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AbstractWe develop geometric dynamical systems methods to determine how various componentscontribute to a neuronal network's emergent population behavior. The results clarify themultiple roles inhibition can play in producing di�erent rhythms. Which rhythms arisedepends on how inhibition interacts with intrinsic properties of the neurons; the natureof these interactions depends on the underlying architecture of the network. Our analy-sis demonstrates that fast inhibitory coupling may lead to synchronized rhythms if eitherthe cells within the network or the architecture of the network is su�ciently complicated.This cannot occur in mutually coupled networks with simple cells; the geometric approachhelps explain how additional network complexity allows for synchronized rhythms in thepresence of fast inhibitory coupling. The networks and issues considered are motivatedby recent models for thalamic oscillations. The analysis helps clarify the roles of variousbiophysical features, such as fast and slow inhibition, cortical inputs and ionic conduc-tances, in producing network behavior associated with the spindle sleep rhythm and withparoxysmal discharge rhythms. Transitions between these rhythms are also discussed.
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21. Introduction.Neuronal networks often exhibit a rich variety of oscillatory behavior. The dynamicsof even a single cell may be quite complicated; it may, for example, �re repetitive spikesor bursts of action potentials that are each followed by a silent phase of near quiescentbehavior [22,41]. The bursting behavior may wax and wane on a slower time scale [1,5].Examples of population rhythms include synchronous behavior, in which every cell in thenetwork �res at the same time, and clustering, in which the entire population of cellsbreaks up into subpopulations or blocks; the cells within a single block �re synchronouslywhile di�erent blocks are desynchronized from each other [13,19]. Of course, much morecomplicated population rhythms are also possible [34,36]. Activity may also propagatethrough the network in a wave-like manner [7,14,18,23].A network's population rhythm results from interactions between three separate com-ponents: the intrinsic properties of individual neurons, the synaptic properties of couplingbetween neurons, and the architecture of coupling (i.e., which neurons communicate witheach other). These components typically involve numerous parameters and multiple timescales. The synaptic coupling, for example, can be excitatory or inhibitory, and its pos-sible turn on and turn o� rates can vary widely. Neuronal systems may include severaldi�erent types of cells as well as di�erent types of coupling. An important and typicallyvery challenging problem is to determine the role each component plays in shaping theemergent network behavior.In this paper we consider recent models for thalamic oscillations [6,8,14,15,28,29,30,33,44].The networks consist of several types of cells and include excitatory as well as both fastand slow inhibitory coupling. One interesting property of these networks is that they ex-hibit very di�erent rhythms for di�erent parameter ranges. For some parameter values,the network behavior resembles that of the spindle sleep rhythm: one population of cells issynchronized at the spindle frequency while another population of cells exhibits clustering.If a certain parameter, corresponding to the strength of fast inhibition, is varied, thenthe entire network becomes synchronized. This resembles paroxysmal discharge rhythmsassociated with spike-and-wave epilepsy. In other parameter ranges, the network behavioris similar to that associated with the delta sleep rhythm; in this case, each cell exhibits anentirely di�erent behavior from before.We develop geometric dynamical systems methods to analyze the mechanisms respon-sible for each of these rhythms and for the transitions between them. This approach helpsdetermine each component's contribution to the network behavior and to clarify how thebehavior changes with respect to parameters. We are particularly interested in analyzingthe role of inhibitory coupling in generating di�erent oscillatory behaviors. This is done byconsidering a series of networks with increasing levels of complexity. Our analysis demon-strates, for example, how networks with distinct architectures can make di�erent uses ofinhibition to produce di�erent rhythms. The techniques we develop are quite general anddo not depend on the details of the speci�c systems. For a given network, however, thesetechniques lead to rather precise conditions for when a particular rhythm is possible.Many papers have considered the role of inhibition in synchronizing oscillations [2,9,10,11,12,21,24,25,32,37,38,42,43,45,46]. One conclusion of some of these papers is that inhi-



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 3bition can lead to synchrony only if the inhibition decays at a su�ciently slow rate [32,43];in particular, the rate of decay of the synapses must be slower than the rate at which theneurons recover in their refractory period. These theoretical studies, however, have con-sidered very idealized networks that include rather simple models for both the individualneurons and the architecture of synaptic coupling. By considering more realistic biophys-ical models, we demonstrate that fast inhibitory coupling can indeed lead to synchronousrhythms. We show that this is possible both in networks which include complicated cells,but simple architectures, and in networks with more complicated architectures, but simplecells.Geometric singular perturbation methods have been used previously to study the pop-ulation rhythms of neuronal networks [20,26,27,32,34,35]. The relevant networks eachpossess di�erent time scales; this allows one to dissect the full system into fast and slowsubsystems. The advantage of this approach is that the fast and slow subsystems are oflower order than the original system. If the cells are homogeneous, then one can make afurther reduction by viewing all the oscillators as points evolving in a single phase space.The dimension of this phase space equals the total number of slow intrinsic and slowsynaptic variables corresponding to a single cell.There are two crucial issues related to this analysis. The �rst is concerned with theexistence of a singular solution corresponding to a particular pattern. We assume thatindividual cells, without any coupling, are unable to oscillate. The existence of networkoscillatory behavior then depends on whether the singular trajectory is able to `escape' fromthe silent phase. An important point will be that greater cellular or network complexityenhances each cell's opportunity to escape the silent phase when coupled. The second issueis concerned with the stability of the solution. We must demonstrate that the trajectoriescorresponding to di�erent cells are brought closer together as they evolve in phase space.As we shall see, this compression is usually not controlled by one single factor; it dependson the underlying architecture as well as nontrivial interactions between the intrinsic andsynaptic properties of the cells (see also [32]). Our analysis demonstrates, for example,why thalamic networks are well suited to use inhibitory coupling both to help synchronizeoscillations and to produce other, clustered, rhythms.An outline of the paper is the following. In the next section we describe, in detail, thetypes of networks to be considered. We will distinguish between simple and complex cells.As a concrete example, we consider recent conductance based models for thalamocorticalrelay (TC) cells [8,14]. Complex cells can be realized as a model for a TC cell whichincludes three ionic currents: a low threshold calcium current (IT ), the non-selective sagcurrent (Ih) and a leak. A simple cell does not include Ih. In this context, our results helpto explain the role of Ih in generating network activity; we shall see that this role dependson the architecture of the network. We also discuss di�erent forms of synaptic couplingand di�erent architectures to be considered later.In Sections 3 and 4 we consider a series of networks in order to understand whenmutually coupled inhibitory networks can produce synchronized rhythms. Synchrony isnot possible in networks with simple cells and fast synapses and in Section 3 we explainwhy. This analysis helps to motivate what ingredients are needed for synchronization. In



4Section 4 we show that synchronization is possible in mutually coupled networks whichinclude complex cells and fast synapses. This analysis is similar to that in [32], where it wasshown that synchronization is possible in networks with simple cells and slow inhibitorycoupling. Those networks contain two types of slow processes: one corresponds to anintrinsic ionic current and the other to a synaptic slow variable. The main conclusion ofthe analysis here is that what is crucial for synchronization is that the network possessat least two slow processes; one may be intrinsic and the other synaptic or both may beintrinsic.In Sections 5 and 6, we consider networks with architectures motivated by recent mod-els for the spindle sleep rhythm. The more complex architectures allow the network touse inhibition in di�erent ways to produce di�erent population rhythms. In particular,inhibition can play an important role in synchronizing the rhythms in a much more robustway than in the mutually coupled networks. We will demonstrate how tuning variousparameters allows the network to control the e�ect of inhibition and thereby control theemergent behavior.Consequences of these results for the full thalamic networks are presented in Section7. We consider the roles of various biophysical parameters associated with fast and slowinhibition, the sag current, cortical inputs, and other currents. These results help clarifyboth the mechanisms responsible for the spindle, delta, and paroxysmal discharge rhythmsand the ways that changes in biophysical parameters lead to transitions between di�erentrhythms. We conclude with a discussion in Section 8.2. The Models.We now present the models to be considered later. We begin by describing the equationscorresponding to individual cells. We distinguish between what we call simple cells andcomplex cells. We then describe the synaptic coupling between two cells. It is necessaryto explain which parameters determine whether the synapse is excitatory or inhibitoryand which other parameters determine whether the synapse is fast or slow. It will alsobe necessary to distinguish between direct synapses and indirect synapses. Finally, wedescribe the types of architectures to be considered.A. Single Cells.We model a simple cell as the relaxation oscillatorv0 = f(v; w)w0 = �g(v; w)(2A:1)Here � is assumed to be small. We assume that the v�nullcline, f(v; w) = 0; de�nes a cubic-shaped curve as shown in Fig. 1A, and the w�nullcline, g = 0, is a monotone decreasingcurve which intersects f = 0 at a unique point p0. We also assume that f > 0 (f < 0)above (below) the v�nullcline and g > 0 (< 0) below (above) the w�nullcline. If p0 lies onthe middle branch of f = 0, then (2A.1) gives rise to a periodic solution for all � su�cientlysmall and we say that the system is oscillatory. In the limit � ! 0, one can construct asingular solution as shown in Fig. 1A. If p0 lies on the left branch of f = 0, then the



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 5system is said to be excitable; p0 is a stable �xed point and there are no periodic solutionsfor all � small. For some of our results, it will be necessary to make some further, moretechnical, assumptions on the nonlinearities f and g. We will sometimes assume thatfw > 0; gv < 0 and gw < 0(2A:2)near the singular solutions.By a complex cell we mean one which contains at least two slow processes. We considercomplex cells which satisfy equations of the formv0 = f(v; w; y)w0 = �g(v; w)(2A:3) y0 = �h(v; y)Precise assumptions required on the nonlinear functions in (2A.3) are given later. For now,we assume that for each �xed value of y, the functions f(v; w; y) and g(v; w) satisfy theconditions described above for a simple cell. Then ff(v; w; y) = 0g de�nes a cubic shapedsurface. The system (2A.3) is said to be excitable if there exists a unique �xed point, whichwe denote by p0, and this lies on the left branch of the cubic shaped surface. One canconstruct singular solutions of (2A.3) and one of these is shown in Fig. 1B. The singularsolution shown begins in the silent phase, or left branch, of the surface. It evolves thereuntil it reaches the curve of jump-up points which correspond to the left `knees' of thecubic surface. The singular solution then jumps up to the active phase, or right branch, ofthe surface. It evolves in the active phase until it reaches the jump-down points or right`knees' of the surface. It then evolves in the silent phase, approaching the stable �xedpoint at p0. A more formal description of certain singular solutions is given in Section 4B.B. Synaptic Coupling.Consider the network of two mutually coupled cells: E1 $ E2. The equations corre-sponding to this network arev01 = f(v1; q1)� gsyns2(v1 � vsyn)q01 = ��(v1; q1)v02 = f(v2; q2)� gsyns1(v2 � vsyn)(2B:1) q02 = ��(v2; q2)Here, qi = wi and � = g if the cells are simple, while qi = (wi; yi) and � = (g; h) if thecells are complex. In (2B.1), gsyn > 0. It is the parameter vsyn that determines whetherthe synapse is excitatory or inhibitory. If vsyn < v along each bounded singular solution,then the synapse is inhibitory.The coupling arises in the synaptic variables si; i = 1; 2: We consider two choices forthe si. Each si may satisfy a �rst order equation of the forms0i = �(1� si)H(vi � �syn)� �si(2B:2)



6Here, � and � are positive constants, H is the Heaviside step function and �syn is athreshold above which one cell can in
uence the other. Note that � and � are related tothe rates at which the synapses turn on or turn o�. For fast synapses, we assume thatboth of these constants are O(1) with respect to �. For a slow synapse, we assume that� = O(1) and � = O(�); hence, a slow synapse activates on the fast time scale, but turnso� on the slow time scale.If the synaptic variables satisfy (2B.2), then we say that the synapse is direct. Wewill also consider indirect synapses. These are modeled by introducing a second synapticvariable xi, as in [15,32]. The equations for (xi; si) are:x0i = ��x(1� xi)H(vi � �syn)� ��xxis0i = �(1� si)H(xi � �x)� �si(2B:3)Here, �x and �x are positive constants. Note that indirect synapses have the e�ect ofintroducing a delay in the synaptic action and this delay takes place on the slow timescale. If, say, the cell E1 �res, then x1 will activate once v1 crosses the threshold �syn. Theactivation of s1 must wait until x1 crosses the second threshold �x.C. Globally Inhibitory Networks.Besides mutually coupled networks, we also consider networks with the following archi-tecture:
Exc.

Slow inh.

Fast inh.

