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Abstract

A parameter estimation problem is considered for a stochastic evolution equation on
a compact smooth manifold. Unlike previous works on the subject, no commutativity
is assumed between the operators in the equation. The estimate is based on finite di-
mensional projections of the solution. Under certain non-degeneracy assumptions the
estimate is proved to be consistent and asymptotically normal as the dimension of the
projections increases.

1 Introduction

Parameter estimation is a particular case of the inverse problem when the solution of a certain
equation is observed and conclusions must be made about the coefficients of the equation. In
the deterministic setting, numerous examples of such problems in ecology, material sciences,
biology, etc. are given in the book by Banks and Kunisch [1]. The stochastic term is usually
introduced in the equation to take into account those components of the model that cannot
be described exactly.

In an abstract setting the parameter estimation problem is considered for an evolution
equation

du(t) + (Ao + 0 A u(t)dt = edW (t), 0 <t < T; u(0) = uo, (1.1)

where 6 is the unknown parameter belonging to an open subset of the real line and W = W (t)
is a random perturbation. If u is a random field, then a computable estimate of # must be based
on finite dimensional projections of u even if the whole trajectory is observed. A question that
arises in this setting is to study the asymptotic properties of the estimate as the dimension of
those projections increases while the length 7" of the observation interval and the amplitude e
of the noise remain fixed.

When wu is the solution of the Dirichlet boundary value problem in a domain of IR? this
question was first studied by Huebner et al. [4] and further investigated by Huebner and
Rozovskii [5], Huebner [3], and Piterbarg and Rozovskii [11]. The main assumption used in all
those works was that the operators Ay and A; in (1.1) have a common system of eigenfunctions.
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The objective of the current paper is to consider an estimate of § for equation (1.1) without
assuming anything about the eigenfunctions of the operators in the equation. For technical
reasons the equation is considered on a compact smooth d - dimensional manifold so that
there are no boundary conditions involved. The main assumption is that the operators Ag
and A; are of different orders and the operator Ay + 0.4, is elliptic for all admissible values of
0. The model is described in Section 2 and the main results are presented in Section 3. If
A; is the leading operator, then the estimate of 6 is consistent and asymptotically normal as
the dimension K of the projections tends to infinity. On the other hand, if Ag is the leading
operator, then the estimate of 8 is consistent and asymptotically normal if

order(Ay) > = (order(Ao + 0.A;1) — d) (1.2)

[N

and the operator A; satisfies a certain non-degeneracy property. In particular, condition (1.2)
is necessary for consistency.! When (1.2) does not hold, the asymptotic shift of the estimate
is computed. The proof of the main theorem about the consistency and asymptotic normality
is given in Section 5.

In Section 4 an example is presented, illustrating how the obtained results can be applied
to the estimation of either thermodiffusivity or the cooling coefficient in the heat balance
equation with a variable velocity field.

2 The Setting

Let M be a d-dimensional compact orientable C* manifold with a smooth positive measure dz.
It £ is an elliptic positive definite self-adjoint differential operator of order 2m on M, then the
operator A = £/ is elliptic of order 1 and generates the scale {H*},cr of Sobolev spaces
on M [7, 13]. All differential operators on M are assumed to be non-zero with real C*(M)
coefficients, and only real elements of H® will be considered. The variable x will usually be
omitted in the argument of functions defined on M.

In what follows, an alternative characterization of the spaces {H®} will be used. By Theo-
rem 1.8.3 in [13], the operator £ has a complete orthonormal system of eigenfunctions {ej}i>1
in the space La(M,dx) of square integrable functions on M. With no loss of generality it can
be assumed that each ex(x) is real. Then for every f € Ly(M,dx) the representation

f = Z ¢k(f)ek

k>1

holds, where
Ol f) = /M F(z)er(e)dz.

If I, > 0 is the eigenvalue of L corresponding to e; and Ap := l,lg/@m), then, for s > 0,
H* = {f € Ly(M,dx) : Yp51 AP[x(f)]? < 00} and for s < 0, H* is the closure of Ly(M, dx)

in the norm || f||s = \/Zk21 A [r(f)]?. As a result, every element f of the space H®, s € IR,

1t was shown in [5] that in the case of the Dirichlet problem in a domain of Rd, if the operators Ay and A,
are selfadjoint elliptic with a common system of eigenfunctions, then condition (1.2) is necessary and sufficient
for consistency, asymptotic normality and asymptotic efficiency of the estimate.



can be identified with a sequence {¢x(f)}iz1 such that >2psq AP [¥r(f)]* < oo. The space H?,
equipped with the inner product

(f,9)s = D Abe(fbelg), fr9 € B, (2.1)

k>1

is a Hilbert space.

A cylindrical Brownian motion W = (W (#))o<:<7 on M is defined as follows: for every
t € [0,7], W(t) is the element of U;H® such that ¢n(W(t)) = wi(t), where {wy}r>1 is a
collection of independent one dimensional Wiener processes on the given probability space
(Q,F,IF,P) with a complete filtration I' = {F;}o<i<r. Since by Theorem I1.15.2 in [13]
Ap < kY9 k — 00,2 it follows that W (1) € H® for every s < —d/2. Direct computations show
that W is an H® - valued Wiener process with the covariance operator A?*. This definition of
W agrees with the alternative definitions of the cylindrical Brownian motion [9, 14].

