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Ahstract
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nmm ber, and npper and lower bonnds of the kernel of the nonlozal nonlinearity. Fren
when thia keynel] of the nonlocal operator i a conatant fanction, the dimension bonnds
of the global attractors atill differ by an absolute constant depending on the Rayleigh
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1 Introduction

Fluid convection doe to density gradients arises in geophysical fluid Hows in the atmo-
sphere, oceans and the earth’s mantle. The Rayleigh-Benard convection is 2 prototypical
model for fiuid convertion, aiming a2t predicting spatic-temporal convection patterns. The
mathematical model for the Bayleigh-Benard convection involves nonlinear Navier- Stokes
partial differential equations coupled with the temperature equation. When the Bayleigh
mmber iz near the cnset. of the convection, the Bayleigh-Benard convection model may be
approximately reduced to an amplitude or crder parameter equation, as derived by Swift
and Hohenberg {[15]).

In the current literatire, most work on the Swifi-Hohenberg model deak with the
following one-dimensionsal equation for wiz, ), which is 2 localized, one-dimensionalized
version of the model originally derived by Swift and Hohenberg ([15]),

wy = g —{1 48w —af. {13

The cubic term «f is nsed 25 an approvimation of 2 nonlocal integral term. For the {local)
one-dimensional Swift-Hohenberg equation {1), there has been scme recent research on
propagating or steady patterns {e.g., [1], [6], [9]). Mielke and Schneider{[10]) proved the
existence of the global attractor in 2 weighted Sobolev space on the whole real line. Hsieh
et al. {[7], [§]) remarked that the elemental instability mechanism i the negative diffusion
term —wzs.

Boberts {[12], [13]) recently re-examined the rationale for using the Swifi-Hohenberg
model as 2 relinble model of the spatial pattern evelition in specific physical systems. He
argned that, although the localization appreximation used in {1) makes some sense in the
cne-dimensional case, this approximation is deficient in the two-dimensional convecticn
problem and one should use the nonlocsl Swifi-Hohenberg model ([15], [12], [13]):

we= g = (AP [ Ofle — 07+ v — g m g, )

where « = ufr,y, 1] is the imknown amplitude function, p measures the difference of the
BRayleigh mumber fram its critical onset value, A = &gy + 8yy is the Laplace operator, and
C{r) is & given radially symmetric fimetion (r = 4/22 + ). The equation is defined for
t>0and {z,4) € D, where I} is 2 boumded planar domain with smocth boundary 8D,
The two-dimensionsl versicn of the local Swifi-Hohenberg, equation for afz, i, t) is

ge = pu—(l+AP ot {3

Here u” is used to spprovimsaie the nonlocal term in (2).

Boberts {[12], [13]) noted that the range of Fourier harmonics generated by the non-
linearities is fundamentally different in two-dimensions than in one-dimension. This dif-
ference requires 2 more sophisticated treatment of two-dimensional convection problem,
which leads to nonlocal nonbinearity in the Swift-Hohenberg model. He also argoed that
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nenlocal operators naturally appear in systematic derivation of simplified models for pat-
tern evolution, and nonlocal operators also permit symmetries which are consisitent with
physical considerations,

In thiz paper, we discuss the difference between nenlocal and koeal two—dimensicnal
Swift-Hohenberg models (2], (3], from a viewpoint of asymptotic d ynamics. We show that
the bounds for the dimensions of the global attractors for the nonlocal and local Swifi-
Hchenberg models differ by an absclute constant, which depends only on the the Bayleigh
mmber, and vpper and bwer bounds of the kernel of the nonlocal nonlinearity. Even
when this kernel is a constant function, the dimension bounds of the global attractors still
differ by & constant depending on the Rayleigh mumber. In §2 and §3, we will consider the
nonlocal snd local Swift-Hohenberg models, respectively. Finally in §4, we summarize the
results.

