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Ablatract.

Partlal differemtial equationa that are invariant under enclidean transfarmations are
traditlomally nsed a5 models In pattern farmation. These models are aften paced an Arite
doraire {in particular, moltidimenslonal rectangles). Defining the appropriate boimd-
ary conditlons 15 often & very subtle prablem. On the other hand, there s pressure ta
choase the boundary conditlons which are ranat atiractive to mathersntical trestment.
Geametrical shapes and mathematically friendly boundary canditions nauslly iraply apa-
tlal symaretry. The presence of gymmetry effects which are 'hidden’ in the houndary
conditions was naticed and carefnlly inveatigated by several researchers during the paat
L5 yenrs. Here we review developmertd in thia qubject and intradure & unifying formal-
am ta uncover apatial hidden symmetrios (hldden translations and hidden rotations) in
rmnltich slanal 7 gular damaing with Neumann haundary conditions.

1. Introdnction. The diversity of natoral patterns i3 fascinating.
The design of laboratory experiments which reprodnce snch patterns has
attracted many reseavchers from varions fields of scence and engineering.
It has become traditional to model pattern foxming systems with partial
differentinl squations. For example, reaction-diffnsion equations ave well
eatablished models in chemistry [42] and biology (45, 36, 58], the Bomssi-
nedq equations [37] model thexmal convection in a thin layer of finid, the
Knramoto-Sivashinaky [45] eqmations mode] inatability in flames. These
models ave often posed on finite domains and need a specification for the
bonndary conditions. (Geometrical shapes are favonrite to mathematical
analysia and compntations, and some bonndary conditions ave more at-
tractive than others. Geometrcal domains and mathematically friendly
bonndary conditions nsually imply symmetry. Symmetry is a vexy imapox-
tant ingredient in a pattern formation model. Tt i eazential that the model
exhibits the Tright® aymmetries. Here we address the problem of apatial
aymmetries which may be ‘hidden’ in the bonndary conditions. They may
be wanted. Or maybe not. In either case it ia important to nnderstand
their effects. Problems of nnwanted spatial hidden symumetries in models
may be resolved by choosing domains and honndary conditions which do
mot aopport them.

Typically 2 pattern forms as a bifircation parameter s variad across
a critical vahe. A techmigue generally nsed in this sitmation & to rednce
the dynamizs to a simpler set of equations whose general form depends on
symmetry comsiderations. There are essentially two rednction formalisms,
which addvess different issmes in pattexn formation:
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1. The first formalism exivacts the nniversal properties of regnlar pat-
terns. A small nnmber of Fonrier modes provides a good charac-
terization of snch patterns [20]. In this case, the dynamics rednce
to a finite set of ordinary differential eqnations {center manifold
rednction [2§]). The variables in the aqnations are the amplitndes
of the relevant modes. A Liapunov-Schmidi redunction [20] is an
alternative method, leading to a set of algebraic equations that
retain information abont the eqmiliteia of the system, ot not the
dynamica.

2, The second formalism i a natoral scheme which additionally ex-
tracts pattern ireegnlarities by considering that the apectynm of
growth rates B contimmoms. In this case, the amplitndes mivo-
doced are the emvelopes of the varions mode shapes. The en-
velopes depend om apace and time and a0 are govermed by 2 st
of conpled partial differential equations (Newell-Whitehead-Segel
[41, 44]). Forther considerations abont the symom etries of this type
of rednced eqmations can be fonnd in [27].

Thia articl i divected towarda the fivat formaliam. In particnlay, we expose
a pronp thearetical approach which provides information abont the general
form of the Liapmov-Schmidt rednced equations.

