A SINGULAR LIMIT FOR A SYSTEM OF DEGENERATE
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ABSTRACT. A singular limit is considered for a system of Cahn-Hilliard equations
with a degenerate mobility matrix near the deep quench limit. Via formal asymp-
totics, this singular limit is seen to give rise to geometric motion in which the
interfaces between the various pure phases move by motion by minus the surface
Laplacian of mean curvature. These interfaces may couple at triple junctions whose
evolution is prescribed by Young’s law, balance of fluxes, and continuity of the

chemical potentials. Short time existence and uniqueness is proven for this lim-
iting geometric motion in the parabolic Holder space 03’41-)2,44-(1, 0 <a<l,via

parametrization of the interfaces.

1. INTRODUCTION

Isothermal phase separation in multicomponent systems can be modeled by a sys-
tem of Cahn-Hilliard equations. In such a system the diffusional mobility matrix in
general can be expected to be dependent on the concentration of the components.
In regions in which one component is predominant, the mobility tends to be much
smaller than in regions in which there is a mixture of different components. This
implies that diffusion in interfacial regions is relatively enhanced. In particular, this
phenomenon becomes more pronounced at low temperatures where entropy contri-
butions are smaller. Therefore, it is reasonable to consider systems of Cahn-Hilliard
equations in which the mobility matrix depends on the concentrations of the different
components (cf. [11, 22, 31]). The mass balance for the various components then
gives the following evolution equations for the concentrations u, i = 1, ..., N,

ub=-V-J,
N

J=— ZLij(u)ij, (1)
j=1

w' = D;¥(u) — & (D¥(u) - e) — yA,

where e = (1,...,1) and u = (u!,...,u")!. The number N denotes the number of
the components and J* is the flux of the ¢'th component, which is taken here to

be a linear combination of the thermodynamical forces Vw’. The functions w® are
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modified chemical potentials which are prescribed as functional derivatives of the free
energy functional

S(u):/g(\lf(u)—i—%|Vu|2)

where the variational derivative has been taken over the set of all functions which
satisfy the constraint Zfil u’ = 1. This constraint reflects the fact that the u’ are
defined here as volume (or molar) fractions of the components. In this paper we
assume the homogeneous part of the free energy ¥ to be of regular solution type; i.e.,

N
U(u) = QZuilnui —u-Au,
i=1

where A is a N x N matrix. The gradient energy coefficient v > 0 that appears in
the gradient part of the free energy is a small parameter and we will see that /7y is
directly proportional to the thickness of the interfaces. Furthermore, £ is taken to
be defined on a bounded domain 2 C IR" with a sufficiently smooth boundary. As
boundary conditions for the system (1), we assume no—flux conditions and natural
boundary conditions for the concentrations; i.e., J' - v = 0 and Vu'- v = 0 where v
is the exterior normal to 0f).

Phase separation for multicomponent systems were first studied by Morral and
Cahn [23] and De Fontaine [13]. In particular their linear stability analysis suggested
that systems of Cahn—Hilliard equations model spinodal decomposition in multicom-
ponent systems. This was later supported by the numerical simulations of Eyre [20]
and Blowey, Copetti, and Elliott [5]. We also refer to the work of Barrett and Blowey
[3, 4] who analyze a numerical method for a system of Cahn-Hilliard equations with
a concentration dependent mobility matrix. They performed numerical simulations
with a concentration dependent mobility which is taken to be small in the pure com-
ponent and as expected they observed that the time scale of the evolution increases
as the mobility in the pure component decreases. A derivation of the system (1) from
basic thermodynamical principles was given by Elliott and Luckhaus [18] in the case
of a constant mobility matrix. They also proved global existence and uniqueness.
Elliott and Garcke [17] studied a system of Cahn-Hilliard equations with a concen-
tration dependent mobility matrix which allowed the mobility to vanish for the pure
component. They discussed properties of the mobility matrix and showed existence
of a weak solution of the resulting system of fourth order degenerate parabolic equa-
tions. We also refer to the work of Tombakoglu and Ziya Akcasu [31] who derived the
system (1) with a concentration dependent mobility matrix from a mean field theory.

The simplest choice of a concentration dependent mobility matrix which is physi-
cally relevant, has as its entries

LY (u) = u*(6;5 — u) ij=1...,N (2)
(cf. [31, 17]). This matrix is symmetric and fulfills the condition Z;V:I LY = 0 which

is necessary in order to ensure that the constraint Zfil u' = 1 is preserved during
the evolution. Although our results are also true for more general mobility matrices
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(cf. [17]), we restrict our discussion to the form (2) in order to keep the presentation
simple.

Our goal in this paper is to relate the system (1) to a sharp interface model in the
limit in which the interfacial thickness tends to zero as the time is rescaled appro-
priately. The first result in this direction for a single Cahn—Hilliard equation with a
constant mobility was obtained by Pego [26]. By the means of formal asymptotic ex-
pansions, Pego [26] showed that in the scaling v = &2, t — et, as ¢ \, 0 solutions of the
scalar Cahn-Hilliard equation with constant mobility can be expected to converge to
solutions of the Mullins—Sekerka evolution problem. Later Pego’s result was justified
rigorously in the radially symmetric case by Stoth [30] and by Alikakos, Bates, and
Chen [1] in the case that the limiting motion has a smooth solution. Cahn, Elliott
and Novick-Cohen performed a formal asymptotic analysis for a single Cahn-Hilliard
equation with a concentration dependent mobility. With the scaling v = €2, t — £2t,
they obtained motion by surface diffusion as the singular limit near the deep quench,;
ie. as g,0 N\, 0. This evolution law is defined purely in terms of local geometric
quantities in contrast to Mullins—Sekerka evolution where the geometric data of the
interfaces are coupled with the evolution of bulk fields. We also mention the work
by Elliott and Garcke [16] and Escher, Mayer, and Simonett [19] for existence and
stability results for diffusive surface motion laws.

The connection between a multiphase Ginzburg-Landau system and a sharp inter-
face problem was first demonstrated by Baldo [2]. He applied I'-convergence tech-
niques to show that functions that minimize £ over a set of functions with prescribed
mass converge to solutions of a sharp interface problem which consists of finding a
partition of €2 into IV phases which fulfills a minimal interface condition. Here, each
of the phases is constrained to have fixed volume. Via formal asymptotic expansions,
Bronsard and Reitich [8] related a vector valued Allen-Cahn equation to mean cur-
vature evolution for interfaces which are coupled by an angle condition, known as
Young’s law [33], at triple junctions. They also showed existence of solutions for the
limiting evolution problem. The angle condition at the triple junction can be viewed
as a balance of mechanical forces and it arises in the formal asymptotic expansions as
a solvability condition for a three layered stationary wave. Recently Bronsard, Gui
and Schatzman [6] proved the existence of such a wave in the case of a symmetric
three—well potential.

