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Abstract

This paper is concerned with �nite horizon optimal production planning of stochastic manu-

facturing systems. The main objective is to minimize an expected discounted cost of inventories

and/or backlogs. Owing to the �nite time horizon formulation, the dynamics of the system

are time inhomogeneous. Thus the turnpike sets of the problem are time varying. Systems

with random decreasing capacity and constant demand, and systems with random increasing

demand and constant capacity are dealt with. We derive explicit solutions, and show that the

optimal controls can be written in terms of the turnpike sets under `traceability' conditions.
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1 Introduction

This work is concerned with �nite horizon production planning of stochastic manufacturing systems.

Two problems will be considered. In the �rst problem, a manufacturing system with a machine

subject to breakdown and constant product demand rate is considered, and in the second problem,

a manufacturing system with constant production capacity and increasing (random jump) product

demand rate is dealt with. These two problems are motived by various applications in industry and

management sciences. In particular, the following two examples can be thought of as prototype

problems.

A coal mine plant example. Consider the quarterly production plans for a local coal mine plant.

The plant is expecting a general strike during a quarter which will reduce the production capacity.

If the strike does happen and the dispute cannot be resolved during the quarter, what should the

production plans be to meet a given �xed demand rate at the minimum cost of inventories and

backlogs?

A new car model example. An automobile manufacturer introduces a new car model. The initial

market demand for the new model is relative low. It is expected that due to the increasing customer

awareness, the demand for the new model will increase. The objective is again to determine the

production plans so as to minimize the total inventory and backlog costs.

In these two production planing problems, by taking the di�erence of the real and planned

cumulative goods of the �nished ones as the states of the system, the objective is to choose admissible

production rates to minimize the inventory/backlog costs over a �nite horizon.

Recently, production planning for manufacturing systems has received much attention. Kimemia

and Gershwin [8] studied a multi-machine 
owshop without internal bu�ers known also as a no-wait


owshop. By using a quadratic approximation for the `cost to go', a linear programming approach,

which can be implemented in real time, was suggested. Under a dynamic program formulation,

numerical solutions were found, which yield the optimality and a suboptimal control policy de�ned

by two threshold levels. Motivated by the work [8], Akella and Kumar [1] formulated a one-machine,

one-part problem as a stochastic optimal control problem, in which the part demand was assumed

to be a constant, the state of the machine was assumed to be a two-state continuous time Markov

chain, and the objective function was a discounted inventory/shortage cost over an in�nite time

horizon. It was rigorously proved that the optimal control is given by a single threshold inventory

level (or turnpike set). More speci�cally, they showed that whenever the machine is up, one should
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produce at the maximum possible rate if the inventory level is less than the threshold, produce at

the demand level if the inventory level is exactly equal to the threshold, and produce nothing at all

if the inventory level exceeds the threshold. A similar problem with the discounted cost replaced by

a long run average cost was dealt with in Bielecki and Kumar [3]; optimal threshold type of policies

were obtained. In both [1] and [3], explicit formulas for the optimal threshold levels were derived.

Further study on turnpike sets were carried out by Sethi et al. [9]. The model considered in [1] was

generalized to incorporate systems with more than one states and with random demand processes

in [9]; it was proved that the turnpike sets exhibit a monotone property with respect to capacity

and demand.

In view of the aforementioned developments, the �rst and foremost important task appears to

be the utilization of turnpike sets. By and large, solving the optimal control problems for the

manufacturing systems is equivalent to �nding the corresponding turnpike sets.

As far as the control of manufacturing systems is concerned, the in�nite time horizon problems

can be thought of as long term planning problems, whereas the �nite horizon problems may be

regarded as short term or intermediate term planning problems. Evidently, the �nite horizon

problems are as interesting and important as their in�nite time counterparts.

First, in various applications arisen from industry, many optimal control problems of manufac-

turing systems are involved with a �nite time horizon. For instance, in the coal mine plant example

and the new car production model, the time horizons consist of a quarter and a year, respectively.

Quite often, owing to a short term goal or an intermediate term objective, a system manager is

more interested in �nding optimal or suboptimal strategies for a �nite duration rather than that

of the distant future. Secondly, to some extent, the optimal control of a in�nite horizon problem

can be obtained as the limit of �nite time problems. As illustrated in Example 3.1 of this paper,

using a cost functional associated with the time interval [s; T ] together with a discount factor �,

the result (in particular, the optimal threshold value) obtained in [1] is recovered when T !1.