The partial differentia] equations modelling pattem forming aystems
are often invariant nnder some gronp I of enclidean transformations (frans
lations, rotations and reflections of the physical space). Any PDE that is
posed on a domain 2 and i invariant nnder the gronp I' will inherit those
symmetries in I' that presarve the domam and the honndary conditions.
The same imvarianee will hold for any rednced bifoves tion eqnations derived
from the PDE. Naively, one wonld not expect a system modelled by 2a PDE
on a bonnded domain to inhexit any symmetries that do not leave the do-
majn invariant {in particolar, transltions and certain rotations). However,
when only the aymmetries of the domain ave taken into acconnt, it i not
mnnanal to find nnexpected conjogacies and nnevpectad highly developed
pattexm.

It & now well known that many of these degeneracies can be created
by hidden symmetries that leave invariant the PDE and the bonndaxy con-
ditions, but not the domain. Given a PDE on 2 bonnded domain ¥ with
certain bonndary conditions feg. an a-dimensional rectangle with Nen-
mann bonndary conditions), the obvioma conjogates to 2 aohtion 4 are
obtaimed by acting on o with the enclidean tyansform ations that leave in-
vadant the PDE, the domain, and the bonndary conditions. In order to
investigate the presence of more symmetries, an abatract extension to a
larger domain withont bonndaries {e.g. the whole enclidean space E") is
constrocted. The original problem i embedded in the larger abatract prob-
lem. The abateact problem in the nnbonnded domain allows more freadom
for symmetry tramformations to act, Therefore, the extended problem will
typically have a Jarger class of solntions, possibly with finer strnctnve. From
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this Iaxge class we select the solntions which satiafy the original bomdary
conditions. The interesting observation i that this method may lead to so-
htions that coincide neither with « nor with ita image onder the enclidean
tramformations that leave the domain invariant.

Thia article reviews the effects of apatial hidden symmetries in rect-
angnlay domains of arbitrary dimension. It contains a brief description of
hidden translatiomal symmetyies [11, 21, 22, 23, 24, 6], hidden rotational
symmetries [9, 25], and forced symmetry breaking of the bonndary condi-
tiona [3, 4, &, 10, 29]. A genevalization to a larger class of PDEs and moxe
complicated domains was established in [16]. In particular, the anthors
deacribed some of the posaible effecta that hidden symmetries can have in
hemispherical domains with Nenmann honndary conditions on the equator.
Another important genexalization was established in [15, 18], where it was
shown that the effecta of hidden symmetries ave vetained by discretizations
of reaction-diffnsgion equations in domains which are of a rectangnlar shape
fin particolar interval and squnarve). Despite all the possible generalizations,
the bulk of spatial hidden symmetyry research was developed foxr PDEs in
rectangnlar domains, and this 38 what the remainder of this artice will
elaborate on.

Other types of hidden symmetries {associated with time /apace trama-
Iationa, Galilean transformations, ete.) exhibited by Hamiltonian systems
have also been discovered {see for example [40]). These symmetries, which
coxvespond to “hidden’ consexvation laws, ave not addressed in this article,
and are mentioned heve mostly to prevent possibe confosion. The geomet-
rical approach nsed heve is divected towards symmetries which are porely
apatial.

2. Mdden Translatlonal Symmmetries. The anhtle effacts that the
bonndary conditions indnce on the genevicity of bifnreation problems were
first noticed by Fujii et ¢f [17] and formalized by Axmbrnster & Dangelm ayr
[1, 12] for corank two steady-state bifmyeations of a veaction-diffnsion eqmna-
tion on an interval with Nenmann bonndary conditions. Crawford et of
[11] pointed omt that anch degenevacies, which ave associated with hidden
tramslational symmetries, may alao be present in the simpleat covank one -
forcations. The effects of hidden translational symmetries were explored in
considexable detail for steady-atate and Hopf bifnrcations of elliptic PDEs
in n-dimensional vectangles by Gomes & Stewart [21, 22, 23, 24]. These
vesnlts are a very natneal gemeraliation of those refevenced above for the
intexval.

We proceed with a brief deacription of the method in the context of
steady -state bifnrcations in the rectangolar domain

2.1) D =[0,d] = 0,dg] % =+« x [0,d,].