Let A, B, and A be differential operators on M of orders order(.A), order(B), and order(N')
respectively. It is assumed that max(order(A), order(B), order(N)) < 2m.

Consider the random field u defined on M by the evolution equation

du(t) + [0:(L+ A) + 0:8B + Nu(t)dt = dW(t), 0 <t <T, u(0) = u. (2.2)

Here 6, > 0, 6, € IR, and the dependence of v and W on = and w is suppressed.
If the trajectory u(?), 0 < ¢t < T\ is observed, then the following scalar parameter estimation
problems can be stated:

1). estimate #; assuming that 6, is known;
2). estimate 03 assuming that 6y is known.
Remark 2.1 The general model
du(t) + [01 Ao + O A1 + Nu(t)dt = dW(t), 0 <t < T, u(0) = ug

is reduced to (2.2) if the operator 61 Aq + 03.A; is elliptic of order 2m for all admissible values
of parameters 61, 0y and order(Ay) # order(Ay). For example, if order(Ay) = 2m, then
L=(A+A)24+(c+ 1), A= (A —A})/2—(c+ 1), B = Ay, where ¢ is the lower
bound on eigenvalues of (Ay + A3)/2 and I is the identity operator. Indeed, by Corollary 2.1.1
in [7], if an operator P is of even order with real cocfficients, then the operator P — P* is of
lower order than P. With obvious modifications the results presented below are also valid when
the operators Ay, Ay have the same order under an additional assumption that A; = L; + A,
1 = 1,2, where the operators L; are elliptic of order 2m with a common system of eigenfunctions
and Al are operators of lower order.

Before discussing possible solutions to the above parameter estimation problems, it seems
appropriate to mention the analytical properties of the field wu.

2Notation aj = by means

0<er < likminf(ak/bk) < limsup(ag/bg) < e3 < 0.

k—o0



Theorem 2.2 If ug belongs to LQ(Q;H_d/Q) and is Fo-measurable, then for every s < —d/2
equation (2.2) has a unique Fi-adapted solution u = u(t) so that

u € L(2 x[0,T]; H5+m) N Lo(02;C([0,T]; H?)) (2.3)
with
B sup (W4 B [ a2yt < OT XX 4 CUTBuol s <00 (24)
t€[0,7] E>1

Proof. By assumption, max(order(A), order(B), order(N)) < 2m and 6; > 0. Then elliptic-
ity of the operator £ implies that for every s € IR there exist positive constants Cy and C so
that for every f € C~

—((0U(L+A) + 0B+ NS, f)s < =Cill fllegm + Call I

which means that the operator —(01(L + A) + 0.8 + N) is coercive in every normal triple
{H**" H’,H*""}. The statement of the theorem now follows from Theorem 3.1.4 in [12].
O

3 The Estimate and Its Properties

Both parameter estimation problems for (2.2) can be stated as follows: estimate § € © from
the observations of

du® (1) + (Ao + 0.A)u’ (1)dt = dW (1). (3.1)

Indeed, if #y is known, then Ay = 6,8+ N, § = 6;, © = (0,400), A = L + A and if 4, is
known, then Ay = 6;(L + A)+ N, 0 = 6,, © = IR, A, = B. All main results will be stated in
terms of (2.2), and (3.1) will play an auxiliary role.

It is assumed that the observed field u satisfies (3.1) for some unknown but fixed value 6° of
the parameter 6. Depending on the circumstances, §° can correspond to either 8 or 6, in (2.2),
the other parameter being fixed and known. Even though the whole random field u® (t,x) is
observed, the estimate of #° will be computed using only finite dimensional processes T,
% Agu? , and 11X A;u?’. The operator II¥ used to construct the estimate is defined as follows:

for every f = {vw(f)}i>1 € UH?,
K
5 ="l f)ex
k=1

By (3.1), , , ,
AR u? (1) + T (Ao + AN (1) dt = dWE (1), (3.2)
where WE(t) = TIEW (). The process IT¥u’ = (HI"ue(t),ft)ogtST is finite dimensional, con-
tinuous in the mean, and Gaussian, but not, in general, a diffusion process because the opera-

tors Ay and A need not commute with II¥. Denote bnye’K the measure in C([0, T']; II* (H")),
generated by the solution of (3.2). The measure P%" is absolutely continuous with respect



to the measure P”* for all # € © and K > 1. Indeed, denote by FI? the o-algebra gen-
erated by M¥u%(s), 0 < s < ¢, and let Uek (X) be the operator from C([0, T]; I*(H?)) to
C([0, T); IX(H?)) such that for all ¢+ € [0,7] and § € O,