J-cells E-cellsThis network contains two di�erent types of cells; these are labeled as E-cells and J -cells.Each E-cell sends fast excitation to some of the J -cells and each J -cell sends inhibition tosome of the E-cells. The inhibition may be fast or slow (or both). There is no communi-cation among di�erent E-cells; however, the J -cells communicate with each other via fastinhibitory coupling.This network is motivated by recent models for sleep rhythms [8,44]. The E- and J -cellscorrespond to thalamocortical relay (TC) and thalamic reticularis (RE) cells, respectively.In Section 5, we consider networks with this architecture in which each E- and J -cell ismodeled as a simple cell. In Sections 6 and 7, we consider more biophysical models forthese cells.D. Singular Solutions.All of the networks in this paper are analyzed by treating � as a small, singular pertur-bation parameter. The �rst step in this analysis is to identify the fast and slow variables.



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 7We then dissect the full system of equations into fast and slow subsystems. The fastsubsystem is obtained by simply setting � = 0 in the original equations. This leads to areduced set of equations for the fast variables with each of the slow variables constant.The slow subsystem is obtained by �rst introducing the slow time scale � = �t and thensetting � = 0 in the resulting equations. This leads to a reduced system of equations forjust the slow variables, after solving for each fast variable in terms of the slow ones.3. Mutually Coupled Simple Cells With Fast Inhibitory Synapses.A. Introductory Remarks.We now consider networks of two mutually coupled simple cells with fast inhibitorysynapses. These networks cannot support stable synchronized oscillations (for small �)and here we explain why. There are di�erent reasons depending on whether the cells areexcitable or oscillatory and whether the synapses are direct or indirect. We treat variouscases separately. This analysis will help motivate the dynamical properties needed for amore complex network to achieve synchrony.Here we derive the slow equations. For this, it will be convenient to introduce thefollowing notation. Let F (v; w; s) � f(v; w)� gsyns(v� vsyn): We assume that for eachs, f(v; w) : F (v; w; s) = 0g de�nes a cubic-shaped curve denoted by Cs. Denote the leftand right branches of this cubic by Ls � fv = �L(w; s)g and Rs � fv = �R(w; s)g;respectively. It is natural to assume that @�R@w and @�L@w are both positive. Finally, letGL(w; s) � g(�L(w; s); w) and GR(w; s) � g(�R(w; s); w):For the case of simple cells with fast, direct synapses, the slow variables are w1 and w2,while the fast variables are v1; v2; s1 and s2. The slow equations are obtained by letting� = �t in (2B.1), (2B.2) and then setting � = 0 in the resulting equation. This leads to theslow system 0 = F (vi; wi; sj)_wi = g(vi; wi)(3A:1) 0 = �(1� si)H(vi � �syn)� �siHere, i = 1; 2; j 6= i; and di�erentiation is with respect to � .If cell i is silent, so that vi < �syn; then si = 0 and (vi; wi) lies on the left branch of thecubic determined by sj. That is, vi = �L(wi; sj). The slow evolution of wi is given by thescalar equation _wi = GL(wi; sj)(3A:2)If cell i is active, so that vi > �syn, then (vi; wi) lies on the right branch of the cubicdetermined by sj . Hence, vi = �R(wi; sj) and the slow evolution of wi is given by_wi = GR(wi; sj)(3A:3)From the last equation in (3A.1), it follows that si = ��+� � �A when cell i is active.



8B. Excitable Cells.We assume throughout this subsection that the synapses are fast and both cells, withoutany coupling, are excitable. We will show that a singular periodic synchronous solutioncannot exist if the synapses are direct. Such a solution may exist if the synapses areindirect, however it must be unstable.If the synapses are direct, then, for a synchronous solution, each cell lies on L0 duringthe silent phase. If the cells are excitable, then there exists a stable rest point on L0 andeach cell is attracted to this stable rest point. Hence, the cells can never jump up to theactive phase and the synchronous periodic solution cannot exist.If the synapses are indirect, then the cells lie on L�A immediately after jumping downfrom the active phase. They remain on this branch until the variables xi fall below theirthreshold �x. If this delay is long enough, then the cells may lie above the left knee ofL0 when they are released from inhibition. In this case, the cells jump up to the activephase and a synchronous periodic solution may exist. After the cells jump-up, each xirises above �x with si still at �A; this persists for the remainder of the oscillation. Such asingular solution appears in Fig. 2A.Such a solution is unstable. If perturbed, then one of the cells, say cell 1, jumps up �rstwhen x2 falls to �x. At this time, cell 2 lies in the silent phase with x1 > �x. After cell 1jumps up, v1 > vsyn and therefore x01 > 0. Hence, s1 is �xed at �A and cell 2 cannot bereleased from the silent phase. Cell 2 must wait near the �xed point on L�A until cell 1returns to the silent phase before it can jump up. This will eventually result in some formof antisynchronous oscillation.C. Oscillatory Cells With Direct Synapses.Now suppose that each cell is oscillatory; we still assume that the synapses are fast anddirect. Then a synchronous periodic solution exists. The orbit lies on L0 during the silentphase and lies on R�A during the active phase.This solution is unstable for the following reason. Suppose both cells are initially veryclose to each other on L0. The cells then evolve on L0 until one of the cells, say cell 1,reaches the left knee of L0. Cell 1 then jumps up to the active phase. When v1 crossesthe threshold �syn; s1 switches from 0 to �A and cell 2 jumps from L0 to L�A , as shownin Fig. 2B. This demonstrates that the cells are uniformly separated for arbitrarily closeinitial data. The synchronous solution must, therefore, be unstable.D. Oscillatory Cells With Indirect Synapses.The synchronous solution is unstable for direct synapses because when one cell �res itimmediately `steps on' the other cell. If the synapses are indirect, then there is a delayfrom when one cell �res until the other cell feels the inhibition. This gives the secondcell a `window of opportunity' in which to �re. We claim, however, that the synchronoussolution must still be unstable.To simplify the analysis, we assume that the delay is a �xed constant �. By this we



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 9mean the following. Consider the slow time scale � = �t and suppose that one cell, say cell1, jumps up when � = �0. Since v1 crosses �syn on the fast time scale, this immediatelyactivates the variable x1. The delay corresponds to how long it takes x1 to cross �x. Weassume that x1(�0 + �) = �x. The delay should actually depend on x1(0). The followinganalysis can be easily extended to that case.To prove that the synchronous solution is unstable, we begin with both cells in the silentphase with one cell, say cell 1, at the left knee of L0 ready to �re. We follow the singularsolution around in phase space until the cells complete one cycle { that is, until one of thecells returns to the left knee of L0. We show that the `distance' between the cells increasesafter this one cycle. By `distance' we mean the following: If the cells lie on the samebranch of the same cubic, then the distance between the cells is the time it takes for thetrailing cell to evolve on that branch to the position of the leading cell. Note that as longas the cells remain on the same branch, this distance is invariant. Hence, any expansionin the distance must take place as the cells jump from one branch to another. Below, wefocus on the sequence of events from the moment cell 1 jumps up until cell 2 jumps up andbegins to inhibit cell 1. We demonstrate that there is expansion in the distance betweenthe cells during this jumping up process; see also Fig. 2C. A similar argument holds for thejumping down process. Throughout this argument we consider the slow time scale � = �t.We denote the distance between the cells at time � as �(�).Suppose cell 1 jumps up when � = 0. Moreover, cell 2 begins so close to cell 1 that itreaches the left knee of L0 and then �res at some time �0 < �. After it jumps up, cell 2lies on R0 for �0 < � < �. When � = �, cell 2 jumps from R0 to R�A . Cell 1, on the otherhand, lies on R0 for 0 < � < �0 + �. It jumps from R0 to R�A when � = �0 + �. Hence,both cells lie on R�A when � = �0+ � (see Fig. 2C). We claim that �(�0+ �) > �(0). Thisgives the desired expansion.Note that �(0) = �0. Both cells jump up at the left knee of L0 to the same point on R0and then lie on R0 for �0 < � < �. Hence, �(�) = �(0). The cells, however, lie on di�erentbranches for � < � < �0 + �. The distance between the cells may then change because therate at which a cell evolves depends on which branch the cell lies on. Note that cell 1 isthe leading cell and it lies on R0. Hence, the distance between the cells will increase if therate at which a cell evolves on R0 is greater than the rate on R�A . We show that this isindeed the case.According to (3A.3), the rate at which a cell evolves on the right branch Rs is GR(w; s).For expansion, therefore, we need to show that jGR(w; 0)j > jGR(w; �A)j. We will, in fact,show that @@sGR(w; s) > 0 for s 2 [0; 1]. Since GR(w; s) < 0; this gives the desired result.Recall that GR(w; s) � g(�R(w; s); w). Hence, @GR@s = @g@v @�R@s : From (2A.2), @g@v < 0:To compute @�R@s , note that F (�R(w; s); w; s) = 0(3D:1)Di�erentiate this equation with respect to s to obtain@�R@s = �FsFv = gsyn(�R(w; s)� vsyn)Fv



10Now v � vsyn > 0 because the synapse is inhibitory. Finally, we claim that Fv < 0 nearthe left and right branches of the cubics. To see why this is true, di�erentiate (3D.1) withrespect to w. This shows that @�R@w = �FwFv = �fwFvWe assumed in (2A.2) that fw > 0 near the singular solutions and we assumed above that@�R@w > 0: It follows that Fv < 0 and this completes the analysis.E. Remarks.Our analysis has shown that an inhibitory network must have three properties in order toexhibit a stable periodic synchronous solution. The �rst is that cells must be able to escapethe silent phase. We will assume throughout the remainder of the paper that each cellwithout coupling is excitable. In the example considered in this section, directly coupledexcitable simple cells cannot give rise to oscillations. This is because the dimension of theslow manifold corresponding to each cell is only one: there is one slow intrinsic variableand there are no synaptic slow variables. In more complex networks, coupled excitablecells are able to escape the silent phase. This follows because there are at least two slowvariables corresponding to each cell; one may be intrinsic and the other synaptic or bothmay be intrinsic slow variables. The higher dimensional slow manifold allows the excitablecells to escape the silent phase, although there is still a stable �xed point correspondingto the completely quiescent state.The second requirement for stability of synchronous solutions is that the onset of in-hibition must be su�ciently slow. (See also [3,11,32].) When one cell jumps up to theactive phase, there must be a delay before inhibition is felt by the second cell. The secondcell then has an opportunity to �re. The reason why these networks with direct synapsescannot synchronize is because the inhibition turns on the fast time scale; there is no such`window of opportunity.'The third property is that there must be compression between the solutions correspond-ing to each cell as they evolve in phase space. This compression may take place as thecells evolve along higher dimensional slow manifolds or as they jump up or down betweenthese manifolds. When discussing `compression,' we will need to identify a metric in whichthe compression takes place. It will sometimes be convenient to use the usual Euclideanmetric; however, it is often more convenient to use a time metric as was done earlier inthis section, as well as in [20,32,35].4. Mutually Coupled Complex Cells With Fast Inhibitory Synapses.A. Singular Solutions.We now demonstrate that two mutually coupled complex cells, which are separatelyexcitable, can exhibit stable synchronized oscillations when connected with fast inhibitorycoupling. The synchronous solution may exist if the synapses are direct, but as in theprevious section it can be stable only if the synapses are indirect. We assume that each



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 11cell is excitable for �xed levels of input. As before, we analyze the network by constructingsingular solutions. These consist of various pieces; each piece corresponds to a solution ofeither fast or slow equations. The fast equations are obtained by simply letting � = 0 in(2B.1) and either (2B.2) or (2B.3). The slow equations are obtained by setting � = �t andthen letting � = 0. Hence, if the synapses are direct, then the slow equations are0 = f(vi; wi; yi)� gsynsj(vi � vsyn)_wi = g(vi; wi)_yi = h(vi; yi)(4A:1) 0 = �(1� si)H(vi � �syn)� �siOne can reduce this system to equations for just the slow variables (yi; wi). There areseveral cases to consider depending on whether both cells are silent, both are active or oneis silent and the other is active. Here we derive the reduced slow equations for when thesynapses are direct. The equations for indirect synapses are similar but there are morecases to consider.We assume that the solution of the �rst equation in (4A.1) de�nes a cubic-shaped surfaceCs and the left and right branches of this surface can be expressed as vi = �L(wi; yi; si)and vi = �R(wi; yi; si), respectively.If both cells are silent, then each vi < �syn and si = 0. LetGL(w; y; s) � g(�L(w; y; s); w)and HL(w; y; s) � h(�L(w; y; s); y). Then each (wi; yi) satis�es the equations_w = GL(w; y; 0)_y = HL(w; y; 0)(4A:2)If both cells are active, then each vi > �syn and the last equation in (4A.1) implies that si =�A � �=(�+ �). Let GR(w; y; s) � g(�R(w; y; s); w) and HR(w; y; s) � h(�R(w; y; s); y).Then each (wi; yi) satis�es the equations_w = GR(w; y; �A)_y = HR(w; y; �A)(4A:3)Finally suppose that one cell, say cell 1, is silent and cell 2 is active. Then the slowvariables satisfy the reduced equations_w1 = GL(w1; y1; �A)_y1 = HL(w1; y1; �A)_w2 = GR(w2; y2; 0)(4A:4) _y2 = HR(w2; y2; 0)We may view a singular solution as two points moving around in the (y; w) slow phasespace. Each point corresponds to one of the cells. The points evolve according to one of



