
QUASI-MONTE CARLO STUDIES OFSPATIAL AVERAGES OF QUADRATIC MAPSMIAOHUA JIANGAbstract. Using Quasi-Monte Carlo integration, we found numerically thatthe spatial averages of chaotic quadratic maps either 
uctuate periodically orconverge to constants. 1. IntroductionA series of papers [3] [4] [5] [7] motivated us to study the dynamicsof spatial averages of dynamical systems, especially, those with chaoticbehaviors. The problem arises naturally when one considers the collec-tive behavior of a large lattice system with subsystems being identicaland chaotic. The main interest of the study is to investigate the dy-namics of the thermodynamic limit of some global quantities such asspatial averages as the lattice size tends to in�nity. In numerical simu-lations, the problem is often approached by taking a large lattice size.However such approach has major di�culties when the dimension ofthe lattice is even moderately high. In a previous paper [2], we �rstproved the existence of the thermodynamic limit under very generalassumptions. As an easy consequence of Ergodic Theorem, we thenobtained an explicit formula for the thermodynamic limit of spatialaverages. This enables us to study the dynamics of spatial averages in-dependent of the lattice size. We showed that the dynamics of spatialaverages is closely related to the existence of an asymptotic invariantmeasure (SRB-measure) for the local subsystem when the interactionsamong subsystems are weak. If such measure exists, the spatial averageconverges to a constant.Date: January, 1998.1991 Mathematics Subject Classi�cation. 58F15.Key words and phrases. Quadratic map, Spatial Average, Quasi-Monte Carlo.1



2 MIAOHUA JIANGOne interesting question that remains open is whether there existsa dynamical system whose spatial average can 
uctuate chaotically intime. Even though there is an example in [2] showing that the spa-tial average can have non-periodic 
uctuation, such example does notappear naturally. It was constructed solely to illustrate possible be-haviors of spatial averages and it has in�nitely many non-di�erentiablepoints. Since it is known that for uncountably many parameters of �,the quadratic family f�(x) = �x(1� x)does not have an asymptotic invariant measure [9], one would like toinvestigate the dynamics of spatial averages for this entire family, i.e.,A(n; �) = Z 10 fn� (x)dx;(1)where fn� = f� � � � � � f� is the nth iterate of f�. Some simple resultsalong this direction were reported in [2]. These simple results concernonly the case when f�(x) has an attracting periodic orbit or f� has anasymptotic measure.In this article, we report our numerical results on the complete pic-ture of the dynamics of spatial averages A(n; �) for the quadratic family2 � � � 4. Our results con�rm that there is a cascade of period twobifurcation at the beginning of the parameter interval. However, thisbifurcation does not lead to any chaotic behavior. instead, it leads toa period two orbit. Our numerical results do not show any inverse cas-cade of bifurcation, nor any chaotic behavior in the entire parameterinterval.An interesting observation from our numerical computation is thatthe spatiotemporal average of the quadratic family seems to exit anddepends on the parameter � continuously. We formulate this observa-tion as a conjecture. It also remains unknown what can happen whenwe consider a weighted spatial averageeA(n; �) = Z 10 '(fn� (x))dx