UOK (IT50¢) = B (HK(AO n 0A1)u€|ff’€) (P- a.s.)
Then by Theorem 7.12 in [8] the process 1% u? satisfies
AR (1) = UPR (a8 dt + dWoE (1), TT548(0) = 0,

where W&K(t) = Y8 @l(t)e, and @l(t), k = 1,..., K, are independent one dimensional
standard Wiener processes in general different for different §. Since {HK(AO +0.A)u’, WK}

is a Gaussian system for every § € 0, it follows from Theorem 7.16 and Lemma 4.10 in [8]

that

dP" K_ g0 T 6K K 6 00K (17K 6° K_ 60
(11" ):exp{/o (P () — U ), d e (1)) -

1 T e g e
5 [ (o — o ansu®) 2) C”}'

By definition, the maximum likelihood estimate (MLE) of #° is then equal to
arg max (dPe’K/dPeo’K) (HKueo), but since, in general, the functional Utg’K(X) is not known
explicitly, this estimate cannot be computed. The situation is much simpler if the operators
Ao and A; commute with I so that HEA = IR AR ¢ = 0,1, and Utg’K(X) = HK(.AO +
0.A,)X(t); in this case, the MLE 6% of 6° is computable and, as shown in [5],

SRR Ay® (8), dIEu® (1) — TIK Agu® (£)dt)o
Jo IR Ay (1)][3d1

or = (3.3)

with the convention 0/0 = 0.

Of course, expression (3.3) is well defined even when the operators Ay and A; do not
commute with II¥, and if the whole trajectory u? is observed, then the values of II¥ Agu?’ (1)
and TI% A,u® (1) can be evaluated, making (3.3) computable. Even though (3.3) is not, in
general, the maximum likelihood estimate of #°, it is a natural estimate to consider.

To simplify the notations, the superscript §° will be omitted wherever possible so that u(t)
is the solution of (2.2) or (3.1), corresponding to the true value of the unknown parameter. To
study the properties of (3.3), note first of all that for all sufficiently large K,

P{/OT 5 Ayu(t)||2dt > 0} = 1. (3.4)

Indeed, by assumption, the operator A; is not identical zero and therefore (HKA1Wt)t>O is a

continuous nonzero square integrable martingale, while (fg MR A [0 (L + A) + 028]U(8)d8)t>0

is a continuous process with bounded variation. It then follows from (3.3) and (3.4) that
Jo (I Ayu(t), dWS (1))

éK — 00 T .
Jo IITIK Ayu(t)|3dt

(P- a.s.) (3.5)

5



Representation (3.5) will be used to study the asymptotic properties of 0K as K — oo. To get

T -
a consistent estimate, it is intuitively clear that / |17 Ay u(t)||3dt should tend to infinity as

K — oo, and this requires certain non-degeneracy of the operator A;.

Definition 3.1 A differential operator P of order p on M is called essentially
non-degenerate if

IPAIZ = el fllzgy = LIS ospms (3.6)
forall f € C*(M), s € IR, with some positive constants e, L, ¢.

It the operator P*P is elliptic of order 2p, then the operator P is essentially non-degenerate
because in this case the operator P*P is positive definite and self-adjoint so that the operator
(P*P)"/ () generates an equivalent scale of Sobolev spaces on M. In particular, every elliptic
operator satisfies (3.6). Since, by Corollary 2.1.2 in [7], for every differential operator P the
operator P*P — PP* is of order at most 2p — 1, the operator P is essentially non-degenerate
if and only if P* is.

Let us now formulate the main result concerning the properties of the estimate (3.5). Recall
that the observed field u satisfies

du(t) + [01(L + A) + 0.8 + Nu(t)dt = dW(t), 0 <t <T; u(0) = uo, (3.7)

with one of 6y = 09 or #; = 69 known. According to (3.5), the estimate of the remaining
parameter is given by

SR (L + A)u(t), dIT¥ du(t) — dITX (03B + N )u(t))o

é{( - T K 2 ’
Jo [IA(L + A)u(t)]|3dt

(3.8)

(1% Bu(t), dIT* du(t) — dIS(69(C + A) + NJu(t))s
TR Bu(1) 34t |

The following assumptions will be in force throughout the rest of the section.

WK
0y, =

(3.9)

H1. Equation (3.7) is considered on a compact d-dimensional smooth manifold M;
H2. 09 >0, 05 € IR;

H3. L is a positive definite self-adjoint elliptic operator of order 2m:;

H4. max(order(A),order(B), order(N)) < 2m;

H5. wg is Fo-measurable, ug € L2(€; H_d/z), and ug is independent of W.

Theorem 3.2 If 0, is known, then the estimate (3.8) of 6 is consistent and asymptotically

normal: o
P — lim |0 — 6% =0;
K—co

Wiea (09 = 0f) 5 N(0,1),

where Wiy = \/(T/(209)) oK 1.




If 0, is known, then the estimate (3.9) of 09 is consistent and asymptotically normal under
an additional assumption that the operator B is essentially non-degenerate and order(B) =
b>m—d/2. In that case,

P — lim |0y — 0] = 0;
{—00
Wica(03 — 05) 5 N(0,1),
K Z(b—m)/m

where Ui 5 < ey In

This theorem is proved in Section 5.