12the reduced slow systems until one of the points reaches a jump-up or jump-down curve.The cells then jump in the full phase space; however, the slow variables remain constantduring the fast transitions. The points then `change directions' in slow phase space andevolve according to some other reduced slow equations.Since the cells are excitable, the reduced system (4A.2) with s = 0 has a stable �xedpoint, which we denote by P0. The slow phase space corresponding to (4A.2) is illustratedin Fig. 3A. Note that while some of the trajectories are attracted towards P0, others areable to reach the jump-up curve. That is, even though the uncoupled cells are excitable,it is possible for a cell to begin in the silent phase and still �re. This will be important inthe next section when we discuss the existence of the synchronous solution.The following Lemma characterizes the left and right folds (or jump-up and jump-downcurves) of Cs. We assume here that fy > 0 on the left branch of Cs while fy < 0 on theright. This assumption is justi�ed, based on biophysical considerations, in Remark A1 ofAppendix A.Lemma 1: The left and right folds of Cs can be expressed as JL = f(vL(y; s); wL(y; s); y)gand JR = f(vR(y; s); wR(y; s); y)g where @wL@y < 0; @wL@s > 0; @wR@y > 0; and @wR@s > 0.Proof: Since vL(y; s) = �L(wL(y; s); y; s), it follows from (4A.1) and the de�nition offolds that0 = f(�L(wL(y; s); y; s); wL(y; s); y)� gsyns(�L(wL(y; s); y; s)� vsyn)0 = fv(�L(wL(y; s); y; s); wL(y; s); y) � gsyns(4A:5)Di�erentiating the �rst equation in (4A.5) with respect to w and using the second equation,we obtain 0 = @f@w @wL@s � gsyn(�L(wL(y; s); y; s)� vsyn)Hence, @wL@s = gsyn(�L(wL(y; s); y; s) � vsyn)fw(4A:6)The right hand side of this expression has a positive numerator because the coupling isinhibitory and a positive denominator from (2A.2), so @wL@s > 0. Analogously, @wR@s > 0.Similarly, di�erentiating with respect to y in (4A.5) yields 0 = @f@w @wL@y + @f@y , or @wL@y =� fyfw , with fy and fw evaluated on JL. Analogously, @wR@y = � fyfw , with fy; fw evaluatedon JR. The above assumptions on fy, together with (2A.2), yield the desired result.Remark 1: In the thalamic networks of interest, the y current has a much smaller reversalpotential and maximal conductance than the w current. When a cell is in the silent phase,the disparity between the strengths of these currents can be mitigated by the deactivationof the w current. When a cell is in the active phase, however, this implies that jfyj � jfwj,so j@wR@y j is quite small. (See Remark A2 in Appendix A.) Correspondingly, in (w; y) phasespace, the jump-down curve JR is nearly horizontal (see Fig. 3B).



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 13B. Existence of the Synchronous Solution.Here we illustrate why it is possible for a synchronous solution to exist in a network ofmutually coupled complex cells even when the individual cells are excitable. A numericallygenerated picture of such a solution, projected onto the slow variables (y; w), is shown inFig. 3B. The precise equations which this particular solution satis�es and the parametervalues used numerically are given in Appendix A.One constructs the singular synchronous solution as follows. We begin when the cellsare in the silent phase just after they have jumped down. The slow variables then evolveaccording to (4A.2). If they are able to reach the jump-up curve, then they jump upaccording to the fast equations. While in the active phase, the slow variables satisfy(4A.3) until they reach the jump-down curve. They then jump down according to the fastequations, and this completes one cycle of the synchronous solution.It is not clear how to choose the starting point (yi(0); wi(0)) so that the singular orbitreturns precisely to this point after one cycle. Note, however, that the variables yi relaxvery close to yi = 0 during the active phase. If we suppose that yi � 0 at the jump-downpoint then the value of wi is determined; that is, for the coupled cells, wi � wR(0; �A). Astraightforward �xed point argument shows that the synchronous solution will thereforeexist if the solution of (4A.2) which begins at (yi; wi) = (0; wR(0; �A)) is able to reach thecurve of jump-up points.The reason why a synchronous solution can exist even when the uncoupled cells cannotoscillate is that the synchronous solution lies on a di�erent cubic during the active phasethan the uncoupled cells. For this reason, the synchronous jumps down along a di�erentcurve than the uncoupled cells. From Lemma 1, the jump-down curve JR(�A) has largervalues of w than the jump-down curve JR(0); see Fig. 3B. It is therefore possible for thecoupled cells to jump down to a point from which they are able to eventually escape thesilent phase, although the uncoupled cells jump down to a point from which they cannotescape.There is a nice biophysical interpretation for why coupled excitable cells may be ableto oscillate. Recall that a complex cell is an example of a thalamocortical relay cell. (SeeSection 7 for a more detailed discussion.) Then w corresponds to the inactivation variableof the IT current. A larger value of w means that this current is more deinactivated. Thisimplies that if the cells jump down at a larger value of w, then it easier for the cells tobecome su�ciently depolarized so they can reach threshold and �re.The construction of the synchronous solution for indirect synapses is very similar. Theonly di�erence is that after the cells jump up or jump down, there is a delay until theinhibition either turns on or turns o�. The cells switch their cubic surface while in thesilent and active phases, assuming that the delay is shorter than the time that the cellsspend in each of their silent and active phases. We will assume that this is the casethroughout the remainder of this paper.C. Stability of the Synchronous Solutions.We assume throughout this section that the synapses are indirect. As in Section 3E



14this condition is necessary for the stability of the synchronous solution in mutually couplednetworks. Indirect synapses provide a window of opportunity for both cells to jump upduring the same cycle; however, one must still show that the cells are brought closertogether, or compressed, as they evolve in phase space.It is not at all obvious how to de�ne `compression.' We need to demonstrate that thecells are brought closer together; however, this requires that we have a notion of distancebetween the cells. There are several possible metrics; each of these metrics has certainadvantages on di�erent pieces of the solution. One obvious metric is the Euclidean distancebetween the points in phase space corresponding to the cells. As seen in Section 3, it issometimes convenient to work with a time metric; however, this is only naturally de�nedif the cells evolve on a one-dimensional slow manifold. Here the slow manifolds are twodimensional. We will describe several mechanisms for compression, each corresponding toa di�erent piece of the singular solution.It will be necessary to make some assumptions on the evolution of the cells. In a morecomplete discussion, we would have to consider other cases. However, our goal here issimply to show that it is possible for the synchronous solution to be stable for some robustclass of systems.i. The Jump UpSuppose that cell 1 lies on the jump-up curve when � = 0. After cell 1 �res, there is adelay in the onset of inhibition. We assume that cell 2 begins in the silent phase so closeto the jump-up curve that it �res before it feels this inhibition. Suppose that cell 2 �reswhen � = T0.We now need make some assumptions on the nonlinearities; these are all satis�ed forthe example described in Appendix A. Let (y�; w�) be the point where the synchronoussolution jumps up. We assume that(A1) GL(y�; w�) < 0; HL(y�; w�) > 0; GR(y�; w�) < 0 and HR(y�; w�) < 0(A2) jGL(y�; w�; 0)j < jGR(y�; w�; 0)j and jHL(y�; w�; 0)j < jHR(y�; w�; 0)jNote that (A1) implies that w decreases and y increases in the silent phase just before thejump up while both w and y decrease in the active phase just after the jump up. (A2)implies that the w and y coordinates of both cells change at a faster rate after the jumpup than before the jump up.There are now several cases to consider depending on the orientation of the cells bothbefore and after they jump up. We will only work out two of these in detail. These arethe cases which arise most often for the system described in Appendix A. Similar analysisapplies to the other cases.Assume that w1(0) < w2(0); w1(0) < w2(T0) and y1(T0) > y2(0). See Fig. 4A. Theseassumptions imply that jy1(T0) � y2(T0)j < jy1(0) � y2(0)j so there is compression inthe y-coordinates after the jumps. From (A2), there is also compression in a time metriccorresponding to the y-coordinate. For each �0, let �y(�0) be the time it takes for cell 2 toevolve from its position at � = �0 until its y-coordinate is that of cell 1 when � = �0. It



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 15then follows that �y(T0) < �y(0).We now show that there is also a compression in the time metric corresponding to the w-coordinate. This is denoted by �w(�). Let a� = jGL(y�; w�; 0)j and a+ = jGR(y�; w�; 0)j.Then �w(0) � w2(0)� w1(0)a� = w2(0)� w2(T0)a� + w2(T0)� w1(0)a�� T0 + w2(T0)� w1(0)a� > T0 + w2(T0)� w1(0)a+� w1(0)� w1(T0)a+ + w2(T0)� w1(0)a+(4D:1) � �w(T0)Now suppose that w1(0) < w2(0); w1(0) < w2(T0) and y1(T0) < y2(0). The exactsame calculation given in (4D.1) shows that there is compression in the time metric �wacross the jump up. A simple calculation also shows that there is compression in �y.ii. The Active PhaseNext assume that the cells are active with xi > �x. Then each (yi; wi) satis�es (4A.3).It is easy to see why the cells are compressed in the Euclidean metric if we make somesimplifying assumptions concerning the nonlinear functions g and h. These assumptionsarise naturally if one considers the network in Appendix A; it is also a simple matter toextend this analysis to more general systems.Suppose that g and h are of the form g(v; w) = (w1(v) � w)=�w(v) and h(v; y) =(y1(v)� y)=�y(v): Note that while in the active phase, y1(v) and w1(v) are very small.Moreover, �y(v) and �w(v) are nearly constant. We assume here that while in the activephase, g(v; w) = �w=�w and h(v; y) = �y=�y where �w and �y are positive constants.It follows that each (wi; yi) satis�es the simple linear equations_w = �w=�w_y = �y=�yIf we ignore the jump-down curve, then each slow variable decays to 0 at an exponentialrate. In particular, the distance between the cells decays exponentially. Actually, more istrue: Each (yi; wi) approaches the origin tangent to the weakest eigendirection.Now suppose that the jump-down curve passes close to the origin. The Euclidean dis-tance between the cells still decreases exponentially and both cells jump down at nearlythe same point. This is the point where the jump-down curve crosses the weakest eigendi-rection.We note that there is another, more subtle, source of compression while the cells areactive. There will be some period of time when cell 2 receives inhibition but cell 1 does not;that is, s1 = �A but s2 = 0. During this time, the (yi; wi) satisfy di�erent equations. It isthen possible that the trajectories (yi(�); wi(�)) cross in the slow phase space. This leads



16to a reversal of orientation between the cells as shown in Fig. 4B. In the next section, wewill discuss why a reversal of orientation can lead to compression in the cells' trajectories.iii. The Jump DownWe now show that if the cells reverse their orientation while in the active phase, thenthis can lead to a form of compression after the cells jump down. Let Ti be the timewhen cell i jumps down. Recall that cell 1 jumped up �rst with w1(0) < w2(0). We willassume that w1(�) < w2(�) as long both cells are active. Moreover, from Remark 1, thejump-down curve is nearly horizontal. Hence, cell 1 jumps down �rst; that is, T1 < T2.If the cells' trajectories cross while in the active phase, then y1(T1) < y2(T2). This isshown in Fig. 4B. Let �Ay (T1) be the time it would take for the solution of (4A.3) startingat (y2(T1); w2(T1)) to reach the y-coordinate y1(T1). It follows that �Ay (T1) > T2 � T1.For T1 < � < T2, cell 1 evolves in the silent phase with y increasing while cell 2 evolves inthe active phase with y decreasing. If y1(T2) < y2(T2); then jy2(T2)�y1(T2)j < jy2(T1)�y1(T1)j so there is compression in the y-coordinates of the cells across the jump. Nowsuppose that y1(T2) > y2(T2) as shown in Fig. 4B. Let �Sy (T2) be the time it would takefor the solution of (4A.2) starting at (y2(T2); w2(T2)) to reach the y-coordinate of cell 1.Since y2(T1) > y1(T1); it follows that �Sy (T2) < T2 � T1: We have now demonstratedthat �Sy (T2) < T2 � T1 < �Ay (T1): That is, there is compression in the time metriccorresponding to the y-coordinate. We note that since the jump-down curve is nearlyhorizontal, any compression in the w-coordinates is, to �rst order, neutral.A numerical example of orientation reversal in two cells' trajectories in (y; w)-space isshown in Fig. 4C. At the top of the Figure, the cells are in the silent phase. Each cell jumpsup where the corresponding y0i = 0; chronologically, cell 1 jumps up �rst. In the activephase, the trajectories cross, because the cells experience di�erent levels of inhibition; cell2 receives inhibition �rst. The paths cross again at the bottom left of the Figure after theleading cell, cell 1, falls down to the silent phase.iv. The Silent PhaseSuppose that both cells lie in the silent phase with xi < �syn. Then each (yi; wi) satis�es(4A.2) until one of them reaches the jump-up curve. We now de�ne a metric between thecells and, in Appendix B, we analyze how to choose parameters to guarantee that themetric decreases as the cells evolve in the silent phase. This metric is similar to thatintroduced in [32].Suppose that cell 1 reaches the jump-up curve �rst and this is at the point (y�1; w�1).(See Fig. 12 in Appendix B.) Fix some time �0 and let w�0L be the physical translate ofthe jump-up curve to the position of cell 1 at time �0; that is, (y�1 ; w�1) is translated to thepoint (y1(�0); w1(�0)): Then the `distance' between (y1(�0); w1(�0)) and (y2(�0); w2(�0))is the time it takes for the solution of (4A.2) which begins at (y2(�0); w2(�0)) to crossw�0L : This is certainly well de�ned as long as the two cells are su�ciently close to eachother.One can compute explicitly how this metric changes as the cells evolve in the silent



