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Abstract

This paper is concerned with finite horizon optimal production planning of stochastic manu-
facturing systems. The main objective is to minimize an expected discounted cost of inventories
and/or backlogs. Owing to the finite time horizon formulation, the dynamics of the system
are time inhomogeneous. Thus the turnpike sets of the problem are time varying. Systems
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1 Introduction

This work is concerned with finite horizon production planning of stochastic manufacturing systems.
Two problems will be considered. In the first problem, a manufacturing system with a machine
subject to breakdown and constant product demand rate is considered, and in the second problem,
a manufacturing system with constant production capacity and increasing (random jump) product
demand rate is dealt with. These two problems are motived by various applications in industry and
management sciences. In particular, the following two examples can be thought of as prototype
problems.

A coal mine plant example. Consider the quarterly production plans for a local coal mine plant.
The plant is expecting a general strike during a quarter which will reduce the production capacity.
It the strike does happen and the dispute cannot be resolved during the quarter, what should the
production plans be to meet a given fixed demand rate at the minimum cost of inventories and
backlogs?

A new car model example. An automobile manufacturer introduces a new car model. The initial
market demand for the new model is relative low. It is expected that due to the increasing customer
awareness, the demand for the new model will increase. The objective is again to determine the
production plans so as to minimize the total inventory and backlog costs.

In these two production planing problems, by taking the difference of the real and planned
cumulative goods of the finished ones as the states of the system, the objective is to choose admissible
production rates to minimize the inventory/backlog costs over a finite horizon.

Recently, production planning for manufacturing systems has received much attention. Kimemia
and Gershwin [8] studied a multi-machine flowshop without internal buffers known also as a no-wait
flowshop. By using a quadratic approximation for the ‘cost to go’, a linear programming approach,
which can be implemented in real time, was suggested. Under a dynamic program formulation,
numerical solutions were found, which yield the optimality and a suboptimal control policy defined
by two threshold levels. Motivated by the work [8], Akella and Kumar [1] formulated a one-machine,
one-part problem as a stochastic optimal control problem, in which the part demand was assumed
to be a constant, the state of the machine was assumed to be a two-state continuous time Markov
chain, and the objective function was a discounted inventory/shortage cost over an infinite time
horizon. It was rigorously proved that the optimal control is given by a single threshold inventory

level (or turnpike set). More specifically, they showed that whenever the machine is up, one should



produce at the maximum possible rate if the inventory level is less than the threshold, produce at
the demand level if the inventory level is exactly equal to the threshold, and produce nothing at all
if the inventory level exceeds the threshold. A similar problem with the discounted cost replaced by
a long run average cost was dealt with in Bielecki and Kumar [3]; optimal threshold type of policies
were obtained. In both [1] and [3], explicit formulas for the optimal threshold levels were derived.
Further study on turnpike sets were carried out by Sethi et al. [9]. The model considered in [1] was
generalized to incorporate systems with more than one states and with random demand processes
in [9]; it was proved that the turnpike sets exhibit a monotone property with respect to capacity
and demand.

In view of the aforementioned developments, the first and foremost important task appears to
be the utilization of turnpike sets. By and large, solving the optimal control problems for the
manufacturing systems is equivalent to finding the corresponding turnpike sets.

As far as the control of manufacturing systems is concerned, the infinite time horizon problems
can be thought of as long term planning problems, whereas the finite horizon problems may be
regarded as short term or intermediate term planning problems. FEvidently, the finite horizon
problems are as interesting and important as their infinite time counterparts.

First, in various applications arisen from industry, many optimal control problems of manufac-
turing systems are involved with a finite time horizon. For instance, in the coal mine plant example
and the new car production model, the time horizons consist of a quarter and a year, respectively.
Quite often, owing to a short term goal or an intermediate term objective, a system manager is
more interested in finding optimal or suboptimal strategies for a finite duration rather than that
of the distant future. Secondly, to some extent, the optimal control of a infinite horizon problem
can be obtained as the limit of finite time problems. As illustrated in Example 3.1 of this paper,
using a cost functional associated with the time interval [s,T] together with a discount factor p,
the result (in particular, the optimal threshold value) obtained in [1] is recovered when T" — oc.

Since a large amount of production planning deals with finite time formulation, and since the
infinite horizon problems can be considered as limits of the corresponding finite horizon ones, the
study of finite horizon problems is not only worthwhile, but also necessary.

We notice that there are some distinct differences between the finite time and the infinite horizon
formulations. For an infinite horizon formulation, such as the problems studied in [1] and [3], the
dynamics of the systems are essentially homogeneous, and as a consequence, the turnpike sets consist

of constants, which completely characterize the optimal control policies. If the system performance



is evaluated over a finite time horizon (with initial time s which can be changing), the threshold
levels are no longer constants, but “time dependent threshold curves”. Therefore, the problem
becomes much more complicated. Naturally, one expects that the essence of the turnpike sets that
is, produce at the maximum speed if the inventory level is below the turnpike, produce nothing
if the inventory level is above the turnpike, and produce exactly as the demand if the inventory
reaches the turnpike, should still work. Nevertheless, the time inhomogeneous nature makes it very
difficult to obtain explicit optimal solutions as in [1] and [3]. In order to fulfill our goal of achieving
the optimality, the turnpike sets must be smooth enough and be “traceable” by the trajectory of
the system.

With the main objective in mind, by considering relatively simple models, we aim at deriving
explicit optimal solutions. To begin with, new definitions of time varying turnpike sets (or threshold
functions) are given. To make the trajectory of the system have required tracing or tracking ability,
the notion of “traceable curves” is introduced. Loosely, the traceability of the system requires the
derivatives of the turnpike sets to be contained in certain domain.

Since the desired optimal solutions are closely related to the turnpike sets or optimal inventory
levels, some detailed discussions are made around these topics. A number of properties of traceable
curves are exploited and analyzed. They are, in fact interesting on their own right. The notion
of traceability is then employed in the subsequent investigation to develop the desired optimal
controls. It will be shown that indeed, there exist turnpike sets and the optimal control can be
determined explicitly by such inventory levels. For both the problem with random machine capacity
and with constant demand, and the problem with constant machine capacity and random demand,
the underlying traceable curves are characterized, and explicit solutions of the optimal controls are
exhibited. Some examples are also provided. It should be pointed out that the optimal solutions
given in this paper are easy to apply and simple to implement, so the advantage of turnpike sets
of the infinite horizon problems is preserved. We hope that the results of this paper will provide
further insight on the nature of the underlying problem and heuristics for practical applications.

