluster (not
shown); hence, s4 — 1 but h,r continue to increase.

Figure 12: The set-up for analysis of compression in the silent phase in two dimensions
(i.e., assuming s is fixed); the picture generalizes naturally to 3-d when s is included as
another slowly evolving variable. Cell 1 jumps up first, with 7 = Ty, at (y},w}). The
larger dotted square shows a blow-up of the smaller dotted square, in which the vectors V'
and (1, p) are defined.
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