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 17phase. The computation is rather technical so we present this in Appendix B. A morecomplete discussion of how this metric is used to prove the stability of the synchronoussolution of two mutually coupled simple cells with slow synapses is given in [32].D. Further Remarks.The analysis in this section is similar to that in [32], where it was proven that twomutually coupled simple cells with slow inhibitory coupling can synchronize. In bothpapers, two slow variables are needed to achieve both the existence and the stability ofthe synchronous solution. The additional dimension to the branch of the slow manifoldcorresponding to the silent phase allows excitable cells to escape. The compression of cellscan take place as the cells evolve along the higher dimensional slow manifold or as theyjump up or down. The compression during the jumping process depends on the geometry(or slope) of the curve of knees and the orientation of the cells both before and afterthe jumps. Parameters which determine this slope may, therefore, have subtle e�ects onthe stability of the synchronous solution; gsyn is one such parameter [see (4A.6)]. Theresults in [32] provide precise conditions on combinations of parameters which ensure thatthe synchronous solution is stable. Increasing gsyn, for example, may sometimes stabilizethe synchronous solution; however, when other parameters satisfy a di�erent relationship,increasing gsyn may destabilize the synchronous solution.The size of the domain of attraction of the synchronous solution is, to a large extent,determined by the delay in the onset of inhibition. The two cells are able to �re togetherif the trailing cell lies within the window of opportunity determined by this delay. Ifthe trailing cell lies outside of this window, then the network typically exhibits antiphasebehavior in which the cells take turns �ring, although other network behavior is possible.The system may `crash,' for example, since the completely quiescent state is asymptoticallystable.In our analysis, we assumed that the cells and coupling are homogeneous. The e�ectof heterogeneities on mutually coupled simple cells with slow synapses was studied in[3,12,46]. They found that the synchronous solution is not very robust to mild levelsof heterogeneities; a 5% variation in parameters was su�cient to destroy synchronousbehavior. We have done a number of numerical simulations in order to study the e�ectsof heterogeneities on the network considered in this section. Our numerical results areconsistent with those in previous studies.5. Globally Inhibitory Networks With Simple Cells.A. Introduction.We now consider the network described in Section 2C. Recall that in this network, E-cells excite J -cells, which in turn inhibit E-cells. We assume, for now, that there are justtwo E-cells, denoted by E1 and E2, and there is one J -cell, which we denote as J . Largernetworks are considered later. Each cell is assumed to be a simple cell; the E-cells areidentical to each other, but they may be di�erent from the J . Each cell is also assumed tobe excitable for �xed levels of input.



18 The system of equations corresponding to each Ei isv0i = f(vi; wi)� ginhsJ (vi � vinh)w0i = �g(vi; wi)(5A:1) s0i = �(1� si)H(vi � �)� �siwhile the equation for J isv0J = fJ(vJ ; wJ)� 12(s1 + s2)gexc(vJ � vexc)w0J = �gJ(vJ ; wJ)(5A:2) s0J = �J(1� sJ )H(vJ � �J)� �KJsJHere, each synapse is direct. Indirect synapses will be needed when we discuss the stabilityof solutions. Note that the inhibitory variable sJ turns o� on the slow time scale. Thereason why we write the equations this way will become clear in the analysis. We assumethat � = O(1); however, there is no problem in extending the analysis if � = O(�). Ifvi > �, then si ! �A � ��+� on the fast time scale.Two types of network behavior are shown in Figs. 8 and 9. A synchronous solution,in which each cell �res during every cycle, is shown in Fig. 9. In Fig. 8, each excitatorycell �res every second cycle, while J �res during every cycle. This type of solution will bereferred to as a clustered solution. In the next section, we will construct singular orbitscorresponding to each of these solutions and then analyze their stability. The constructionswill help determine conditions for when the di�erent solutions exist and are stable. As weshall see, these constructions carry over to larger networks.B. The Synchronous Solution.We now construct a singular trajectory corresponding to a synchronous solution in phasespace. Again, the trajectory for each cell lies on the left or right branch of a cubic nullclineduring the silent and active phases. Which cubic a cell inhabits depends on the totalsynaptic input that the cell receives. Nullclines for the Ei are shown in Fig. 5A and thosefor J in Fig 5B. Note in Fig. 5A that the sJ = 1 nullcline lies above the sJ = 0 nullcline,while in Fig. 5B, the stot � 12(s1 + s2) = �A nullcline lies below the stot = 0 nullcline.This is because the Ei receive inhibition from J while J receives excitation from the Ei.We will make several assumptions concerning the 
ow in the following construction. Theseare justi�ed later.We begin with each cell in the active phase just after it has jumped up. These are thepoints labeled P0 and Q0 in Fig. 5. Each Ei evolves down the right branch of the sJ = 1cubic, since the synapses are direct, while J evolves down the right branch of the stot = �Acubic. We assume that the Ei have a shorter active phase than J so each Ei reaches theright knee P1 and jumps down to the point P2 before J jumps down. We also assume thatat this time J lies above the right knee of the stot = 0 cubic. J must then jump from thepoint Q1 to the point Q2 along the stot = 0 cubic. On the next piece of the solution, Jmoves down the right branch of the stot = 0 cubic while the Ei move up the left branch of



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 19the sJ = 1 cubic. When J reaches the right knee Q3 it jumps down to the point Q4 alongthe left branch of the stot = 0 cubic. Since sJ turns o� on the slow time scale, the Ei donot jump to another cubic.Now the inhibition to Ei turns o� slowly. The trajectory for Ei moves upwards, withincreasing wi, until it crosses the w nullcline. Then each wi starts to decrease. If this orbitis able to reach a left knee, then it jumps up to the active phase and this completes onecycle of the synchronous solution. When Ei jumps up, J also jumps up if it lies above theleft knee of the stot = �A cubic.We now derive more quantitative conditions for when the singular synchronous solutionexists. It is not at all obvious, for example, why we needed to assume that the activephase of J is longer than that for the Ei. It is also not clear what conditions are needed toassure that the Ei are able to reach a jump-up curve once they are released from inhibition.These two issues are actually closely related.We �rst discuss how the Ei can reach the jump-up curve. For this, it is convenientto derive equations for the evolution of the slow variables (wi; sJ) as was done in Section4A. Let � = �t; denote the left branch of the cubic f(v; w) � ginhs(v � vinh) = 0 byv = �L(w; s) and let GL(w; s) � g(�L(w; s); s): Then each (wi; sJ) satis�es the slowequations _w = GL(w; sJ)_sJ = �KJsJ(5B:1)The phase plane corresponding to this system is illustrated in Fig. 6. There are twoimportant curves shown in the Figure. The �rst is the jump-up curve w = wL(sJ); thisis the curve of `left knees.' The second curve, which is denoted by WF (sJ), correspondsto the �xed points of �rst two equations in (5A.1) in which the input sJ is held constant.This corresponds to the w-nullcline of (5B.1).We need to determine when a solution (w(�); sJ(�)) of (5B.1) beginning with sJ(0) = 1and w(0) < WF (1) can reach the jump-up curve wL(sJ). This is clearly impossible ifWF (1) < wL(0) so we shall assume that WF (1) > wL(0). If w(0) > wL(0) and KJ issu�ciently large, then the solution will certainly reach the jump-up curve; this is becausethe solution will be nearly vertical as shown in Fig. 6. If, on the other hand, KJ is toosmall, then the solution will never be able to reach the jump-up curve. This is becausethe solution will slowly approach the curve WF (sJ) and lie very close to this curve as sJapproaches zero. This is also shown in Fig. 6. We conclude that the cells are able to escapethe silent phase if the inhibitory synapses turn o� su�ciently quickly and the w-value ofthe cells are su�ciently large when this deactivation begins. Escape is not possible for veryslowly deactivating synapses. A biophysical interpretation of this is that escape is possiblefor GABAA synapses and will occur if the cell's IT current is su�ciently deinactivatedwhen inhibition begins to wear o�.We assume that KJ is large enough so that escape is possible. Choose Wesc so thatthe solution of (5B.1) that begins with sJ (0) = 1 will be able to reach the jump-up curveonly if w(0) > Wesc. The existence of the singular synchronous solution now depends on



20whether the Ei lie in the region where wi > Wesc when J jumps down to the silent phase.We claim that this requires that the active phase of J be su�ciently long. One can give asimple estimate on how long this active phase must be as follows.Suppose that all the cells jump up when � = 0, the Ei jump down when � = �E and Jjumps down when � = �J . We require that wi(�J) > Wesc. Since the time the Ei spendin the silent phase before they are released from inhibition is �J � �E , this implies that�J � �E must be su�ciently large. Hence, J 's active phase must be su�ciently longer thanthe Ei's. More precisely, let wRK be the value of w at the right knee of the sJ = 1 cubicand let �L be the time it takes for the solution of the �rst equation in (5B.1) with sJ = 1to go from w = wRK to w =Wesc. We require that�J � �E > �L(5B:2)Remark 2: In the previous construction we assumed that the synaptic inhibition sJdecays on the slow time scale. This was needed to insure that J recovers su�ciently inits silent phase so it can �re once excited by the cells Ei. In particular, J can �re onlyif (wJ ; stot) lies above the left knee of the stot = 1 cubic. Hence, if the recovery of J israther fast, then one can allow sJ to turn o� rather quickly; that is, KJ can be chosen tobe quite large. This will be important in the next section when we consider the stabilityof the synchronous solution, as these parameters help determine its domain of attraction.C. Stability of the Singular Synchronous Solution.We now demonstrate that the synchronous solution is stable if the synapse sJ is indirectand the active phase of J is su�ciently long. We start with the Ei a small distance apart,just after they have both jumped up to the active phase. Assume that this causes J to �re.We will show that after one cycle, both of the Ei are so close that they must �re togetheragain. Moreover, there is a contraction in the distance between the E-cells during eachcycle.The analysis proceeds as in the previous section. We assume that the active phases ofthe Ei are shorter than that of J so that the Ei return to the silent phase and proceedup the left branch of the sJ = 1 cubic before J jumps down. As the Ei move up this leftbranch, they approach the point PL where the sJ = 1 cubic intersects the w-nullcline. SeeFig. 5A. If the active phase of J is su�ciently long, then the Ei lie as close as we pleaseto PL, and therefore to each other, when J jumps down. This is precisely what is requiredto guarantee that they will both �re together during the next cycle. While in the silentphase, the Ei approach PL at an exponential rate (in the slow time scale). This leads to avery strong compression of Euclidean distance between the cells while in the silent phase.This compression is certainly stronger than any possible expansion over the remainder ofthe cycle. After the J -cell falls down, sJ decays on the slow time scale. This allows theJ -cell to recover, so that it can �re when excited by the �ring of the E-cells and the wholecycle repeats.We need to assume that sJ corresponds to an indirect synapse for the same reason aswe did previously. When one of the E-cells �res, this causes J to �re, which, in turn, sends