The plan of this paper is as follows. The formulations of the control problems are given next. In
§3, we concentrate on the first problem — a system with constant demand, and in §4, we treat the
second problem — a system with constant machine capacity. For each problem, explicit formula of
the optimal control is obtained. To ensure the continuity and the stream line of the paper, proofs
of several lemmas and a number of technical complements are provided in a separate section §5.

Finally, some concluding remarks are made in §6.



2 Problem formulation

Manufacturing systems with constant demand and with constant machine capability will be dealt

with in the sequel. The precise formulations of the problems are given below.

Problem 1: Constant product demand
Let #, € R' denote the inventory/backlog process (state variable) and u; > 0 denote the rate of
production planning (control variable) of a manufacturing system. The product demand is assumed

to be a constant and denoted by z. Then,
Ty=u—z, r,=x, 0<s<t<T (2.1)

where T is a finite horizon.

Let M = {aq,a2} (a1 > az > 0) denote the set of machine states and let a(t) € M denote
the machine capacity process in the manufacturing system. If a(t) = a4, it means the machine is
in a good condition with capacity ay. If a() = as, the machine (or part of the machine) breaks
down with a remaining capacity «y. We always assume that a3 > 2z > ag, i.e., the demand can be
satisfied if the machine is in a good condition and cannot be satisfied if the machine (or part of the
machine) breaks down.

Let the cost function J(s,z, a,u.) with a(s) = o € M be defined by
T
J(s,x,a,u.) = E/ e " hix,)dt, (2.2)

where p > 0 is the discount factor, which is allowed to be zero, since we are now considering a finite
horizon problem. The problem is to find a production plan 0 < u; < «(f) as a function of the past

a(-) that minimizes J(s, x, o, u.).

Problem 2: Constant machine capacity

The second problem is a slight variation of the first one. In this problem, the system having
a constant machine capacity ap > 0 with a random demand rate z;, is described by the following
equation

Tr=u—zy, =2, 0<s<t<T <0 (2.3)

with the production constraints 0 < u; < ag.

Let Z = {z, 22} denote the set of demand rates with 0 < z; < ap < 2s.



The corresponding cost function J(s,x,z,u.) with z; = z € Z is defined by
T
J(s,x,z,u) = E/ e " h(zy)dt. (2.4)

The problem is again to find a production plan 0 < u; < ap as a function of the past z;, that
minimizes J(s,x, z,u.).

The detailed analysis for these problems is contained in the next two sections.

3 Problem 1: Constant product demand

Before finding solutions of the first problem, we make the following assumptions on the running
cost function A(x) and the random process a(t).

(A1) h(x) is a convex function such that for positive constants C), and ky,
0 < h(z) < Cp(1 + |2|™) and h(x) > h(0) = 0 for all  # 0.

Moreover, there exists a constant ¢, > 0 such that

hpt (22) — hopt (21)

Ty — 1

> ¢p, for all —log—2T < a7 <0 < ay <lay—4T, (3.1)

where h,+(x) denotes the right-hand derivative of h(z).
(A2) The capacity process a(t) € M is a two state Markov chain governed by
Lo f()(0) = A(f(az) = fla1)) lf@ =m (3.2)
0 i1 = as.
for any function f on M. Here A > 0 is the machine breakdown rate.
Examples of h(x). Let us give a few examples of h(z) that satisfy Assumption (Al).
(1) h(z) =
(2) h(z) = ht max{0,2} + h~ max{0, —x} where AT > 0 and A~ > 0 are constants. This cost
function was employed in [1].
(3) h(x) is convex and piecewise linear with A(0) = 0, h,-(0) < 0, and h,+(0) > 0.
Remark. Assumption (A2) is a condition on the machine capacity process a(t). It indicates that
once the machine goes down it will never go up again. Such a situation occurs when the repairing is
very expensive, or no repair facilities are available. As a result, replacement is a better alternative

than repair.



We first present a technical lemma that concerns with the running cost function h(x). Since the
lemma can be obtained easily from elementary properties of convex functions, the proof is omitted.
Lemma 3.0. Under Assumption (A1), h(x) is strictly increasing on [0,00) and strictly decreasing
on (—o0,0]. Moreover, for all x > 0, hy+(x) > hy-(x) > 0 and for all x <0, h,-(z) < h+(x) <0,
where h,-(x) denotes the left-hand derivative of h(x). O

Next, we make precise definition on a class of admissible controls.

Definition. A control u. = {u; : t > 0} is admissible if u; is an Fy = o{a(s),s < t} adapted
measurable process and 0 < u; < «off) for all 0 <t < T. A will denote the set of all admissible
controls in the sequel.

Let v(s,z, ) denote the value function of the problem, i.e.,

v(s,z,a) = imf4 J(s,x,a,u.), for a € M.
u.€

In what follows, some preliminary results on the value functions v(s, z, «) are given first. These
results are summarized in the next lemma.
Lemma 3.1.

1) The value functions v(s,x,«) are convex functions in x for each s € [0,T] and o € M.

2) v(s,x,a) € C([0,T], R') are the only viscosity solutions (for definition, see e.g., [9]) to the

following dynamic programming equations.

0= wvs(s,2,0q0)+ min [(u— 2)v,(s,x,a1)] + e h(x) + AMo(s, x,az) — v(s,x,0q)),

0<u<ay (33)
0= o(T,z,0)
and
— : _ —ps
0= US(S,J},OQ) —I_Oé%lg%@[(u Z)UQU(S,J},O(Q)] te h(l‘) (34)
0= o(T,z,a).

Proof. Under Assumption (Al), it is clear that J(s,-, a,-) is jointly convex in (x,u.) for each
(s,a). As a consequence, the value function v(s,-, «) is convex for each (s,«). It can be shown,
via a straightforward modification of the proof of [10, Theorem 1.1], that the value function is
a viscosity solution to (3.3) and (3.4). Then by [7, Theorem 2.5], they are the unique viscosity
solutions. O

In [9], turnpike sets were introduced and used to characterize the optimal inventory levels.
Since the problem considered in [9] is associated with a discounted cost over an infinity horizon,

the dynamic of the problem is time homogeneous. Therefore, the turnpike sets are constants in



time. However, if the problem is evaluated in finite horizon, the dynamic will not be homogeneous
anymore. In the following, we modify the turnpike definition given in [9] to incorporate the variation
of the turnpike sets with the changes of time.
Definition. ¢(s) and v (s) are said to be the turnpike sets for « = oy and a = ay, respectively, if
for all s € [0,7],
v(s,d(s),a1) = rrgnv(s,x,al)

and (s, ¥(s),az) = rrgnv(s,x,az), respectively.
Remark. Under infinite horizon formulation, normally, turnpike sets are attractors for optimal
trajectories, whereas in the current setting, the turnpike sets are switching curves. To be consistent
with the usual notation, we still call these switching curves turnpike sets.