Remark 3.3 1. Since l;, < k*™?, the rate of convergence for é{‘ is Wiy < K™% gnd
for ég‘r, it is
’ In K ifb=m—d/2.

2. All the statements of the theorem remain true if, instead of differential operators, pseudo-
differential operators of class S s are considered with p > 6 [7, 13].

Denote by = the set of real valued non-negative functions h = h(x),z € IR, that are non-

decreasing for x > 0 and satisfy 2(0) =0, h(—2) = h(x).

Theorem 3.4 Assume that EHuqu_d/z < oo forall ¢ > 0. Let h € = be a function so that
|h(z)] < C - (14 |z|7) for some C,o > 0. Denote by &, a Gaussian random variable with zero
mean and unit covariance.

If 0y is known, then the estimale (3.8) of 09 satisfies
lim Eh (Wxy - (0F —09)) = Eh(,).

K—oo

If 61 is known, the operator B is essentially non-degenerate, and order(B) > m—d/2, then
the estimate (3.9) of 69 satisfies

lim Eh (Wx, - (05 —09)) = Eh(,).

K—oo

The proof of Theorem 3.4 is based on the following result to be proved later.

Lemma 3.5 [f P is an essentially non-degenerate operator of order p > m — d/2 and

T
v =B [ IsPun
0
then for every ¢ > 0 there exists a Ko = Ko(q) > 0 so that

J (TEPu(t), dWr (1))
Jo I Pu(t)]3dt

sup
K>K,

K




Proof of Theorem 3.4. With no loss of generality it can be assumed that the function h
is continuous. Indeed, the monotonicity assumption implies that A has at most countably
many discontinuities, while the random variables in question have densities with respect to the

Lebesgue measure. After that the statements of the theorem follow from Theorem 3.2, since
Lemma 3.5 implies that the families of random variables {h (\I/KJ (08 — 0?)) , K > Ko(o+1)}
and {h (\I/KQ . (ég‘ — 03)) , K > Ko(o + 1)} are uniformly integrable.

O

Theorem 3.6 If 0) is known and order(B) = b < m — d/2, then the measures generated in
C([0,T]; H?), s < —d/2, by the solutions of (3.7) are equivalent for all 65 € IR and

T
P Jim 95 — g0 4 Jo Bl AV (D)o
Jo I1Bu(t)|[3d

(3.10)

K—oo

Proof. By (2.4),
T
E/ 1Bu(t)]2dt < o (3.11)
0

T
for all ; € IR, and therefore the stochastic integral / (Bu(t),dW (t))o is well defined [9, 14].
0

Then (3.10) follows from (3.9) and the properties of the stochastic integral.
Next, denote by P’ the measure generated in C([0,T];H®), s < —d/2, by the solution of
(3.7) corresponding to the given value of f,. Inequality (3.11) implies that

/OT 1Bu(t)|)2dt < oo (P- a.s.) (3.12)

and therefore by Corollary 1 in [9] the measures P% are equivalent for all #, € IR with the
likelihood ratio

dp?
Zpr =
AP T T (3.13)
exp (02— 03) [ (Bu(t),dW (1))o— (1/2)(02 = 03)* [ ||Bu(t)]3az).
where u(t) is the solution of (3.7) corresponding to #; = #9. Note that
T
R ), dW(t
02 _ eg_l_ fO (fu( )7 1/1/2( ))0
Jo 1Bu(t)][od?
maximizes the likelihood ration (3.13).
O

If the operators A, B, N have the same eigenfunctions as £, then the coefficients . (u(t))
are independent (for different &) Ornstein-Uhlenbeck processes and TT% Au(t) = T8 AR u(t),
with similar relations for B and A. As a result, other properties of (3.8) and (3.9) can
be established, including strong consistency and asymptotic efficiency [3, 5, 11], and, in the
case of the continuous time observations, all estimates are computable explicitly in terms of

Vr(u(t)),k=1,..., K.



In general, the computation of é{‘ and ég‘ using (3.8) and (3.9) respectively requires the
knowledge of the whole field u rather than its projection. Still, the operators 1% (L + A),
15 B, and II* NV have finite dimensional range, which should make the computations feasible.
Another option is to replace v by II"u. This can simplify the computations, but the result is,
in some sense, even further from the maximum likelihood estimate, because some information
is lost, and the asymptotic properties of the resulting estimate are more difficult to study. In
general, the construction of the estimate depending only on the projection 1% u(t) is equivalent
to the parameter estimation for a partially observed system with observations being given by
(3.2). Without special assumptions on the operators Ay and Aj;, this problem is extremely
difficult even in the finite dimensional setting.