Let P : X v« E = ) denote an elliptic operator {e.g. reaction-diffnsion)
between fonction spaces A' and ) that allow Fonrier expamsions and the
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nse of the implicit fanction theovem. We are interested in steady solutions
of the PDE

[2.2) us + Plu, Ay =10,

which satisfy the Nemmann bonndary conditions

(2.3} g; =0 fm 2= 0,4,
f

for § = 1,2,... ,a. The guantity & £ B in aqnation (2.2) i a hforeation
parameter and, for simplicity, & : T — B is restricted to being a acalar
function foften when considering biforcations the general sitnation of & :
Tt —+ E™ being vector-1alned vednces to this case [31]). We asnme that
P is equivariant mmder an action of the enclidean gronp Ff{n) consisting of
a semidivect snm of the gromp of rotations and reflections {{n) with the
gronp of translations B {the method adapta to cases where P is nvaviant
mnder a snbgvonp of the enclidean gronp, rather than the whole enclidean
gronp [31]). The action of an element -y € F{n) on « i defned as

(2.4) r-upla) = ufy ™" -2).

We amsnme that there is a trivial solation u = 0, nndergoing a generic
steady-state bifnrcation when A is varied across a critical valoe A,. More
formally, the lmeavization

{2.5) I, = ({dPloao)

has a nontrivial kexne] and the eigenvalnes that go throngh zero do so with
nonwerd Fpeed

The reflections acro= the hyperplanes z; = d; /2, whose action on the
domain T is
12.6) Kz ¥ di — 2y
are always symmetries of . In the genexal case of all d; being different
the group generated by the jo;, i the symmetry gronp of . The bonndary
conditions (2.3) and equivariance of P under the enclidean gromp Fin)
allow the nse of the snbmronp I3 of Ein) generated by the weflections
[2.7) Tyrmg ¥ —Iy
to extend any solution w of P{u, A) = 0 to the larger vectangle
(2.8) D = [—dy,d)] » [~da,dg] % o= % [t i)
by reflection across the bonndaries

(2.9) ufry -z} =ufz).
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Here the n-toms T = E* /£ represents the effective action of the transla-
tions on the spaces A¢ and ). The holohedry I of the lattice £ is the
gronp of rotations and reflections that leave the lattice imvariant.

By constroction, ZJ* i a snbygroup of H. In fact, almost all rectangnlar
domaing lead to

(2.14) H=2zp

In the case of equalities between the d;, the gronp i will inclnde faxther
rotations.

More anbile i3 the presence of rotational] symmetries not associated
with equalities of the J;. Such degeneracies are due to hidden rotations
which we now briefly descavibe (2 more rigorons treatment will be given in
the next section). Often one sees patterns that possess more strocture than
the domain. Snch strnctore may be captored by a refinement of the Iattice
£. The specified bonndary conditions on T and T¥ ave aatisfied by fonctions
which are periodic with reapect to 2 finer lattice. Lattice refinements may
lead natnrally to hidden rotational symmetries as will become clear in the
next section. Most rectangnlar domaing do not support snch degeneracies,
amd in this sense we call them generss rectengulor domoins, However,
laboratory experiments and nmmexical simnlations are often performed in
apecial rectangles and hidden rotatiomal symmetriea ave 2 reality. Thia
isane ia the porpose of the next sepction.

The remaining of this section i comcerned with generic rectangmlar
domains. In this case, ¥ = Z2, the opexator P in {212) & Z2 47"
equivariant, and the kexnel of the linerization Ly _in the space of £-periodic
fanctions is generically an irvedncible representation of the same gronp [20].
Finally, by impoaing invariance nnder the gronp 5 we obtain the solntions
that satiafy Nenmamn bonndary conditions on T and whose bifoveation is
associated with that of the soltion & that was originally extended. The
reanlting anbapace, Fix{ 23], 18 an abateaction of the kewmel

(2.15) V = kexr(I,)

in the space of fimetions aatiafying the oviginal Nenmann bonndary condi-
tioms.

