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Abstract

In this paper the difference in the asymptotic dynamics between the nonlocal and
local two-dimensional Swift-Hohenberg models is investigated. It is shown that the
bounds for the dimensions of the global attractors for the nonlocal and local Swift-
Hohenberg models differ by an absolute constant, which depends only on the Rayleigh
number, and upper and lower bounds of the kernel of the nonlocal nonlinearity. Even
when this kernel of the nonlocal operator is a constant function, the dimension bounds
of the global attractors still differ by an absolute constant depending on the Rayleigh
number.
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1 Introduction

Fluid convection due to density gradients arises in geophysical fluid flows in the atmo-
sphere, oceans and the earth’s mantle. The Rayleigh-Benard convection is a prototypical
model for fluid convection, aiming at predicting spatio-temporal convection patterns. The
mathematical model for the Rayleigh-Benard convection involves nonlinear Navier-Stokes
partial differential equations coupled with the temperature equation. When the Rayleigh
number is near the onset of the convection, the Rayleigh-Benard convection model may be
approximately reduced to an amplitude or order parameter equation, as derived by Swift
and Hohenberg ([15]).

In the current literature, most work on the Swift-Hohenberg model deals with the
following one-dimensional equation for w(z,t), which is a localized, one-dimensionalized
version of the model originally derived by Swift and Hohenberg ([15]),

wy = pw — (14 0pg)’w — w. (1)

The cubic term w? is used as an approximation of a nonlocal integral term. For the (local)

one-dimensional Swift-Hohenberg equation (1), there has been some recent research on
propagating or steady patterns (e.g., [1], [6], [9]). Mielke and Schneider([10]) proved the
existence of the global attractor in a weighted Sobolev space on the whole real line. Hsieh
et al. ([7], [8]) remarked that the elemental instability mechanism is the negative diffusion
term —wg,.

Roberts ([12], [13]) recently re-examined the rationale for using the Swift-Hohenberg
model as a reliable model of the spatial pattern evolution in specific physical systems. He
argued that, although the localization approximation used in (1) makes some sense in the
one-dimensional case, this approximation is deficient in the two-dimensional convection
problem and one should use the nonlocal Swift-Hohenberg model ([15], [12], [13]):

w=pu— L+ APu—u [ G/ =€ + (v — n)?)a(E m H)den, 2)

D
where u = u(z,y,t) is the unknown amplitude function, p measures the difference of the
Rayleigh number from its critical onset value, A = 0y, + 9yy is the Laplace operator, and
G(r) is a given radially symmetric function (r = v/2? + y2). The equation is defined for
t >0 and (x,y) € D, where D is a bounded planar domain with smooth boundary 9D.
The two-dimensional version of the local Swift-Hohenberg equation for u(z,y,t) is

up = pu—(1+A)Y%u—ud (3)
Here u? is used to approximate the nonlocal term in (2).

Roberts ([12], [13]) noted that the range of Fourier harmonics generated by the non-
linearities is fundamentally different in two-dimensions than in one-dimension. This dif-
ference requires a more sophisticated treatment of two-dimensional convection problem,
which leads to nonlocal nonlinearity in the Swift-Hohenberg model. He also argued that



nonlocal operators naturally appear in systematic derivation of simplified models for pat-
tern evolution, and nonlocal operators also permit symmetries which are consisitent with
physical considerations.

In this paper, we discuss the difference between nonlocal and local two-dimensional
Swift-Hohenberg models (2), (3), from a viewpoint of asymptotic dynamics. We show that
the bounds for the dimensions of the global attractors for the nonlocal and local Swift-
Hohenberg models differ by an absolute constant, which depends only on the the Rayleigh
number, and upper and lower bounds of the kernel of the nonlocal nonlinearity. Even
when this kernel is a constant function, the dimension bounds of the global attractors still
differ by a constant depending on the Rayleigh number. In §2 and §3, we will consider the
nonlocal and local Swift-Hohenberg models, respectively. Finally in §4, we summarize the
results.