Let u*(t, x,«) denote the feedback control defined as follows.

0 if @ > o(t)
If a(t) = aq, then u*(t,2,a1) = qﬁ(t) +2 ifz = é(1) (3.5)
0 ifax >t
If a(t) = ag, then u*(f,2,a) = (3.6)

ay if @ < ().

We shall show in the following that ¢(s) and ¢(s) are absolute continuous and satisfy 0 < qb(s) +2z<
a1 and ;/)(5) + z > ay. Using these properties, it is easy to see that under the control policy

uy = u*(t, x4, a(t)), the ordinary differential equation
& =u(t 2, a(t) —z, 2 =

has a unique solution.

In the rest of this section, we devote our attention to showing that the control u} = u*(¢, x4, a(t))
given by (3.5) and (3.6) is optimal.

By virtue of the transformation o(s, z, a1) = e **v(s, 2, a1), together (3.3) and (3.4), the problem
defined by (2.1) and (2.2) is equivalent to the problems below.

T
min. / e_A(t_S)[e_pth(xt) + Av(t, x4, ag)]dt

s.t. Tr=u—z, =z, 0 <u < ag,



where v(t, x4, a3) can be obtained from the following problem:

min. /T e " h(x,)dt
A (3.8)
s.t. T=u—z, =1z, 0 <u < as.

In order to carry out the analysis, we need to evaluate v(s, x, ) in the first place. If a(s) = ax,
by virtue of Assumption (A2) on «(t), a(t) = ay for t € [s,T]. Therefore, the problem becomes
a deterministic problem. If ay were larger than z, the problem would become much simpler: one
would only need to produce at the maximum speed it z; < 0 and produce nothing if z; > 0.
However, in our case, such production policy is no longer optimal since the state z; cannot stay at
x = 0. Intuitively, if the initial value z; < 0, then it is better to take u; = a3 in order to keep
x; (< 0) as close as possible to @ = 0 from below. If x5 > z(T — s), then it is better to take u; = 0
so as to keep x; (> 0) as close as possible to @ = 0 from above. Let us now consider the case when
x5 is less than z(T — s) but is close to z(T — s). In this case, if we take u; = 0 at the beginning for
a while, then switch the control to u; = a3 before x; actually reaches 0. It can be seen that in this
way the cost will be smaller than the cost incurred it we use u; = 0 until x; = 0, then switch to
u; = ag. Therefore, there must be a curve, say ¥ (s) > 0 (which will be seen to be a turnpike set),
such that u; = 0 when ; > ¢(¢) and u; = oy when 2; < 0. Based on these observations, a crucial
task is to identify this curve ¢ (s).

Let s = 0 and xg = = which is smaller than z1" but close to z1". Then v, = 0 and z; = x — zt
before it reaches ¢(¢). Let 0 < n < T be such that 2, =  — zn = ¢(n). Then the incurred cost is
given by

J = /077 e_pth(:zj — zt)dt + /T e_pth(:zj —zn+ (a2 — 2)(t —n))dt.
7
Since 1(s) is so given that the cost needs to be minimized,

9 T
0= L0 [ hta oo K-
an 7

Note that ¢ (n) = @ — zn. The curve 1(s) has to satisfy

/77T e hat (V(n) + (g — 2)(t — 7))dt = 0.

Setting n = s, the curve « = 1 (s) is given by

/T e " h+ ((s) + (ag — 2)(t — s))dt = 0. (3.9)

S

The next two lemmas are concerned with properties of ¢ (s).

9



Lemma 3.2. Let ¢(s) be defined as in (3.9). Then (s) is a continuous function uniquely deter-
mined by (3.9) and satisfies

1) 0 <(s) < lag — z|(T — s) for s € [0,T) and (T) = 0;

2) (s) is monotone decreasing and absolute continuous. Moreover, ;/)(5) + 2> as.
Lemma 3.3. Let J(s,2) denote the cost function under the control defined by (3.6), i.e., u; =
u*(t, @y, az), and J(s,x) = J(s,x,aq9,u*.). Then J(s,x) is continuously differentiable on [0,T] x R*

and satisfies the dynamic programming equation (3.4). Thus, J(s,x) = v(s,x, az). Moreover,

v(s,10(s),az) = J(s,1(s)) = H%H J(s,2) = rrgnv(s,x,az).

Since the proofs of these lemmas are rather technical, we postpone them until §5.
Remark. The absolute continuity of ¢(s) implies that it is differentiable almost everywhere in s.

YP(s) + z > ag says that if z; < (t) for some 1, then ; will stay below ¢ (¢) for all t; <t < T.
We now turn to the problem in (3.7). Let

H(s,x) = h(x) + e v(s, x, as).

Then,
T
J(S,J},Oél,u.):/ e MU (1, 2y) L.

Note that H(s,z) is convex in x for each s. We are to show that the turnpike set for a = ay is

given by the minimizer of H(s,z), i.e.,
H(s,¢(s)) = H%HH(S,J}). (3.10)

Moreover, the control given in (3.5) is optimal for @ = ;. To proceed, we need to consider an
important property possessed by ¢(s), which is described in the following definition.

Definition. A function given by « = ~(s) is said to be traceable on [0,T] if v(s) is absolutely
continuous on [0,7] and 0 < 4(s) + z < z, a.e. in s € [0,7].

It is easy to see that a traceable curve is always decreasing.

By standard real analysis theory, any absolutely continuous function +(s) is differentiable a.e.
and ["4(s)ds = y(b) — ~(a) for any a and b. If a function ~(s) is traceable, then there exists a
control 0 < uy; = 4(s) + z < z < ay such that the corresponding system trajectory x; may stay on
the curve ~v(s) after it reaches y(s).

The next lemma is concerned with the traceability of ¢(s). Its proof will be provided in §5.

10



Lemma 3.4. Let ¢(s) be the minimizer of H(s,x). Then ¢(s) is a single-valued function and
satisfies:
1) 0 < 6(s) < (s) for s € [0,T) and $(T) = 0;
2) ¢(s) is traceable.
Let
H(s,z) = h(x) + e /T e "h(z + (g —2)(t — s))dt. (3.11)

S

Note that, by Lemma 3.4, ¢(s) < (s) and
T
v(s,x,a0) = / e "h(z + (g —2)(t — 8))dt if z < ().
It follows that

min H(s,x) = min [:](3, x) = h(o(s)) + Ae”? /T e " h(B(s) + (ag—2)(t — s))dt. (3.12)

S

It can also be seen that ¢(s) is the only solution to (3.12). In the rest of the paper, we shall use
(3.12) as the definition of ¢(s).
Theorem 3.1. Let ¢(s) and tp(s) be given as in (3.12) and (3.9), respectively. Then ¢(s) and
Y(s) are the turnpike sets for o = ay and o = az, respectively. Moreover, the feedback control
ur = u*(t, af, at)) given in (3.5) and (3.6) is optimal.
Proof. Lemma 3.3 indicates that ¢ (s) is the turnpike set for o = aq, and uf = w*(¢, x4, az) is
optimal for a = as.

