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Aunmrgacy. We study the dynamics of a 3Tt dynarairal aystem modeling therrmal ingtability in sold combas-
tlon and give & camplete dassificatlon of 1ta Hopf bifurcation with reapect ta two parareters In the kinetle
function. We ghaw that the gystem does oot hawe a Simibav-Hapf bifurcation contrary ta the seemingly
apparent. Infinite perind bifurcation.

1. INTRODUCTION

In [1] and [B], the anthors introduced a 3D+ dynamical system (given in next section)
modeling the temperature dynamics in solid combustion. The system was obtained by
applying a paeundo-speciral approximation to the following one-phase free boundary problem
formmlated by the same anthors in their earlier works [2], [3], and [4]:

(1) Uy = Uy, 2 < B(1),5(0) = 0;
tiz, 0) =np(z), 2 < 0, up(2) = O
w(S(t), 1) =1+ pi(-Vi(t)),t =0,V ({E) =
w (S(t), 1) =V ()t >0

ds.
dt!

Numerical results in both papers [1] and [5] shown that in certain parameter region, the
3D system possesses interesting solutions with periodie buratings that closely resembles the
dynamica of the original free boundary problem (1). It was suggested that there exista
poasibly a homoclinic orbit at the equilibrium while the system is at its suberitical Hopf-
bifurcation point.
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In this technical report, we combine the normal form reduction at the equilibrinm point
and numerical simulations of the syatem to study further its dynamics and bifurcations. We
obtain a complete classification of the Hopf bifurcation point according to whether it is super-
critical or suberitical with respect to two parameters in the kinetic fonetion K(—17). Then,
with nnmerical simulation, we show that there is no homoclinic orbit at the equilibrinm.

We skip the derivation of the 3Tt system since it is presented in both papers [1] and [5] in
detail. The normal form reduction is performed with help of Mathematica and the mmmerical
simulation is done with ST OOL (tel /tk version). The problem was suggested to the author
by John Guckenheimer.

2. NOoRMAL FORM AND (LASSIFICATION OF HOPF RIFURCATION

In this section, we perform the normal form reduction to the syatem below to obtain Hopf
bifurcation diagram with respect to two parameters in the kinetic function.

2.1. The dynamical system. The system is directly obtained from [1].

(2) z=3-22—3y— 24—%(94—1] +v? — vx] + 3yl + 1) + v,

h k
§=—22—3@;—§+%(ﬂ+1]+02—ﬂm+ﬂy,
o =h,
where
b= {2z — pk — o)
=
and k& = k() is the normalized kinetic function with &(0) = 0,4°(0) = -1.
The relations between the variables in this system and the original PDE gystem (1) are
v=1+V({), kiy)=K(1-2v);
2(1), y(t) are related to the approximate deviation of the solution from the basic traveling-

wave solution u(z, 1) = e***.

2.2. The normal form. The origin (z,y,v) = (0,0,0) iz an equilibrinm point for all valnes
of the parameter p. Linearizing around this equilibrinm point, we obtain three eigenvalues:

M=, dos=(9-3/u+ VB~ 5/uF - 3.
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The value ¢ = 1/3 is a Hopf bifurcation point. We classify this Hopf bifurcation point
according to whether it is supercritical or suberitical. The kinetic function k(v) is assumed
to be smooth. Since we need only to consider at most eubic terms in the expansion of the
vector field around the equilibrinm, we take the moat general form for k(v):

k(o) = —v +av”® + b’

Plug kiv) into the system and truncate it to obtain the following system.

(3)

& =2—1P(3p21: (-1 +(-1+a)v+ia+b) )
+3(—2av* + 22 + dave + +* (-1 + B’z 4 Gbe))
+u(3(2+a)d” +6(a +8) " —12(z+y) +ﬂ(3—4m+ﬁy]})i

g;,=2—L(—2av3+p“v(—1+(—1+a]v+(a+b)tﬁ)+2m+4aum

07 (=14 8a 1 Bbs) + 4 ((24a)0* +2( +8) ' —dz— Gy +vil - 2 +29)) ),
1

" o

kil

(2&1?5—;.:1: (1 +atr+2a2ﬂ2+21m2) — 2» — dave +t?2(1 —Bagn:—ﬁb.r)).

We first make a linear transformation to the troneated system using veetors in the corre-

sponding eigenspaces as a basis.