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 21inhibition back to the other E-cell. If sJ is direct, then this causes the second E-cell to be`stepped on' on the fast time scale and the synchronous solution cannot be stable. Notethat the time between the �rings of the E-cells is determined by KJ , the rate at whichsJ decays. If KJ is large, then the time between �rings is short; it is then easier for thesecond cell to pass through the `window of opportunity' provided by the indirect synapse.Our analysis has shown that the dynamics of the J -cell can in
uence the domain ofattraction of the synchronous solution in several ways. If J 's active phase is long, thenthe E-cells lie close to each other, near PL, when J jumps down and releases them frominhibition. Moreover, if J recovers quickly in the silent phase, then KJ can be chosen tobe large, as noted in Remark 2. Both of these factors make it easier for the E-cells to passthrough window of opportunity and �re during the same cycle. Hence, they both enhancethe domain of attraction of the synchronous solution.Remark 3: There are important di�erences between the ways in which mutually coupledand globally inhibitory networks use inhibition to synchronize oscillations. In mutuallycoupled networks, a second slow variable is required for the existence of the synchronizedsolution; it allows the cells to escape from the silent phase. The second slow variable is alsorequired for the compression of the cells as they evolve in phase space. The existence andstability of the synchronous solution in globally inhibitory networks, on the other hand, iscontrolled by the dynamics of the J -cell. If the J -cell's active phase is long enough, thenthis pushes the E-cells, in their silent phase, to a position from which they can escape;moreover, this provides a strong compression of the E-cells. For this network, we stillrequire that the inhibition decays on the slow time scale; however, the reason is so thatthe J -cell can recover su�ciently. The slow recovery is not needed to allow the E-cells toescape or for compression. In fact, the domain of stability of the synchronous solution isincreased if the synapses decay quickly. Once the E-cells are released from inhibition, theymust all pass through the window of opportunity. A fast decay of inhibition allows themto pass through this window that much quicker.D. Clustered Solution.We now describe the geometric construction of the singular antiphase, or clustered,solution. It su�ces to consider one-half of a complete cycle. During this half-cycle, E1�res and returns to the initial position of E2, J �res and returns to its initial position,and E2 evolves in the silent phase to the initial position of E1. By symmetry, we can thencontinue the solution for another half-cycle with the roles of E1 and E2 reversed.When E1 jumps up, it forces J to jump up to the right branch of the stot = 12�A cubic.Then E1 moves down the right branch of the sJ = 1 cubic, while J moves down the rightbranch of the stot = 12�A cubic and E2 moves up the left branch of the sJ = 1 cubic. Weassume, as before, that E1's active phase is shorter than J 's active phase, so E1 jumpsdown before J does so. It is possible that J lies below the right knee of the stot = 0 cubicat this time, in which case J also jumps down. If J lies above this right knee, then it movesdown the right branch of the stot = 0 cubic until it reaches the right knee and then jumpsdown. During this time, both E1 and E2 move up the left branch of the sJ = 1 cubic.After J jumps down, sJ(�) slowly decreases. If E2 is able to reach the jump-up curve,



22then it �res and this completes the �rst half cycle of the singular solution. Suppose that� = �F when this occurs. For this to be one-half of an antiphase solution, we need thatw2(�F ) = w1(0); w1(�F ) = w2(0); and wJ (�F ) = wJ (0). We now derive conditions forwhen the antiphase solution exists. These will imply that the active phase of J cannot betoo long or too short, compared with the active phase of the Ei. If J 's active phase is toolong, then the network exhibits synchronous behavior as described before. If J 's activephase is too short, then the system approaches the stable quiescent state.Suppose that E1 and J jump up when � = 0, E1 jumps down when � = �E , and Jjumps down when � = �J . Let �L; �esc; and Wesc be as de�ned in the previous section.To have a clustered solution, we require thatw1(�J) < Wesc < w2(�J)(5D:1)The second inequality is necessary to allow E2 to �re during the second half cycle. The�rst inequality guarantees that E1 does not �re during this half cycle. It follows from thede�nitions that the �rst inequality is equivalent to�J � �E < �esc(5D:2)Next we derive a similar expression for the second inequality in (5D.1). For w0 < w1, let�(w0; w1) to be the time it takes for a solution of the �rst equation in (5B.1) with sJ = 1to go from w0 to w1. We need to prove that �(wRK ; w2(�J)) > �esc: Now,�(wRK ; w2(�J)) = �(wRK ; w2(0)) + �(w2(0); w2(�J))Moreover, wRK = w1(�E) and w2(0) = w1(�F ). Hence,�(wRK ; w2(�J)) = �(w1(�E); w1(�F )) + �(w2(0); w2(�J))Clearly, �(w2(0); w2(�J)) = �J ; because E2 lies on the sJ = 1 cubic for 0 < � < �J . It isnot true that E1 lies on the sJ = 1 cubic for �E < � < �F ; however, if the �rst equationin (5B.1) is weakly dependent on sJ , then we have that �(w1(�E); w1(�F )) � �F � �E : Inthis case, the second inequality in (5D.1) is equivalent to�F � �E + �J > �esc(5D:3)Recall that it is sometimes possible to choose the parameter KJ to be rather large; seeRemark 2. In this case, �F � �J is small; that is, E2 escapes the silent phase as soon as itis released from inhibition. Then (5D.3) is approximately equivalent to�J > 12(�E + �esc)(5D:4)Combining (5D.2) and (5D.4) leads to the following condition for the existence of aclustered solution if the synaptic variable sJ turns o� quickly:12(�E + �esc) < �J < �E + �esc(5D:5)



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 23E. Further Remarks.The geometric constructions of the synchronous and clustered solutions extend in astraightforward manner to globally inhibitory networks with an arbitrary number of ex-citatory cells Ei. Of course, in a larger network there are more possibilities for clusteredsolutions; however, if each cluster contains (approximately) the same number of cells, theninequalities similar to (5D.5) must be satis�ed. This is similar to analysis in [35] whereprecise conditions are derived for the existence of clustered states in a locally excitatoryand globally inhibitory network model for scene segmentation.The synchronous and clustered solutions are quite robust to heterogeneities and changesof parameters. The synchronous solution is considerably more robust for this network thanit was for the mutually coupled networks considered in Section 3 and in [32]. This is becausethe global inhibitor J provides a powerful compression mechanism. The strength of thiscompression depends to a large extent on how long J remains active and this is controlledby intrinsic properties of J . While J is active, all the E-cells approach the same �xedpoint at an exponential rate. They are then ready to jump up together when released frominhibition. There is no such powerful compression mechanism for the mutually couplednetworks.6. Globally Inhibitory Networks with Complex Cells.The discussion in the previous section generalizes to globally inhibitory networks withcomplex cells. The primary di�erence is that each cell contains an additional slow variable,so it is necessary to consider a higher dimensional slow phase space. Here we outline thegeometric construction of the singular synchronous solution. Of course, this solution existsonly if certain assumptions are made on the nonlinear functions in the model. We describenecessary assumptions as they arise in the discussion. In the next section, we demonstratenumerically that these assumptions are satis�ed for the model of the spindle sleep rhythm.We begin by considering the network in Section 2C in which there are two E-cellsand one J -cell. Each E-cell is assumed to be a complex cell and without any couplingsatis�es equations of the form (2A.3). We assume, for now, that J is a simple cell; thiswill simplify the discussion somewhat. Later we discuss how to generalize the constructionwhen J evolves via more complex dynamics. Assume, for now, that the synapses are direct.Then each Ei satis�es a system of the form:v0i = f(vi; wi; yi)� ginhsJ(vi � vinh)w0i = �g(vi; wi)y0i = �h(vi; yi)(6:1) s0i = �(1� si)H(vi � �)� �siThe inhibitory cell satis�es (5A.2).During the silent and active phases, each E-cell lies on either the left or right branch ofone of the cubic surfaces f(v; w; y) : f(v; w; y)� ginhsJ(v � vinh) = 0g: We write thesebranches as fv = ��(w; y; sJ)g where � = L or R. Let G�(w; y; sJ) � g(��(w; y; sJ); w)and H�(w; y; sJ) � h(��(w; y; sJ); y). The cubic surface on which the E-cells lie depends



24on the value of sJ ; moreover, the evolution of sJ depends on whether the J -cell is active orsilent. If J is silent (vJ < �J ) then the slow variables corresponding to the E-cells satisfythe equations _w = G�(w; y; sJ)_y = H�(w; y; sJ)(6:2) _sJ = �KJsJwhere � = L or R, depending on whether the E-cell is silent or active. If J is active(vJ > �J) then the slow variables evolve according to the equations_w = G�(w; y; 1)_y = H�(w; y; 1)(6:3)The slow variables satisfy these systems until either one of the (wi; yi; sJ) reaches a foldof a cubic surface or the J -cell jumps up or down. The set of folds forms two surfaces ofknees. These surfaces can be written as fw = w�(y; sJ)g, � = L or R, where w�(y; sJ) isas in Lemma 1.Fig. 7 illustrates the evolution of the slow variables (wi; yi; sJ) for the singular synchro-nous solution. We begin at the point labeled P1 on the jump-up surface w = wL(y; sJ).The E-cells then jump up and this forces J to jump up. Hence, sJ ! 1. This correspondsto the segment in Fig. 7 that connects P1 to the point P2 on the sJ = 1 surface. Each cellthen evolves in the active phase with sJ = 1 and each (wi; yi) satis�es (6.3) with � = R. Asbefore, we assume that the active phases of the E-cells are shorter than that of J . Hence,the E-cells jump down when the (wi; yi) reach the jump-down curve wi = wR(yi; 1). Thisis at the point labeled P3 in Fig. 7. While J lies in the active phase, the (wi; yi) satisfy(6.3) with � = L. At P4, J jumps down and the (wi; yi; sJ) satisfy (6.2) with � = L untilthey reach the jump-up curve. This then completes one cycle of the singular solution.The stability analysis proceeds just as in the previous section. What is crucial forstability is that J remains active long enough. The E-cells must then approach the stable�xed point of (6.3), with � = L, on the left branch of the sJ = 1 surface. This providesthe compression needed for stability.The construction of a clustered solution is also very similar to that described in theprevious section. We do not describe the construction here; some comments are given inthe next section. Similar analysis also holds if the J -cell satis�es more complex dynamics.What is important here is that J 's active phase is su�ciently long in comparison with theactive phase of the E-cells. This is discussed in detail in the next section when we considerthe in
uence of biophysical parameters on models for the spindle sleep rhythm.7. Thalamic Network.A. Introduction.The model for the spindle sleep rhythm falls into the framework of the network con-sidered in the preceding section. The two populations of cells in the model both lie in



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 25the thalamus. These are the thalamocortical relay (TC) cells and the thalamic reticularis(RE) cells, corresponding to the E-cells and J -cells, respectively. One di�erence betweenthe spindle model and those considered earlier is that the spindle model contains numer-ous RE, as well as TC, cells. The RE cells communicate with each other through fastinhibitory synapses, as illustrated in the network shown in Section 2C.During a spindle pocket, the network exhibits behavior similar to the clustered solutiondiscussed in the previous section. The RE population is synchronized while the TC cellsbreak up into groups; cells within each group are synchronized while cells within di�erentgroups are desynchronized. The network also exhibits completely synchronized rhythms.The synchronized rhythms arise, for example, when fast inhibition is removed from thenetwork. Recent results have also shown that the synchrony can arise if the RE populationreceives additional excitation, corresponding to cortical input. Hence, the network cantransform from clustering to synchronized behavior without any change in the inhibitorysynapses. We will explain the dynamic mechanisms responsible for these rhythms andtransitions between them, using the geometric approach.B. Model.The following model contains many parameters and nonlinear functions. These aregiven in Appendix A. The cells are modeled using the Hodgkin-Huxley formalism [17]; theequations are very similar to those in [15].The equations of each TC-cell are:v0i = �IT (vi; hi)� Isag(vi; ri)� IL(vi)� IA � IBh0i = (h1(vi)� hi)=�h(vi)(7B:1) r0i = (r1(vi)� ri)=�r(vi)Note that this is a complex cell, with hi and ri corresponding to w and y respectively. Theterms IT ; Isag; and IL are intrinsic currents; they are given by: IT (v; h) = gCam21(v)h(v�vCa); Isag(v; r) = gsagr(v�vsag) and IL(v) = gL(v�vL). The terms IA and IB representthe fast and slow inhibitory input from the RE-cells. We model the fast inhibition IA asin previous sections; that is, IA = gA(vi � vA) 1NTR P sjA where gA and vA are themaximal conductance and the reversal potential of the synaptic current. The sum is overall RE-cells which send input to this TC-cell and NTR represents the maximum numberof RE cells which send inhibition to a single TC cell. Each synaptic variable sjA satis�esthe �rst order equation sjA0 = �R(1� sjA)H(vjR � �R)� �RsjA(7B:2)where vjR is the membrane potential variable of the jth RE-cell. Motivated by recentexperiments [7,8], we model the slow inhibition IB somewhat di�erently from before. We�rst discuss, however, the model for the RE-cells.