QMC AND SPATIAL AVERAGE 3for various functions '(x) over the interval [0; 1].2. Main ResultsWe �rst describe the general problem.Let Zd be a d-dimensional integer lattice and M be a smooth Rie-mannian manifold possibly with boundary. Let � be a continuous mapfrom M = 
i2ZdMi, the direct product of identical copies of M overZd, into itself with respect to the product topology. For any continu-ous function ' on M , by the multidimensional ergodic theorem [8] thefollowing limit exists for almost every point �x in M with respect tothe direct product of Lebesgue measures 
dx induced by Riemannianmetric on M :A(n) = limV!Zd 1jV jXi2V '(�ni (�x)) = ZM 'P0[�n(x�)]
 dx;where �ni denotes the coordinate of �n, the nth iterate of �, at thelattice site i 2 Zd, i.e., � = (�i)i2Zd; P0 denotes the projection fromM to M0 [2].The function ' can be considered as a local observable and therefore,A(n) is the spatial average of ' over the entire lattice Zd. The quantityA(n) has di�erent names in di�erent contexts. It is called collectivebehavior in [5] and population activity in [6].The particular model we study in this paper does not have spatialinteraction, i.e., the map � is a direct product of a map f�(x) = �x(1�x) from M = [0; 1] into itself: � = (f�i)i2Zd. In this simple case, A(n)can be written in the following form:A(n; �) = ZM '(fn� (x))dx;(2)where dx denotes the Lebesgue measure and 2 � � � 4 is a �xedparameter.We report our numerical results below when '(x) = x with illustra-tions at the end of this article. Since the function fn� (x) is very os-cillatory when n is large, we use Monte Carlo and Quasi-Monte Carlointegrations in evaluation of the integral (2).



4 MIAOHUA JIANGMain Results:(1) Asymptotically, for every � : 2 � � � 4, A(�; n) is either peri-odic or constant. When � increases, A(n; �) also undergoes a periodicdoubling bifurcation. However, this bifurcation does not lead to anychaotic behavior. Instead, it leads to a periodic two 
uctuation. Inthe regions when f�(x) is very chaotic, the spatial average approachesconstant quickly.Figure 1 plots the values of A(n; �) for 500 points of � in [3:5; 4] and41 � n � 90. For each �xed �, di�erent values of A(n; �) are plottedon the same vertical line. Figures 2, 3, and 4 shows more details atdi�erent area including the so-called tongue-like structure [10]. Onecan see clearly that the 'tongues' correspond to the windows in thegraph of the orbits of the maps.(2) (Conjecture) (a) The time average of A(�; n):STA(�) = limN!1 1N N�1Xn=0 A(�; n);called spatiotemporal average of f�(x) exists for every � 2 [2; 4].(b)STA(�) is a continuous function in � and has self-similar proper-ties.Figures 5-8 provide supporting evidences of our conjectures.(3) There exists � 2 [2; 4] (e.g., � = 3:9616) such that f�(x) does nothave attracting periodic orbits, but the corresponding spatial averageA(�; n) 
uctuates periodically as n tends to in�nity. The mechanismfor causing such 
uctuation is close to the one described in [2]: pointsof the orbit are mostly concentrated in several disjoint sets.Figure 9 shows the dynamics of the spatial average when � = 3:9616.It is clearly asymptotically periodic. Figures 10, 11 , and 12 show thetypical behavior of the orbits of f�(x) for � � 3:96. Figures 13 and 14show the dynamics of spatial average A(n; �) when � = 3:9938 withdi�erent number of points chosen in Quasi-Monte Carlo integration.They indicate that the 
uctuation of the average is mainly caused by



QMC AND SPATIAL AVERAGE 5the numerical error. The true picture of A(n; 3:9938) can only be ob-tained with higher precision computation.Remarks. (1) These results are only numerical observations. The-oretically, A(�; n) is still possibly chaotic. But, the variation of itsvalues is so small that it is usually covered by the numerical noise andvery di�cult to be detected by routine numerical schemes. We haveused quadruple precisions in all computations.(2) Note that the existence of an asymptotic invariant measure isequivalent to the existence of the limitlimN!1 1N N�1Xn=0 Z 10 [fn� (x)]kdxfor every positive integer k since polynomials are dense in C[0; 1]. Theclaim of item (2) is much weaker than the existence of an asymptoticinvariant measure. We believe that the existence of spatiotemporalaverage holds for a rather general class of smooth dynamical systemsand it depends on parameters continuously.(3) Our numerical results also imply that in coupled map latticecases where the lattice size is much greater than the spatial correlationlength, the spatial average is either asymptotically periodic or conver-gent to a constant. 3. Error EstimationIn this section, we give justi�cations for our numerical methods.3.1. Error in Monte Carlo integration. Assume that f(x) is ameasurable function on the unit interval [0; 1] and fxig is a sequenceof independently uniformly distributed random variables in [0; 1]. Theerror in Monte Carlo integration of f(x),� = j Z 10 f(x)� 1N NX1 f(xi)jcan be estimated using the center limit theorem. The most convenientformula is the so-called \ the rule of three sigmas": with a con�dence