@) == (/07— Su— (1a),
¥ = (/81— )3 + (1/4)3 — Du - (1/12)1,

¥ =434u,

where ! =54u — 6952 — 9.
At the Hopf bifurcation point g = 1/3, we have the ayatem in terms of (3, o, w).
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(5]

5=—s+ %(2 (<36 +6*+8) s + 5 (=3 + — 18au +3bu — 3v/3bw + 20° {u - 2v5u))
—u{(8a 20 1) o +VB(-1+ 2w +u {24 a+-4v3a% +3v3u) )
— 5 (2a(0 + @) u® - V3w + 2v/3aw +u (5 + 83w +6vhu) ) )

= 1/_3w+%(—6(—3a+a”+b) 58 + 3 (Ba + 2a% + B) u® + v/3(—1 + 6a) uw
+u? B+ 30 +3v/3(4a? + 3)u) — 39% (@ — 3+ (262 — 180+ 36)u — V(36 + et )
+5(8a (9 +a)a® +V3(=1+8a) w+u {17 + 24v3cw + 18v3bu) ) )

i = —/3u
+ ﬁ(s(m — Ba? - 68) 5° + 5 {9 — 21a + (2524 — 30a® — 636)u + 15v3(4c? + b))
+u{—6+3 (286 + 106 + 36) ” — /3w +30vBaw + 3u {4+ 36 + 20v/3a% +15v3bw) )
+5 (6 (420 + 5” - 36)u? + VB (~1+ 30a) w + 3u (7 — 40 +40v3aw + 30V3hw) ) )

According to the normal form theory [GH], we can find a quadratic transformation that
eliminates all quadratic terms in the expression of the vector field (5):

(f]:p+(3—;)p" _u +3163a)q"+ 5v;_634"r B I;Giz” ((3—_?)44%)
:4—3(3J;fajpﬂ+(1+§“w+3§—(23,5+2u/§a)qr
- %((95+174ﬁ)q+1/§(366 —31jr)
w:T+J§(—1511-17a]p“_'_1/5(—124-3“]4“2_%_ (%_’_2&),&
+ e (V78 + 04a) g — (118 + 2164) )

The new aystem in variables (p, ¢,+) is given next. We retain only the terms of orders less
than or equal to three.
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(7)

B =—p+%(—39(63— 108a + 4a® — 148) 5* + p* (—3 (118 — 62154 + 24424 — 273b) ¢
+v/3 (—3945 + 1553a + 430262 — B198) r) —21p ((—29 — 662 + 2642) @ + 2V/3(97
—101a — 174a® 4 398) gr + (6 + 240a — 264a°)r%) — 7(3 (18 + 39a + 182¢® +-136) ¢*

V3 (87 +527a — T8 - 1176) ¢ +6 (49 +40a — 156%) @r” — 36v/3 (1 2a)r*) )

=3+ %(117 (45 — 96a +44a® — 148) p* + 357 ({—2390 — 17707a + T3264> — B195) ¢
+v/3 (3527 — 3603a — 43024 + 5198) r) +21p ((—509 — 1922 + 792a%) & + 2/3(205
~573a — 522a® + 1178) gr + 6 (25 + 78a — 132} v?) + 7 (3 (30 + 299a + 548a® + 395) ¢
— /3 (337 + 18156 — 334” — 3518) ¢ + 6 (121 - 36a — 468”) @r” — 35v3(1 - Ba)r*) )

P =—v3g+ %(1171/5(13— 80a + 88a” - 38) p° + 357 (V3 (~ 1214 - 9497 + 156824
~19118) ¢ + (3961 — 15759 — 19998a” + 40956) r) + 21p {V3(~279 — 1214a
+1668a> — 788) ¢ + 2 (267 — 2053a — 23464’ + 5858) gr + 4v3 (19 + 134a — 330¢7) r“)
+7(3v/3 (20 + 3210 + 8580% + 398) £ +3 (~169 — 14174 + 7024% + 5856) &*r
+96(=1+30) r* + 23 (184 — 5644 — 23400%) @) )

To determine the type of Hopf bifurcations, we need to restrict the vector field to a central
manifold corresponding to the pair of imaginary eigenvalues. However, since any central
manifald is tangent to the plane p = 0 at the origin, the equation for the central manifold
can be written as § = p(g, ), where (g, r) is at least of arder 2 in termas of g,  (in fact, order
3 in this case, since there is no quadratic terma) near the equilibrium. Substitute pig, r) for
p into the last two equations in the system. We see that all terms containing fi(g, r) will be
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at least of order 4 and therefore, we can simply set p = () to obtain the following syatem.
(8)