Recall that .

v(s,x,0q) = ogif.lgal i e MU (1, 2y) L.

Since ¢(s) is traceable and it is the minimizer of H (s, x),

o(s, $(s), an) = / b= (1, (1))t

Moreover,

v(s,x,a1) > v(s, o(s),ar) for all z.

Thus,
v(s,o(s),a1) = rrgnv(s,x,al). (3.13)

This indicates that ¢(s) is the turnpike set for a = a;.

11



) ) up  ift<rT
Let 7 denote the machine breakdown time and let u, =
u? ittt >r

control with 0 < u} < oy and 0 < u? < ay, and z} is the trajectory under u;.

J(s,x,00,u) = [Te M0 et h(z,) 4+ Ao(t, zy, o)) dt
> TN H (L 0

= v(s,z,aq),

denote an arbitrary

Then

where uf = u*(t,27,a(t)). The last inequality follows from the fact that the control uj makes

the corresponding state trajectory a7 go to ¢(s) in the fastest way, i.e., H(t,27) < H(t, ;). This

completes the proof. O

Using the control given in (3.5), the value function v(s, x, ) can be written as

fST e =9 [e “Ph(x—z(t—s)) + Av(t,z—z(t—s), ag)]dt
if e > 2z(T—s)
I e =9 [e “Ph(x—z(t—s)) + Av(t,z—z(t—s), ag)]dt
+ [o e e h(B(1)) + Ao, $(1), az)]dt

S eI h(6(1)) + Mo(t, (1), an)]dt
if @ = ¢(s)

v(s,x,0q) =

S

+ [ e[ h(6(1) + Ao(t, 6(t), az)]dl

S

if ¢(s) <o < 21—

s)

[ e~ A= 5)[6 Ph(z4(ar—z)(t—3s))+ M(t,z+ (a1 —2)(t—s), az)]dt

if —(a1—2)(T—3s) < a<¢(s)
Ji e e h(a - (an—2) (=) + Mot a (a1 —2)(t=s), a)]dl
if o < —(ay—2)(T—3),

where s; is the first time that @ —z(¢—s) hits ¢(¢) and s; is the first time that 4 (aq—z)(t—s) hits

#(t), respectively. Thus,

r—z(s1—s) = ¢(s1) and @ + (a1 — z)(82 — ) = @(s2), respectively.

12



Using the control (3.6), we can write the value function v(s,x, az) as follows:

JEerh(x — 2(t — s))dt
if > (T — s)

[ e h(z — 2(t — 8))dt + [ e h(x — z(s0 — 5) + (@2 — 2)(t — s0))dt
ifh(s) <a<z(T—s)

v(s,x,az) =

fST e h(z + (az — 2)(t — s))dt

if @ <(s)

where sq is the first time that x—z(f—s) hits ¢(¢). Thus, @ — z(sg — s) = ¥ (s0).
Example 3.1. In this example, the cost function is given by h(z) = A" max{0, 2} +h~ max{0, —z}.
Then, (3.9) becomes

/he‘”hﬂﬁ—i/Te”Wfdt:O,

s t1

where 17 is given by ¥(s) + (a2 — z)(t1 — s) = 0. This yields

Qg — 2 ht 4 h=eP(T—s)

= 1
¢(S) p Og h+ _I_ h_

We now identify ¢(s). Recall that 0 < ¢(s) < ¢(s) < laa—4(T — s) and for & < ¥(s),

v(s,x,az) = /T e " hix + (ag—2) (1 — 8))dt.

S

Moreover, for 0 < a < |ay—4(T — 3),

U(Sv Z, a?)

= e [P et (o=t — [
0 X

fro—2
=t ot a7 (1 el

7o (@ 4 o= 2)(T — )e T 4 g cfp (e Polea =l ool T

T—s

e Pth™ (x 4 (e —2)t)dt

This together with (3.12) yields

bz—ZHO pht + A(ht 4 h=e?(T=9))

#(s) = max{0, — N }. (3.14)

Equivalently, ¢(s) can also be written as:

B(s) =0 for all s € [0,T]if Ah™ — pht < 0;

13



otherwise,
T O R U i)
— o
é(s) = p AT +h7)
0 if s >T+ p~'log

A= — pht
A

A~ — pht
N~

if s <T+ptlog

As T — oo, it is easily seen that

_ + +
oo | (ph* + M)

é(s) — max{0, — N 1 A

}7

which provides the same turnpike as in [1].

4 Problem 2: Constant machine capacity

(A1) Let Assumption (A1) be satisfied with (3.1) replaced by
hx+ (1'2) — hx+ (1’1)

Ty — 1

> ¢p, for all — |ag — 22|T <21 <0< 2y < |ag — 2|7,
with z9 given below.
(A2’) The demand process z; € Z is also a two state Markov chain governed by

Lf()() = (4.1)

0 if ¢ = 2.

{ X(f(2) = f(z)) iti =2

for any function f on Z.
Let v(s, x,z) denote the value function of the problem, i.e.,

v(s,x,z) = imf4 J(s,x,z,u.), for z € Z.
u.€

The next lemma is an analog of Lemma 3.1. Since all the results in this section can be proved
similarly as in the last section, the proofs will be omitted.
Lemma 4.1.

1) The value functions v(s,x,z) are convex functions in x for each s € [0,T] and z € Z.

2) v(s,x,2) € C([0,T], R") are the only viscosity solutions the following dynamic programming

equations.

{ 0= Us(S, z, 2‘1) + 0%%;%0[(u o Zl)vl’(sv T, Zl)] + e_psh(x) + )\/(U(S, T, 22) - U(S, T, Zl))v (4‘2)

0= o(T,z,z)
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and

—_ 1 - _ps
0= vfs,22) + min [(u= z)e(s, @ 22)] + e hle) (4.3)

0= o(T,x,z).