26 The equations of each RE-cell are:viR0 = �IRT (viR; hiR)� IAHP (viR;mi)� IRL(viR)� IRA � IEhiR0 = (hR1(viR)� hiR)=�Rh(viR)(7B:3) mi0 = �1[Ca]i(1�mi)� �2mi[Ca]0i = ��IRT � 
[Ca]iThe IRT ; IAHP ; and IRL represent intrinsic currents. These are given by IRT (v; h) =gRCam2R1(v)h(v � vRCa); IAHP (v;m) = gAHPm(v � vK) and IRL(v) = gRL(v � vRL).More details concerning the biophysical signi�cance of each term are given in [15,33].In (7B.3), IRA represents the inhibitory input from other RE-cells. It is modeled asIRA = gRA(viR � vRA) 1NRR P sjRA where the sum is over all RE-cells which send inputto the ith RE-cell. Each synaptic variable sjRA satis�es a �rst order equation similar to(7B.2). The term IE represents excitatory input from the TC-cells and is expressed asIE = gE(viR � vE) 1NRT P sjE where the sum is over all TC-cells which send excitatoryinput to the ith RE cell. The synaptic variables sjE also satisfy �rst order equations similarto (7B.2).It remains to discuss how we model the slow inhibitory current IB. Similarly to [7], weassume that IB = gB s4bis4bi + � (vi � vB)where sbi, along with variable xbi; satis�ess0bi = k1H(xbi � �xb)(1� sbi)� k2sbix0bi = k3NTR hXH(viR � �Rb)i (1� xbi)� k4xbi(7B:4)The parameters are such that xbi can only become activated if a su�ciently large numberof RE-cells have their membrane potentials viR above the threshold �Rb. The threshold ischosen rather large so the RE bursts must be su�ciently powerful to activate xbi. Oncexbi becomes activated it turns on the synaptic variable sbi; the expression s4bi in IB furtherdelays the e�ect of the inhibition on the postsynaptic cell.C. Numerical Simulations.A clustered solution is shown in Fig. 8. There are 3 RE cells in this example and theyoscillate in synchrony at about 12.5 Hz; one of the RE cells is shown in Fig. 8A. The REcells synchronize due to excitation from the TC population. This is discussed in more detaillater (see Section 7D). There are 6 TC cells and they form two clusters, each oscillatingat half of the RE oscillation frequency, as shown in Fig. 8B. In Fig. 8C, we show the timecourses of the fast (sA) and slow (sb) inhibitory synaptic variables, respectively. Note thatthe fast inhibition activates during every cycle. This provides the hyperpolarizing currentneeded to deinactivate each TC cell's IT current. The fast inhibition is also needed to



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 27desynchronize the TC cells so they can form clusters. The slow current IB never activatesduring this solution. This is because the RE cells do not �re powerful enough bursts; thatis, the membrane potentials viR do not rise above the threshold �Rb = �25mV long enoughto activate the variables xbi.A synchronous solution is shown in Fig. 9. The parameters are exactly as in Fig. 8except we set gRA = 0; that is, we have turned o� the fast inhibition between RE cells.Note in Fig. 9 that each TC cell �res during every cycle along with the RE cells. The slowinhibitory current IB now activates during every cycle. Comparing the slow inhibitoryvariable with the fast inhibitory variable in Fig. 9C, we see that the slow inhibition stayson longer and that it both turns on and turns o� more gradually. Removing the RE-TCfast inhibition as well (gA = 0) enhances sb activation and TC synchronization. Geometricanalysis is very useful in understanding why removing fast inhibition allows slow inhibitionto activate and why this, in turn, leads to synchronization of the network. This is discussedin the next subsection.In Fig. 10 we plot the trajectory (hi(�); ri(�); sb(�)) corresponding to the synchronoussolution shown in Fig. 9. We also plot the numerically computed surface of knees corre-sponding to the jump-up points; there is a similar jump-down surface, but it is not shown.The behavior of the trajectory is consistent with that discussed in the previous section.For example, the cells jump up when the trajectory crosses the jump-up surface of knees(approximately, since � 6= 0 numerically). In Fig. 11 we show a similar plot but for theclustered solution shown in Fig. 8. Here we use sA(�) instead of sb(�). The trajectory ismore complicated since two clusters �re instead of just one.Our numerical studies show that the synchronous and clustered solutions are robust tomoderate levels of heterogeneities and variations in the parameters. For example, thesesolutions were not a�ected by heterogeneities of about 20% in sag conductances and about5% in the TC IT conductance. Stronger TC heterogeneities tend to promote TC clusteringin this model. In the resultant patterns, TC cells with similar properties �re together,independent of the way they are initially perturbed from synchrony.Since the length of the RE cell active phase is crucially important in determining whetherthe TC cells will synchronize or cluster, variations in RE intrinsic properties may haveimportant consequences for the network behavior. Weakening the IAHP or IL conductancesor strengthening IT tend to lengthen the RE active phase by making v0R less negativethere. Corresponding changes in reversal potentials have a similar e�ect. Modulating theseparameters may, therefore, switch the network rhythm between synchrony and clustering.D. Remarks.i. Removing Fast Inhibition.Fast inhibition occurs in two places: the RE cells inhibit themselves as well as theTC cells. Removing fast inhibition has di�erent consequences for each of these synapticconnections and both of these help to synchronize the TC cells [8,15]. Removing the RE-TC fast inhibition is clearly helpful for synchronization among the TC cells since the fastinhibition has a very short rise time. Note that the fast inhibitory synapses are direct in



28(7B.1), (7B.2). This rise time helps determine the domain of attraction of the synchronoussolution; a short rise time corresponds to a small domain of attraction. In fact, it isprecisely this inhibition that is responsible for desynchronizing the TC cells during theclustered solution.Removing the RE-RE fast inhibition is perhaps even more crucial for synchronizing theTC cells. This allows the RE cells to �re longer, more powerful bursts which, in turn,activate the slow inhibitory current IB . The analysis in previous sections demonstratesthat long, powerful bursting of the RE cells is a necessary condition for the TC cells tosynchronize. Our numerical simulations (e.g. Figs. 8-11) show, in fact, that the TC cellswill synchronize even if fast inhibition is removed from within the RE population but notfrom the RE-TC connections.Why removal of inhibition leads to stronger RE bursts can be easily understood byconsidering trajectories in phase space. This removal forces the RE cells to lie on theright branch of a di�erent cubic while in the active phase. If the RE cells are simple,then the cubic of the disinhibited cells lies below the cubic of the cells with inhibition.The disinhibited cells therefore jump up to larger values of membrane potential; moreover,their jump-down point (right knee) lies below the jump down point of the inhibited cells.The disinhibited RE cells, therefore, have a longer active phase. Similar analysis holds ifthe RE cells are complex.Note that the slow inhibitory current IB has slower rise and decay times than IA. Theslow rise time enhances the domain of attraction of the synchronous solution. The slowdecay time can help to bring the cells closer together while in the silent phase, as discussedin Section 4. Hence, both e�ects enhance the ability of the TC cells to synchronize.ii. Role of the Sag Current.We view the TC cells as examples of complex cells. If one removes the sag currentIh, or keeps it constant, then they become simple cells. Hence, questions concerning thedi�erences between networks with simple or complex cells are closely related to issuesrelated to the role of the sag current. The analysis in Sections 3 and 4 shows that inmutually coupled networks, whether the cells are simple or complex is signi�cant. Addedcomplexity allows the cells to escape from the silent phase and also leads to possiblecompression mechanisms. In globally inhibitory networks, however, there does not seemto be that much of a di�erence in network behavior if the cells are simple or complex. Thedynamical mechanisms responsible for the synchronous and clustered solutions are basicallythe same for simple or complex cells. We do not view the sag current, therefore, as playinga direct role in the generation of these rhythms. Recall that oscillations arise when thecells are capable of escaping from the silent phase. The sag current helps modulate theintrinsic properties of the TC cells and this can, in turn, determine whether or not escapeis even possible. From a more biophysical viewpoint, the sag current depolarizes the TCcells while they are silent. Hence, a stronger sag current raises the TC's resting potential.If this resting potential is too large, then inhibitory input from the RE cells may not becapable of hyperpolarizing the TC cells su�ciently to deinactivate the IT current. If thisis the case, then the TC cells will not be able to �re (i.e. escape the silent phase).



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 29This relates closely to some theories about mechanisms responsible for the waxing andwaning behavior during the spindle rhythm [1,5,16]. It is known that the sag current ismodulated by many substances that shift its activation curve, providing a di�erent amountof this current at each particular voltage level. To incorporate waxing and waning, wefollow [5] and assume that the sag conductance depends on calcium as well as on voltage.Calcium slowly increases while the TC cells oscillate; this increases the sag conductance,which slowly depolarizes the cells. This eventually prevents deinactivation of IT ; whichstops the spindle oscillations. A new spindle pocket forms when enough of the calcium hasbeen removed by extrusion or uptake to allow oscillations to start again. The new spindlepocket may be initiated by input from cortical cells which oscillate at a very slow rhythm.This is discussed in more detail in the next subsection.We note that increasing the sag current (within the range where escape is possible) tendsto enhance the TC synchronization, and this also decreases the amplitude and period ofTC bursts. The enhancement of synchronization occurs because the increased sag currenttends to depolarize the TC cells more rapidly; it was shown in the previous section thatthis leads to stronger compression. The decrease in amplitude and period occurs becauseincreasing the sag conductance lowers the left branch of the cubic corresponding to theTC cells while in the silent phase but raises the right branch of the cubic while the cellsare in the active phase. This is because the current is depolarizing while the cells silentbut hyperpolarizing while the cells are active. Increasing gsag also makes the slope of thecurve of knees of the silent phase more negative; this allows TC cells to jump up to theactive phase at smaller values of hi and ri, further decreasing the amplitude and period ofoscillation.iii. Synchronization Among the RE Cells.The RE cells are synchronized during the spindle rhythm. This is primarily due to theexcitation they receive from the TC cells. While only about half of the TC cells �re duringeach cycle, if each TC cell sends excitation to several RE cells, then every RE cell willreceive a su�cient amount of excitation to �re during every cycle.Experiments have also shown that the RE cells can sustain synchronized rhythms whenthese cells are completely isolated [30]. In fact, these are the experiments which motivatedmany of the theoretical studies concerning how synchronization can arise in a populationof inhibitory cells. If one considers the RE cells to be modeled as simple cells, then theconclusion of these studies is that synchronization is possible only if the decay of inhibitionis su�ciently slow. However, modeling the RE cells as in (7B.3), we consider them to becomplex cells; the slow variables are hiR and mi. We then conclude that synchronizationis possible even if the inhibition decays quickly.iv. Cortical Inputs.Cortical inputs are believed to be important in the generation of the spindle and deltasleep rhythms [4,8,28,31]. During these rhythms, cortical cells oscillate at a slow rhythm ofabout .1-.2 Hz. This slow rhythm organizes the spindle pockets, as was discussed earlier.A new spindle pocket is initiated when cortical cells �re and send excitation to the RE



30cells. The RE cells �re and send inhibition to the TC cells, eventually causing them to �rein clusters.Recent papers have also emphasized the importance of the cortex in the generationof spike-and-wave epileptic oscillations [8,29,31]. Some experiments have suggested thatthis can arise without removing fast inhibition in the thalamus [8,31]. Recall that inthe mechanism discussed previously, disinhibition of the RE cells leads to more powerfulRE bursts and this permits the TC cells to synchronize. If one does not remove the fastinhibition among the RE cells, but instead induces excitation from the cortex, then this willhave the same e�ect: the RE cells will �re more powerful bursts because of the additionalexcitation (their cubics are lowered). Hence, the TC cells can synchronize even thoughthey receive fast inhibition from the RE cells.During the delta sleep rhythm, the RE cells �re at the frequency of, and phase-locked to,the slow cortical rhythm. The TC population rhythm is very regular at 1-4 Hz. Each TCcell �res a number of times and then has subthreshold oscillations for a number of cycles.The TC cells are periodically revived within the frequency range of the slow rhythm. Amechanism is proposed in [33] for the transition between the spindle and delta rhythms.Since fast inhibition tends to force the TC cells to cluster during spindling and the TC cellsare synchronized during delta, this e�ect of fast inhibition must be removed during thedelta rhythm. It was shown in [33] that in order to remove this e�ect, it is not necessaryto actually change any parameters associated with the fast inhibitory synapses. Instead, itsu�ces to hyperpolarize the RE cells; this can be accomplished, for example, by increasingtheir leak conductance. This makes the RE cells insensitive to excitation from the TCcells. Since the RE cells do not respond to cycle by cycle excitation from the TC cells,they are functionally absent from the network and are unable to send fast inhibition backto the TC cells. The RE cells do respond, however, to the cortical cells by �ring at theslow rhythm. During the resulting cycle, the TC cells receive both fast and slow inhibition,which cause them all to �re. The continuing presence of slow inhibition allows the TC cellsto �re for a few more cycles and also helps them to synchronize.Our analysis has shown that it is possible for the TC to synchronize even in the presenceof fast inhibition if the RE cell bursts are powerful enough. This does not, however,contradict the argument in [33] that the e�ect of fast inhibition to the TC cells must beremoved during delta. Since the RE cells �re at the slow rhythm in delta, their bursts arecompletely absent (after the �rst cycle) while the TC cells �re. Hence, the RE cells do notproduce the powerful bursts that would be needed to synchronize the TC cells if the e�ectof the fast inhibition remained.v. Variations in Synchronous Oscillations.The thalamic network may exhibit other types of solutions than those discussed above.This is because assumptions required for the geometric constructions of the solutions maynot be satis�ed for some ranges of parameter values. Subtle variations in network behaviorcan arise as parameters that change the underlying geometry of phase space are varied.One possibility that appears, for certain biophysically relevant parameter values, is thatthe right knees of each RE-cell's family of cubics lie above the left knees of the RE-cell's