2 Nonlocal Swift-Hohenberg Model

In this section, we discuss the global attractor and its dimension estimate for the nonlocal
Swift-Hohenberg model (2). In the following we nse the sbbreviations L2 = L2{D), I =
L={D), H* = H*D) and B} = HFD) (k is 2 non-negative integer) for the standard
Scholev spaces. Let (-,-), || - || = || - ||2 dencte the standard inmer prodoct and norm in
I?, respectively. The ncrm for B is|| - llgz3- Due to the Poincaré inequality, | &% ]| is 2n
equivalent norm in HE.

We rewrite the two-dimensional nonlocal Swifi-Hohenberg equation (2) as

wtou+28u+ A tu [ Cflz—07 + g —mPRAgm il =0, @)

where @ = 1 —p. This equation is supplemented with the initial condition
u(z,y,ﬂ) = W(::y)! (5)

and the boundary conditions

u|lap =10, %laﬂ =0 {6)

where n denotes the unit owtward normal vector of the bound ary 8D
In this paper, we assume the fdlowing conditions for every ¢ > 0 and {z,y) € D,

0 <b < @{yfz? +4?) o, and @, VO, AG € I7(D), {7

where a,& > (| are some positive constants and V = (8,,8,) is the gradient operator.
Denote K} = ||V« 2nd Kp = [ AQ| .
To study the global attrad.or, we need to derive some a priori estimates about sohitions.



Lemma 1 Suppose w f7 @ sobulion of ({)-(6). Then u iz uniformly (in dime] bounded,

and the following estimates hold for £ =10

et 3, < lluaz, ) Pezp(—20t) + &,

and thus

fim sup, oz, g, 8] < f5 =B,

where B = V{E

Proof. Taking the inner product of (4) with @, we have

1d
5 gglell® + e + 2 Aer, ) +

o, [ Oyflz =87 + g — P, midge) = 0.
2 Aw, )| < 2| Aul ful] < JAa]? + [ul?,

s, j; Cly/lz— 7 +(y —m2h(E, m)didn)

Note that

= [ ([ otytz—er +ty—mwe nidgdmdody

28 [ e, videdy [ 2 mhdgly =i
Then from (10) we get

d
<l + 2(a — L)l + 26ul* <0.

(&

9

(10)

()

Tt is easy to see that if @ 3 1, i.e., p < 0, then all schitions approach zerc in L2, We will
not consider this simple dynamical case. In the rest of this paper we assume that p > 0,

ie, a< 1
Thus we have, for any constant € =,

d
=l + 2l + 2 — 1 — )ful® + 28]al* <0,

or

_1-
{0756) +v28l|u]*F <

d
2l + 2elul® + 5

4

fa—1—
26

(12)

(13)



Se

d a—1—e?
Dd? + 2o < 2727 (1)
By the usual Gronwall inequality {[17]) we cbtan
—1—&P
AP < ol ez —2et) + 2=, (15)
Whene=1—a =p, we get the optimal or tight estimate
el < luwolPezp(~2pt) + & (16)
This completes the proof of Lemma 1. ]

Moreover, higher order derivatives of u are also unifermly bounded.

Lemma 2 Suppose u ir a solusion of (§)-(6). Then ||Vu| and |Axu| are unformly (in
time) bouwnded.

In order to prove this lemma, we recall a few vseful inequalities.
Uniform Gronwall ineguabity ([17]). Let g, h,y be three positive locally integrable
functicns on (i, +0o) satifying the nequalities

d
££w+h,

with f:_"]'gd.a <ay, _[;H]'hda < ag amd :_Flyda < ag for § > p, where the o4{(i=1,2,3) are
positive constants. Then

ylt +1) < {an + ag)ezplo ), for t > 6.

Fagbardo-Nirenbery inequality ([11]). Let w & L2 N WA (D), wherel < q,+ < 0o. For
any integer §,0 <j<m, L <A <1

[ Dhlly < Collaell ;=2 D™}

provided
1 j 1
S=dac- il
P 0 r o n q
and m —j — % is oot 2 nonnegative integer If m— § — % is & nonnegative integer, then the
inequality (2) bolds for A = %
Poincaré inequabty {[2]). For w € H}D),

m 1—-X
=)

Allw]? < [Vl



where A; iz the first eigenvalue of —A on the domain I, with zeroe Dirichlet boamdary
condition co 8.