Definition. ¢(s) and ¢(s) are said to be turnpike sets if

and  v(s,1(s),z9) = minv(s,xz, z2).
Let [:](3, z) = h(z)+ A [T e h(x + (ap — 23)(t — s))dt. Then ¢ (s) and ¢(s) are determined by:

ATew%ﬁ4¢@)+(my-@xt—5»dt:o (4.4)

and

A

H(s, ¢(s)) = min H (s, ). (4.5)

O

Lemma 4.2. ¢(s) and ¢(s) are single-valued absolute continuous functions. They satisfy the
following properties:

(1) 0 < (s) < |ag — z2|(T —s) for s €[0,T) and »(T)=0;

(2) (s) is monotone decreasing and ;/)(5) + 22 > ap;

(3) 0 < o(s) <(s) fors €[0,T) and ¢(T') = 0;

(4) #(s) is monotone decreasing and qb(s) + 21> ap— 29+ 2. O

Note that by (4) of the above lemma, a sufficient condition for ¢(s) to be traceable (i.e., 0 <
qb(s) + 21 < ag) is 21 > z9 — ap. Consider related problems in tracking parameter variations of a
time varying system (cf. [2, pp. 123]). In such problems, the system parameter processes cannot
be changing too fast and the signal to noise ratio has to be kept in a reasonable range, i.e., an
identifiability or tracking capability condition needs to be satisfied. It seems that the problem
discussed in this section is similar to the tracking parameter variation problems since the total
demand process can be regarded as a parameter process and the main task is to choose control
variables to make the total finished goods as close to the total demand as possible. In our problem,
the condition z1 > z9 4+ ap guarantees the volatility of the total demand to be confined in a certain
domain so as to assure the traceability.

Theorem 4.1. Suppose that (A1°), (A2°) are satisfied, and z1 > z9 — ag. Let u*(t, 24, 2) be defined

15



as follows:

0 if © > o(t)
w e, zn) =< () +z ifae=¢(t)
w (1,2, 2) = % i e < o(1) (4.6)

{ 0 ife>d(t)

u (t,x, z2) =

ag if @ < ().

Then under the control uy = u*(t, x4, 2¢), the equation
l’:; = u*(tvx::vzt) — %t l’é =z

has a unique solution. Therefore, the control u} is optimal. O
Example 4.1. We consider the cost h(z) = At max{0,2} + A~ max{0, —z}. Then,

agp — 29 ht 4+ h=e=r(T=9)
= |

#(s) =0 if Ah™ — pht <0.

If A= — ph™ > 0, then

_|040—22|

A= — pht
N~
A~ — pht
e

Remark. Note that the assumption z; > z5 — ag in Theorem 4.1 is a relatively conservative one.

| pht + A(hT + h=e=?(T=2))
0g
é(s) = p ARt + ko)

0 if s >T+p~'log

if s <T+ptlog

In Example 4.1, this condition can be relaxed to

AT — pht
A R (4.7)

21 > |Oéo —22|

It can be seen that (4.7) is also necessary for the traceability of ¢(s) in this example. If (4.7) fails.
#(s) will no longer be the turnpike of the problem since it is not traceable on [0, 7] anymore. Let
q;(s) denote the turnpike set for o = « defined as v(s, 43(5), z1) = ming v(s, x, z1). Then, similarly to
Lemma 4.2, 0 < q;(s) < #(s). It can be shown that h(xz)+ Av(s, x, z9) is strictly convex on [0, ¢ (s)],
which implies that v(s, x, z1) is also strictly convex on [0, (s)] (see [9] for details). Therefore, q;(s)
is a continuous function. Intuitively, the optimal control u*(¢,x,aq) should be given as in (4.6)
with q;(s) in place of ¢(s) provided that q;(s) is traceable. Let so = T+ p~ ' log w Then,
0< qb(s) + 21 < ag for s > sg. This implies q;(s) = ¢(s) for s > so. However, if 0 > so > T and
zy 1s large enough, the traceability property of q;(s) will not hold, which makes the problem very

complicated. Explicit optimal solution is very difficult to obtain.
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5 Proofs of results

In this section, proofs of Lemmas 3.2, 3.3, and 3.4 will be presented.

Proof of Lemma 3.2. Let ¢(s) be defined as in (3.9). The proof of Lemma 3.2 is divided into

several steps.
(1) 0 < (s) < laz—4(T — s) for s € [0,T).
If ¥(s) <0, for some s € [0,T), then

S

[ s ((5) + a9t~ )it < [ e hr(faa (1 - s))dt <0

since (ae—2)(t —s) < 0 fort € [s,T] and h+(x) < 0 for + < 0, which contradicts (3.9). This implies

that ¢(s) > 0 for s € [0, 7).
Similarly, it can be shown that ¢ (s) < laa—4(T — s) for s € [0, 7).
(2) ¢(s) is a continuous function.

If there exist 11(s) < 12(s) for some s € [0, 7] such that

/T e gt (i (8) + (a—2)(t — 8))dt =0 for i = 1,2.

S

Then, following from the monotonicity of %+, we have

bt (01(8) + (a2 —2) (1 — 8)) = bt (P2(8) + (@2 —2)(t — 3)), ae. t € [s,T].

1(s) + 1ha(s)
2loe— 4

Let tg =5+ . Then,

1(8) + ha(s)

to € [s,T] and 5

+ (a—2)(to — s) = 0.
There exists a 6g > 0 such that

P1(8) 4+ (@2—2)(t — s) < 0 on [ty — o, t0 + 6] N [3,T]
and  a(s) + (@2—2)(t —s) > 0 on [tg — o, to + o] N [s,T].

This leads to

hot (01(8) + (@2—2)(t — s)) < 0 on [to — o, o + bo] N s, T]
and  hy+ (2(8) + (e—2)(t — s)) > 0 on [tg — do, to + 0] N [s,T].

But this contradicts (5.1). Therefore, ¢(s) is a single-valued function.

17
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Let F(s,2) = JEerth, (x 4 (@2—2)(t — s))dt. Then F(s,x)is continuous in (s,x). This yields
the continuity of ¢(s).
(3) ¢(s) is monotone decreasing and absolute continuous.

By means of changing variables, we rewrite (3.9) as follows:

¥(s) ot
exp(— b+ (t)dt = 0 for all s € [0,7]. 59
/w(s)+(a2—z)(T—5) D Oéz—z) +(t) [0,7] (5.2)

If there exist 0 < s < 55 < T such that ¢(s1) < 1(s3), then

(s1) + (ae=2)(T — 51) < P(s2) + (@2 —2) (T — 82) <0 < P(s1) <p(s2).