Since a large amount of production planning deals with �nite time formulation, and since the

in�nite horizon problems can be considered as limits of the corresponding �nite horizon ones, the

study of �nite horizon problems is not only worthwhile, but also necessary.

We notice that there are some distinct di�erences between the �nite time and the in�nite horizon

formulations. For an in�nite horizon formulation, such as the problems studied in [1] and [3], the

dynamics of the systems are essentially homogeneous, and as a consequence, the turnpike sets consist

of constants, which completely characterize the optimal control policies. If the system performance

3



is evaluated over a �nite time horizon (with initial time s which can be changing), the threshold

levels are no longer constants, but \time dependent threshold curves". Therefore, the problem

becomes much more complicated. Naturally, one expects that the essence of the turnpike sets that

is, produce at the maximum speed if the inventory level is below the turnpike, produce nothing

if the inventory level is above the turnpike, and produce exactly as the demand if the inventory

reaches the turnpike, should still work. Nevertheless, the time inhomogeneous nature makes it very

di�cult to obtain explicit optimal solutions as in [1] and [3]. In order to ful�ll our goal of achieving

the optimality, the turnpike sets must be smooth enough and be \traceable" by the trajectory of

the system.

With the main objective in mind, by considering relatively simple models, we aim at deriving

explicit optimal solutions. To begin with, new de�nitions of time varying turnpike sets (or threshold

functions) are given. To make the trajectory of the system have required tracing or tracking ability,

the notion of \traceable curves" is introduced. Loosely, the traceability of the system requires the

derivatives of the turnpike sets to be contained in certain domain.

Since the desired optimal solutions are closely related to the turnpike sets or optimal inventory

levels, some detailed discussions are made around these topics. A number of properties of traceable

curves are exploited and analyzed. They are, in fact interesting on their own right. The notion

of traceability is then employed in the subsequent investigation to develop the desired optimal

controls. It will be shown that indeed, there exist turnpike sets and the optimal control can be

determined explicitly by such inventory levels. For both the problem with random machine capacity

and with constant demand, and the problem with constant machine capacity and random demand,

the underlying traceable curves are characterized, and explicit solutions of the optimal controls are

exhibited. Some examples are also provided. It should be pointed out that the optimal solutions

given in this paper are easy to apply and simple to implement, so the advantage of turnpike sets

of the in�nite horizon problems is preserved. We hope that the results of this paper will provide

further insight on the nature of the underlying problem and heuristics for practical applications.

The plan of this paper is as follows. The formulations of the control problems are given next. In

x3, we concentrate on the �rst problem { a system with constant demand, and in x4, we treat the
second problem { a system with constant machine capacity. For each problem, explicit formula of

the optimal control is obtained. To ensure the continuity and the stream line of the paper, proofs

of several lemmas and a number of technical complements are provided in a separate section x5.
Finally, some concluding remarks are made in x6.
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2 Problem formulation

Manufacturing systems with constant demand and with constant machine capability will be dealt

with in the sequel. The precise formulations of the problems are given below.

Problem 1: Constant product demand

Let xt 2 R1 denote the inventory/backlog process (state variable) and ut � 0 denote the rate of

production planning (control variable) of a manufacturing system. The product demand is assumed

to be a constant and denoted by z. Then,

_xt = ut � z; xs = x; 0 � s � t � T (2:1)

where T is a �nite horizon.

Let M = f�1; �2g (�1 > �2 � 0) denote the set of machine states and let �(t) 2 M denote

the machine capacity process in the manufacturing system. If �(t) = �1, it means the machine is

in a good condition with capacity �1. If �(t) = �2, the machine (or part of the machine) breaks

down with a remaining capacity �2. We always assume that �1 > z > �2, i.e., the demand can be

satis�ed if the machine is in a good condition and cannot be satis�ed if the machine (or part of the

machine) breaks down.

Let the cost function J(s; x; �; u:) with �(s) = � 2 M be de�ned by

J(s; x; �; u:) = E

Z T

s
e��th(xt)dt; (2:2)

where � � 0 is the discount factor, which is allowed to be zero, since we are now considering a �nite

horizon problem. The problem is to �nd a production plan 0 � ut � �(t) as a function of the past

�(�) that minimizes J(s; x; �; u:).