2 Nonlocal Swift-Hohenberg Model

In this section, we discuss the global attractor and its dimension estimate for the nonlocal
Swift-Hohenberg model (2). In the following we use the abbreviations L? = L?(D), L* =
L®(D), H* = H*(D) and H} = HF(D) (k is a non-negative integer) for the standard
Sobolev spaces. Let (+,-), || - || = || - ||]2 denote the standard inner product and norm in
L? respectively. The norm for HY is || - || mp- Due to the Poincaré inequality, | D¥ul is an

equivalent norm in Hﬁ.
We rewrite the two-dimensional nonlocal Swift-Hohenberg equation (2) as

ug + au + 2Au + A%y + u/ G(\/(a? — )2 + (y — n)2)u?(&,n, t)dédn = 0, (4)

D

where o = 1 — pu. This equation is supplemented with the initial condition

U(.’E,y,O) = U()(-’E,y), (5>
and the boundary conditions
Oou
u|3D - 07 %|3D - 07 (6>

where n denotes the unit outward normal vector of the boundary 0D.
In this paper, we assume the following conditions for every ¢ > 0 and (z,y) € D,

0<b<G(/z2+19y?) <a, and G, VG, AG € L™®(D), (7)

where a,b > 0 are some positive constants and V = (0., 0y) is the gradient operator.
Denote K; = ||VG||s and K2 = ||AG||co-
To study the global attractor, we need to derive some a priori estimates about solutions.



Lemma 1 Suppose u is a solution of (4)-(6). Then u is uniformly (in time) bounded,
and the following estimates hold for t > 0

I
lu(, v, DI* < lluo(w, y)l*ezp(—2ut) + 5, (8)

and thus

timsup, o ule,, )] < /5 = R )

where R = \/%

Proof. Taking the inner product of (4) with u, we have

1d
5 il + 18U + 2(Au, ) +alful
+ut, [ @@ =€+ = m(e msdn) =o0. (10)

Note that
2|(Au,u)| < 2[|Aul||ull < [|Au]® + [Jul?,

(@, [ 6(/lw =2+ (y—n2)u(&,ndedn)
= [ ([ e/@—7+ (v — (e mdgdn)dady

> /D u?(z, y)dedy /D u?(€,m)dédn = bllul*.

Then from (10) we get
d
2 llull® + 2(a = DfJull* + 2b]Jull* < 0. (11)

It is easy to see that if & > 1, i.e., u < 0, then all solutions approach zero in L?. We will
not consider this simple dynamical case. In the rest of this paper we assume that u > 0,
ie,a<1.

Thus we have, for any constant € > 0,

d
EHUII2 + 2el|ull® + 2(a — 1 — €)[Jul|* + 2b]lul|* <0, (12)
or
d 2 2 (a—1—¢) 212 (a—1—€)2
— 2 AN 2b < —“ | 13
gl + 2ellull” + Fo e 4+ VIl < 22y (13)



So

d (a—1—¢)?
Dl + 2eful? < C= 2= (14)
By the usual Gronwall inequality ([17]) we obtain
a—1—¢)?
Jul? < JuolPexp(~2et) + =3 = (15)
€
When € =1 — a = p, we get the optimal or tight estimate
W
ul® < ol *exp(—2pt) + 7. (16)
This completes the proof of Lemma 1. [ |

Moreover, higher order derivatives of u are also uniformly bounded.

Lemma 2 Suppose u is a solution of (4)-(6). Then ||Vul|| and |Au| are uniformly (in
time) bounded.

In order to prove this lemma, we recall a few useful inequalities.
Uniform Gronwall inequality ([17]). Let g,h,y be three positive locally integrable
functions on [tg, +00) satisfying the inequalities

dy

Y gy +h

dt = gy )
with ftt+1 gds < ay, ftH'l hds < as and ftH'l yds < ag for t > ty, where the a;(i=1,2,3) are
positive constants. Then

y(t+ 1) < (a2 + a3)exp(ay ), for t > ty.

