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2  Main Results

Consider initial value problem

(1) = as(t—blz())), 120, (2.1)
("" = O©ft). t < 0, (2:2)

where ¢ > 0, b > 0.

We asswme Lhiroughout the paper that the initial function, ®(f), s continuous.
which implies that TVP (2.1)-(2.2) has a solution, lLe.. there exist a continuously
dilferentiable function which satisfies (2.1) and {2.2). Moreover we also assume Lhal
the solution is unique, which is satishied il the initial lunction is Lipschifz-continuous.
(See 2], [3] or [H] lor existence, uniqueness theorcms.)

We mtroduce the simplilying notations @g = ®{0) and w(f) = ¢ — blef{l)], which
are used throughout the paper.

It is easy to check the following two statements.

Proposition 2.1

(i) 1f ®(t) is the solution of (2.1)-(2.2) corresponding to the nitiel function $(1),
then —z(t) is the solution of (2.1)-(2.2) corresponding to the mitial funclion
— (L),

(i) If zg = 0, then the solulion of (2.1)-(2.2), (1), is idenlically zero fort = 0.

By Proposition 2.1 it is enough to study the qualitative behavior of TV (2.1}
(2.2) with iuitial [unction ©(-) satislying ®(0) = 29 = (.

Proposition 2.2 [J 2y > 0, lhen the solulion of TVE (2.1)-(2.2) salisfies w(l) > 0
Jor t = 0.

PrOOTF: The continuily of ®{) implies thai there exists t > 0 such that ®&{) > 0
for ¢ € (—£,0]. Suppose thal there exists {* > 0 such that the solution (1) of (2.1}
(2.2) satisfies x(#*) = 0 and 2(¢) > 0 for ¢t € (0,4*). Then the mean value theorem
implies that for any 0 < & < [* there exists £ € (1* — 8,1*) such that (i) < 0. But
(1) = ax(t—ba(l)) implies that { — ba(t) < —1 for such I, which yields &+ s ba(l).

o — 0 wegel £+ { < 0 which is a contradiction. Therefore a(1) > 0 for all £ > 0.

In the next proposition we reveal an interesting asyimptotic property of the so-

futions ol IVP (2.1)-(2.2).
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Proposition 2.3 If there exist T > 0 such that the solubion of (2.1)-(2.2}] salisfies
(1) = ¢, then ihe solution has the form x(t) = H(t-T)+a(T) fort 2T,

Proor: Bquation (2.1) and the condition #(1') = 5 yield the relation

I N
L = L[f 1:| = E.L;!,‘l:fir = !J;E:(T‘?]) = (i". —b (E’ [:f e rII'“) -+ J{f}}) s

i

which means that the function +{(& — ') 4 (1) salisfies (2.1) for £ = T,

This resull immediately imphes that w{-] is a monotone function, because if
N TR e 1 crrets Y — L ¥ 57 LA | — T Fap b 7 3
there is a 7' = 0 such w(T") =0, e, &(T) = 1, then w(l) = w(1) for t = T. But
it w(t) 5 0 for all £ > 0, then w(:) is a strictly monotone increasing or decreasing
function. Therefore we have obtained the following proposilion.

Proposition 2.4 The itne lag funclion, w(t). is monotone for t = 0.

Simple calculations and substitution into (2.1)-(2.2) show that for the case w(l) =
0, the time lag function, w(-), satislics the following ordinary differential equalion

wlt) =1 — ab®(w(l)), for £ =0, w(i{) <0, (2.3)

with initial condition
w(0) = —Dbay. (2.4)

Assuming that the initial interval is finite, i.c., there exists A > 0 such that
w(t) =t —ble(t)] 2 — K for all £ > 0, we can prove that solutions of IVP {2.1)-(2.2)
are asymptotically approaching a line with slope +. In particular, we have
Theorem 2.5 Assume thal xo = 0. Then the following fwo statements are cquiva-

lenid

(i) There cxist K > 0 such that the solulion x(t) of IVP (2.1)-(2.2) sutisfies 1 -
Hla()] 2 =K fori = 0.

(ii) There crisis a constant v and a funclion J{L) such hal TVP (2.1)-(2.2) has «
solution in the form

| |
() = st +a+p1), 120

d-.u_.
Lot
]
-

where Tmy_., B(1) = 0 and limy_.. 7’ (1) = 0.
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Proor: Trivially (i) implies (i).

Assume thal condition (i) holds.

By assumplion w(0) < 0. I there exist a £ > (} a'uc.'.l:_ that w(f) > 0, then w(-) is
a monotone increasing function. Otherwise w(i) < 0 lor 1 = 0. We waall.. to show
that the function w(-) is bounded [rom above.

The only interesting case is when there exists a 1 > 0 such that (7)) = 0,
w(t) < 0 for 1 € [0,T) and w(t) > 0 for £ > 7. Using Proposition 2.2 and the
definition of 7" we have that 2(f) = ex(w(l)) > 0 for i > T, hence the solulion. «(-),
s monotone increasing for 4 > T Lherelore we have

2(t) = min az(l) >0 for & > 1",

te[n,i]

S : .
which tmplies that a(f) — oo as § — oo,
Suppose that liny_.w(t) = co. Using the monotonicity of w(-). Fquation (2.1}

and the lact that @(1) — oo as | — co we obtain

0<w(t)=1-0bi(l) =1—abe(t — ba(l)) = | —ebr(w(l)) — —oo, (2

[
]
S

which is a contradiction. This means thal there exists a constant £ > 0 such
that 0 < w(t) < L for t > 7. Therelore in every case we have that w(-) is a
bounded function from above, and by assumption (1) it is also bounded [rom below.
[t is a monotone function, therefore its limit al oo exists, so we can define o =
JimyLeew(t) and 8(¢) = —~w(l) — . With these delinitions relation (2.5) and
Mmoo B(#) = 0 are salisfied. Monotonicity and boundedness of w(-) imply that
My A1) = — limy o 0(t) = 0.
The proof of the theorem is complete.