4 An Example
Consider the following stochastic partial differential equation:
du(t,z) = (DV?u(t, ) — (6(x), VIu(t, ) — du(t,z))dt + dW (¢, x). (4.1)

It is called the heat balance equation and describes the dynamics of the sea surface temper-
ature anomalies [2]. In (4.1), z = (21, 79) € IR, () = (vi(x1,22), v2(71, 22)) is the velocity
field of the top layer of the ocean (it is assumed to be known), D is thermodiffusivity, A is
the cooling coefficient. The equation is considered on a rectangle |z1] < a; |zo] < ¢ with
periodic boundary conditions u(t, —a, x3) = u(t, a,x2), u(t,x1,—c) = u(t,x1,¢) and zero ini-
tial condition. This reduces (4.1) to the general model (3.7) with M being a torus, d = 2,
L= -V*= —0?/02% — 9*/dz3, A = 0, B = I (the identity operator), N' = (¢,V) =
v1(1,22)0/0x1 + v2(21,22)0/ 02, 01 = D, 03 = A. Then order(L) = 2 (so that m = 1),
order(A) = 0, order(B) = 0 (so that b = 0), and order(N) = 1. The basis {ej}r>1 is the

suitably ordered collection of real and imaginary parts of

1
gn17n2($1,$2) = \/@

By Theorem 3.2, the estimate of D is consistent and asymptotically normal, the rate of

exp {V—lﬂ'(:l;lnl/a + J/’an/C)} , Ny, ng > 0.

convergence is Wy 1 < K; the estimate of A is also consistent and asymptotically normal with
the rate of convergence Wy 5 < vIn K, since b =0 =m — d/2 and (3.6) holds.

Unlike the case of the commuting operators, the proposed approach allows non-constant
velocity field. Still, a significant limitation is that the value of ¢(2) must be known.

5 Proof of Theorem 3.2

Hereafter, u(t) is the solution of (3.7) corresponding to the true value of the parameters (69
and 69) and C' is a generic constant with possibly different values in different places.

To prove the asymptotic normality of the estimate, the following version of the central limit
theorem will be used. The proof can be found in [3].



Lemma 5.1 If P is a differential operator on M and

Jo ITTEPu(t)|[3d1

P— Im - =1,
R B 7 TPl o

(5.1)

then —_— .
I Jo (II%Pu(t), dWh(t))odt

KBS TPl

= N(0,1) (5.2)

in distribution.

Once (5.1) and (5.2) hold and
T e
Jim E/ ITE Pu|2dt = +oo,
K — 00 0

the convergence

Jo (X P, dWR(1))odt _

P_Bh_{n T K 27
o fo (IR Pullgdt

T .
follows. Thus, it suffices to establish (5.1) and compute the asymptotics of E/ |11 P |2t
0

for a suitable operator P.

If (1) := x(u(t)), then (3.7) implies

dipi(t) = =090br(t) — i (07 A + 03B + N yu(t) ) dt + duwy (1), 1x(0) = thx(uo).
According to the variation of parameters formula, the solution of this equation is given by
Yi(t) = Ee(t) 4+ ni(t), where
t 0
£(t) = / =) gy (5),
0
0 t 0
(1) = Pp(0)e T — [y (00 + 0,8 + N)u(s))ds 1= non(t) + mua(t).

0

If £(¢) and n(t) are the elements of U;H® defined by the sequences {&x(t)}r>1 and {nx(t)}r>1
respectively, then the solution of (3.7) can be written as u(t) = £(¢) 4+ n(?).
The following technical result will be used in the future. The proof is given in the Appendix.

Lemma 5.2 [fa >0 and f(t) >0, then

/T (/t e—a(t—s)f(s)d8)2dt < foTLz(t)dt

a

It is shown in the next lemma that under certain conditions on the operator P the asymptotics

T . T .
of E/ | T Pu(t)||2dt is determined by the asymptotics of E/ [T PE(H) || 2dt.
0 0

10



Lemma 5.3 [fP is an essentially non-degenerate operator of order p on M and p > m—d/2,
then

T i N
E/ IS PE()|2dt < S 1P K = oo, (5.3)
0 k=1
E [T ||[O5Py(t)]2dt
/Vlm fOT H 1(7377( )Hg — 07 (54)
K—co [ |[IIRPE(1)][5dt
T K 2
1T t)||2dt
P . 11m fO 1“ 17?77( )H02 — 07 (55)
K=o E [y |[IIRPE(1)][5dt
T K 2
1T t)||2dt

T RS B T UEPE|Rd
Jo ITEPE)3

Proof.
Proof of (5.3). It follows from the independence of () for different k that

‘ 2

B [PEE = B Y| 6 (0)ew. P
>

k=1n>1

1

o (1= e (en Prea)ol’

Integration yields:

T K | ! 0
E/ IEPEOIRdE = (7 _ | — o—2090T P 2

k=1n>1

Since Iy > 0 and 69 > 0, it follows that 1 — e~ 24T > () for all k. Then the last inequality
and the definition of the norm || - ||s imply

T K ) K ) T . ) T K )
S IPr el = 3 [P el < B [ IPEW B < oo [Pl
k=1

Since P satisfies (3.6),

1P bl > ellerllPe — Kllerl’o s = eAi T (1 = (K/2)A:%).

p—m—5

In addition, ||P*ex||? < CHeka_I_p and A\, = l,lg/@m). The result (5.3) follows.
Proof of (5.4). Consider first no(t) = {nox(?)}. With the notation v = 2(p — m)/d,

T K 1 K
B [ [V Puo(tllidt < €30 TElbe(Puo)l* < €30 kA Ely (Pu ).
0 k=1 'k k=1
Note that
>N HIE  (Puo) P < CE g4y, < oo (5.7)

k>1

11



It v = —1, then

B I P03t _ | OBl

- - = 0.
wox BT [URPE(adr — Ko K

If v > —1, then

E ) [ Pyo(t)llydt _ (. C TS, KA By (Puo)

1m - — =0
K—oo B[] |TIEPEL)|2dt — K—o e

by (5.7) and the Kronecker lemma.
Next consider ny(f) = {n1x(?)}. By assumptions,

¢ := max(order(A),order(B), order(N)) < 2m.