Cahn and Novick—Cohen [12] and Novick—Cohen [24] studied an Allen-Cahn/Cahn—
Hilliard system modelling simultaneous phase separation and ordering in binary al-
loys. Assuming a degenerate mobility, in [24] formal asymptotic expansions were
applied to show that the singular limit of this system couples motion by mean cur-
vature and quasi—static diffusion with surface diffusion. Triple junctions have also
been derived recently by formal asymptotics in the context of a phase field model
for solidification of a eutectic alloy in the stationary case by Wheeler, McFadden and
Boettinger [32]. In parallel with our work, Bronsard, Garcke and Stoth [6] studied
an asymptotic limit of a system of Cahn—Hilliard equations with a constant mobil-
ity matrix. They obtained an evolution law that couples Laplace’s equation in bulk
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regions, the Gibbs-Thomson law on interfaces, Young’s law at triple junctions to a dy-
namic law of Stefan type. For the limiting evolution they demonstrated a conditional
existence result using an implicit time discretization and methods from geometric
measure theory.

In this paper we show that with the scaling v = €2, t — £2¢, the singular limit
of (1) in the deep quench limit yields motion by minus the Laplacian of the mean
curvature for each of the interfaces. At triple junctions Young’s law, a condition that
follows from the continuity of chemical potentials and a no—flux condition hold. At
the intersection of an interface with an external boundary a Neumann type angle con-
dition and a no—flux condition are obtained. Furthermore, we derive a fourth order
parabolic boundary value problem such that solutions of this initial boundary value
problem parametrize curves which solve this limiting geometric evolution problem.
We prove local in time existence for this initial boundary value problem. Taking into
account equivalence classes of solutions obtained by reparametrization of the evolu-
tionary curves and allowing for variability in fixing the tangential velocity uniqueness
for the geometric problem is also proved.

2. FORMAL ASYMPTOTIC EXPANSIONS

In what follows we consider the scaling ¢ — €2t and v = &2 (cf. Cahn, Elliott,
Novick—Cohen [10]) and write (1) as

edul = —eV . J°, (3)
Ji=— Z L (u)Vu? (4)
w'=D;¥(u) — & (D¥(u) - e) — >Au? (5)

where W is chosen to be of regular solution type. We assume that A = (a“)id:l,,_,,N
is positive definite when restricted to {u| 3., u’ = 1}. The coefficients a”/ are pair
interaction coefficients of components 7 and j and since it is reasonable to assume
that a phase does not interact with itself, a® is taken here to be zero (cf. De Fontaine
[13]). This implies that the minima of ¥ are of equal height in the limit # \, 0. The
assumptions on A give rise to a N-well structure for ¥ when 6 > 0 is sufficiently
small. Moreover, each of the N phases can be identified by the property that one of
the V components is predominant. Throughout our discussion, we assume that

6 =0(e).

The derivation of the outer and inner solutions will only be sketched. For a more
detailed analysis in the binary case we refer to Cahn, Elliott, and Novick—Cohen [10]
and Novick—Cohen [24].

2.1. The outer expansion. Let us denote by a(k), k =1,..., N, the N local minima
of ¥ on the Gibbs simplex G = {u | 3., u’ = 1,4’ > 0}. This implies that the a(k)
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are solutions of the system of algebraic equations
D;¥(u) — ~ (D¥(u)-e) =0 i=1,..,N.
Since the a(k) converge at the corners of the Gibbs triangle exponentially fast as
e\ 0, we can label the a(k) so that
|a*(k) — 1| < Cle_%,
|a' (k)| < C’le*% for i # k,

where C7, C5 are constants which are independent of ¢ for ¢ sufficiently small and are
therefore independent of 6.

Let us consider now a region of the outer solution which is dominated by component
k; i.e., u =~ a(k). We make here the self—consistent ansatz that u is of the form

. . . . c
u' =a'(k) + (eu} + %uy+...) e ¢ + HO.T. fori=1,..,N,
: : : . c
J'=(Js+eli+e°J3+..)e =« + HOT. fori=1,..., N,
w' = (awi+62w;+...) + H.O.T. fori=1,...,N,

where by H.O.T. we denote higher order terms.

2.2. The inner expansion. We now analyze the behaviour of the solution in an
interfacial region separating two phases under the assumption that we are finitely
away from both triple junctions and external boundaries. The two phases which
bound this interfacial region are denoted here as k; and k;. We employ the ”classical”
variables (p, s) (cf. Caginalp and Fife [9] and Rubinstein, Sternberg, and Keller [27])
for the scaled distance function from the interface p = d/e where d is the signed
distance from the interface and s is an arc-length variable along the interface. We
use the convention that the unit normal defining the sign of p points into the domain
denoted as ky. Any given function v(z,t) written in terms of the new variables as
u(t, p, s) satisfies

Vo=1gvVd+ Lo Vs, (6)
vtzgy—i%QVwL%yst. (7)
Here V = —d; denotes the velocity of the interface. We now assume that there exist

asymptotic expansions for u?, J',w', i = 1,..., N, given in terms of these variables;
ie.,

' =ud 4 eul + ..., i=1,..,N,
Ji=J et + .., i=1,..,N,
wi:gwi—kajw;—{—..., 1=1,..,N

such that YN wh =1 and Y0 ul =0, k=1,2,....
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At O(1), fori=1,..,N

0=—(n-Jp) , (8)
nedy == LY(ug)u,, (9)
0= Di¥(uy) — 5 (D¥(wy) - €) = w5, (10)

where n denotes the unit normal to the interface and the notation v, indicates the
derivative of a function v with respect to the variable p. Integrating (8) yields the
existence of a function ¢* which is independent of p such that

and matching of the normal components of the fluxes with the fluxes in the outer
region shows that

g'(s,t) =T.8S.T., (12)

where T.S.T. denote terms which are transcendentally small in ¢ (cf. [24]). Equation
(10) with boundary conditions dictated by the outer expansions, has a stationary wave
connecting the minima of ¥ as its solution (cf. Sternberg [29]). We shall assume that

the stationary wave solution has only two non—trivial components which we denote
by kl, kg, i.e.,

=T.5T. fori#ky,ks. (13)
This implies that
L9(uy) =T.S.T. fori,j& {ky, ky}. (14)
Neglecting transcendentally small terms
LM (uy) = —LF* (ug) = — L% (u,) = LF* (uy) (15)

and these terms are different from zero. Thus there are effectively only four non-
trivial entries in L¥(u,), i,j = 1, ..., N. From here on we employ the notation LY :=
LY (wy), i,j=1,...,N.

From (9), (11), (14), and (15) it follows that there exists a function g(s,¢) which
is transcendentally small, such that on the interface between k; and k-,

n-Jgt = — [Lg™wl?, + L w4 §(s,1)] =
= —L’glkz [w'fzp — wy p] + §(s,t) = gF1 (s, t). (16)
From (16), since Li**2 = 0 it follows that
~ k1
k2 k1 979
[wl —w, ],p = W (17)

By our assumptions on L'glkz and on the normal fluxes in the outer regions,

~ kl
9g—9
Tk = O
0
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Hence, matching the chemical potentials in the inner region with the chemical poten-
tials in the outer region yields

. _c
g—g’“z(’)(e ) (18)
and
wh — wh = h(s,t) (19)
where h(s,t) is not necessarily T.S.T..
At O(e):
0=(n-5y),+(7- %), (20)
N .
wi = Dy¥-ul — % (u, - D*Te) —ui ,, — ko uf (21)

7k2

where the sign convention is used that the curvature n’gl is computed with respect

to the normal pointing into the k; phase and mlgl’kz denotes the first term in a regular
perturbation expansion in ¢ for kFvk2 - Since employing the Frenet formulas 7, - J; =
kFLkzp . T8 we conclude from (11) that 7, - Jy = T.S.T. and therefore (20) simplifies
to

0=(n-Ji) +(r-Jb,) +T.ST..