This together with (5.2) implies that

/¢(52)+(a2—2)(T—52) pt P(s2) pt

exp(— Voo (1)dt :/ exp(—
P(51)+(2=2) (T =51) Qy—% W(s1) ay—z
Since hy+(t) < 0 for t € [(s1) + (e —2)(T — s1),%(s2) + (@2 —2)(T — s2)] and h+(t) > 0 for
t € [(s1),(s2)], (5.3) cannot hold. The contradiction infers that ¢(s) is a decreasing function.
(4) ;/)(5) > g — Z.
Differentiating (5.2) with respect to s, we have

_pY(s)

Vs (£)dt. (5.3)

() exp(— b ((5))
~(0(5) — faa =) expl - L ZILZ D) 4 =7 = ) =0,
This gives
(s) = (a2—2) = bz~ Aot (1(s)) > 0 ace. in [0,7].

o (0(5)) — exp(—p(T — ) ot (9(3) + (02— (T — 5))

This equality also implies that ¢ (s) is absolute continuous. O

Proof of Lemma 3.3. It suffices to show that the cost function J(s,x) under the control given in
(3.6) is continuously differentiable and satisfies Equation (3.4).
(1) If @ < 4(s), then uf = u*(t, x4, a2) = . Thus,

T
J(s,z) = / et h(z + (ag — 2)(t — 5))dt.
The partial derivatives of J(s,x) with respect to s and x are given by

Js(s,2) = —e ?h(x) — (a2 — 2) /T e " hos(x + (g — 2)(t — s))dt

S

Jo(s,2) = /T e " hos (x + (g — 2)(t — s))dt

S

< [ e (08) + (0 — (1 — )

S

= 0.
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Therefore,
Js(s,2) + min (u—2)Jy(s,2) 4+ e P h(x)

0<u<asg
= Js(s,x)+ (a2 — 2)Ju(s,2) + e 7°h(x)
= 0.
(2) If @ > z(T — s), then uj = u*(¢, x4, a2) = 0 since x; will stay above z(T —t) for all ¢ € [s,T].
Thus,
T
J(s,2) = / e " hix — z(t — s))dt.

S

As a result,
T
Js(s,x) = —e Ph(x)+ Z/ e " h+ (x — z(t — s))dt
T S
Jo(s,2) = / ¢ hot(z — 2(t — 5))dt
AT
/ ¢ " hot (2(T — 5) — 2(t — 8))dt

0.

Y

Y

Therefore,
Js(s,2) + min (u—2)Ju(s,2)+ e 7 h(x)

0<u<asg

= Js(s,x)—zJu(s,2) + e "h(x)

(3) If ¢(s) < @ < 2(T — s), then there exists s < n < T such that @ — z(n — s) = ¥(n). The

optimal control is v} = 0 for { <5 and u} = «; for ¢ > 5. Thus,

J(s,2) = /577 e " hix — z(t — s))dt + /: e " hix — z(n — s) + (az — 2)(t —n))dt.

Note that n = n(s,z). For each fixed s, n is increasing in x. Moreover, for each fixed x, 5 is

increasing in s. Hence,

Jsw) = =P h(a) + (e = 2 - 5)) 20
+z /; ¢ hot(z — 2(t — 8))dt — e ""h(z — 2(n — 3))%
-I-/77 ety (x—z(n—3)+ (a2 —2)(t—1n))[z— z% - o@%]dt

Owing to the fact that [z — Zg—z — %] is independent of ¢, ¢(n) = x — z(n — s), replacing s by n
in (3.9) yields

v an I
pt _ - — - T, gl T
/77 € hx"’(:p Z(n S)‘I‘(QQ Z)(t n))dt[z 288 azas] 0

19



Thus,
Jy(s,2) = —eP*h(e) + = /” et ho (¢ — 2(1 — 8))dt.

Similarly,

Je(s,2)= e "h(x — z(n — 3))2—77 + /77 e " h+ (x — z(t —s))dt
X s
I

—e Th(x — z(n — 3))2—2 + /: e " hps (v — 2(n — 8) + (g — 2)(t — n))dt[1 — ozza—x]

_ /” e~ hyt (x — 2(t — ))dL.
It can be seen that
Jo(s,2) > /77 e " ho+ (W(s))dt > 0.

Therefore,
Js(s,2) + min (u—2)Ju(s,2)+ e 7 h(x)

0<u<asg
= Js(s,x)—zJy(s,2) + e P h(x)

By (1), (2), and (3), it can be proved that .J(s,x) is continuously differentiable. Finally,
vi(s,1(s),a2) =0. O

Proof of Lemma 3.4. We divide the proof into four steps.

(1) o(T)=0and 0 < ¢(s) < ¢(s) for s € [0,T).

Since H(T,x) = h(x) and 0 is the unique minimizer of hA(x), ¢(1T') = 0.

If ¢(s) < 0, then h(é(s)) > h(0) and v(s, ¢(s), o) > v(s,0,a3). Thus H(s, ¢(s)) > H(s,0). But
this contradicts the definition of ¢(s). Hence, ¢(s) > 0.

If ¢(s) > (s), then H(s,¢(s)) > H(s,1(s)) because h(o(s)) > h((s)) and v(s, ¢(s), az) >
v(s,9(s),az). This means that ¢(s) < ¢(s). Thus, ¢(s) = ¢(s). However, if we take 5 > 0 and
small enough, then, as § — 0,

H(Sv ¢(S)) — H(Sv ¢(S) - 6)
B
() AT P ham(9(5) + (0 — 200t > 0

ho
= ho(0(8) + A Jg e hur ((s) + (g — 2)t)dt > 0
ho—((s)) > 0,

because ¥(s) > 0 for s < T'. In the above, A is the same as in §3. Therefore,

H(s,¢(s)) > H(s,v(s)— ) for > 0 and small enough.
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This contradicts ¢(s) = ¥(s). Hence, ¢(s) < o(s) for s € [0,T).
(2) ¢(s) is a continuous function.

Suppose this were not true. Then there would exist ¢1(s) < ¢2(s) such that
f{(sv ¢1(5)) = f{(S, ¢2(5)) = Hgnf{(sv l’)

Let I, = [¢1(s), #2(s)] C [0,4(s)]. Then the convexity of H(s,z) yields that H(s,z) =constant on
I,. Consequently, H,+(s,z) = 0 on I,. Recall the definition of H in (3.11) and (3.12). Meanwhile,

notice that

Ho+(s,2) = hy+ () + /OT_S e hor (x + (02— 2)t)dl = 0
and the fact that f,+(2) is an increasing function. Thus,

h+(2) = constant on [
and fOT_S e P hy+ (2 + (@2 —2)t)dt = constant on .

In particular,
T-s T—s
/ e " hyt (61(8) + (ax—2)t)dt = / eyt (02(3) + (a2 —2)t)dt.
0 0
Because of the monotonicity of h,+(x),
hot (01(8) + (@2 —2)t) = hyt (P2(s) + (a2 —2)t) for almost all ¢ € [0, T — s].