. 1 a

§=+3r +ﬁ(3(30 + 299a + 548a” + 398) ¢° — V'3 (337 + 1815a — 2344® — 3518) ¢r

— 6 (~121 +36a +468%) gr? + 36v3(~1 + 6a) r*)
1
i= 3+ ﬁ(sv’é(‘m +321a +858a% + 395) ¢ — 3 (189 + 1417a — 702¢* — 5856) ¢Pr
+36(—1+306) 1% - 8v3 (46 + 114 +585%) )

The normal form theory [GH] again tells na that we can further apply a cubic transfor-
mation to obtain the normal form in the center manifold. The explicit formula of cubic
transformation is omitted because it is rather long. The normal form is given in variables
(X, Y).

(9)

X =437+ ﬁ( (107 + 488a + 140402 + 7026) X° — /3 (331 + 9764 +936a%) X2¥

+ (107 + 488 + 14046? + 7026) XY — /3 ({331 + 976 + 93647 ¥*) )
YV =-v3X + %(\/’5(331 + 976 + 936a%) X% + (107 + 4884 + 1404a® 4 7028) X ¥
+ (107 + 488 + 140402 + 7028) Y* + /3 ((331 + 9760 +936a%) X¥?) ).

Thus, the type of Hopf bifurcation is determined by the sign of the coefficient
1
<=8 (107 + 4884 + 140Ma® + 7028) .

It e < (), the Hopf bifurcation point g = 1/3 is supereritical and if ¢ > (), the Hopf bifurea don
is subcritical. In terma of parameters & b, if & <« —22673/2468402 = —0.092, the Hopf
bifurcation point g2 = 1/3 is supercritical when « is in the interval

I (—122 — +/—22673 — 2464026 — 122 + +/— 22673 — 2464026).

B 702 : 702 ’

the Hopf bifurcation is suberitical when a I excluding the endpoints. For & > — 22673/ 246402,
the Hopf bifurcation is suberitical for all values of a.

2.3. Two Examples. There are two types of kinetic functions congsidered in this model
[5] [10]. The firat kind is Arrheninstype kinetics obtained from modifying kinetics in gas
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combuation [1)];
_ log(l1—w)
falv) = 1 — vlog{l1— %)’

The second type was introduced in [5] for numerical simulation, which resembles &; ()

around » =10

_(-we-{-v~7
kalv) = atf .
Expand both funciions into power series aronnd v = ). We have

(10)
ki) = —v +(—% o+ (—;—’ +o — Mt + O,

(a1)
Tltac B, 2tseo el P o

ko(v) = —v + : 8 .
For the firat type of kinetic function k;, we have
1

c= m(—lﬂ — 107y + 3514%).
Thus, the Hopf bifurcakion is supercritical if
¥ £ (—0.075, 0.38).
For the kinetic function ks,
¢ = — 2+ 2340 + 1073 + 2343 — (107 4 5857).
The condition to be supereritical for the Hopf bifurcation point ¢ « {) is then equivalent to
|[468e — 107 — 568573 < /30169 + 25038 + 12320182

When 3 =1, the interval where Hopf bifurcation is supereritical is o < (0.5761, 2.381162),
whaose approximate value was found numerically in [1].

3. SEARCHING FOR A SILNIKOV ORBIT

For the second kind of kinetic function ks, in both PDE case and ita finite-dimensional
approximate OD'E system, it is shown numerically that there apparently exista an infinite
period bifurcation, which indicates the possible existence of a homoclinic orbit at the Hopf
bifurcation point in the subcritical region. This coincidence of existence of a homoclinic
orbit at a smberitical Hopf bifurcation is also called Silnikov-Hopf bifurcation [11][14].
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3.1. Silnikov-Hopf bifurcation. The normal form reduction will enable ns to further in-
vestigate this phenomenon numerically. We firat state a result concerning the consedquences
of the existence of such orbit.

(B8] If ¢ = 1/3, (e, 8) = (0, 50) i8 2 subcritical Hopf bifurcation peint and there exists
a homochinic orkit at the equilibrium point, then, thers exists a curve T in the parameter
space (p,a), g < 1/3 (with 3 = B, fixed) starting from the point (1/3, &) such that the
system is hyperbolic and possasses a homeclinic orhbit for all (p, o) €T

This result follows from part () of the main theorem in [8]. The curve T is defined by
zeros of the Melnikov function, which measures the distance between the orbit in the atable
manifold and the unstable manifold of the equilibrium. Using this result we now describe a
atrategy of verifying the existence of Silnikov-Hopf bifurcation.