By matching with the outer solution, it follows that n-J! = T.5.T.. Multiplying (21)
by gf) ,» integrating over (—oo,00) with respect to the variable p, and summing over
i gives

o N
/ wt %,p = / Z D;;V o} uop / Z (D*Tu, - e) “ Uy, (22)

0 jj=1

o0 N 9
_ E ' khkz )
/ ul,pp —0,p / 0,p :
X =1

Integrating by parts and employing (10) yields
/ szl @f),p = —Iﬁ;]gl’kz/ Z (gf],p)z dp+T.S5.T.. (23)
T =1 T =1

Now we define o*1*2 to be the surface energy of the interface between the k; phase
and the k5 phase; i.e.,

o N
O_k1k2 ::/ E (ﬁf],p)2dp
0 =1

where u} is the connecting orbit between the minima of ¥ corresponding to the k; and
ko phases (cf. Sternberg [29]). From the above discussion, uf = T.S.T. for i # ky, k2,
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hence:
kiky .__ = k1 )2 k2 \2
o = / {(ﬂo,p) + (ug%) } dp+T.5T. (24)
Since the k; and k, phases are assumed to be distinct, c*¥2 > 0. By construction
S N, uj = 1. This implies now that
upt +ukr =14+ T.ST. (25)
Employing (24) and (25) in (23) yields

(w’fl — w'lm) / gﬁ}pdp +T.5T. = —mgl’kzaklkz, (26)
and this implies that to lowest order
k k kilk k1,k
(wr —wy®) [ug']y, = —mg" o™ (27)

Here [v]’,zf denotes the jump of a function v across the interface between the ky and
k1 phases with the sign convention that we subtract the value in the k; phase from
the value in the k9 phase.

At O(e?), fori=1,...,N,

Vg, == (n-Ly) ,— (7-13) , - (28)
At this level, the equation of conservation of mass alone is needed. Integrating (28)

between —oco and oo, using the fact that 7, - J4 is T.S.T., and matching with the
normal fluxes in the outer region

—Vp [ud] = _/oo (r-Ji,) +T.ST.. (29)

ki
Taking ¢ = k; (or kg), to lowest order

Vb [u’gl}’;‘f: / L§* wi® dp + / Lg™ wiv dp+ T.S.T.,

o0 o0
and thus
Vo lub]y: = (why, -~ uts) [ Ib®dp. (30)
—00
Defining
[Frkz . — / Litk2dp (31)
— 00
which is a positive constant, we can rewrite (30) as
_ [kik2 ki ke
Vb - k (wl,ss wl,ss) : (32)
[ug],,
0 k1

ka2 .
b = —1 yields

Vhkike — _[kiks pkiks Rk (33)

,8§

Employing (27) in (32) and using the fact that [uf!]
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Here, the upper indices in V**2 and x*1*2 indicate that the velocity and curvature are
evaluated at the interface between k; and k». Additionally, the subscript 0 indicating
the order of the expansion has been omitted.

2.3. Expansion near the intersection with the external boundary. Let the
interface between the k; phase and the k, phase be denoted by I'**¥2. At the inter-
sections of ['*1#2 with the external boundary three conditions must hold.

(i) Attachment: An isolated interface T'**2 does not detach from the boundary <.
The rational for the attachment constraint arises from the physical interpretation of
the partitioning of the phases.

(ii) A Neumann boundary condition: Let m(t) denote the point of intersection of the

interface I'*1*2 with 9. Following the arguments of Owen, Rubinstein, and Sternberg

[25], Cahn and Novick—-Cohen [12] and Novick—-Cohen [24] we introduce a rectangle
1

R. whose sides are proportional to 2. Let m(t) be located at the midpoint of one
of the sides of the rectangle and let that side be tangent to 9Q at m(t). To obtain
the Neumann boundary condition, we introduce the variables n = ’”_Tm(t) = (1,n)
where (7,n) are orthogonal coordinates and 7 is a variable which is tangent to 02
at m(t). We now multiply the equations for the modified chemical potentials by ufT,
integrate over the rectangle R., and sum over the components ¢ = 1, ..., N. This gives

to leading order

o= [ Soui, { D) - (DU o) - i)

€ =1

-[ {§ (¥w) ~ (i ) (5 (¥ -e) - i - Anua} .

Since Zf\il u$ = 1, the middle term in the above equation term vanishes. Hence

0 . i i
0= /Re {8_7' (¥(ug)) — ;UO,TAUUO} .

This identical form appeared also in [24] and the same arguments may now be em-
ployed to deduce that the contact angle with the external boundary is  up to O(¢)
accuracy.

(iii) The no flux condition: Integration of the balance of mass equation for component
k, over the rectangle R, gives

/ a3uf1:—e/ V- Jk

. 63/ W = O(c2vol(R.)) = O(3) .

It is easy to see that
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Defining
I[:=¢ | V.JMh,
R
we can argue as in Novick—Cohen [24] to obtain

IT = O(svol(R,)) = O(£%).

In particular I = o(II), and to leading order from the balance of flux condition,
Gauf}’ identity, and matching with the outer solution

0:[1:/ v JM =
OR.

= —s/ V- (L"“”’C2 {wff — wfsl}) endr + O(?) =

o0

o0
=—c(v-en) (W2 — W) / L% dp + O(£?),

—0oQ
where v denotes the exterior normal to 02 and e, denotes the unit vector pointing
in direction of the coordinate n. Here we have used the fact that across the interface
['*1%2 only quantities involving k; and ko give contributions to leading order. Since
J2o L¥*2dp £ 0 and since the contact angle is Z (which implies that v - e, # 0), we
conclude that

ke k1 __
we—wy =0.

Matching with the inner solution and noting (27) then gives

2.4. Conditions at the triple junction. Four different types of conditions must
hold at any triple junction. The first condition is a persistence condition; i.e., the
condition three interfaces which meet at an isolated triple junction remain together.
The second condition is Young’s law; i.e., a condition which determines the angles
between the interfaces which meet at the triple junction which results from a balance
of mechanical forces. The remaining two conditions consist of a balance of flux con-
dition and a continuity condition resulting from imposing continuity of the chemical
potentials across the triple junction. Since the derivation of the first two conditions
is similar to the analysis which appears in the treatment of other problems which
include triple junctions we do not present the details here. Instead we refer to the
works of Bronsard and Reitich [8] and Novick—-Cohen [24].

Without loss of generality, it is assumed that phases 1,2 and 3 meet at the triple
junction under consideration. Let 7,7,k € {1,2,3} be mutually different. Let the
interface between i and j be denoted by I'*. The same convention is employed for o*
and [

(i) Persistence: A single isolated triple junction does not pull apart.

(ii) Young’s law: Following the arguments in Bronsard and Reitich [8] and Novick—-
Cohen [24] and our discussion of the Neumann condition, it is easy to demonstrate
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that Young’s law holds at any triple junction (see also Bronsard, Gui and Schatzman
[7]). This condition may be written as:

ol o? o3

sinf@!  sinf2  sin 63

where 6% represents the angle of the & phase at the triple junction and of = &%
where o is as defined in subsection 2.2.