6 MIAOHUA JIANGlevel of 0:997, the error � satis�es the inequality� � 3�pN ;(3)where �2 is the variance of f(x), i.e.,�2(f) = Z 10 f 2(x)dx� (Z 10 f(x)dx)2:The con�dence level can be signi�cantly raised if the coe�cient in frontof � is just slightly increased.When f�(x) = �x(1 � x), we have �2 � 2. This estimation holdsalso for all iterates of f�(x). So we have� � 3p2pNwith a con�dence level of 0:997. In numerical calculation of R 10 fn4 (x)dx,the result is much better than the estimation above. We have � � 1pN .The random number generator used in our simulation is from the SGI'sFortran compiler.3.2. Error in Quasi-Monte Carlo integration. Since the error inMonte Carlo method is random number generator dependent, we im-plemented our numerical integration with Quasi-Monte Carlo method.In our case, the domain of the integral is of dimension one, so we simplyuse the following formula to approximate the integral:Z 10 fn� (x)dx � 1pk pkXi=1 fn� ( ipk );where p is any prime number and k is a positive integer. The traditionalerror estimation involving the derivatives of fn� (x) will not give anymeaningful bound on the error since the derivatives of fn� (x) increasesexponentially fast in terms of n. We use Fourier series expansion toobtain a formal representation of the error.Proposition 1. Assume thatf(x) = a0 + 1Xn=1 an cos 2�nx + bn2�nx; x 2 [0; 1]:



QMC AND SPATIAL AVERAGE 7Then 1pk pkXi=1 f( ipk )� Z 10 f(x)dx = 1Xm=1 bmpk :(4)The formula (4) can be easily veri�ed by integrating both sides ofthe Fourier expansion of f(x). There are several advantages of usingthis scheme of numerical integration: it is random generator indepen-dent; on many machines, it is faster than Monte Carlo method; andone can make di�erent choices of the prime number p to make assurethat a good estimation of the integral is obtained. Theoretically, themethod should work especially well when f(x) can be smoothly ex-tended into a periodic function because bm goes to zero very fast whenm tends to in�nity [11]. When f(x) is only continuous, the conver-gence rate depends on how well f(x) can be uniformly approximatedby trigonometric polynomials [11].We compared the errors (Figures 15 and 16 ) from both Monte Carloand Quasi-Monte Carlo integration ofZ 10 fn4 (x)dx = 22n�122n � 1where the exact value of the integral is available. Quasi-Monte Carlomethod shows smaller error when n is not large and approximately thesame magnitude of error when n is large.
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Figure 1. Spatial Averages (a)
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Figure 2. Spatial Averages (b)
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Figure 3. Spatial Averages (c)
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Figure 4. Spatial Averages (d)
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Figure 5. Spatiotemporal Average (a)
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Figure 6. Spatiotemporal Average (b)
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Figure 7. Spatiotemporal Average (c)
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Figure 8. Spatiotemporal Average (d)
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Figure 9. Dynamics of Spatial Average � = 3:9616

3.96 3.9605 3.961 3.9615 3.962 3.9625 3.963 3.9635 3.964 3.9645 3.965
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

fn λ(x
)

Figure 10. Orbits of Quadratic Maps
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Figure 11. A typical Orbit of f(x) = 3:9616x(1� x) (a)
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Figure 12. A typical Orbit of f(x) = 3:9616x(1� x) (b)
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Figure 13. Dynamics of Spatial Average � = 3:9938; N = 106
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Figure 14. Dynamics of Spatial Average � = 3:9938; N = 107
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Figure 15. Error in Monte Carlo Integration of fn4 (x)
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Figure 16. Error in Quasi-Monte Carlo Integration of fn4 (x)
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