By Lemma 5.2,

JNIRORE Tt o (004 £ 03B + ' yu(1)) P,

which implies that for every r € IR,

T T T
ZA?J/O |¢n(73n1(t))|2dtz/o | P (1) ||?dt < C/O Ina(6)][2,,dt =

n>1

T T
CXNL [ @)t < C [ ]yt

If ¢4 :==2m —¢ > 0 and r = —z where @ = max(0,d/2 + ¢;/2 + p + ¢ — 3m), then
—x—2m+c+p=m—d/2 —¢/2 and, by (2.3), E f] ()12 s ampeqy < 00. As a result,
since A, < k'/4,

E Jo [P ()|l S0y A AFE o [P (1) [Pt _

E [y |[TIEPE(t)|3dt E Jy |[TIEPE(H)|3dt -
CK*M s B f [¢n(Pma(1) 2t C K>/ .
. T K 2 S K 2(p—m) — 0 as ]X — OQ,
EfO HH‘,Pf(t)HOdt ]321 )‘k

because if p — m = —d/2, then d/2 + 1/2 4+ p+c¢c—3m = —¢;/2 < 0 so that 2 = 0,
while for p —m > —d/2 the sum S5, )\i(p_m) is of order N2(P=m)/d+1 and 2(p — m)/d 4+ 1 >
(d+2(p—m)—c1/2) = 2x/d. Equality (5.4) is proved. Then (5.5) follows from (5.4) and the
Chebychev inequality.

Proof of (5.6). There are two steps in the proof. Writing Xy (¢) := |[IIXPE(2)||Z, the first
step is to show that, for all ¢ € [0, 7],

K
var(Xg(t)) < ¢ 30, (5.8)
k=1

The second step is to show that (5.8) implies

T -
hm fO XIX’ (t)dt

P — lim 20
K—oo Efo X]{(t)dt

12



D, I XM(t) = S8 ISM () (en, Prer)ol?, then XM (1) is a quadratic form of the
Gaussian vector (&1(1),...,€m(t)). The matrix of the quadratic form is A = [Anw]nn=1,..Mm
with

K
Ann’ — Z(ena p*ek)O(en’a p*ek)o,
k=1
and the covariance matrix of the Gaussian vector is
1 — 6—26’?17125
R=diag| ————. n=1,.... M |.
g ( 20?lk 2 2 2 )

Direct computations yield

XY= 3

k=1n=1

Analysis of the proof of (5.3) shows that for every ¢t € [0,7] and k = 1,..., K the series
> &a(t)(€en, P*ex)o converges with probability one and in the mean square. Consequently,
n>1

— e 280 (e, Pep)o|* = trace( AR).

001

Jim XR (1) = XK( ) (P-as);

hm EXY (t Z Z E[6(1)]7 [(en, Prer)ol* = EXk(2).

k=1n>1

(5.9)

Next,

var(X¥(t)) = 2trace((AR)*) < C Z T l / =

K K
ST [(Peg, en o A < Z Hpekuéxﬂp‘m <Oy A
k,k'=1 k=1 k=1

where P := PA~2mP*A2m=0) ig a bounded operator in H®. After that, inequality (5.8) follows
from (5.9) and the Fatou lemma:

var(Xg(t)) = E lim [Xg/(0)] — [E lim X(1)]* =

E lim |X£4(t)|2—]\}im IEXM (1) §1}\2ninfE|X£4(t)|2—]\}im IEXM(1)]* <
K

liminfvar( X (1) < CY Ai(p_m).

M—oo
2). If Y := [T (X (t) — EXg(t))dt/E [ Xg(t)dt then

Jo Xg(dt
E [T Xp(t)dt

Yk

and

T fy (var(Xpe(t)dt _ ., S A

7 = . N2
(E o Xuc(t)dt) (Zi, ape™)
By the Chebychev inequality, P — limg ... Yx = 0, which implies (5.6).

— 0 as K — .