Proof of Lernma 2. Due to the bonmdary condition (6) on Vu and the Peincaré in-
equality, we get ||vu|li < 1\1_1||ém||2. Henre it is sufficient to prove that | A is boamded.
We first show that [ [[Axl/2ds is bonded. In fact, nsing

1
(A u)| < 2] Al < 5|2l + 2|,

in {10}, we get

S1l? + 18w + 2a Dl + 260wl <0. an
Since i p

26l|a]* + 2@ — 2)jul)® = &2 + 25 |ll* + TIIHII’)
_ 2 2 2ax—4-3, (3‘1—4—5)2
= bllul|® +28(]” + 5 r- %
2 f2a—4-—pp°
2l - =

we conclude

(a—4—p7 _(2+3u+pP
i3 g3 '
Integrating (18} with respect to ¢ from ¢ to ¢ + 1 and nobing Lemma 1, we see that
T || Al 2de is bounded.
Now, multiplying {4) by A%z and integrating over D, it follows that

d
gl + 11 dal® + ) < (18)

Ei||m;||" + || Aa%u? +2 f Aurludrdy + af Au|?
2di 0

+ [t [ et/ =67 + o —mAig midganinudedy ~o. (19)
Note that

2| j;] Autludrdy| < %ua‘*u"‘-‘ + 2] A, (20

| [ [ et — e + ty—n)u"e midtdn) Atz
~| f ot styfl =07 + g —n)tg migdnidody

g



+ j; uhat j; (A z — O+ (v — m2)(E, )dEdn)dzdy
+2 L Vuhul j; (VE{/lz — £12 +(y — ) (€, midtdn)dzdy|
< (allul?® + 2317 | VG llal® + §||aG||m||u||”)||ml|” + %nmnmnun"

-1 1 1
<o+ DKy + Kl *|lAu]® + S Kol
where a, K, Ka zre varions upper bounds of (¢ defined in (7), znd B & the L2 bonnd of
the sohition @ as in Lemma 1, Hence by {19) we get
d -1 1
Zil8wl® < 2a + 277Ky + SE) Rl —a + 2l Aul® + Kallu . (1)

Finally, applying the unifrrm Greowall inequality {21) and noting Lemma 1, we condude
that |Aw]|? is uniformly bounded for all £ > (1. This proves Lemma 2. ]
We now have the following global existence and nniqueness result.

Thearem 1 Let ug{z,y) € LD} and (! satisfles (7], then the instialboundary value
preblem (2),(5),(6) has a unigue global solution u € L=(0,00; HF{D)). Moreover, the
correrpanding solution semigroup S(t), defined by

u = §(Huo,
hag a bounded abrorbing ret
Bo = {u € H}(D) : (Jul® + | Val® + Al F < ),

where B 57 a postive constant which depending on the wniform bouwnd of Jlazl], | WPz ] Az .
Finally, the solution remigroup 8(t), when restvicted on HF(D), ir continuour from H{ D)
into HYD) for t 0.

Praof. The global existence, 1miqueness and absorbing property follow from standard
argnments (e.g., [17]) together with Lemmas 1, 2 above. The absorbing property alsc
follows from these two lemmas.