Gagliardo-Nirenberg inequality ([11]). Let w € LINW™" (D), where 1 < q,r < co. For
any integer j, 0 < j <m, L <A< 1.

j -2 A
1D wllp < Collwllg™ [ D™wl|;

provided )
1 — l + )\( ) + ﬂ’
p n q
and m — j — 7 is not a nonnegative integer If m —j — I* is a nonnegative integer, then the
inequality (2) holds for A = L.
Poincaré inequality ([2]). For w € H}(D),

1
r

313

Mllwll? < [Vl



where A; is the first eigenvalue of —A on the domain D, with zero Dirichlet boundary
condition on 0D.

Proof of Lemma 2. Due to the boundary condition (6) on Vu and the Poincaré in-
equality, we get ||Vul|? < A\ '||Au||?. Hence it is sufficient to prove that ||Awul| is bounded.
We first show that ft+1 |Au||?ds is bounded. In fact, using

1
2/(Au, u)| < 2f|Aul|flu]l < Fl1Aul* + 2],

n (10), we get

d
%IIUH2 + | Auf? + 2(a — 2)Juf|* + 2b]ju]|* < 0. (17)
Since 5 4 ﬂ
a—
20]|ul|* + 2(c — 2)|Jul|* = bllull® + 2B([Jul|* + ——=—lu?)
20—4-0 (2a—4—ﬁ)
_ 2 2 2
= b||ul|” + 2B([|ul|” + 13 ) 33
200 — 4 — B)?
> pfu)? - G2 2= BF
86

we conclude

(2a—4-5)% (2+2u+ B)?
83 843 '

Integrating (18) with respect to ¢ from ¢ to ¢ + 1 and noting Lemma 1, we see that

JE || Aul|2ds is bounded.
Now, multiplying (4) by A%u and integrating over D, it follows that

d
T lull® + 1 Aul® + bflu]® < (18)

2dtHA ||2—|—||A2u||2-|—2/ AuA?udedy + ol Aul?

+ [ @ [ 6y/l@ =€ + (=), ndedn) Aududy 0. (19)
Note that
2|/DAuA2uda7dy| < %I|A2ul|2 + 2 Aul?, (20)
and
If fG (x =€)+ (y — n)?)u’ (€, n)dédn) A’ udwdy|

=1 [ @[ G(/lw -7+ (v —mi(e mdsdn)dady



+ [ wtu([ (A6 (@ 2+ (v —02))ad(e mdedndady

12 [ V([ (VG /0 =67 + (v =) (6,n)dgdn)dady
_1 1 1
< (allul® + 27, * [VGl oo [l + 5IAG olful) [Aul + 5 1A ol

_1 1 1
< (a+ 20 Ky 4 S Ko)ull | Aul® + 5 Kollull,

where a, K1, Ko are various upper bounds of G defined in (7), and R is the L? bound of
the solution u as in Lemma 1. Hence by (19) we get

d —1 1
EHAUII2 <2[(a+2)\ T Ky + S Ko)|lull® — o+ 2] Aul® + Ko lul|*. (21)

Finally, applying the uniform Gronwall inequality (21) and noting Lemma 1, we conclude
that ||Au/|? is uniformly bounded for all ¢ > 0. This proves Lemma 2. ]
We now have the following global existence and uniqueness result.

Theorem 1 Let ug(z,y) € L*(D) and G satisfies (7), then the initial-boundary value
problem (2),(5),(6) has a unique global solution u € L°(0,00; H3(D)). Moreover, the
corresponding solution semigroup S(t), defined by

u = S(t)uo,
has a bounded absorbing set
By = {u € HXD): (Jull® + |Vul]® + |Au|?)z < R
o ={u e Hy(D) : ([[ul]” + IVul” + [[Au[])2 < R},

where R is a postive constant which depending on the uniform bound of ||ul|, |Vul|, | Aul|.
Finally, the solution semigroup S(t), when restricted on HZ(D), is continuous from HZ (D)
into H3(D) for t > 0.

Proof. The global existence, uniqueness and absorbing property follow from standard
arguments (e.g., [17]) together with Lemmas 1, 2 above. The absorbing property also
follows from these two lemmas.