(iii) A balance of flux condition: To proceed, let us integrate the mass balance equa-
tion over a triangle 7, which is constructed so that its midpoint coincides with the
1

triple junction m(t), its sides are proportional to €2, and each of its sides is intersected
by one of the three interfaces. Employing the stretched variable

_z—m(t)
=
and defining
I = / 63ui
and
.= [ v, J,
Te

it is easy to check that I' = O (¢®) and IT* = O(g). More precisely, we may conclude
that that I* = o(IT%) and may therefore be neglected. Thus, using Gaufy’ theorem,
matching with the outer and inner solutions, and employing the structure of the inner
solutions (cf. [12] and [24]), we obtain to leading order:

oz/vn-ﬁ:e/ v-J'ds (34)
€ aTE
3 N
=—> ¢ Vg L9 b - e, ds,
; /«m)k {Z | } k

j=1
where ds refers to integration with respect to arc-length. Here, (07} )x, k = 1,2,3,
refer to the edge of the triangle 7, which intersects the k’th interface, 14 denotes the
exterior normal to T, on (0T:)y, and e, is the unit tangent along the £’th interface
pointing away from the triple junction. By matching with the appropriate inner
solutions, we see that along each of the 3 interfaces only two of the N chemical
potentials vary to leading order. Hence, in total, at any given triple—junction only
three chemical potentials denoted here as w!, w? and w?, enter significantly.

Let us choose three mutually distinct numbers p, ¢, r € {1,2,3}. Assuming that we
are in the non-degenerate case in which 0 < 0; < 7, ¢ = 1,2, 3, a triangle 7. may be
constructed such that v, -e;, = 0. Since the component p varies only along interfaces
q and 7, we obtain from (34) taking ¢ = p that to lowest order

026/ {(vq-ec,) ¥ (wrs—wps)}+€/ {(r-ee,) L7 (w? — w?)} . (35)
(8T) ’ ’ (8T), ’ ’

q
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Evaluating the integrals in (35), we conclude from (31) that at the triple junction
P (w, wf“s)q + P (wl —w?), = 0. (36)

VS -
Here the notation (.), indicates that the expression in brackets is evaluated at the

interface . Matching with the inner solutions and employing equation (27), gives
that the above equation may be written as:

1ol +1"0"k? = 0.

Defining s! := k%, k2 := k3! and x? := k!?, and noting that k¥ = —k’*, we conclude

that
ll(flffls = lza2n2s = l303m?’s.

(iv) Continuity of the chemical potentials: It follows from (27), using the notation
from above that
(w2 — w?’)1 = klot,
(w3 _ w1)2 — k202
(u)1 — w2)3 = K30,
Under the assumption that each of the three chemical potentials are continuous across
the triple junction, it follows that

1y _ (.1 2y (.2 3\ _ (3
(1), = (w')y, (%), = (w)y, (), = (w*),,
and we may sum the above equations to obtain:
klot + k*o? + K*0® = 0. (37)
3. THE LIMITING MOTION AND GEOMETRIC PROPERTIES OF THE EVOLUTION

Let us formulate the limiting motion for a three phase system. Generalization
to more phases may be obtained in a straightforward manner. The interfaces shall
be denoted by I'(t), i = 1,2,3. The quantities o%,I" and s’ will be defined as in
subsection 2.4. Furthermore, we set

Vl o V23 V2 o V31 V3 o V12

=V, = V3 = .

We remark that the velocities V¥ are antisymmetric in ¢ and j; i.e., V¥ = V7%,
The free boundary problem for the interfaces may now be stated as

(A) Along each interface I', V' = —l'c’k!,,

(B) At each intersection of ' with the external boundary, the following conditions
hold
(i) an attachment condition,
ii) the contact angle is 7,
iii) a no—flux condition £, = 0.

(C

At each triple junction
i) the triple junction does not pull apart,

(
(
)
(
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(ii) the angles of the phases at the triple junction fulfill Young’s law [33]; i.e.:

ot o? o3

-7 _- (38)

sin@! sinf? sin@3’

which may also be written as a balance of mechanical forces (cf. [21])

3
Z o'rt =0 (39)
i=1

where 7¢ denotes a unit tangent to the interface I'"* pointing away from the triple
junction.
(iii) a balance of fluxes condition holds:

otk = 20262 = Po®h?, .

(iv) the chemical potentials are continuous across a triple junction; this implies
that

klol +K*0? +KP0* =0, (40)
Let us now state some geometric properties. It is easy to demonstrate that the
total area occupied by each of the different phases is preserved. We leave the simple

proof to the reader.
A further property which we wish to show is that the energy

E(t) = Z o Li(t)

is non—increasing. Here by L‘(t) we denote the length of T'*(¢). In this context we
remark that Baldo ([2]) has been proven that the weighted sum of lengths E is the
['-limit as € — 0 of the free energy £. For simplicity we state the property for three
curves which each intersect the external boundary at one endpoint and which all meet
at a single triple junction at their other endpoint. A generalization to more complex
networks of interfaces is straightforward.

Claim: The total energy is a non-increasing function of time; moreover,
3

S = -3 (o)1 / ()% ds,

i=1 Ti(t)
where ds denotes integration with respect to arc—length.

Proof. By the transport theorem for evolving curves (see for example Gurtin [21]
Section 1.2):

—y@:—/ mww—/ £R (41)
dt T (t) ari(¢)

where 7¢ denotes the unit tangent to I'‘(¢) pointing into the interfaces at their end-
points and R is the velocity of the endpoint. For an endpoint of dI'(t) lying on
the exterior boundary 02, we conclude from the angle condition that 7 - R = 0.
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Therefore, only triple points can contribute to the boundary integral. Summing (41)
over the three interfaces each weighted with the appropriate interfacial energy, and
employing the law (A) of interfacial motion yields

3 3
%E(t) = Z o / KoK ds — Z o'rt - m(t). (42)
i=1 '(t) i=1

Here, m(t) denotes the location of the triple junction. By (39) the last term in (42)
vanishes. Integration by parts and using the no-flux condition nfs = 0 at the external
boundary gives

3

d i\27i i )2 : N2 i (00

%E(t) = — 2(0 )l /ri(t) (k%) ds + Zl CANSE ’i,s)m(t) (43)
where the notation (.),,) indicates that the term in the bracket has been evaluated
at the point m(¢). Employing (iii) and (iv) in (C), the last term in (43) can be seen
to vanish which proves the claim.

4. A LOCAL EXISTENCE THEOREM FOR THE LIMITING EVOLUTION PROBLEM

In what follows we restrict ourselves to a situation in which three phases are present
which meet at exactly one triple junction. The study of more complex geometries
can be treated in a similar manner. We describe the three interfaces I'!, i = 1,2, 3,
by functions

X4:00,7) x [0,1] — IR?,
(t,p) = X'(t,p)

such that for t € [0, T, X'(¢t,-) is a parametrization of [''(¢) whose properties will be
specified in the discussion below, and we formulate an initial boundary value problem
in terms of the parametrizations (X*);—123 whose solution will parametrize curves

that solve the evolution problem (A)—(C) derived in section 3. We then prove local
existence within the framework of the parabolic Holder spaces C’tl, :Z’Ha, 0<ax<l
relying on the results of Solonnikov [28]. .