We noav prove that §#) is continnons in Z2(D) N E§{ D). Suppeee that. ug, 20 € H{ D)
with || A, |Aw|| < 2B, we denote by u(i),u(f) the corresponding solutions, ie., uff) =
S, u(t) = S{two. Let wii) = u{f) —w{f). Then w{i) satisfies

ury + Alur + 2Aw + awr + j;) otz — €)% + by — (€, m)dbdn+
v [ GGfte =07 + = mPaEm) +w(gm el midEn = 0 @)
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Applying the (agliardc-Nirenberg inequality

[zl < Coll A,
and the Poincaré inequality

1
lkel] < 57l Al

we obtain (similsr to the proof of Lemma, 2},

d
sl < Cullaw?,

which implies that [|Aw(f)]|? < [|Awyl|?ezp{f’ ] for some positive constant €. This
shows that S'{t) i continnons. ]
This thecrem implies that {4)-{i) defines an infinite dimensicnal nonlocal dynamical
system.
In the rest of this section, we consider the global attractor for the nonlocal dynamical
system {4}-{fi]. We will establish the following result abowt the global attractcr.

Thearem 2 There exetr a global attractor 4 for the norlool dynawmical system (2), (53}, (6).
The global attmcior iz the w—limit ret of the abrorbing set By (as tn Theovem 1), and it
has the following propertics:
i) A iz compact and F{i)4 = A, for t = 0;
(i5) for every bounded et B C H3(D), Lim 4{8()B,.A) =0
{i58).A ix connected in HF(D), where d{X,¥) = sup ;gf, Iz — ¥l gam) ir the Hauadorff
IE.

diztance.
IMoreover, the global aitvacior A har finste Hauwsdorff dimension dpfd) < m, where

m~ {14 fp+ (24—6)%),

where ' = ( i @ constant depending only on the domain D, and o == 0,6 = ( arwe the
upper, lower boundr of the kernel (7, reapectively.

Proof. The existence and properties of .4 are quite standard now (see [17] and refer-
ences therein). We omit this part, and only estimate the dimensions below.

As in [17], we may use the socalled Constantin-Foiss-Temam trace formuls {which
works for the semiflow S(t) here) to estimate the sum of the global Lyapimov exponents
of A. The sum of these Lyapunov exponents can then be nsed to estimate the nupper
bounds of A’s Hansdorff dimension, de{4). To this end, we linearize equation {(4) aboui a
sclution «(f) in the global attracior to cbiain an equation for w{f)] and then use the trace
formuls to estimate the sum of the plobal Lyapunov exponents. Doing so, we obtain

v + L{u(t))u =0, (23)

&



where

LiufBy = A% +2A0 +av +v j; Oty/lz —£12 + (y — nit (¢, n)dedn
+2u j; Cly/(z — €1 +(y —n) €, mhu(€, mdEdn.

This equation is supplemented with u{z,y,0) = £iz,y) € Bﬁ{.ﬂ) Denote by £1(z,7}, - -, {miZ, 3),
m linearly independent. functions in H3{ D}, and vz, y,t) the solution of (23) satisfying
vilz,y,0) = &z, g, i = 1,... ,m. Let Q(f) represent the arthogonal projection of H3( D)
onto the subspace spanned by {w (=, 5,t),...,0,(z, 7,8}

We need to estimate the lower bound of Tr{L{ult)0.(f))), which gives bounds on the
sum of global Lyspunoy exponents. Note that in [17], the linearized equation like (23)
is written as vy = L{u(f]}v and in that case cne needs to estimate the vpper bound of
Tr{E(u(t)Qum())). Suppose that $1(t), - hou(F) is 2 orthonarmal basis (gl = 1) of the
subspace Q. HF{D) for any & > 0.

Now we estimate the lower bommd of Tr{L{u(t)Qn(f))). Tt & easy to see that

Tr{ L{u{t)Qwm))

= 3% +200y +ady +y [ Clfe — 07+ g —mP(E mldgdn, 4y
=1
+3-0u [ 0tyle — 67+ (v — mtutg, mudedn, o).
=1

Since (2Ady, ) = —(ZIlAdyl* +ellgy]?) for any constant € > 1, we get

Tr{E Q) 2 310~ S IAMI? + Pl + (o — N yIP]
=i

+j§z j; aughydzdyf j; Sz — £ + (g — m2JulE, n)ddtdn)