The method just described may lead to solntions that do not coincide
with the original solntion u nor with its imazes nnder the symmetries y;
of the domain. In particnlar, the simpleat periodic solntions satisfying the
Nenmann bonndary conditions {2.3) are of the form

[2.168) wulx) = cos((k, /d )z ) cos ((Ry fdo Jzgm) - cos (R, fdn ) Zpm)
where the &; are nonnegative integera. The vector

—(uh k.
(2.1%) k‘(m’d,"“’dﬂ)
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i called wove vector and its absolute valoe |k| is the woeve number. It can
be verified that the reflections y; act on the fanction wuy as

—uyfz) if k; i odd,
ugfm) i Ry B even.

{2.18) (u5 - )iz} = {

If the jc; and their composites were the only symmetyies of the problem, the
conjogacy claazes wonld sometimes have one and sometimes two elements.
When the symmetry gronp Z2+7™ i nsed appropriately it tnms ont that
all conjogacy classes have two elements. The action of this gronp ndnces
a nontririal veflection in the eigenapace that acts a3 2 pexmmtation in the
conjogacy class {wy, —te}. An lllnstration in two dimensions iz shown in
fignre 2.

The agendpace iz typcally one dimensional, its elementa having the
form

{2.19) ufr) = Aunlx),

where A is the real amplitnde. Using the equivariant Liaponov-Schridt
reduction {see Golnbitsky et of [20] fox a general treatment) the problem
Plu, A) =0 B equivalent to the stndy of sexos of a samooth fonction of the
form

2.20) fiA* 04 =0

where the parameter A i3 shifted a0 the critical valne for hifmveation ia
mow A = 0 {see [11] for a more detailed dednction of this equation). The
biforcation diagram for equation (2.20) is a pitchfork, and we repeat that
this i3 nnexpected for eigenfonctions which ave even in all z;.

By choosing the lengtha o5 of the domain appropriately, we may have
bifnrcations with higher corank. A corank two bifircation corresponds to
a sitmation where the two aolmtiona sy and w,, bifivcate simmhtaneomshy.
These degenerate bifoveations may be nnfolded by a family of hiforeation
poblems parametrized by 2 path in the d; parameter space. The pavam-
eters d; ave called anfolling pavameters (see Golubitsky et of [19, 20]). In
thia case, Gomes & Stewart [22, 23] define

2.21) K =maxk; L =max§

§ i
and show that the vednced hifnveation eqnations arve of the form
(2.22) AT B A+ (A0 B At BR =0
(2.28) QA BB + (A B ) ARER =0

it all &; have the saame parity and all #; have the same parity, but they take
form
(2.24) FlA, B A =0
225) gl A, B NE =10
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otherwise. This is a corions ontcome of the analysis of Gomes & Stewart
[22, 23]: the vedmced equations for coxank two bifmrcations can be char-
acterized in very general terms, independently of the dimension, f, of the
domain. Fovthermore, Manoel & Stewart [32, 33] eatablished that the sin-
golarity theory for these problems can similady be rednced to the gerns
defined on 2 one-dimensional domain by Armbrnster & Dangebmayr [1].

In rectangles of dimension n, the parameters & provide nnfoldings of
bifmrcations with corank np to n + 1. Gomes & Stewart [22, 23] desaxibe
how to obtain analogons vednced equations for bifnreations with arbitearvy
corank. This mvolves determining the typical form of a map which is
equivariant nnder the Tight’ symmetries. The resolntion of this problem,
which can be achieved analytically for bifivcation of corank ome {2.20)
and two 222, 2.24), relies on algorithmic combinatoria] com potations for
bifmrcations of higher corank. This ssne will ot be porsne foxther heve.