Since h,+(x) is an increasing function, h,+(2) =constant for almost all @ € (¢2(s)—10(s), ¢1(s)). This
implies that h(x) is linear on (¢2(s)—(s), ¢1(s)). By (1), it is obvious that 0 € (¢2(s)—1(s), ¢1(s)).
But this contradicts the fact that h(x) > h(0) for all @ # 0 in Assumption (Al). Finally, The
continuity of ¢(s) follows from the continuity of H(s,z). This proves (2).

(3) &(s) is Lipschitz on [0,T — 5] for any no > 0.

Let s,s" € [0,T — no. Since ¢(s) is continuous on [0, T, it is uniformly continuous. Thus there

exists a 6g > 0 such that
|¢(3) - ¢(3/)| < |012—Z|770/2, for all |3 — 5/| < ép.

Let us consider those |s—s'| < ég only. Without loss of generality, we may suppose that ¢(s) # ¢(s'),
say ¢(s') > ¢(s). Since ¢(s) is the unique minimizer of [:](3, z) (by step (2)), for each s and n there
exist @7 (s) < ¢(s) < ¢5(s) such that



It follows that nh_}rgo #1(s) = lim ¢3(s) = ¢(s).

Let o
I = 1 f{(S,gb?(S)) _H(Sv 3(5)) _ f{(slv ¢7f(5)) _g(5/7¢§(5))]
Tos— 91(s) — ¢5(s) 91 (s) — ¢5(s)

and /[, =

Then, I, + 11, = 0.
We first show that there exists a constant C' such that |I,,| < C for n large enough. In fact,

0 gt THEH) + laa—)t) — (63(s) + aa=)
I = s—s /T—s/ l d1(s) — d5(s) ] di.

Note that

1) lex= )~ M) + ) <

1(s) — 65(s)
where C7 = max{|h,+(loa—4T + 1)|, |ho-(—la— 2T — 1)|} < co. Thus,

h(¢1(s) + (a2 =2)t) = h(P5(s) + (@2 —2)1)

)\ T—s
I, < et dt
| | s — s /T—s’ </57f(5) - ¢§(5) ‘ ‘
pYeH T—s
< —rt
- 5—5’/T—s/ e di
O, |e=P(T=s) _ g=p(T=5")
o s — s
eI Cy ePs — ers’
< sup
p 5,5 s — s
< Q.
Let
Il = 1 [g(5/7¢?(5)) B g(5/7¢§(5)) _ f{(slv ¢7f(5/)) B g(5/7¢§(5/))
o(s) — o(s') P1(s) — ¢5(s) Pr(s") — ¢5(s)
Then

s—s I,
Recall that I, + I1,, = 0. It follows that |I],,| = |I,| < C. Thus to prove that ¢(s) is Lipschitz
on [0, T — ngl, it suffices to show that there exists a constant ¢ > 0 such that |Il],| > ¢ for n large
enough. Let

T—s

w(s,x) = e”v(s,x,az) = / e "h(z + (ag—2)t)dt.

0
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Then, H(s,z) = h(z) + Aw(s, z). We write III,, = III', + MII" where

;o (65(5)) — < 15))  A(8() — h(95(s))
”h‘¢@»ﬂmwl S1(5) — 95(s) S1(5) — 33() ]
and
L1 uls(s) w( B(s) (s, 1) — (s, 93(5)
mﬁ‘w@—¢@vl 51(5) — 33() S — 95 ]

Observe that as n — oo,

I, > ——— [ (6(5)) — has (8(5))] = 0.

o(s) — o(s')
Furthermore, ( (5)) ( ()
11 Wy 3/7¢ S — Wy 3/7¢ S/
ar: — as n — oo.
" 6(s) — o(s') ’
If it can be shown
wa (s, d(s)) — wa (s, ¢(s"))

>c> 0,

o(s) — o(s")

then we are done. To this end, observe the following:

(T Rt (9(8) F (e —2)t) — hpt (B(8) + (a2 —2)t)
" P The(6) 4+ o) — oel(s) 4 >Jdt -
> e’ /0 () = o5 ] dt

The last inequality follows from the fact

B (8(5) 4 (@2 — 1) — hor (') + 02— 2))
o(s) — () =0

Since any convex function on R' is absolutely continuous, so is h(z). Hence,

/ab hos (2)de = h(b) — h(a)

for any a and b.
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By (5.4),

wa(s', 9(s)) = wa(s', §(s'))
o(s) — 6(+')

—pT

L h(6(s) + (0n—2)1) + —
h(o(s))

|042—Z|

o)
L6l + o=}

|z — 2|

—pT

¢

1
—0
1

- |042—Z|

(s)
s') _|oz2—z|
s')

| 1

(s {[|042—Z|

042 _ Z|h(¢(5) + (a2 —2)(T—5")) —

- < {(¢()) h(¢(s))
9=

ez — 2] o(s) — ()

_h(g(s) + (2 —2)(T'=5")) — h(8(s') + (az—z)(T—Sl))}
o(s) — o(s')

o+

[ (9(5)) — hur (8(5") + g —2)(T— &)

; cnd(s) — o(s') + la— (T —s")] (by Assumption (A1)

o(s)
o(s)

€

Y

Y

Y

. (— bf;l% + Ia2—z|(T—s')) (since 0 < ¢(s") — (s) < @>

e T o (- o2 — 2|0
" 2

Y

+ |Oz2—z|770) (since T — s" > ng).

Hence,

> Chlo- (5.5)
Therefore, for n large enough,

1, SQ-

s — s

ESECIE

This implies that ¢(s) is Lipschitz on [0, T — 5] for any 1o > 0. Thus ¢(s) is absolutely continuous
on [0,T — no]. Consequently, ¢(s) is differentiable a.e. on [0,7 — no]. Since 1o is arbitrary, ¢(s)
is differentiable on [0,7] almost everywhere and / s)ds = ¢(b) — ¢(a) for all a,b € [0,T).
In the next step of the proof, we shall show that 0 < qb( )+ z < z. This implies that qb(s) is
also bounded on [0,T]. Therefore, ¢(s) is absolutely continuous on [0,71], so for all a,b € [0,7],
[ $(s)ds = 6(6) o)

(4) o(s) is traceable.

2

1 y Ly
Let p(y) = \/ﬁexp(—g) and ps(y) = 2p(%). Then

/_O; ply)dy = /_O:O ps(y)dy =
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Consider the convolution function A® of ps and h defined by

o0

W) = (ps # h)(2) = [ psly)ble +y)dy.

Then it follows that A% € C*°(R!) and, for all N > 0,
he(z) — h(x) — 0 uniformly on |z| < N.

Let 2° denote the minimizer of A°(x). Then 2° — 0 as § — 0.

