QUASI-MONTE CARLO STUDIES OF
SPATIATL AVERAGES OF QUADRATIC MAPS

MIADHUA JIANG

Avmreacr. Udng Quaal-Mante Carlo integration, we found mumerically that
the apatls]l averageaaf chaotle quadratie mapa elther furtnate perladically or
canwerge ta constanta.

1. INTRODUCTION

A series of papers [3] [4] [B] [7] motivated us to study the dynamics
of spatial averages of dynamical systems, especially, those with chaotic
behaviors. The problem arises naturally when one congidera the collec-
tive behavior of a large lattice syatem with aubsyatems being identical
and chaotic. The main interest of the study is to investigate the dy-
namica of the thermodynamic limit of some global quantities such as
apatial averages as the lattice size tenda to infinity. In mumerical simu-
lations, the problem is often approached by taking a large lattice size.
However such approach has major difficulties when the dimension of
the lattice is even moderately high. In a previous paper [2], we firat
proved the existence of the thermodynamic limit under very general
assumpkions. As an easy consequence of Frgodic Theorem, we then
obtained an explicit formula for the thermodynamic limit of spatial
averages. This enables nus to study the dynamics of apatial averages in-
dependent of the lattice size. We showed that the dynamies of apatial
averages is closely related to the existence of an asymptotic invariant
measure { SRB-measure) for the local subsyatem when the interactions
among subsyastems are weak. If such measre exists, the spatial average

converges (o a constant.
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Cne interesting question that remains open is whether there exists
a dynamical aystem whose spatial average can flnctnate chaotically in
time. FEven though there is an example in [2] showing that the spa-
tial average can have non-periodic fluctnation, such example does not
appear naturally. It was constructed solely to illnstrate possible be-
haviors of spatial averages and it has infinitely many non-differentiable
points. Since it is known that for uneonntably many parameters of A,
the quadratic family

fulz) =Az(1-2x)

does not have an asymptotic invariant measure [9), one would like to

investigate the dynamiecs of spatial averages for this entire family, ie.,

) Ain,3) = f fia)dn,

where £ = f; 0.+ o f; is the nth iterate of f,. Some simple resulta
along this direction were reported in [2]. These simple results coneern
only the case when f3(z) has an attracting periodic orbit or f3 has an
asymptotic measire.

In this article, we report onr nmmerical results on the complete pic-
ture of the dynamics of apatial averages A(n, A) for the quadratic family
2 < A< 4. Our results confirm that there is a cascade of period two
bifurcation at the beginning of the parameter interval. However, this
bifurcation does not lead to any chaotic behavior. instead, it leads to
a period two orbit. Our mumerical results do not show any inverse cas-
cade of bifurcation, nor any chaotic behavior in the entire parameter
interval.

An interesting obaservation from our mmerical computation is that
the spatiotemporal average of the qnadratic family seems to exit and
depends on the parameter A continnonsly. We formulate this observa-
tion as a conjecture. It also remains unknown what can happen when

we consider a weighted spatial average

An,2) = f P (£ (2))dx
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for varions funections (2] over the interval [(,1].

2. Mam RESULTS

We firat describe the general problem.

Let Z9 be a d-dimensional integer lattice and A be a smooth Rie-
mannian manifold possibly with boundary. Let & be a continuons map
from AM = Rz« M,, the direct product of identical copies of M over
A into itaelf with respect to the product topology. For any continn-
ous functon ¢ on M, by the multidimensional ergodic theorem [8] the
following limit exists for almosi every point # in A{ with respect to
the direct product of Lebesgne measures ®dx induced by Riemannian

metric on M:
) = Jim 2 3 0(87@) = [ oREG) 8 ds,

where $% denotes the coordinate of ®*, the nth iterate of &, at the
lattice gite ¢ € Z9, i.e,, B = (B,);cps; Fy denotes the projection from
Mo My [2].

The function ¢ can be considered as a local observable and therefore,
A(n) is the spatial average of  over the entire lattice Z9. The quantity
A{n) has different names in different contexts. It is called ecollective
behavior in [B] and popuintion activify in [§].

The particular model we study in this paper does not have spatial
interaction, i.e., the map ® is a direct product of a map f5(z) = Az{1—
x) from M = [0, 1] into itself: € = (f1,)iczs. In this simple case, A(n)
can be written in the following form:

(2 A, = [ (s
where d» denotes the Lebesgne meamre and 2 < A < 4 is a fived
parameter.

We report our numerical resnlts below when p(2) = 2 with illustra-
tions at the end of this article. Since the functon ff(z) is very os-
cillatory when n is large, we nse Monte Carlo and Qnasi-Monte Carlo
integrations in evalnation of the integral (2).
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Main Resulis:

f1) Asymptoticaily, for every A: 2 < A < 4, A(A n) is efther peri-
odic or constant. When X increases, A(n, A) also undergoes a periodic
douhling hifurcation. However, this hiftrcation doss not lead to any
chantic hehavior. Inetead, it ieads to a periodic two Auctnation. In
the regions when f(x) is very chaotic, the spatial average approaches
congtant guickiy.