‘The following proposition gives conditions. which guarantee that TVP (2.1)-(2.2)
has finite initial interval, i.e.; condition (i) holds in Theorem 2.5

Proposition 2.6
(i) 1f D(—bag) < ﬁ. then w(t) = —bxg for L = 0.

(i) If d(—bay) > .',']}; and there exisls o constanl L > brg suel thal ®(—L) = _b
then —L < w(t) for i = 0.

(iit) If @(t) > }'Ji't; Jor t < —bxy, then limy_.., w(l) = —oo.



Proor:

(i) 1f &{—bag) = L, then —bwy is an equilibrium ol (2.3), thercfore w(t) = ~bxg
for all 1 > 0. Consider the case when ®{—bxy) < L. This implies thal w(0) =
I — ab®{—bzy) = 0, therefore using Proposition 2.4 the funetion w(-) is monotone
increasing, hence w(l) = —bay lor all £ = 0.

(i) By assumption —£L is an equilibrium of the autonomous equation (2.3). w{0) =
—bwxy > — L, therefore we have that w(t) > —L lor all £ = 0.

(ii1) The assumplion, ®(L) > ﬁ, I < —bag, implies that w(t) < 0 for all £ = 0, hence
w(-) is defined by (2.3)-(2.4) for all { > 0, and is a mecnotone decreasing function.
Suppose that w(l) — =1L > —o0 as t — oo. Then —£ has to be an equilibrium
point of (2.3}, which is equivalent to that ¢(—L) = ”b which contradicts to our
agsuimption,

Sunmmarizing our results we lormulate the following corollary to Theorem 2.5.

Theorem 2.7 The solution of IVP (2.1)-(2.2) s asymptotically a straight fine will
slope fl te.. dheve coisl o constant o and o Junclion F(4) such that TVi7 {2.1)-(2.2)
fias @ solulion in the form

1
x(t) = Ir—(# + o 4 (1)) Lz 0, (2.7)
J
where M. #(4) = 0 and limy . 5’(:1} =0
if and ondy of either
(1) ©(=bay) < 5. fn lhis case b — ble(l)] = —breg fori = 0.
or
(it) ®(—bao) > % and there exisls a constanl L = bag such that ©(—L) = - In
this case —L < L — bla(t)] < —bxg fort = 0.
3 Examples, and a more general IVP
Consider the special case of (2.1)-(2.2)
() = a(t—lx(t)]), 1> 0. (3.1)
(l) = ®(L), <, (3.2)

with various initial functions.
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Example 3.1 Let the initial function ®(t) = 1+#. Then the solution of (3.1)-(3.2)
is o{{) = L+ et for £ = 0. In this example we have that —1 < w(t) < 0 for ¢ = 0.

Sxample 3.2 I the initial funclion ®({) = 3 + £, then the solution of (3.1)-(3.2) is
wll) =1+ 2 — e We have =2 < w(f) < — L

Example 3.8 Let the initial function ®(¢) = [ —#*. Then the solution of {3.1)-(3.2)
is w(l) =1+ 75
Example 3.4 [ () = 0.5, then Theorem 2.7 yields, that the solution of (3.1)-(3.2)
has form (2.7), where a < 0, because the right hand side of (2.3) is positive for all
t, bherefore limy . w(l) > 0.

These examples indicate that in (2.7) o and () can have any sign, and the
arder of convergence ol #(-) Lo zero can be for example exponential or polynomnial.
The time lag function, w(-) can be both inereasing and decreasing.

The next two examples show cases when the asswmptions of Theorem 2.7 are
not satisfied.

Example 3.5 Consider the initial [unction ©(i}) = pt 4+ p, where p = 1. Then Lhe
solution of (3.1)-(3.2) is x(4) = pt+p, lor 1 = 0. For this example w(l) = (L—p} —p,
50 w(t) — —o0 as i — oo, and we do not have asymptotic formula (2.5).

Example 3.6 [ the initial funclion ©(1) = 1 — ¢, then the solution ol {3.1)-(3.2) is
a{l) = t+ef, for £ = 0. In this example also w(l) — —oc as L — oo, and the solution
orows cxponenbially.

To conclude we consider the 1VP

() = u.:t'.(i — 'r'(;t:{ﬂ]j), a =), (3.3)
(1) = d(t), F<0 (3.4)

< U,
where r(-) is monotone mercasing, r(0) = (.
Numerical studies indicate that solutions corresponding to “small” initial func-
tions have similar asymptotic properties. For example on Figure 4 we show numer-
ical solutions of (3.3)-(3.4) for the delay function »(1) = 1* with paramecter o = I,

corresponding to initial functions
O{t) = 0.2sinbt - 0.01,

Dy(t) = 0.4cos2t,
Da(f) = 0.05.



This and other numerical runings suggest the conjecture, that for “small” mitial
function, the solution of (3.3)-(3.4) is asymptotically a shift of the inverse of v(-),
e r 4 ).
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Figure 4. Numerical solutions of IV (3.3)-(3.4) with r({) = %, a = | and with initial
lunctions o &q(1), x: Pali), +: (1)
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