First we derive a partial differential equation for X* such that the evolutionary

curves parametrized by X* fulfill the law of motion
V= -l'o'K!y,,

which may be written equivalently as

X;-N'=—-l'o's,,
Here, N* is the unit normal to I'(t). We use the convention that the sign of N’ is
chosen so that (T, N*) is positively oriented, where T = % is a unit tangent. The

»P
Frenet formulas imply that
Xi — K}iNi

,88
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where the index s indicates as before differentiation with respect to arc—length; i.e.,
for a given function f(p) defined on the curve, f, = L2

Xl
Setting ’
ol =T —X’Z.pp
| X5/
and
B = =3k'K, + o'y, — o (ni)2 , (44)

we obtain, omitting the index ¢ for convenience

X X X
ssN T = PPPP 5 PPP 2 s N — sN -9 s »PP
K, + 4 X4 oz|X7p|3 a sk ak, a, X, +

X
3 2 »PP

+ KN — 207 P2
" T X2

The last equality implies that a solution of the partial differential equation

1 . Xt X o S
— X = — ,P?PP 5 7 ,I?PP 20" kKEN? tet N 45
TR X4 + 5a X3 +2a' k' N* + o'k N* + (45)
+ 2ai X,z:PP - (h}i)gNi + 2(ai)2 ,z:PP
S X0 |2
fulfills
Vi= —ailimfss,
since (45) may also be written as
- i AT irpi
ailiXt = =K'\ N = B'T". (46)

To keep the presentation simple, we define a IR?-valued function G such that (45) is
equivalent to

Xi= oI 1 G(X}, X}y X,y)  i=123. (PDE)
P

We remark that GG is smooth as long as its first variable is bounded away from zero.

There is some degree of freedom in specifying the parametrization of the evolu-
tionary curves (see the next section), and we find it convenient to make the following
choice at the endpoints p = 0,1

[ X, 0)] = | X5 1) = 1, i=1,23.



16 HARALD GARCKE AND AMY NOVICK-COHEN

This choice yields the following formulation of the boundary condition at the triple
junction (cf. (C) in Section 3):

X(t,0) = X*(t,0) = X°(t,0), (I)

| X (t,0))* =1, i=1,2,3, (1)

3
D otXE(t,0) =0, (I11)
i=1
3
>0t X,(t,0) - N'(t,0) =0, (1v)
i=1
allln}s = 02l2m?s = 0313m?8. (V)
Assuming that 0 is described as the O-level set of a smooth function b : IR> — IR

such that 0 is a regular value, we obtain as boundary conditions at the external
boundary that for ¢ = 1,2,3 (cf. (B) in Section 3)

b(X'(t,1)) =0, (VI)

X b4y (X9 (t,1) — X3, by (XF)(,1) = 0, (VID)
KY(t,1) =0, (VIII)

Xt 1) =1 (IX)

Altogether this yields 12 boundary conditions at p = 0 and p = 1 for a system of
fourth order parabolic equation which contains six equations. This is precisely the
number of conditions which one would expect for this type of system.

To show local in time existence we follow the approach of Bronsard and Reitich
[8] where a second order system was studied arising in the context of motion by
mean curvature. But since our system is of fourth order the analysis here is more
complicated. In order to solve the system of equations (PDE) together with the
boundary conditions (I)-(IX) and given initial conditions, we choose parametrizations
X§ € Cre([0,1],R?), i = 1,2,3, of the initial curve which satisfy

1 X5,(0) =1Xg,(1)] =1 for i=1,2,3. (47)
The existence proof will be carried out by a contraction argument on the set
B(T, M) = {(X*, X%, X*) € Cy)y V7 ([0,7] x [0,1], R?)* |

X0,-) =X and | X' |i1a4pa< M for i=1,2,3}.
The numbers 7" and M will be chosen later. Here C;;%’Ha ([0,T] x [0,1],IR?) is
defined as a parabolic Hélder space (cf. Solonnikov [28], Chapter IV) with the norm
| - |1+2 4+a, and the space E(T, M) is taken to inherit this norm.
Assume (X!, X2 X3) € E(T, M) is given. Then linearizing equation (PDE) gives

. X X X! .
X1 i aZ?PPP = o't aZ?PPP — o'l Lpppp G(Xt. Xt X . PDE
t T O X5,/ g X3, g X34 + G(X 5 X Xippp) ( L)
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This equation is to be solved in conjunction with linearized versions of the boundary
conditions (I)—(IX) which we shall denote by (I;)-(I/X.). The conditions (I) and
(III) are already linear. The linearized boundary conditions (/1) and (IV7) are

Xip (0)X5(6,0) = Xg,(0)X5(6,0) — 5 (1 X}, 0)P) (1)

Zax (£,0) N3 (0 ZO’ZXz (t,0) N3 (0 ZUX (£, 0)N'(t,0)  (IV1)

=1

where N is the unit normal to the parametrization of the initial curve X§ and N is
the unit normal to X".
Using the identity
i _ e i i
K= X - N* = 3a’s’,
we can linearize the boundary condition (V) as
o'U'X! o (t,0)NG(0) — o’V X7 (t,0)N3(0) = o'l X%, (¢, 0)Ng(0) — o/V X7 (¢,0)NJ(0)

ol'R js(t, 0) + a’lfr-s{s(t, 0) (V1)

for (¢,7) = (1,2) and (7,5) = (2,3). The boundary conditions at the point p = 1 can
be linearized similarly to give linear conditions (VI,)—(IXy).

We now demonstrate that the boundary conditions (I1,)—(IX) together with equa-
tion (PDE}) fulfill the complementary conditions in the sense of Solonnikov (cf. [28]).
This will allow us to apply the C*—theory for linear parabolic systems. Introducing
the notation

(ula e UG) = (Xlla lev Xlzv X227 va X;’),
the boundary conditions (I;)—(IX;) may be written in the form

6
0

E By; <p, 8_p> u;(t,p) = ®4(t, p) for ¢g=1,...,12, and p=0,1,

j=1

(cf. Solonnikov [28], Bronsard and Reitich [8]). Here, the ®, are defined to be the
right hand sides of equations (I1,)—(/Xy). The By,’s are polynomials with respect to
a%’ and here each B,; is homogeneous of a degree that is denoted here by 53 which
does not depend on j. The index 0 indicates that this is the degree at the point p = 0.
We use the notation 51 to indicate the degree of the polynomial B,; at the point p = 1.
Therefore, using the notat1on of Solonnikov (28], we obtain that By; = By, where By
is the pr1nc1pal part of By;. Below we discuss only the boundary cond1t1on at the

point p = 0, as the analysis for p = 1 is similar but simpler. Defining

(Xl,X2,y1,y2,Zl,Z2) =
(Xll,p(oa O)a X21,p(07 O)a X12,p(07 O)a X22,p(0a 0)7 Xip(oa 0)7 Xg,p(oﬂ 0))7
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we get

=(1,0,-1,0,0,0) for g =1,
=(0,1,0,-1,0,0) for ¢ = 2,
~(0,0,1,0, 1, 0) for ¢ = 3,
~(0,0,0,1,0, -1) for ¢ = 4,
= (Xir, Xir, 0,0, 0, 0) for ¢ = 5,
=(0, 0, Yiir, Yeit, 0, 0) for ¢ = 6,
=(0,0,0,0, Zir, Zir) for g =7,
= (otir, 0, o%ir, 0, o’ir, or g = 8,