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 31cubics. In this case, each RE cell recovers instantly upon jump-down. Hence, synchronyis possible even if the inhibition to the TC cells decays on the fast time scale, since slowdecay of inhibition was only needed to allow the RE cells to recover. It is important tonote that our requirement of a long RE cell active phase for stable synchrony can stillbe met here. To see this, note that the RE cubics are extremely 
at in the active phase(that is, for relevant vR values, hR changes little along them) and lie near the hR = 0 axis.When an RE cell is excited and �res, its vR jumps up to a large value on the fast timescale. Its vR then decreases on the slow time scale. This slow decrease occurs because hRand the synaptic excitation variable sE (see Appendix A and note that �E is small) decayslowly. This can yield a su�ciently long RE active phase for stable synchrony (with nearlyconstant hR throughout the oscillation).In this scenario, if the TC cells approach su�ciently close to the stable equilibrium inthe silent phase while the RE cells are still active, then they can all �re as soon as they aredisinhibited by RE jump-down. Hence, stable synchrony can occur here in the presence offast inhibition even though the RE-TC fast inhibitory synapses are direct. The TC �ringimmediately excites the RE cells to �re again. If one or more TC cells have not crossedthe middle branch of their v-nullclines when an RE cell's voltage reaches �R, however,then those TC cells turn back and clusters form. Hence, the thresholds for inhibition andexcitation in
uence the TC population behavior in this case.One other subtlety to note, returning to the usual RE nullcline con�guration, is thatthe �ring of a single TC cell may be insu�cient to induce RE �ring. This is the case if anRE cell has not su�ciently recovered when the lead TC �res. Oscillations may nonethelessbe sustained if the �ring of following TC cells induces RE cell �ring. Thus, the length oftime for RE cell recovery should be measured up to the time when the last TC cell, notthe lead TC cell, �res.8. Discussion.We have considered a series of networks in order to study how network componentscontribute to emergent population rhythms. This work is motivated by recent modelsfor sleep rhythms; however, the analysis and methods are quite general, so they shouldapply to other models as well. Our results clarify the multiple roles inhibition can play inproducing di�erent rhythms. Which rhythms are produced depends on how the inhibitioninteracts with intrinsic properties of the cells; the nature of these interactions depends onthe underlying architecture of the network.Inhibition may help either to synchronize or to desynchronize oscillations, dependingon several factors. Fast onset of inhibition tends to desynchronize the cells, because whenone cell �res it then quickly `steps on' other cells. For this reason, we generally needto assume that the synapses are indirect for stable synchronization to occur. Slow o�setof inhibition may help to synchronize the oscillations; it can lead to compression of thecells while they evolve in either the silent or active phases. Compression (or expansion)can also take place as the cells jump up or down between the silent and active phases.This depends on the geometry of curves (or surfaces) of knees, which, in turn, depends onboth the intrinsic and the synaptic components, such as gsyn and gsag. Another source



32of compression arises in the globally inhibitory networks. While the inhibitory cell J isactive, it produces sustained inhibition to the E-cells. This forces the E-cells close to astable �xed point and, therefore, close to each other. This can be a very powerful sourceof compression of the E-cells.We have demonstrated that mutually coupled networks of excitable cells with indirectfast inhibitory coupling can produce synchronized rhythms. This is not possible if thenetwork contains only simple cells. The geometric approach helps explain why the ad-ditional network complexity allows for synchronized rhythms. The additional complexitytranslates, within the framework of the geometric approach, to higher dimensional slowmanifolds. This allows the cells to escape from the silent phase. It also leads to additionalsources of compression. We conclude that synchronization is possible in mutually coupledinhibitory networks if there are at least two slow variables in the intrinsic and/or synapticdynamics. This has relevance for isolated RE cell populations, which can synchronize eventhough they include fast inhibition.By studying both mutually coupled and globally inhibitory networks we have seen howthe underlying network architecture can in
uence the possible population rhythms. Asdiscussed in Remark 3, these two networks use inhibition in very di�erent ways to syn-chronize oscillations. In both networks, when one E-cell �res, it produces inhibition amongthe remaining E-cells. This is accomplished by a single connection in the mutually couplednetworks, but through two connections via the inhibitory cell J in the globally inhibitorynetworks. The globally inhibitory networks are much more robust because the J -cell hasits own internal dynamics and can, therefore, control the amount of inhibition it sendsback to the E-cells. In mutually coupled networks, the inhibition is, in some sense, `slave'to the dynamics of the E-cells.Globally inhibitory networks can produce di�erent rhythms depending on the intrinsicdynamics of the inhibitory J -cells. If the J -cells produce powerful bursts, then the resultinginhibition leads to synchronized rhythms. A rapid rate of synchronization, and a largedomain of attraction for the synchronous solution, are achieved when the following factorsare present: indirect synapses to provide a window of opportunity, a long J -cell active phaseto enhance compression among E-cells, and a fast J -cell recovery coupled with relativelyfast synaptic decay. Less powerful inhibition, or a smaller window of opportunity, resultsin clustering among the E-cells. The network crashes if the amount of inhibition is toosmall. In the models for sleep rhythms, there are several possible ways to control theRE cells' bursts and therefore to control the emergent network behavior. More powerfulRE bursts result from removal of fast inhibition from among the RE cells or from theaddition of excitatory input from the cortex. Other intrinsic RE parameters, such as aleak conductance, may also greatly in
uence the RE cells' dynamics. We have seen howsuch considerations help explain the transition between spindle, delta, and paroxysmaldischarges in RE-TC networks.The geometric approach helps to clarify the mechanisms, both biological and mathemat-ical, responsible for the population rhythms. The analysis can lead to precise statementsfor when a rhythm is possible. For example, a TC cell can �re only if it is su�ciently hy-perpolarized; this deinactivates the IT current. A geometric interpretation of this is that



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 33a TC cell can �re only if, during the silent phase, it lies in the region where trajectoriesare able to reach the jump-up curve of knees. By considering the slow equations corre-sponding to the TC cells [see (6.2)], one can then derive conditions for when a TC will �re.In this sense, the geometric analysis helps clarify how di�erent parameters in
uence therhythms. For example, the analysis demonstrates that the sag current plays di�erent rolesin generating synchronized rhythms in mutually coupled and globally inhibitory networks.In mutually coupled networks, fast inhibition cannot produce synchronized rhythms unlessthe cells are complex. If the cells are considered to be TC cells, then this implies that thesag current is essential for synchronization in the presence of fast inhibition; it providesan additional slow variable. In globally inhibitory networks, however, synchronization canarise even if the cells are simple. Hence, the sag current contributes to the rhythms byadjusting the intrinsic properties of the cells so that they are capable of oscillating at all.We note that the geometric approach used here is somewhat di�erent from that usedin many dynamical systems studies. All of the networks considered here consist of manydi�erential equations, especially for larger networks. Traditionally, one would interpret thesolution of this system as a single trajectory evolving in a very large dimensional phasespace. We consider several trajectories, one corresponding to each cell, moving around ina much lower dimensional phase space. After reducing the full system to a system for justthe slow variables, the dimension of the lower dimensional phase space equals the numberof slow intrinsic variables and slow synaptic variables corresponding to each cell. In theworst case considered here, there are two slow variables for each complex cell and one slowsynaptic variable; hence, we never have to consider phase spaces with dimension more thanthree. Of course, the particular phase space we need to consider may change, dependingon whether the cells are active or silent and also depending on the synaptic input that acell receives.Our analysis of globally inhibitory networks is closely related to that in [35,39,40],where a model for scene segmentation is considered. In that model, di�erent clusterscorrespond to di�erent objects in a visual scene; the phases of oscillators encode the bindingof pixels with similar sensory features. The model (denoted as LEGION) there includesboth local excitation and global inhibition. The global inhibitory cell satis�es a simpleone dimensional di�erential equation. Because of its simple dynamics, the global inhibitorthere cannot easily control the emergent network behavior via adjustments to its intrinsicproperties. Using a more complex model for the global inhibitor in LEGION may haveimportant consequences, particularly since there is often no unique answer to the questionof how a given scene should be segmented. A house, for example, may be grouped into asingle segment if viewed from afar. The same house, if viewed nearby, may be broken intomultiple segments, including a door, a roof, windows, and other elements. The analysisin this paper demonstrates that the level of inhibition produced by the global inhibitorcontrols the level of synchrony among the E-cells. Hence, by controlling this level ofinhibition, one can control the level of resolution that the LEGION network will produce.Acknowledgments. Research for this paper was supported in part by the NSF grant DMS-9423796. Some of the research was done while the authors were visiting the IMA at theUniversity of Minnesota.



34Appendix A.The equations for the TC and RE cells in the thalamic network are given in Section 7B.As our biophysical mutually coupled network of complex cells, we considered a pair of TCcells, each governed by (7B.1); note that in the case of simple cells without slow inhibition,these could be thought of as simpli�ed RE cells or TC cells. The synaptic variables in thismodel satisfy (2B.3). For numerical simulations, we approximated Heaviside functions byfunctions of the form H1(v) = 11 + exp(��(v � �))The functions h1(v);m1(v); r1(v); hR1(v) and mR1(v) are assumed to be of the sameform, namely, if � = h;m; r; hR or mR, then�1(v) = 11 + exp((v + ��)=��)Further, we take �h(v) = �h0 + �h11 + exp((v + v�h)=��h)with �Rh(v) having an analogous form, and�r(v) = �r0 + �r1exp((v + v�r0)=��r0) + exp(�(v + v�r1)=��r1)To generate our numerical �gures, we started cells under a slight perturbation from asynchronous state. For Figures 3B and 4C, we used the following parameter values, basedon [15,33]. IT : gCa = 2:5; �m = 57:0; �m = �6:0; vCa = 140:0; �h = 81:0; �h = 4:0; �h0 =10:0; �h1 = 73:�3; v�h = 78:0; ��h = 3:0; Isag : gsag = 0:2; vsag = �50:0; �r = 75:0; �r =5:5; �r0 = 20:0; �r1 = 1000:0; v�r0 = 71:5; ��r0 = 14:2; v�r1 = 89:0; ��r1 = 11:6; IL : gL =0:025; vL = �75:0; IA : gA = 0:4; vA = �79:0; � = 16:0; � = 4:0; �x = 0:1; � = 100:0; ��x =0:3; ��x = 0:1; �syn = �50:0. We did not include slow inhibition here.To generate the clustered solution displayed in Figures 8 and 11, we used the followingparameter values, also based on [15,33]. Six TC cells: IT : gCa = 1:5; �m = 59:0; �m =�9:0; vCa = 90:0; �h = 82:0; �h = 5:0; �h0 = 66:�6; �h1 = 333:�3; v�h = 78:0; ��h = 1:5; Isag :gsag = 0:15; vsag = �40:0; �r = 75:0; �r = 5:5; �r0 = 20:0; �r1 = 1000:0; v�r0 = 71:5; ��r0 =14:2; v�r1 = 89:0; ��r1 = 11:6; IL : gL = 0:2; vL = �76:0; IA : gA = 0:1; vA = �84:0; � =8:0; � = 0:05; �R = �50:0; �A = 2:0; IB : gB = 0:05; vB = 95:0; � = 10�4; k1 = 0:1; k2 =0:05; �xb = 0:8; �xb = 0:02; k3 = 0:5; k4 = 0:005; �Rb = �25:0; �b = 2:0. Three RE cells:IRT : gRCa = 2:0; �Rm = 52:0; �Rm = �9:0; vRCa = 90:0; �Rh = 72:0; �Rh = 2:0; �Rh0 = 66:�6; �Rh1 =333:�3; vR�h = 78:0; �R�h = 1:0; IAHP : gAHP = 0:1; vK = �90:0; �1 = 0:02; �2 = 0:025; � =0:01; 
 = 0:08; IRL : gRL = 0:3; vRL = �76:0; IRA : gRA = 0:25; vRA = �84:0, otherparameters as in IA for the TC cells; IE : gE = 0:6; vE = 0; �E = 2:0; �E = 0:05; �E =�35:0; �E = 2:0. [Note that in the current IE , the variables sjE satisfy an equation of theform (7B.2), with the parameters �E ; : : : replacing �R; : : : .]To generate the synchronous solution displayed in Figures 9 and 10, we used the sameparameter values except � = 16; � = 0:2; ��h = 3:0; �R�h = 2:0; gRA = 0. By setting