We now prove that S(t) is continuous in H?(D)NH§ (D). Suppose that ug,vo € HZ(D
with [|Auo]|, [|Ave|| < 2R, we denote by u(t), v(t) the corresponding solutions, i.e., u(t) =
S(t)ug,v(t) = S(t)ve. Let w(t) = u(t) — v(t). Then w(t) satisfies

wy + A2w + 2Aw + aw 4+ w /D G(\/(:c — &)+ (y — )P (&, n)dEdn+

v [ GO/ =7+ =) (e n) + (e m)w(s mdsdn =0. (22)
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Applying the Gagliardo-Nirenberg inequality

[elloo < CollAul],

and the Poincaré inequality

1
lell < 5 l1Awl,

we obtain (similar to the proof of Lemma 2),

d
Zllaw|? < Crflawl?,

which implies that [|Aw(t)||? < ||Awp||?exp(Cit) for some positive constant C;. This
shows that S(t) is continuous. ]
This theorem implies that (4)-(6) defines an infinite dimensional nonlocal dynamical
system.
In the rest of this section, we consider the global attractor for the nonlocal dynamical
system (4)-(6). We will establish the following result about the global attractor.

Theorem 2 There ezists a global attractor A for the nonlocal dynamical system (2), (5), (6).
The global attractor is the w—Ilimit set of the absorbing set By (as in Theorem 1), and it
has the following properties:

(i) A is compact and S(t)A = A, fort > 0;

(ii) for every bounded set B C H3(D), tllglo d(S(t)B, A) = 0;

(iii)A is connected in H3(D), where d(X,Y) = sup in)f/ |z — yHHg(D) is the Hausdorff
TEX YE

distance.
Moreover, the global attractor A has finite Hausdorff dimension dg(A) < m, where

m ~ C’(1+\/u+(2a—b)%),

where C > 0 s a constant depending only on the domain D, and a > 0,b > 0 are the
upper, lower bounds of the kernel G, respectively.

Proof. The existence and properties of A are quite standard now (see [17] and refer-
ences therein). We omit this part, and only estimate the dimensions below.

As in [17], we may use the so-called Constantin-Foias-Temam trace formula (which
works for the semiflow S(¢) here) to estimate the sum of the global Lyapunov exponents
of A. The sum of these Lyapunov exponents can then be used to estimate the upper
bounds of A’s Hausdorff dimension, dg(A). To this end, we linearize equation (4) about a
solution u(t) in the global attractor to obtain an equation for v(¢) and then use the trace
formula to estimate the sum of the global Lyapunov exponents. Doing so, we obtain

v + L(u(t))v =0, (23)



where

L{u(®)e = A%+ 280 +av+v [ G/l =2+ (u =) (€ mdsdn

+2u [ G f(@ =€+ (v = mP)ule mol, nyden.

This equation is supplemented with v(z,y,0) = &(z,y) € H3(D). Denote by &1(z,y), ..., &n(z,y),
m linearly independent functions in H3(D), and v;(z,y,t) the solution of (23) satisfying
vi(z,y,0) = &(z,y),i =1,...,m. Let Qy,(t) represent the orthogonal projection of H3(D)
onto the subspace spanned by {vi(z,y,t),...,om(z,y,t)}.

We need to estimate the lower bound of T'r(L(u(t)Qm(t))), which gives bounds on the
sum of global Lyapunov exponents. Note that in [17], the linearized equation like (23)
is written as vy = L(u(t))v and in that case one needs to estimate the upper bound of
Tr(L(u(t)Qm(t))). Suppose that ¢1(t),..., ¢ (t) is an orthonormal basis (||¢;|| = 1) of the
subspace Q,(t)HZ(D) for any ¢ > 0.