LY 1 m
= 3 A= Ad? + 3 (Elul? + a — e 2aful)
= =1

= 320 - DNAYIR + [1— s — e+ (b~ 20)|ul . (24)
=L



We introduce notation f(z,y) = 'zn: |dy|2. DNote that m = [p fiz,y)drdy. By the
=1
generalized Sobolev-Lieb-Thirring inequality ([17], page 462},

n
[ P ndzty < 50 3 1Ag 1P,
=1
where Kj > 0 depending only on the domsain D). Moreover, due to the fact that L3 D) —
LDy,
mt = ([ fte,ydodg < G [ £z v)dzdy

1
LEh Y Ayl
i=1

= 03 I8l
=1
for some constants 0 > 0, > 0 depending only on the domain D,
Thns
1, e 5 1.1 4
=D A0 2 (- Qg (25)
Therefore, by (24)-(25) we have
1-1
TriL{u(t)Qw)] > G‘ms —fp—1+e+ (2&—5)||u||2)m
S 1 20 —8)%
zZ e — (e — +E+(a—)3)m
> 0 (26)
whenever
g O
m [p—l+e+{2a.—b]—b]l_L. {27}
[3

The right hand side of {27) has the minimal value of

mmo(1+1#p+{za.—a)§) {25)

whene =1+, /p + (2a —B)&.
As in [17], we conclude that the Hansdorff dimension of 4 is estimated as in (28). This
proves Theorem 2. ]
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3 Local Swift-Hohenberg Model

Similarly, for the two—dimensional local Swifi-Hohenberg equation (3), we can obtain the
existence of the global attrartcr 4. We omit this part and will cnly estimsate the dimension
of 4.

Thearem 3 There exisls the global atiractor A for the local dynamical system (3), (5),
{6). The Hawadorff dEmension of A4 ie finite, and dy(A) < my ~ 01 + /i), where (0 iz
e congtant depending only on the domain D).

Proof. As in the proof of Ttheorem 2, we consider the linesrized equation of (3),
defined by
v+ Lifufille =0,
where
Lo{ufio = A% + 240 + av + 3u’e.
Then we estimsate
Tr{ L1 {ulf)Qm])

=3 (A% + 200 +ady + 3ugy, )
=1

= S Adl® + 2 Ads, B4 + alldyl® + 3y, 8]

=1

> 320 - DNA%I® + 3 (a—e),
#=1 §=1

where we have used the fact that 3u?gy, 8;) > 0. Noting again that m® < € T [|Ady[?2
j=1
and ¢ =1 — p, we have

-

1—
o

m>1|'(p—l+e)lfk. {30}

The right hand side of {30) has the minimal value of
mo~ {1+ /1) {31}
when ¢ =1 + /i, This completes the procf. ]

Tr{L{u(tQn)) = —Em® —(p—1+&m >0 (29)
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4 Diacussions

In this paper, we have discussed the Hansd erff dimension estimates for the global attracters
of the two—dimensions]l nonlocal and local Swift-Hohenberg model for Bayleigh-Benard
convertion.

The Hansdorff dimension for the global atiractar of the nonlocal model is estimated

m {14y fp+ (2:..—5)%),

while for the local model this estimate s

m ~ 01+ B,

where £ = (1 is an abscdlute constant depending only on the fluid convection domain, and
g > 0 measures the difference of the Bayleigh onmber from its critical convection onset
value. Nete that a,b > 0 zre the npper and lower bounds, respectively, of the kernel 7 of
the nonlocal nonlinearity in (2).

The two dimension estimates above differ by an abschite constant (2a — B)§, which
depend= only on the the Bayleigh number throngh p, and upper and lower bonnds of the
kernel (¢ of the nonlocs]l nonlinesrity. Morecver, if the kernel (7 is 2 constant function
fthus, o = & = (7}, then the dimension estimate for the nonlocal model becomes

m~0(1+-\/2_p),

which =till differs froam the dimension estimate for the local model by a constant depending
on the Bayleigh nmmber through p.
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