Yir, 0, o%ir, 0, odit, 0 f 8
= (0, olir, 0, o%ir, 0, odir) for ¢ =9,
= (oc*Xpr? |, —otXyT? | 2Wetr?, =0V T?, 0327 —03Z17?) for q = 10,
= (ocM*Xir? | o' XT3 | —o?PYit? | o212 )it? , 0, 0) for ¢ = 11,
= (0, 0, a?1®Wuir® | —a?PYiir3 | =033 2,13 | o313 Z,ir?) for ¢ =12

where i = y/—1. The principal part of the equation (PDE}) is described by the
matrix 9 9
L%t p, —, —) = (1% ).—
( ?p7 8t7 0p) (k])kﬂ_lvvﬁ

where

lh; =0 if k#j,

1 o\* o k+1
0 _ 171 _ _ _ if ) — | ——
b ("’|Xa,p|4 (5) *at) =5

where [.] is the Gaufl bracket and indicates the integer part. To formulate the com-
plementary condition we define

3 2
o1
L := det L°(t,p, r,iT) = H (aW 47'4 + r> ,

j=1 |Xg,p

£0= () =1 ()™

i.e., for p=0,1 we get

=0 i k4j
3 3
ng:H(ajle4+r) H (ajlj7'4+7') if = [—kJrl].
Jj=1 _ 2
7j=1
J#i

The complementary condition at the point p = 0 as formulated by Solonnikov [28]
requires that the rows of the matrix

A(t,p,r,it) = B°L°
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are linearly independent for all » € € and Rer > 0, modulo the polynomial

2

M*(r,7) = H (7 - 7'{(7‘))2 (r - Tj(T'))

j=1

All functions here are to be interpreted as polynomials in 7, and by le (1 =12
and j = 1,2, 3) we denote those roots of L(t,0,r,ir) which have positive imaginary
part. To determine the roots le we must calculate the roots of 7 4+ o7/l/7%. Therefore
writing r in polar coordinates; i.e., 7 = |r|e!® with ¢ € (—%, %), we find that for each
j =1,2,3 there are precisely two roots with positive imaginary part, namely

To decide whether or not the complementary condition is satisfied, we must determine
whether there exists a nontrivial vector (wg)4=1,..12 such that

3

12
qung(T)ﬂ;j(T) =0 mod H (T — Tll)2 (T — 75)2
g=1

=1

for j = 1,...,6, or equivalently whether there exists a nontrivial vector (w;)s—1,.. 12
such that

12 .
qung(T) =0 mod (t—1f)(r—715) wherek = [%] and j =1, ...,6.
g=1

Thus we must decide whether the set of twelve linear equations
12
0 ( k
ququ(Tl) = 0)
g=1
12
0 ( k
ququ(Tz) =0,
g=1

where k = [%] and j =1, ...,6, has a nontrivial solution (wy)=1,..12-

To derive a more practical version of the complementary condition, we calculate
the determinant of the matrix which corresponds to the linear system from above
and check the conditions at which the determinant vanishes. Using the property

that determinants are multilinear, up to a non-zero factor we must calculate the
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determinant of the matrix D =

(1 0 0 0 Mx 0 0 oA 0 JANNMX 20
0 1 0 0 Mx 0 0 0 o'\ —aIANX -2 0
-1 0 1 0 0 My 0 oI 0 AN, % %
0 -1 0 1 0 MY 0 0 o2 -2y, B %
0 0 -1 0 O 0 Mz 3@ 0 SNz 0 -2
0 0 0 -1 0 0 Mz 0 X -8Bz 0 &
1 0 0 0 iMx 0 0 ic'At 0 —olMMX —ifF 0
0 1 0 0 iNx% 0 0 0 oAl oA iR 0
-1 0 1 0 0 iy, 0 io'A? 0 -0, i% —i¥
0 -1 0 1 0 iX)» 0 0 i0?X* 2NN % i3k
0 0 -1 0 0 0 A2 i0®A* 0 oMz, 0 i%
0 0 0 -1 0 0 iX2Z, 0 i*N SXNzZ 0 —if

. . 1
where we have employed the notation MV = (0717) *. Assuming that the interfaces
are labeled sequentially and counterclockwise, it is easily seen that

sin @t = N2y — Iy,
sin@? = Z1 X, — Z,X, ,
sin 6 = XY — X1,
where 6/ denotes the angle opposite IV, the j’th interface, at the triple junction.

Employing the above identities and the symbolic calculation routines of MAPLE, we
find

3 2
1 . .
det D = —8(1 + 1) Ha’)\’ (E o’ (\) ) (E priyi sin 9’) + (g )\’sin97>
ol
Jj=1 j=1

j=1
Therefore, the determinant can only vanish if
sin? =0 for j=1,2 and 3.
This condition is fulfilled if
0<¢# <m for j=1,2 and 3. (48)

Other cases are not possible. If one angle is zero then by Young’s law and the
positivity of the surface energies o7, the two others have to be 7 and this would imply
that the determinant is zero. The case in which one angle is 7 can also not occur.
This can be seen as follows. Assume without loss of generality that 2 = 7. It then
follows that 7" = —T2 and therefore the balance of tensions (39) implies that

(or — )Tt + o*T° = 0;
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hence, 0 = 0. This, however, cannot be admitted within the framework of our

analysis because it would imply degeneracy of the equation of evolution for X?3. To
check the complementary condition at p = 1 is less complicated and no additional
conditions arise.

Remark. It is easy to check that angles 6y, 65, 05 satisfying Young’s law (38) satisfy
condition (48) if and only if the positive surface tensions o', o2, ¢ fulfill

O'i < O'j+0'k (Partial)

for all permutations (i, 7, k) of (1,2,3). This condition is referred to in the literature
as a partial wetting condition on the surface tension (cf. de Gennes [14]) and we will
henceforth impose this condition on our system.

We shall assume, moreover, that X§ € C;+*([0, 1]) fulfill the compatibility condition
of order 0 for the initial boundary value problem to ((PDE}), (I,)—(IX.)); this means
that the initial condition satisfy (I )-(/Xy) as well as further compatibility conditions
which formally are derived by differentiating conditions (/1) and (V1) with respect
to time (see Solonnikov [28] for details). The compatibility condition for (1) implies
that at the point p =0

171 v1 1 1 1 272 2 2 2 2
(—a ! XO,pppp + G(Xﬂ,p’XU,pp’XU,ppp)) = (_U ! XU,pppp + G(XO,p’XU,pp’XO,ppp)) )
(Ch)
and
2712 2 2 2 2 _ 373 v3 3 3 3
(_U ! XO,pppp + G(XO,p’XU,pp’XO,ppp)) - (_U ! XU,pppp + G(XO,p’XO,pp’XO,ppp)) :
CL)
The compatibility condition for (V1) at the point p = 1 reduces to
(=01 X6 pppp + G(Xb,p0 Xo,pps Xoppp)) - X0 =0 i =1,2,3. (CVE)

Finally, we assume that the X}, ¢ = 1,2, 3, are proper parametrizations; i.e., that
|X(§’p(p)| is uniformly bounded away from zero for p € [0,1] and i = 1,2,3. If in
addition the (0);—1 93 are positive and fulfill the partial wetting conditions (P sar)
we obtain

Lemma 4.1. Let X € E(T, M), and let X{ € Cy3*([0,1],R?), i = 1,2,3, satisfy
the compatibility conditions of order 0. Then there exists a unique solution X® €

Cop ¥, i = 1,2,3 of (PDEy), (I.)-(IXy)). such that X*(0) = Xi. Moreover

t,p
there exists a constant C' > 0, such that the inequality

3
| X ir2ara< C Y ([(X9, X0, X0 X0 ) |20+ | X lata)

j=1

12
O30 (1200 ooy +121) |, ooy )
g=1

4

18 valid.
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Proof. The lemma follows from Theorem 4.9 of Solonnikov [28]. O

To prove local existence for the nonlinear problem it suffices to demonstrate that
the operator which maps (X!, X2, X?) to a solution (X', X% X?) of (PDE.), (I1)-
(IX})) maps the set Z(T, M) into itself and is a contraction for T sufficiently small
and M sufficiently large. This however is straightforward employing the a priori
estimates given in Lemma 4.1 (see Bronsard and Reitich [8] for the details in the
second order case). Therefore we can conclude that under the assumption that the
(0%);=12,3 are positive and fulfill the partial wetting conditions (P,q) the following
local existence result holds.