Fignre 1 plota the values of A(n, A) for 500 pointa of A in [3.5, 4] and
41 < n < 90). For each fixed A, different values of A(n, A) are plotted
on the same vertical line. Figures 2, 3, and 4 shows more details at
different area inclnding the so-called tonpne-like structure [10]. One
can see clearly that the 'tongnes' correspond to the windows in the
graph of the orbits of the mapa.

f2) (Conjecture) (a) The tme average of A(A n):

N-1

STA(X) = Nﬁi‘éﬂ% > A(An),

called spafiotemporol average of fi(x) existe for every A € [2,4).

(b)STA(A) i5 2 continuous finetion in A and has self-similar proper-
ties,

Figures 5-8 provide supporting evidences of our conjectures.

f3) There exists A € [2,4] (ag., A = 3.9518) such that f3(z) doesnot
have attracting periodic orbits, but the corresponding gpatial average
A(a,n) Buctuates periodically as n tends to infinity. The mechanism
for causing such Auctuation is close to the one described in [2): peints
of the orkit are mostly concentrated in saveral digjoint sets.

Figure 9 showa the dynamics of the spatial average when A = 3.9516.
It is clearly asymptotically periodic. Figures 10, 11 , and 12 show the
typical behavior of the orbita of fi(2) for A = 3.95. Figures 13 and 14
show the dynamics of spatial average A(n, A) when A = 3.9935 with
different mmber of points chosen in Cmasi-Monte Carlo integration.
They indicate that the floctuation of the average is mainly cansed by
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the numerical errar. The true picture of A(n, 3.9938) can only be ob-
tained with higher precision computation.

Remarks. (1) These results are only mimerical observations. The-
aretically, A(A,n) is atill possibly chaotic. But, the variation of ita
valnes is 8o small that it is nsnally covered by the numerical noise and
very difficult to be detected by rontine nmmerical schemes. We have
used quadruple precisions in all computations.

(2) Note that the existence of an asymptotic invariant meamre is
equivalent to the existence of the limit

= 1 g t : k
Jim > [ 1w

for every pogitive integer & since polynomials are dense in &[0, 1]. The
claim of item (2) is much weaker than the existence of an asymptotic
invariant measnre. We believe that the existence of spatiotemporal
average holds for a rather general class of smooth dynamical systems
and it depends on parameters continmonsly.

(3) Our numerical resnlts also imply that in coupled map lattice
cases where the lattice size is pmeh greater than the spatial correlation
length, the spatial average is either agymptotically periodic or conver-
gent to a constant.

3. ERROR ESTIMATION
In this section, we give justifications for onr mmerical methods.
3.1. Error in Maonte Carlo integration. Asmime that fiz] is a
measurable function on the unit interval [0,1] and {2} is a sequence

of independently nniformly distributed random variables in [(), 1]. The
errar in Monte Carlo integration of f(x],

e=1f CE- M

can be estimated using the center limit theorem. The most convenient

formula is the so-called “ the rule of three sigmas”: with a confidence
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level of (.997, the error ¢ satidfies the inequality
3o

3 < —

(3) €<=

where o2 is the variance of f(z), Le.,

)= [ Peria- ([ flasiey.

The confidence level can be significantly raised if the eoefficient. in front
of & ia just slightly increased.

When fa(z) = Az(1 — 2], we have 0% < 3. This estimation holds
also for all iterates of f3(2). So we have

€% ﬂ

VN
with a confidence level of (0.997. In numerical calenlation of fnl fix)de,
the remult is much better than the estimation above. We have ¢ = VLF
The random number generator nsed in onr simulation is from the 8GT's

Fortran compiler.

3.2. Error in Quasi-Monte Carlo integration. Since the error in
Monte Carlo method is random mumber generator dependent, we im-
plemented our numerical integration with Qunasi-Monte Carlo method.
In our case, the domain of the integral is of dimension one, so we simply

use the following formula to approximate the integral:

L 125,
fle)d~ = > (=)
j; A & ; Apr”
where pis any prime number and k is a positive inkeger. The traditional
error estimation involving the derivatives of f3(x) will not give any
meaningful bound on the error since the derivatives of f3 (2) increases

exponentially fast in terms of n. We use Fourier series expansion to

obtain a formal representation of the error.
Proposition 1. Assume thai

fizl=a + Zanma%rm: + b 270z, x € [0, 1].

n=lL
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Then
1 & : -
@ 2ol [ fehda= St

The formula {4) can be eadily verified by integrating both sides of
the Fourier expansion of f(z). There are several advantages of using
this scheme of numerical integrakion: it is random generator indepen-
dent; on many machines, it is faster than Monte Carlo method; and
ane can make different choices of the prime number g to make assure
that a good estimation of the integral is obtained. Theoretically, the
method shonld work especially well when f{x) can be smoothly ex-
tended into a periodic function because b, goes to zero very fast when
m tends to infinity [11). When f(z) is only continnous, the conver-
pence Tate depends on how well f{x) can be uniformly approximated
by trigonometric polynomiala [11].

We compared the errors (Figures 15 and 16 ) from both Mante Carlo
and (masi-Monte Carlo intepration of

1 g2n—1
[ ks =y
where the exact value of the integral is available. Qnasi-Monte Carlo
methad shows amaller error when n is not large and approximately the

same magnitude of error when n is large.
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