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 35gRA = 0, we removed the RE-RE fast inhibition; for � = 16; � = 0:2 with the same initialconditions and gRA = 0:25, the solution forms two clusters but slow inhibition is slightlyactivated and it eventually destabilizes, while for gRA = 0:5, the solution forms two clusterswithout activation of slow inhibition.Remark A1: We assumed in the proof of Lemma 1 that for complex cells, fy > 0 in thesilent phase, while fy < 0 in the active phase. This is justi�ed for the TC-cell model for thefollowing reason. Note that y corresponds to the variable r; hence, fy = �gsag(v � vsag).Since vsag � �40mV typically, while v ranges from around �80mV in the silent phase toat least �30mV in the active phase, the result follows.Remark A2: We claimed in Remark 1 that j@wR@y j is quite small. This is also shownnumerically in Fig. 3B. We can understand analytically why this is so by recalling fromthe proof of Lemma 1, that @w�@y = � fyfw for � = L or R corresponding to the silent oractive phase respectively. From (7B.1),@w�@y = � gsag(v � vsag)gCam21(v)(v � vCa)(A1)Typical values are gsag � :04 up to 2.0, vsag � �40mV; gCa � 2:5; vCa � 140mV . Inthe silent phase, m1(v) is small, so the numerator and denominator in (A1) have similarmagnitudes, even though v � �80mV . In the active phase, however, m1(v) � 1 whilev � 0, typically. Hence, j@wR@y j is quite small.Appendix B.Consider a pair of complex cells in the active phase, with mutual inhibitory coupling.Suppose that the cells are perturbed from synchrony such that the lead cell falls down tothe silent phase at time �1 and the following cell falls down at time �2 > �1. During thesilent phase, for � � �2, the slow dynamics of the two cells are given byw0 = g(v; w)y0 = h(v; y)s0 = �Ks(B1)where v satis�es v = �L(w; y; s) and 0 = dd� . Let V (�) = (g(w; v); h(y; v);�Ks). Theequation of variations that describes the evolution of tangent vectors to the 
ow of (B1) is�w0 = �aw�w � bw�y � cw�s�y0 = �ay�w � by�y � cy�s�s0 = �K�s(B2)where aw = �@g=@w, bw = �@g=@y = �@g=@v � @�L=@y; and so on.Fix the cell which jumps up out of the silent phase �rst as cell 1 and call the other cell 2.Let Ti denote the jump-up time of cell i and restrict to � 2 [�2; T1]. Let (�(�); �(�); �(�))



36denote the vector from the position of cell 1 to that of cell 2, such that (�; �; �) satis�es(B2); see Fig. 12 for a two-dimensional representation of this set-up.Next, let wL(y; s) denote the projection of the left surface of knees to (w; y; s)-space andlet (a; b; c) = r[wL(y1(T1); s(T1))�w(T1)] = (�1; @wL@y (y1(T1); s(T1)); @wL@s (y1(T1); s(T1))).Let w�L denote the physical translate of wL(y; s) along the path of cell 1 to the position ofcell 1 at time � ; for example, at time �2, cell 1 lies in w�2L . Again, see Fig. 12.We de�ne the time T (�) as the time for cell 2 to 
ow to its �rst intersection with w�L.This satis�es (a; b; c) � [(�; �; �) + Z T (�)0 V (� + �)d�] = 0(B3)where V is evaluated along the path of cell 2 (Fig. 12), butZ T (�)0 V (� + �)d� = Z T (�)0 (V (�) + �V 0(�) +O(�2))d� = V (�)T (�) + O(T 2)(B4)For small perturbations from synchrony, if the vector �eld of (B1) is O(1), then the O(T 2)term in (B4) can be neglected. Substituting the approximation (B4) into (B3) yields, atleading order,T (�) = � (a; b; c) � (�; �; �)(a; b; c) � V = � � b�� c��g(w2; v2) + bh(y2; v2)� cKs2(B5)since a = �1. Henceforth, we omit the arguments indicating evaluation along the path ofcell 2 when this is clear.A su�cient condition for compression in the silent phase is that T 0(�) < 0 for � 2 [�2; T1].Thus, we proceed to compute T 0(�). Since (�; �; �) and V (�) satisfy (B2), we di�erentiate,substitute from (B2), and simplify to obtainT 0(�) = [V (�)� (�; �; �)] � [((a; b; c) �DV )� (a; b; c)]y((a; b; c) � V (�)T )2(B6)where y denotes transpose.Geometrically, the determinant of three vectors gives the volume of the parallelepipedthey bound. The numerator of T 0(�) consists of such a determinant, with the three edgesof the parallelepiped given by the vector �eld, the vector from the position of cell 1 to thatof cell 2, and a third vector. This last vector relates the linearization of the vector �eld tothe gradient of the translate of the surface of knees.Next, considerZ � (Z1; Z2; Z3) := V � (�; �; �)= (�h+ �Ks;��g� �Ks; �g� �h)(B7) = ((h;�Ks) ^ (�; �); (�; �)^ (g;�Ks); (g; h)^ (�; �))



GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 37Di�erentiating (B7) and using (B2) gives, in system form,Z 01 = �(by +K)Z1 + ayZ2Z 02 = bwZ1 � (aw +K)Z2(B8) Z 03 = cwZ1 + cyZ2 � (aw + by)Z3For simple cells, without the current y, (B6) simpli�es toT 0(�) = �g + �Ks(g + cKs)2 (c(aw �K) + cw) = �Z2(g + cKs)2 (c(aw �K) + cw)Moreover, Z1 � 0, so Z 02 = �(aw + K)Z2. Hence, the sign of Z2(�) is invariant for � 2[�2; T1]. In [32], Z2(�2) = (w1(�2)� w2(�2))Ks2(�2) < 0, which implies that �Z2(�2) > 0.Thus, the sign of T 0(�) matches that of (c(aw �K) + cw) [Terman et al. use �1 to denotec]. By showing that this quantity is negative for all relevant � for K < a� (Case I in [32]),Terman et al. achieve a su�cient condition for compression in the silent phase.In general, one can compute the signs of a; b; c as well as aw; bw; : : : (see e.g. Lemma1) and then can use (B6), (B8) to derive compression conditions for the silent phase.Simpli�cations facilitate this process in certain cases even for complex cells. For example,� = �0 = 0 during the silent phase for E cells in a globally inhibitory network as well asfor much of the silent phase for mutually coupled cells with fast synaptic decay. In thelatter case, however, an adjustment must be made to compensate for the fact that one cellloses inhibition before the other; we omit details and explicit computations here.
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GEOMETRIC ANALYSIS OF POPULATION RHYTHMS 41Figure CaptionsFigure 1: Nullclines of simple and complex cells. A) The v- and w-nullclines of a simplecell intersect at p0, on the middle branch of the v-nullcline, in the oscillatory case. Boldcurve indicates a singular periodic orbit, with double arrows denoting fast pieces and singlearrows denoting slow pieces. B) The v-nullcline and a singular solution of an excitablecomplex cell with a stable critical point p0.Figure 2: Unstable synchronous solutions for mutually coupled simple cells. A) A sin-gular synchronous periodic orbit for coupled excitable simple cells with indirect synapses;dark circles indicate �xed points on L0;L�A . B) The dashed line indicates a singular syn-chronous periodic solution for coupled oscillatory simple cells with direct synapses. Thissolution is unstable: when one cell jumps up, the other cell jumps to L�A . C) Instability inthe singular synchronous periodic solution for coupled oscillatory simple cells with indirectsynapses. Cell 1 follows the � � � � � path while cell 2 follows the � � � � � � � path. Cell1 jumps up �rst; subsequently, cell 2 becomes inhibited �rst and thus falls farther behindcell 1.Figure 3: Singular solutions for complex cells. A) The slow phase space of an uncoupledcomplex cell, bounded by the jump-up curve JL and the jump-down curve JR of the slowmanifold Cs. The solid (dashed) curves represent evolution in the silent (active) phase.P0 is a stable �xed point. B) Numerically generated synchronous solution for mutuallycoupled complex cells that are separately excitable, in (y; w)-space. These curves, as wellas those in other �gures, were generated using the program XPPAUT, developed by G. B.Ermentrout, with parameter values given in Appendix A. The solid curve is the solution,the dashed curves are the jump-up (labeled) and jump-down (approximately horizontal,unlabeled) curves for s = 0:2, and the dash-dotted curves are those for s = �A = 0:8. Notethat the curves for s = 0:8 lie at larger w-values than those for s = 0:2. Since � 6= 0, thesynchronous solution does not jump up [y0 = 0, near (y; w) = (0:08; 0:07)] immediatelyupon reaching the jump-up curve.Figure 4: Compression mechanisms for mutually coupled complex cells. A) Compressionin the time-metric �w can occur between mutually coupled complex cells in the jump up.Note that w1(0) < w2(T0) and y1(T0) > y2(0). The Euclidean distances dw(0); dw(T0) areused to compute the time metrics �w(0); �w(T0), respectively. B) A reversal of orientationin the active phase (solid lines) can lead to compression in the jump down; dashed lineindicates evolution of cell 1 in the silent phase. C) Numerically computed trajectories ofa pair of mutually coupled complex cells undergoing order reversal. Cells 1,2 correspondto c1; c2 respectively in B). Parameter values are given in Appendix A.Figure 5: Nullclines for A) E-cells and B) J -cells in a globally inhibitory network withsimple cells. The heavy lines and points Pi; Qi correspond to the singular synchronoussolution discussed in the text. Note that sJ decays on the slow time scale.Figure 6: The slow phase plane for an E-cell. The curve wL(sJ) is the jump-up curve,which trajectories reach if KJ is large enough (��� �� path; cell jumps up from the pointmarked as `*'). The dotted curve WF (sJ) consists of zeros of GL(w; sJ) in system (5B.1);trajectories tend to the stable critical point WF (0) as sJ ! 0 for small KJ (� � � � � � �



42path). Note that w0 < 0 for w > WF .Figure 7: Three-dimensional slow phase space for a singular synchronous periodic orbitof the globally inhibitory network. Double (single) arrows denote evolution on the fast(slow) time scale, solid (dashed) lines indicate the silent (active) phase, and points Pi areas discussed in the text. The shaded region represents the jump-up surface w = wL(y; sJ).Figure 8: Numerical solution, with two TC clusters, of the thalamic network [parametervalues given in Appendix A]. Voltages are in mV and time is in msec. A) RE cell (the timecourse of which matches that of the RE population of 3 cells). B) TC population of 6 cells,forming two clusters of three cells each. C) Inhibitory synaptic variables sA (dashed) andsb (solid); note that sb � 0, since the RE cell bursts are not powerful enough to activateslow inhibition in this case.Figure 9: Numerical synchronous solution of the thalamic network [parameter valuesgiven in Appendix A]. Voltages are in mV and time is in msec. A) RE cell (the timecourse of which matches that of the RE population of 3 cells). B) TC population of 6 cells(synchronized). C) Inhibitory synaptic variables sA (dashed) and sb (solid); note that sAturns on and o� faster than sb, which in turn stays on longer.Figure 10: Numerical trajectory of a TC cell, together with jump-up surface of knees(shaded), in the (h; r; sb) slow phase space. The TC cell shown belongs to the synchronizedpopulation of 6 TC cells shown in Figure 9. Note that sb does not immediately increasewhen the cell jumps up, since we have taken slow inhibitory synapses to be indirect.Figure 11: Numerical trajectory of a TC cell, together with jump-up surface of knees(shaded), in the (h; r; sA) phase space. The TC cell shown belongs to one of the clustersof the solution shown in Figure 8. We use sA rather than sb since slow inhibition is notactivated in this solution. The trajectory shown jumps up to the active phase only once,after passing a bit through the jump-up surface (since � 6= 0). When it comes close tothe jump-up surface a second time, it is inhibited by the jumping of the other cluster (notshown); hence, sA ! 1 but h; r continue to increase.Figure 12: The set-up for analysis of compression in the silent phase in two dimensions(i.e., assuming s is �xed); the picture generalizes naturally to 3-d when s is included asanother slowly evolving variable. Cell 1 jumps up �rst, with � = T1, at (y�1 ; w�1). Thelarger dotted square shows a blow-up of the smaller dotted square, in which the vectors Vand (�; �) are de�ned.
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