EY{ <

13



Corollary 5.4 [f P is an essentially non-degenerate operator of order p on M and p > m —
d/2, then
Kp 2 T & p— M/m -
E/ I Pu(t)|Pdt = == 5 1 K — oo, (5.10)
20? Pt

and

Jo X Pu(t) |5

P— |lim . =
R E J] T Pu(e) e

(5.11)

Proof. By the inequality [2zy| < ex? 4+ ¢ 'y%, which holds for every ¢ > 0 and every real

Ty Y,

T 1 T
(1= OE [ IUFPe(t)dt + (1 = D [ |15 Py(n)]dt <
T
B [ 05 Pu(n)|fidt <
0 T 1T
(1L+OE [ UPet)|dt+ (1 + 2 [ [Py 2t
0 € 0

Since € is arbitrary, (5.10) follows from (5.4) and (5.3). After that, (5.11) follows from (5.6).
O

To prove the first part of Theorem 3.2, it now suffices to apply Lemma 5.1 and Corollary
5.4 with P = L + A; the non-degeneracy condition (3.6) holds with p = 2m, ¢ =1, 6 =
m — order(A)/2, because

LA Ns = 1 W szm
and, since the order of the operator A*L is 4m — 26,

(LSS = (AP DAL N ), <
[A=Cm DAL f A T < O s

Similarly, the second part of the theorem follows with P = B; now (3.6) is assumed.
Analysis of the proof shows that

IX—>oo Z m)/m = 20? )

6 Proof of Lemma 3.5.

The following notation will be used:
v=2p-—m)/d=-1

Since by Lemma 5.3



it follows that it is sufficient to prove the inequalities

q <C- (é m) " (6.1)

E /0 ' (I Pu(t), dWS(1))

and
—q

E (/OT HHKPu(t)Hgdt) e (é m) (6.2)

for all ¢ > 0 and all sufficiently large K. The numbers C' in the above inequalities do not
depend on K but can depend on everything else, including ¢ and T
By definition,

/OT (5 Put), dW (1 Z / i (Pu(t))dwi (1),

T Pu(t)|* = Zwk(m )P

and for each t the coefficients v (Pu(t)) are Gaussian random variables. Indeed, denote by
P, f the solution of the equation

dv(t)+ (03(L+ A)+ 03B+ N)dt =0, 0 <t <T;
v(0) =1,

The solution of (3.7) can then be written as
¢
ult) = Pouo + /0 Pr_ydW(s) := ur (1) + us(t),

and the properties of the stochastic integral [12, Chapter 2] imply that vy, (Puz(t)) are Gaussian
random variables with zero mean and covariance

B (Pus(t)) i (Pus() = [ (PIP e PP e, )y ds = A1)

Remark 6.1 For integers Ko and K > Kq denote by ar(Ko, K;t), 1 <k < K — Ko+ 1, the
eigenvalues of the matriz [Apn (1), Ko < k,m < K]. If (i are independent standard Gaussian

mndom variables, then the random variable 1 Ko Uk (Puz(t))|2 has the same distribution as
IX()-I—I

Z arp(Ko, K;t)(;. This follows from the general properties of Gaussian random vectors.
k=1

Proof of 6.1. With no loss of generality it will be assumed that ¢ = 2n is an even integer. By
the Burkholder-Davis-Gandy inequality [6, Theorem 1V.4.1]

2n

dwk

<CE( Tﬁjwk Pu(t )m)n
- (E (/0 kzzjlwk Pul(t))|2dt) +E (/0 kzzjlwk Puz(t))|2dt)n) .

15




The properties of the operator P, imply that

T K " T n
(/ Z |77Z)k Pul )) |2dt) S C[X’n(’Y-l-l)E (‘/0 HPt,]DuOHzn—p—d/th)

K 9/2
C RO, <0 (S)
k=1

Next, by the Holder inequality

T K

B ([ X (Pt )pa) <c /OTE@wk(mxt))P)n-

By Remark 6.1 and the multinomial expansion formula

K

E (é |¢k(7>u2(t))|2)n —F (Z ak(l,[(;t)g“,f)n

k=1
!
= Z La;ﬂl(LA’;t) a}i”‘(l K- t)Eszl--- Iz(mK

mylomp!
K

n K ¢ n
< (2n — 1)1 (Z ak(l,f(;t)) = (2n — 1)1l (Z/ HPJP*ekHéds)
k=1 0

k=1

K 9/2
<c (Z Hekuz_m) |
k=1

mi+--+mrg=n

where the last inequality is a consequence of (A.4). Since ||ex]|?_,, = )\i(p_m)

(6.1) follows.
Proof of 6.2. Note first of all that the Jensen inequality implies

E (/()Télzbk(Pu(t))Pdt) < E( Z W’k Pu ))|2dt) R

= k7, inequality

T/2 —K,
<C /E(Z |¢k(7>u<t>)|2) dt = //E(Z s (Pua(1) +¢k(7>u2<t>)|2) dt,

and then in view of Lemma A.2 1t is sufficient to consider the case ug = 0.
According to Remark 6.1, if ug = 0, then inequality (6.2) will follow from

IX()-I—I -4
E( 3 ak(Ko,K;t)C,f) < C-(F(K)™T, T/2<t<T,

k=1

where LK. i |
. [InK, ify=-—
B (K) = {K”W, iy > 1.
Assume for the moment that, when ordered appropriately, the numbers ax( Ko, K;t) have
the following property: there exist an integer Ky and a real number C' > 0 so that for all
K>Kp, 1<k<K-Ko+1l,and T/2 <t <T

ap(Ko, Kit) > C - (k+ Ko). (6.3)

16



If (6.3) holds, then for all sufficiently large K

K—Ko+1 1 K/2 -
E( > ak(Ko,K;t)C;f) <CE (ZWG?) :

and it remains to estimate the right hand side of the last inequality.
Since for every non-negative random variable ( and every ¢ > 0

1 o)
E(T? = m/ tq_lEe_Ctdt, I'(+) is the Gamma function,
q) Jo

it follows that

K -9
E kY <C o=t
(g C’“) / H Vl - W
1
_ q—1 __ ¥
—C/O t exp( 2];1n(1+2tk )) dt.