Reanlts in one-dimensional domains were applied to reaction-diffmsion
model of ecological systems [17]. In two dimensions, these resnlts fonnd
a very wide variety of applications: for instance, reaction-diffnsion [34,
35, 3, 4], comvection [39, 21, 31, 5, 29], solidification of hinary flnids [30],
Knramoto-Sivashinsky equation [2], Faraday experiment [7], elastic bock-
ling [28]. The resnlis are equally applicable in higher dimemsions hke
Rayleigh-Bénard convection [22] in a three-dimensional domain with rect-
angnlay cross section. The stndy of three-dimensional pattexns i not nearly
a3 developad as in lower dimensions and this i reflected in the demand for
this method.

3. Hidden Rotational Symmetries. Ashwin [2] noticed another
effect of hidden symmetries in the Knramoto-Sivashinsky equation in a
two-dimensional rectangle with Nenmann bomdary conditions. He reports
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the existence of bifmrcations of arbitrarily high corank for some critical
domain lengths. This phenomenon i doe to nnmber theoretic degeneracies
asaociated with votational symmeteies.

These symmetries are nncovered by applying the extension procedmre
deacribed in the previons section, which can be spmm ariged in the following
six stepa:

1. Comsider a model consisting of an enclidean invariant elliptic PDE
on a rectangnlay domain T with Nenmann bonndayry conditions.

2. Extend the proHem to the lavger vectangle T by reflection across
the bonndaries {these reflections generate the mronp Z7). Extend
to E* by pexiodic replication.

3. Define the Iattice £ consisting of the vertices of T¥ together with
their replicates in B™ {as in fignre 1).

4. Determine the holohedry H of the lattice £.

5. Comtruet an irredncible wepresentation of H+7 {for more dagen-
erate bifowations several of these vepresentations combine nondrre-
dncibly as a divect snm).

6. Restrict the vepresentation to the mbspace Fix{Z}') to obtain an
ahatraction of the kernel V' with the appropriate symmetries.

The previons aection was concerned with generic rectangnlay domaina,
where no rotational symmetry was present. In those cases, the holohedyy
group of the lattice £ & & = Z7, the group genexated by the reflections r;
acvosa ;= (). This faik when some of d; ave equal, rotational symmetries
appearing in the larger holohedry ¥ = ZJ. There are, however, moxe
subile cases where H = Z7 bl rotational aymmetriea are atil] detected.
For this reasom, these are called hidden rotational symmetries.

Comsider that when the bifovcation parameter i3 at the cvtical valne
Ac, the real eigenfuntion

3.1} uulz) = coa(fky/d) Joym) coa {{ky fdg Jzgr) -+ -cos (R fdo ) TaT)

i3 in the keynel ¥ of the lnearized Nemmamn bonndary conditions problem.
Soppose that we relax the bomdary conditions and, 23 Dionne & Goln-
hitaky [13, 14], define 2 plone wove a3 the complex-valned fanction of the
form

3.2) wa(z) = ellba)

where k = (& /d) R/, . .. Ry fd,) i3 the wave vector a3 before, and obtain
a real eigenfmetion of the linearized endidean invariant probem as

3.3) nfx) = 2emfz) + Fr—_ufz).

Naote that by imposing the Nenmann bonndary conditions (2. 3) on vy, we get

an eigenfonction of the foom wy, The £ {n)-equivariance of L, gnarmntees

that if &y, is an eigenfimction, then so is vy, for every &’ having the same
2



absolnte valne as k. These eigenfmctions generate an nfinite dimensional
fanction space. Now recall that we have defined a Iattice £. For this
lattice the kernel of La_ contains at most a finite smmber of £-periodic
eigenfonctions with wave onmber |k|.

At this point it iz convenient to define the dmal lattice £+ as

(5.4) L ={k B :(k-a)c Eforalla € L}

Equivalently, £* can be defined aa the szt of all 8 ¢ E anch that the
asaociated plane wave, sy, is S-periodic. It is clear that £* i a Iattice, and
its elements ave the wave vectors k that kead to £-periodic eigenfonctions
.

It i abo convenient to obsexve that the action of Z7 on o can be
apecified as an action on the wave vector k as

(5.5) fry - wadiz) = v ulm) = mufryt - 2)

where the generators r; of Z§ act on & by reflection across k; = 0 23 (2.7).