Asmume that for parameters g, e, o, the system has a homoclinic orbit at the equilib-
rium, where pp = (1/3 — §,1/3] with § > (0 small. When pp = 1/3, the parametera (ay, F)
are necessarily in the region D where the Hopf bifurcation is suberitical. When pg < 1/3,
by the continnity, the parameters (¢, ) are in a small neighborhood of this region 1.

We shall use the system in variables (3, u,w), i.e., the linearly transformed one. In this
coordinate system, the stable manifold is tangent to the s-axis and the nnatable (central )
manifold is tangent to the plane 3 ={. Now, we select a rectangnlar domain near the origin:

E={lspw)|-efsfelacpCusp<lw=04h

We can choose ¢ and gy, pq such that the homoclinic orbit passes ¥ transversally if it ever
exists. The gnidelines of choices are:

1. The rectangle ¥ shonld be amall since we will look for homaclinic orbit passing ¥.

2. To choose py, pa, we need to make sure that the interval [p, po] is long enough so that
when the homoclinic orbit apirals out, its projection to the s = (0 plane will intersect this
interval. We consider the linear approximation of the vector field in the unstable manifold
in the polar coordinates:

f=ep, G=uw.

The condition gy > py(1 + c%"j will gnarantes that the spiraling-out orbit intersects the
interval.
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3. Since the equnation for the unstable manifold is of order two near the origin, the ¢ can
be chosen at the scale of (o2, where {7 depends on the nonlinear part of the fitst equation
of (5).

For, any parameters p, o, {3, if there exists a homoclinie orbit at the equilibrinm, then,
there exiata an orbit #(t) = (s(2), u(t),w (1)), 0 £ ¥ < oo with ¢(0) € E and

(12) Tim ||6(2)|* = lim 5*(2) + () + w?it) = 0.

Note that this is only a necessary condition. The condition becomes snfficient. if we require
that $({0) be in the unstable manifold.

For the system (5], we show mimerically that the condition (12) does not hold for any
cloge to 1/3 and any parameters (e, ) in the neighborhood of 1. Our numerically results
show that

(13} min min_minx?{#) + w?{#) ~ 0.01.
5 (ef)eD tz0

3.2. Remarks.

1. Increasing langth of periods It is shown in [1] that, as p — 1/3, there are periodic
orbits with longer and longer periods, which indicates the possible existence of a homoclinic
orbit at p = 1/3. However, if we further examine the speed of the increasing period with
respect to the distance (1/3— ), it is much slower than the theoretical estimation m [7]-
In fact, we found that there is a bound for such period: the maximal period for any periodic
orbit that passes a amall neighborhood of the origin is at the scale of 1/(0.01)2 = 10000.
Our numerical resnlts indicate that the maximal period is around S000.

2. Backward integration method: The nmmerical estimation (13) gives us another way to
verify the non-existence of homoclinic orbit by looking at the behavior of orbits close to the
atable manifold when time ¢ — —o0. First, it is easy to observe that all trajectories started
in a neighborhood of the origin are bonnded in pogitive time. We select a amall ring (radins
< 0.005) of initial points around the s-axis near the origin parallel to the 3 =) plane. When
we integrate the system backward with these initial values, the stable manifold is located
inside this cylindric region. Our mmmerical result clearly shows that the stable manifold is
eacorted outside to infinity (see figure 2 (b)-(d)).

3.3. Snmmary of numerical computations. We summarize our numerical remlts on the

dynamics and bifurcation of the aystem (2) with illustrations.
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1. The existence of homoclinie-like periodic orbits (fgure 2 (a)): For p e [1/3 — §,1/3),
and (e, ) in the region I in Fignre 1, there is an attractive periodic orbit that resembles a
homaoclinic arbit. The period increases as g — 1/3. The period also depends on parameters
(e, ). The period is the longeat when g = 0.333,0 =2.5,7 =10.9.

As p approaches 1/3 (when x> 0.3331), fewer orbits can be re-injected back towards
the origin, many periodic orbits will atay inside the unstable manifold away from the origin.
Orbita not very close to the unstable manifold near the origin can still be re-injected back
towards the origin and atay in the nnstable manifold thereafter (see Fignres 3 (a) and (b) ).