Now we estimate the lower bound of Tr(L(u(t)Qn(t))). It is easy to see that

Tr(L(u(t)@m))

m

A%+ 200, + ady + &5 [ GO flo = €7 +(y—nP)ud(e, nidédn, o)

j=1

+30u [ GG/ =67 + @ —nP)ule,nsdedn, o).
j=1

Since (2A¢;, ¢;) > —(L]|A¢;]|> + €[|¢;|?) for any constant € > 1, we get

m

Tr(L(u Z 1—— MIAGI1Z + bllgs 1 ll® + (o — €)1 1]

+22 | wdsdady( | G(/(w =7 + (= nule mo,dedn)

> (1-= IIA%II2 + Z bllull® + a — € — 2al|u]|*)
j=1

7=1

=> (- IA@%II2 [1—p— e+ (b—2a)||ul*Jm. (24)
j=1



m
We introduce notation f(z,y) = > |¢;j|*>. Note that m = [, f(z,y)dedy. By the
j=1

generalized Sobolev-Lieb-Thirring ineq1_1ality ([17], page 462),

m
LP@@M@SK&]MMR
j=1

where Ky > 0 depending only on the domain D. Moreover, due to the fact that L3(D) —
LY(D),

= ([ f(eydedy)® < Ca [ (@, y)dady

< KoCy Z 1A
7=1

m
=0 [lAgl®
j=1
for some constants Cy > 0,C > 0 depending only on the domain D.
Thus

A | =
Qlr

iuww a-h

Therefore, by (24)-(25) we have

_1
Tr(L(u(t)Qm)) = Cem‘q’—(u—1+6+(2a—b)IIUH2)m

1
€

> o m3—(u—1+6+(2a—b)%)m
> 0 (26)
whenever
C
m>\/[u—1+e+(2a—b)%] —. (27)
The right hand side of (27) has the minimal value of
W
mNC’(1+\/u—I—(2a—b)g) (28)

when € = 1+ 4/p + (2a — b) .
As in [17], we conclude that the Hausdorff dimension of A is estimated as in (28). This
proves Theorem 2. ]
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3 Local Swift-Hohenberg Model

Similarly, for the two-dimensional local Swift-Hohenberg equation (3), we can obtain the
existence of the global attractor .A. We omit this part and will only estimate the dimension

of A.

Theorem 3 There exists the global attractor A for the local dynamical system (3), (5),
(6). The Hausdorff dimension of A is finite, and dg(A) < my ~ C(1+ \/n), where C is
a constant depending only on the domain D.

Proof. As in the proof of Ttheorem 2, we consider the linearized equation of (3),
defined by
vt + Ly (u(t))v =0,

where
Ly (u(t))v = A% + 2Av + aw + 3u’v.

Then we estimate

Tr(Ly(u(t)Q@m))
= > (A%¢; + 2A¢; + ag; + 3u’;, ¢;)
j=1
=Y 1A 1P 4+ 2(A¢;, ) + allgiI* + 3(u?e;, ¢;)]
j=1

> (1~ HA</J;H2+Z (@—e)

j=1 j=1
m
where we have used the fact that 3(u?¢;, ;) > 0. Noting again that m> < C 3 ||Ag;|?
i1

and a =1 — pu, we have

1
€

Tr(Li(u(t)Qm)) > m® — (u—14¢e)m >0 (29)

whenever

C
m>\/(u—1+e)1 T- (30)
€
The right hand side of (30) has the minimal value of

C(1+ i) (31)

when € = 1 + ,/p. This completes the proof. ]

11



4 Discussions

In this paper, we have discussed the Hausdorff dimension estimates for the global attractors
of the two-dimensional nonlocal and local Swift-Hohenberg model for Rayleigh-Benard
convection.

The Hausdorff dimension for the global attractor of the nonlocal model is estimated
as

m~ C(1+/p+ (2a —b)=),

:

while for the local model this estimate is

m~ C(1+ V/R),

where C' > 0 is an absolute constant depending only on the fluid convection domain, and
¢ > 0 measures the difference of the Rayleigh number from its critical convection onset
value. Note that a,b > 0 are the upper and lower bounds, respectively, of the kernel G of
the nonlocal nonlinearity in (2).

The two dimension estimates above differ by an absolute constant (2a — b)%, which
depends only on the the Rayleigh number through u, and upper and lower bounds of the
kernel G of the nonlocal nonlinearity. Moreover, if the kernel G is a constant function

(thus, a = b = G), then the dimension estimate for the nonlocal model becomes

m ~ C(1 ++/2u),

which still differs from the dimension estimate for the local model by a constant depending
on the Rayleigh number through u.
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