Theorem 4.2. Let X{ € CA™*([0,1],IR?), i = 1,2,3, satisfy the compatibility condsi-
tions of order 0. Then there is a time T > 0 and a positive real number My such that
for all M > M, there exists a unique solution X € (T, M) of ((PDE), (I)-(1X)).

In the next section we see what geometric constraints on the initial curves are
implied by the above compatibility conditions.

5. UNIQUENESS AND THE GEOMETRIC EVOLUTION PROBLEM

Although the contraction argument in the preceding section gives existence and
uniqueness for the initial boundary value problem ((PDE), (I)—(IX)), there remains
the question of identifying geometrically admissible initial data (curves) and resolving
the possibility of non—uniqueness for the geometric evolution problem. We amplify
this issue as follows.

A given set of three curves in the plane which we wish to take as initial data or a
set of three evolving curves which we envision as a possible solution to the evolution
problem (A)-(C) formulated in Section 3 may be described by a family of smooth
parametrizations. This is due to possible reparametrization of the curves. Thus any
such set of curves can be equated with an equivalence class of parametrizations which
may be used to describe it. Therefore, the first question to resolve is to determine
which initial data (curves) are geometrically admissible in the sense that they admit
a smooth solution in the following sense:

Definition 5.1. The geometric evolution problem (A)-(C) with initial curves para-
metrized by functions X € Cy7([0, 1], R?), i = 1,2,3, has a smooth solution on the
time interval [0, T if and only if there exist parametrizations

Y':[0,T] x [0,1] — R?, i=1,2,3,
and functions £} : [0,1] — [0,1], 1 = 1,2,3, such that
i) YTe T (10,T] ¢ [0,1LR?), & € Gyt ((0,1),
i) Y} N'=—0o'l'r,
i) the curves parametrized by Y(t,-), 0 <t < T, fulfill
— the persistence conditions,
— the angle conditions,

— the balance of fluxes
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both at the points of intersection with the exterior boundary and at the triple
Junction as well as the condition of continuity of the chemical potentials at the
triple junction; i.e., the conditions (B) and (C) of Section 3 are satisfied.

W YOG) = X0,

v) &(0) =0, &(1) =1, and £ (&) (p) > 0 for all p € [0,1].

We shall see that the initial curves need to fulfill in addition to (B) and (C) only
a single geometric compatibility condition in order to guarantee that there exists
parametrizations of these initial curves which fulfill the compatibility conditions of
order 0 which are needed to apply the existence theorem of Section 4.

Another issue we want to address is to verify uniqueness of the flow within the
equivalence class of possible reparametrizations. In the discussion which follows, we
take into account the variability in the prescription of the tangential velocity along the
interfaces — to be more precise: any velocity is permissible which guarantees that the
resulting evolution satisfies the geometric conditions (A)—(C) as well as the regularity
requirements of Definition 5.1. We remark that the geometric conditions (A)—(C) do
not allow for an arbitrary prescription of the tangential velocities, as the attachment
condition and the persistence condition partially determine the tangential velocity at
the external boundary and at the triple junction (see (52) and (50) below).

Throughout the remainder of this section we assume that the surface tensions
(0%)i=12,3 are positive and fulfill the partial wetting condition (P ). In addition,
we use a subscript 0 to indicate that a term is evaluated at time zero. The following
theorem makes precise our claim that it is possible to obtain a smooth solution of
the geometric evolution problem (A)—(C) provided the initial data fulfill a geometric
compatibility condition.

Theorem 5.2. Suppose the initial curves are parametrized by functions
X¢ e Cpr([0,1],IR?), i = 1,2,3, and assume that the initial curves fulfill (B), (C)
and the geometric compatibility condition

(Ul)zllﬁtll,ss + (Uz)zlz’%g,ss + (0-3)213533,35 = O’ (Geom)

where kY indicates the curvatures of the initial curves. Then there exists a time T > 0
such that the geometric evolution problem (A)-(C) with initial data parametrized by
Xt¢, i =1,2,3, has a solution on the time interval [0,T] in the sense of Definition
5.1.

Remark. i) The geometric compatibility condition (Gon,) formally follows from the
fact that if the evolution is smooth the velocity i (t) of the triple junction m(t) has
to satisfy

m(0) - Ng = o'l'sj i=1,2,3.
This, however, is only possible if (Geop,) is fulfilled.

ii) A similar such theorem may be stated for triple junction motion within the context
of motion by mean curvature (see Bronsard and Reitich [8]). The analogous geometric
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compatibility condition would be then

o'ky + o’kg + okd = 0,
and a proof of the sufficiency of such a condition can be given following closely the
arguments of the proof of Theorem 5.2 given below.

Proof of Theorem 5.2. To apply the local existence theorem of the preceding section,
the parametrization of the initial curves need to fulfill the compatibility conditions of
order 0 of the initial boundary value problem ((PDEYp), (I1)-(IXy)). Since the initial
curves fulfill (B) and (C) the remaining compatibility conditions are (47), (C1;), (CIy)
and (CVI;),i=1,2,3. In the terminology of (44)—(46), the compatibility conditions
(CI) and (C1I,) at the triple junction can be stated as

o' (15,55 No + By Ty ) = 0”1 (g 4 NG + B0Ty) = 01 (k5 NG + B3 T5) ,  (49)

where the subscript 0 has been used to indicate that the quantities have been evalu-
ated at time ¢ = 0. Using the geometric compatibility condition (Geom), it is possible
to check that in order to fulfill (CI;) and (C1,) the 5§, i = 1,2, 3, must be given by

: 1 . TE.Tk
T J 2l] J 0‘ 0
BO (o,i)zli (0 ) ’%0,55 Né . Tok

+ (O’k)2lk,‘£k T(% ) Tg
0,55 Né . Tg

(50)

for permutations (7, j, k) of (1,2,3). We remark that the right hand side of (50) is
invariant under reparametrization. Similarly at points of intersection of an interface
with the external boundary the compatibility conditions (CV'I[;), i = 1,2,3 may be
written as

P (o NG + BUTS) - T3 = 0, G1)
i.e., we must require that
3y =0, 1=1,2,3, (52)

at points of intersection of an initial interface with the external boundary.
Let us now choose a sufficiently smooth reparametrization