2.The dynamics when g = 1/3: At this Hopf-bifurcation point, almaost no orbits started
in a small neighbarhood at the origin around the ceniral manifold can leave the central
manifold, which looks like a rather regular parabolic cone (Figure 3(c)). Some orbits outside
can sfill be re-injected into this cone and it takes a very long time for them to spiral ont
(about 5000 time units). Then, the orbits form a limit cycle at the rim of the parabolic cone.
No homoclinic-like periodic orbita are observed.

3. For the first type of the kinetic function k4 (v), no homoclinie-like periodic orbits are
found. There exists a sink not far from the origin and all the orbits started in a neighborhood
of the origin are attracted to the sink. This reflects the fact that k) is closer to kg when
(o, #) are small. When 8 > () is amall: & « (.7, there is also a sink which attracta orbita
from the neighbarhond of the origin.

4.Periodic doubling in the supercritical region (Figures 4{a)-(i] ): A periodic donbling
cascade in the supercritical region is not found for the kinetics &y, the size of the limit eycle
increases withont mmch change of ita shape. A periodic doubling casecade of the limit cycle
and an inverse cascade in the supereritical case for kinetics kg are found to ocenr when (e, 5)

is in region I 7, directly across the region I where homoclinie-like orbits occur.

4. Back To THE PDE MODEL

Further questions to be considered.

1. There exists numerical evidence that Hopf-bifurcation exista for the PDE system [4].
Droea the classification of Hopf bifurcation apply to the PDE aystem too? ie, in the region
1, is the Hopf-bifurcation subcritical?

2. Is there a homoclinic orbit in the PDXE system ?

3. As we vary parameters p, «, and 7 with respect to time ¢, can we obtain solutions with
irregular intermittent burstings (see Fig. 5)7
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4. Troes the psendo-spectral approximation apply to the two phase solid combustion model
[10] [12] [13] If it does, do we obtain similar dynamics for the finite dimensional aystem?

5. This 3D model is obtained by projecting the PTYE system onto a 4 dimensional space.
Do we obtain subtle changes of the dynamics when we increase the dimension of the space
(increase the number of modes)?
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I. Hopf bifurcation is suberitical.
There exist homoclinic-like orbits

IL. Supercritical Hopf
bifurcation, Periodic
doubling cascad e

=

Frzuge 1. Efforcation diagram for the Hopf hifnveation point i =
1/3 of the second type Hinetic fanction kafw)



a0 SYSTEM M{ODBLING THERMAL INSTABILITY 13

Fig. 2 (b} Stabla manifold ascorted out of
the naighkorhood of tha eguilibrium

Fig. 2 { ¢} Inside the parabolic cone

Fig.2 {d) Stable manifold goes ta infinity



14 MIA{IHITA JIANG

Fig. 3{a) Qrbits leave tha naighborhood o the
equilibdum and re-enter if, =033

Fig. 3 {b} Fewer arbits can leave the neighbar-
hood as p appraaches V8 eq., p=0.3331

Fig. 3 { O} When y=113, only orbits rather far away
from the origin can ba re-injected bhack and stay
in the parabolic cone,

Fig- 4{a} A iimit oycle whan [c2.f) is in regian k
and | is closa to 113 =032,
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/
/
e p
—
Fig.4 (I+) Limit circle doubles ity period as o Fig, 4 ( ¢} Perivd doubles o 4. p=0,3257,

decreases:  p=0,327,

Fig.d (d) p= 03265 Fig.d (¢} u=0.3263
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The loverse Cascade of Periodie Doubling

it ot

Figd{ p=in326

Fig.4 (g) p=H324

-

Fig.# () j=0.32

Fig.# (i} p=0.31
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FizuRk 2. {a) ‘Homoclinic-like' ovbita; (b Stable manifold ea-
corted omt of the neighborhood of the equilibriom; {c) Inside the
parabolic cone; {d) Stable manifold goes to infinity.

FIGUBE 3. {a) Orbits leaving the neighborhood of the equilibrinm
and re-entering it x = 0.33; {b) Fewer orhits can leave the neigh-
borhood as j: approaches 1/3: u = 0.3331; {c) When x = 1/3, only
orbita stavted rather far away from the ovigin can be re-injected
back and stay in the parabolic cone.

FIGURE 4. (a) A limit cycle when (o, §) = (2,0.9) and i = 0.33
{b) Limit cycle donbles ita period as i decreasea: i = 0.327; {c)
Period donbles to 4. p = 0.3267; (d) u = 0.3265; fe) u = 0.3263;
{£) o = 0.326; {g) 4« = 0.324; {h) s = 0.32; (i) o = 0.31
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