We first claim that A%(z) > h®(2°) for = # z°. In fact, if this were not true, there would exist
zf, say x5 < 2%, such that h®(z8) = h%(2%). This implies that hS(z) = 0 on [z}, 2°]. Now, for any
:1;8 < 21 < 2y < 2%, we have

| s (w2 + ) = o+ y)ldy = 0.

Since hy+ () is increasing in @, hy+ (22+y)—hy+ (21+y) = 0 almost everywherein y € (—o0, 00). This
implies that A(z) is linear in (—o00, 00), which contradicts Assumption (A1). Thus, h%(x) > h®(2°)
for x # 2°.
Define
(s, 2) = ho(x) + )\/OT_S PR (2 + (ag— )1 )t

Let ¢°(s) denote the minimizer of [:]5(3, x), i.e.,

[:]5(3, o'(s)) = min[:](s(s, ).

xr

Using similar arguments as before, it can be shown that ¢°(s) is a continuous curve such that
#°(T) = 0 and 2% < ¢°(s) < ° + jag—2|(T — s) for s € (0,T). ¢°(s) is uniformly bounded and
$(5) = pls), a5 6 — .

To proceed, we claim that ¢°(s) is differentiable a.e. in [0,7T] for each § > 0. Similarly as in
proving the differentiability of ¢(s), we only have to justify the inequality (5.5) with 2°(z) in place
of h(x) and with s,s" € [0,T — o] and 0 < ¢°(s") — ¢°(s) < g —2mo/2. It suffices to observe the
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following:
T BE((s) 40— A1) — (S + oo D)
T-5' h6 ¢§(S) ¢5(S/) t he(H8(s ¢
T [ (1) =34 9)= M) =]
(

s ¢(s) — 6°(s')
> /_ ps(y)

26

e [mw<@+<rwﬁ+w h(w@3+@rﬂﬁ+”]ﬁ@

o\

¢*(s) — ¢°(s')

( similar as in proving (5.5) )
§

> /tjﬂu%)ﬁ P (6505) 4 9) = o (65(5) 02— AT =) )l

> /tj o éz(iyl [en(¢°(s) = ¢°(s") + fa—2l(T—5"))]dy ( by Assumption (A1))
T e e p

> g ps(y)dy

> 0.

Hence, q'ﬁ‘s(s) exists a.e. in [0,7].
In what follows, it will be shown that

0< q'ﬁé(s) + 2z < z. (5.6)

Before proving (5.6), we first claim that (5.6) implies the following inequalities

0< ¢(s)+2< = (5.7)
In fact,
Me) = B + 25— o) _ - $s) = () + 23— o)
s — s §—0 s — s
= Jim— [ (5(0)+2)d

Since

3s) + 2 = tim 2= ¢(jl;2(8 =
and /

0< 3_13 /5(¢5(t)+z)dt<z

(5.7) holds.

To complete the proof of step (4), it suffices to justify (5.6). Observe that

0= g£(57¢6(5))
= h(¢°(s)) +

po(s). 7' pt (5.8)
exp(= |oz2—z|)/ IR S LA QL
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Differentiating both sides of the above equation with respect to s,

0= h5,(6"(5))9(s)
A

o pe°(s)
LT

s — 2|

0 (s)) exp(—

T B () F (s) — exp(—p(T—

g — 4

Then we solve for q'ﬁ‘s(s) to obtain

o' ()
where
F1(8,5) = Xexp(—p(T—s))h3(¢°(s) +
Pa6.5) = B (60) = s el
A s
‘|‘mhx(¢ (s)) P —

It 1s not difficult to see that:
B3(6°(s) + (aa—H(T—5)) <0
B(8(s)) 2 0
h.(¢°(s)) > 0

Moreover, by (5.8),

— e

Ap a pd’ (s ))/¢5 °)

— ex
|OZ2 — Z| 2 P |OZ2 — Z| )Horo—2) (T-s)

Thus, F1(6,s) < 0 and F3(6,s) > 0. This yields that q'ﬁ‘s(s) < 0. Hence, q'ﬁ‘s(s) + z < z. Note also

)/ (b H)«az—z)(T—s) exp(bzpiid)hi(t)dt
$))hg(6°(s) + (2= 2)(T=9))(6"(s) + oz —4)].

Fi(é,s)
Fy(6,8)

+ (@2 —2)(I'—s))
pd°(s)
vy — 2]
exp(—p(T—s))h3(6(s) +

Vo (1)t

b°(s)
e, <ol
s)Horz—2) (T—s) |OZQ Z|

+ (a—2)(T'—9)).

since ¢°(s) < 2° + g —2|(T — 5)

since ¢°(s) > z°

Y

since h5(:1;) is convex.

exp(—L— )

|OZ2_2|) S(t)dt =

that
Fi(6,8) + la—2|15(0, 5) 5 "
= A6 - e P [ el
ARG (6°(s)) = 0.
Therefore,
$(5) + lon— = Fi(6,8) 4 g — 2 F5(9, )

As a consequence,

Fy(6,8) -

q'ﬁé(s) + 2> ay > 0.

The proof of Lemma 3.4 is completed. O
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6 Concluding remarks

In this work, finite horizon optimal controls of stochastic manufacturing systems were considered.
Time varying turnpike sets were obtained. Various properties of the underlying turnpike sets were
analyzed. By utilizing the notion of traceability, existence of the optimal control policies was
established and explicit formulas of the optimal controls were obtained via turnpike sets.

We would like to say a few words about the first problem considered in §3 in which repair
facilities are available (or the strike can be resolved within that quarter). In this case, the machine
capacity process a(t) is allowed to jump back and forth. The explicit optimal control of the resulting
problem is very difficult to obtain. However, instead of searching for exact optimal solutions, one
may be interested in finding approximate optimal solutions. If a(t) is assumed to be a finite state
Markov chain (cf. [1] and [9]), then there exists a sequence of exponential random variables where
the jumps of «(f) take place. One may write the value function v as the limit of a sequence of
value functions v(™ in which only n jumps is allowed in the finite horizon under consideration (cf.
[10]). In this way, the original stochastic control problem can be approximated by a sequence of
deterministic control problems. For each n one may also define curves ¢(s) and ¢ (s) similarly as in
sections 3 and 4. The traceability of these curves are again difficult to verify analytically. One has
to resort to numerical methods for solutions. Some previous discussions on numerical solutions for
production planning problems can be found in [4], [8] and the references therein. Higher dimensional
systems deserve further study and investigation.

We hope that this work will provide us with additional understanding in the finite horizon
production planning for manufacturing systems. It is conceivable that the approach will render

help and guidance on many practical applications.
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