The conatymction of the lattice £ impliea that if er ia an element of £,
then all the vectors in the ZP-orbit of o are also elements of £, The same
is trme for any wave vector k in £*. Forthermore, since ZJ acts on a wave
vector k by changing component signa a3 in §2.7), it 12 cleay that the wave
nnmher, |k|, i3 constant along a Z7-ochit. More formally, we define the
intersection of £* with the cirde of xradins |k| as

(3.6) Cilkl) = (¥ € £° : |&| = |k|}
and say that any rectangnlar domain ¥ leads to the condition
(5.7) CllE)) > {{ir-k) v e Z7}

for every wave vector kin £°. Thevefore, if ew i3 in the kernel of Ly, then
80 B wy, for every &' in the ZP-orbit of k. We aay that the dual Iattice
£ is a generic rectangnlar Iattice if and only if given any wave vector k in
£, the civcle C{k) coimcides with the ZP-orbit of k. More foxmally, we say
that £ B a generie nestengulor lottses if and only if the equality

(3.8) Clk|)={ir-k):r € 27}

i verified for every wave vector k in £°. Note that if & and &’ are in
the same Z7-orbit, then by imposing the Nenmann bonndary conditions
{2.3) on vu and ey we obtain the same eigenfontion sy, This 3 becanse
functions of the form w, are ZP-invariant. Consequently, if T i 2 generic
rectangolar domain, then the eigempace ¥ is generically one dimensional.

Now we make rigovona the genevic rectangnlay domain assnmption
made in the previoms section. Consider a domain T of the form {2.1)
and the associated dual Iattice £° constrmcted as above. We say that the
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rectangnlar domain 2 is a generic rectengulor domedn if and only if £* is
a genexic yectangnlar lattice. In other words, the rectangle T ia & generic
rectangnlay domain if and only if given any two wave vectors & and &’ in
£* which have the same wave mmmber

3.9 | = |&|
then it is also troe that
k. P
' ) [ i
£3.10) 4 = 4

forall § =1,2,... ,n. Thisis the same a3 aaying that if & and & are on
the same civcle C{k), then they are in the same Z7-orhit.
In two dimengions, it ia mmediately clear that 2 aqmuave

{3.11) D=10,1] x[0,1]

B not a generic rectangnlay domain since, for example, the wave vectors
{1,0) and {0,1) are elements of £* {in fact, they generate £*) which have
the same wave number and do not verify condition {3.10). These two
vectora can be mapped onto each other by a amitable votation of /2. Deas
obwions i the fact that the wave vectors (5,0) and (4, 3), which ako have
the same wave nunber, are connected by a rotation. Crawford [9] calls this
ahidden rotational symmetry, which he inveatigates in considexrable detail.
Bee fignre 3{a) for an illustration of the symmetyies of a sqnare Iattice, and
figures 4 and 5 for some associated patterns.

More generally, Ashwin [2] proves that the two dimensional vectangnlar
domain

£3.12) T =[0,d)] = [0,d3]

supports hidden rotational symmetries if and only if it aatidfies the com-
dition & /d] ¢ Q. It i clear that a sgnare belongs to the larger class
charactexined by Ashwin, It i3 also cleay that this class inchndes rectangles
of aspect ratio v'3, such as

3.13) D =1[0,1] x [0, V3.

The effects of hidden rotations in snch rectangles were inveatigated by
Pinho [43]. Interestingly, such rectangnlar domains lead to dual lattices
which sopport hexagonal sublattices. See fignre 3(b) for an illnstration
of the symmetriea of a rectangnlar dual lattice with aspect ratio 173,
and fignres § and ¥ for some associated hexagonal patterns. MNote that
any snblattice of £ & the dnal of a particnlar refinement of the Iattice £,
Therefore these rotational symmetries lead to patterns which have more
strocture than the domain,
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