It v = —1, then

Zln L42t/k) > > > In(1 + 2t/k)

1<i<4g+l KU/ (4a+1) c p K(14+1)/(49+1)

> Z ln(l—l—Zt Z 1/k| >4¢In(cr + ot In K)

1<i<4g+1 KU(4a+) <k K(141)/(44+1)
so that
K -9 o a1
: (;; W’?) <C o oimEm s G k)™
If v > —1, then
Zln (L+2tk") > > > In(1+2tk7)
1<i<4g+1 I\l <k<44qu:—1ll
> > Inft+2t > kK| >4¢ln(14Ctk™)
el k< S
so that

ot

K —4 o
E(S 2] dr < / dt < - (K1)~
(,; C’“) =G, (1 + Cot K+1)2 s O (KT

To complete the proof of the lemma it remains to verify (6.3). Direct computations show
that if 7/2 <t < T and y;, Ko < k < K, are real numbers, then

K
S Al = [ 1S PP el

km=FKo k=Ko )
K ) K )
> Cut]| D enyellio — Call D envrlli_ s,
k=Kg k=Kg
K
> 3T gk (G — Cak™),
k=Kg

17



where &g = min(é, 2m—order(A+B+N)) > 0 with ¢ from (3.6), and the first inequality follows
from (A.5) and essential non-degeneracy of P. If Ky is chosen so that C; — Cy K% > C1/2,
then there exists ' > 0 for which the matrix

[Apm(t) = CK 61, Ko < kym < K]

is non-negative definite, and then (6.3) follows from Theorem 13.5.4 in [10].
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Appendix

Proof of Lemma 5.2. Note that

(/Ot a8 (3)d3)2 _ 2/015 /Os easeauf(u)f(S)duds,

If U := (t—a(t ) ? - - eld:
= [T f(s)ds) dt, then direct computations yield:

_2/ // ©(2t=s=u) £ () f(s)dudsdt <

/ (/ e flu )du)f(S)d3§
/ f ds 1/2 / (/0 —a(s—u)f(u)du)2d8)1/2

and the result follows.
O

Lemma A.1 Assume that A is an order a < 2m differential operator on M. Denote by P, f,
f e C=(M), the solution of the equation

du(t) + (£ + Au(t)dt =0, 0 <t < T, u(0) = f.
Then
T t T
LIPSt < oD [ [ Psgo)dslade < O ) [ lg(o)liids, (A1)

and, as long as T/2 <t < T,

LR ds = CUDIIE = ol TS ama (A5)

Proof. Both inequalities in (A.4) follow from Theorem 3.1.4 in [12]. To prove (A.5) denote
P.f by V(). By uniqueness, V() = U(t), where U = U(t) satisfies

dU(t)+ (LU(t)+ AV (t))dt =0, 0<t<T, U(0)=f.
Denote by P; the semi-group generated by —L. Then
~ o
U(t) = B.f +/ Py AV (5)ds
0

and

/HU (e > 5 /HPfHHmds—Q/ H/ Py AV (7)dr |2, ds.
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Since for T/2 <t < T

LB s = [ 3 H i DAL ds > €)1

k>1

and

t s 9 T 9
LIy Prer AV s < COT) [ AVt
< O0T) [ NPt < OO T

the result follows. Note that since L is self-adjoint, inequalities (A.4) and (A.5) hold if the

operator Ps is replaced by its adjoint P;.
O

Lemma A.2 Assume that the components of the vector £ = {&, k=1,..., N} are indepen-
dent Gaussian random variables with zero mean and variance ay, the vector n = {n., k =
1,..., N} is independent ¢, ¢ > 0 is a real number, and U € IRV*N is an orthogonal matriz.
Then

—-q

E (%((U{)k + nk)z)_q <E (é |£k|2)

k=1

Proof. Denote by E’ the conditional expectation given the o-algebra generated by {n:, s =
1,...,N}. Then

k=1
i |
Y. 1+ 2tay)a®/2 — 2t — 1?2 da
;El% /]Re p (=14 2tar)a?/2 = 2tap(Un)i — 1)
N Ztak
_ o 2 etdE % 9
_exp( t;(nk T e (Uil ))
N 2t(Un)x N
5o —(1+2t ————)*/2|dz <E —t 2
XkI;IIQTF/IReXP( (1 4+ 2tay)(x 1—|—2tak)/) x < exp( ;KH),

and it remains to take the expectation E and use the relation
_ 1 1 —(t . )
E(T? = —/ t="Ee~*dt, T(-)is the Gamma function.
0

The lemma is proved.
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