Xi(p) = X§(€'(p))

of the initial curves in such a way that the Xi, i = 1,2, 3, fulfill (47), (50) and (51) at
the end points. Noting the definition (44) of 3%, it is easy to see that a prescription
of 3 at p = 0 or p = 1 via (50) or (51) and the fulfillment of condition (47) can
be achieved by solving a fourth order ODE for ¢! locally near the ends of [0,1]. In
this manner, the initial parametrization may be redefined to yield a parametrization
fulfilling the compatibility conditions of order 0. The statement of the theorem now
follows from Theorem 4.2. O

In terms of uniqueness for the geometric problem, our results may be stated as
follows
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Theorem 5.3. Assume C*"*—initial curves which fulfill the boundary conditions (B),
(C), and the geometric compatibility condition (Geom) are given. Let

X§ e Cyte([o,1], IR?), i = 1,2, 3, be parametrizations of the initial curves which fulfill
the compatibility conditions of order 0 and let (X', X2, X3) € E(T, M) be the solution
of ((PDE), (I)-(IX)) for the initial data (X})i—123 which was obtained in Theorem
4.2. Furthermore, assume that (Y',Y? Y?) is a solution of the geometric evolution
problem (for the same initial curves) in the sense of Definition 5.1. Then there exists
a time T1 > 0 and functions

i 1+ < 44
(3 4
ey,

([OaTI] X [0) 1]) [0) 1])
which satisfy £(t,0) = 0, £'(¢t,1) = 1 and 6% (€Y (t,p) > 0 for all p € [0,1],¢ € [0, T}]
such that

Xi(t,p) = Yi(t’ é.i(t’p))'

Remark. i) In the proof of Theorem 5.2 we demonstrated that C*T®—initial curves
which satisfy (B), (C) and (Geom) can be parametrized by functions Xj € Ca™([0, 1], IR?),
¢ =1,2,3, such that the compatibility conditions of order zero are satisfied.

ii) Theorem 5.3 shows that the geometric evolution problem defined by (A)—(C) in
Section 3 has only one geometrically distinct smooth solution in the sense that two
smooth parametrizations of evolving curves which fulfill (A)—(C) and which parame-
trize the same curves at the initial time, parametrize the same curves at later times
throughout their common interval of existence. The maximal interval of existence
may depend on the parametrization, though it is possible to formulate a maximal
“geometric” interval of existence if one allows for reparametrizations.

Proof of Theorem 5.3. Our approach is to derive an initial boundary value problem
for reparametrizations (£');=1,23 such that

Z'(t,p) = Y'(t,E(t,p)) (53)

is a solution of ((PDE), (I)-(IX)) whenever ¢! is a sufficiently smooth solution of
this initial boundary value problem. The uniqueness statement in Theorem 4.2 then
implies that X* = Z¢, i = 1,2, 3, and proves the theorem.

Let us formally derive an initial boundary value problem which should be satisfied
by the functions . Our goal is to find functions £ such that Z%, i = 1,2, 3, satisfies

Zy = =o'l (k' (N* + 3'T") (54)

where (3" is defined as in (44) in terms of the parametrization Z°. Noting (44) through
(46), we observe that equation (54) is equivalent to the equation (PDE). For Z¢, the
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following identities hold:
Zi(t,p) = Y/ (t,€(t,p) + Y, (¢, €'(t,p))&(t, p) |

Zy=Y,50
Zy =Y (&) + Y,
Zi - Y;pp(ff )* + 3YZ gz p T Yl prp’
leppp = Yzzﬁppp(gz )+ 6Y;9pp(§,lp) oo T 3YZ ( ) + 4Y,;9p Z prp + Y,z ,zpppp’

where the arguments in the last four lines have been omitted for simplicity. Since
Z; =Y, + Y.
= (NN (T T4 Y
= —0'l'r’ N' + (Y} - T T+ Y}¢f,
equation (54) is fulfilled if
0=Vl +0'l (B =5,

where we defined 3* := —U,ll, Y} - T* which is given in terms of Y*. The term ' can

be expressed in terms of Y and &, In fact it is easy to check that

) A

T 7 ,PPPP )

ﬁ_T'|Z |4+/6( pp’prp)
_ve v

PPPP ﬁ (Yz YZ Yz

PP’ = ,ppp’ pppp’ SP’ gpp’ §PPP)

Yig,l Yl
for suitable functions 3 and 3

Hence, it is sufficient to require that &, ¢ = 1,2, 3, satisfy the initial boundary
value problem

i zll l 2 i i i i i i o)
& + (;m))p (ﬁ(y,p’ypp’yppp’ Y,pppp’ > S,pp? ,ppp) - /6) =0, (55)
) ) ) 1
“(t,0)=0, ¢&(t,1)=1, and & (t,p) = ———, p=0,1and t €[0,T], (56
£'(t,0) §'(t, 1) £5(t,p) Vi p) 0,77, (56)
£'(0,p) = &(p) for pe0,1]. (57)

Either by noting the geometric nature of the conditions (B) and (C) which implies
invariance under reparametrization or by direct verification, it is easy to see that
the boundary conditions (B) and (C) are satisfied by Z%, ¢ = 1,2,3. This and the
third equation in (56) imply that the boundary conditions (I)—(IX) are satisfied by
Z',i=1,2,3. Hence, X* = Z' on [0,T}] x [0, 1] provided we can show the existence
of a solution Y

¢e T ([0,11] % [0,1],[0,1])

t.p
of the initial boundary value problem (55)—(57). However, this initial boundary value
problem can be solved locally in time by using the same methods as in Section 4.
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We do not carry through the details of the proof, but we demonstrate that the com-
patibility conditions of order 0 are satisfied and that the data are regular enough to
apply the contraction argument. Since formally £!(0, p) = 0 has to hold for p = 0,1,
one must guarantee that

3'(0,p) = 5'(0,p)  for p=0,1
But this follows for p = 1 since the regularity of Y%(0,p) and the complementary
condition for X} imply that 5°(0,1) and 3%(0,1) are given by the right hand side of
(50). Similarly we get that

5'(0,0) = 0= 3'(0,0).
The other compatibility conditions are easy to verify. We remark that i) and ii) in
Definition 5.1 guarantee that 3 € C'1*([0,T] x [0,1],R). This ensures that we can
prove the existence of a unique solution to (55)—(57) on a time interval [0, T3] provided
T; is sufficiently small. O

6. CONCLUSIONS

Employing formal asymptotic expansions we determined the asymptotic limit (y =
g2, t — €%, 0 = O(g), ¢ \,0) of a Cahn-Hilliard system with a degenerate mobility
matrix. The limiting motion is a sharp interface model where the evolution of in-
terfaces is governed by motion by surface diffusion. At triple junctions Young’s law,
a condition required by the continuity of the chemical potentials and mass balance
conditions hold. At points of an intersection with the external boundary, a Neumann
type right angle condition and a no flux condition have been derived.

For this limiting system we prove local in time existence and uniqueness in the

Holder space C’i :Z’4+a. The existence result is obtained by solving a nonlinear para-
bolic boundary value problem for parametrizations of the interfaces via linearization
and a contraction argument. To demonstrate uniqueness of a solution of the geo-
metric problem the contraction argument alone did not suffice; we also needed to
show uniqueness under admissible reparametrizations. We remark that in general
one cannot expect to establish results on long time existence with our approach since
topological changes might occur; e.g., the length of one of the interfaces may converge
to zero.
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