Problem 2: Constant machine capacity

The second problem is a slight variation of the �rst one. In this problem, the system having

a constant machine capacity �0 > 0 with a random demand rate zt, is described by the following

equation

_xt = ut � zt; xs = x; 0 � s � t � T <1 (2:3)

with the production constraints 0 � ut � �0.

Let Z = fz1; z2g denote the set of demand rates with 0 < z1 < �0 < z2.
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The corresponding cost function J(s; x; z; u:) with zs = z 2 Z is de�ned by

J(s; x; z; u:) = E

Z T

s
e��th(xt)dt: (2:4)

The problem is again to �nd a production plan 0 � ut � �0 as a function of the past zt, that

minimizes J(s; x; z; u:).

The detailed analysis for these problems is contained in the next two sections.

3 Problem 1: Constant product demand

Before �nding solutions of the �rst problem, we make the following assumptions on the running

cost function h(x) and the random process �(t).

(A1) h(x) is a convex function such that for positive constants Ch and kh,

0 � h(x) � Ch(1 + jxjkh) and h(x) > h(0) = 0 for all x 6= 0:

Moreover, there exists a constant ch > 0 such that

hx+(x2)� hx+(x1)

x2 � x1
� ch for all � j�2�zjT � x1 < 0 � x2 � j�2�zjT; (3:1)

where hx+(x) denotes the right-hand derivative of h(x).

(A2) The capacity process �(t) 2 M is a two state Markov chain governed by

L�f(�)(i) =

8><
>:
�(f(�2)� f(�1)) if i = �1

0 if i = �2:
(3:2)

for any function f on M. Here � � 0 is the machine breakdown rate.

Examples of h(x). Let us give a few examples of h(x) that satisfy Assumption (A1).

(1) h(x) = x2;

(2) h(x) = h+maxf0; xg + h�maxf0;�xg where h+ > 0 and h� > 0 are constants. This cost

function was employed in [1].

(3) h(x) is convex and piecewise linear with h(0) = 0, hx�(0) < 0, and hx+(0) > 0.

Remark. Assumption (A2) is a condition on the machine capacity process �(t). It indicates that

once the machine goes down it will never go up again. Such a situation occurs when the repairing is

very expensive, or no repair facilities are available. As a result, replacement is a better alternative

than repair.
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We �rst present a technical lemma that concerns with the running cost function h(x). Since the

lemma can be obtained easily from elementary properties of convex functions, the proof is omitted.

Lemma 3.0. Under Assumption (A1), h(x) is strictly increasing on [0;1) and strictly decreasing

on (�1; 0]. Moreover, for all x > 0, hx+(x) � hx�(x) > 0 and for all x < 0, hx�(x) � hx+(x) < 0,

where hx�(x) denotes the left-hand derivative of h(x). 2

Next, we make precise de�nition on a class of admissible controls.

De�nition. A control u: = fut : t � 0g is admissible if ut is an Ft = �f�(s); s � tg adapted

measurable process and 0 � ut � �(t) for all 0 � t � T . A will denote the set of all admissible

controls in the sequel.

Let v(s; x; �) denote the value function of the problem, i.e.,

v(s; x; �) = inf
u:2A

J(s; x; �; u:); for � 2 M:

In what follows, some preliminary results on the value functions v(s; x; �) are given �rst. These

results are summarized in the next lemma.

Lemma 3.1.

1) The value functions v(s; x; �) are convex functions in x for each s 2 [0; T ] and � 2 M.

2) v(s; x; �) 2 C([0; T ]; R1) are the only viscosity solutions (for de�nition, see e.g., [9]) to the

following dynamic programming equations.

8><
>:

0 = vs(s; x; �1) + min
0�u��1

[(u� z)vx(s; x; �1)] + e��sh(x) + �(v(s; x; �2)� v(s; x; �1));

0 = v(T; x; �1)
(3:3)

and 8><
>:

0 = vs(s; x; �2) + min
0�u��2

[(u� z)vx(s; x; �2)] + e��sh(x)

0 = v(T; x; �2):
(3:4)

Proof. Under Assumption (A1), it is clear that J(s; �; �; �) is jointly convex in (x; u:) for each

(s; �). As a consequence, the value function v(s; �; �) is convex for each (s; �). It can be shown,

via a straightforward modi�cation of the proof of [10, Theorem 1.1], that the value function is

a viscosity solution to (3.3) and (3.4). Then by [7, Theorem 2.5], they are the unique viscosity

solutions. 2

In [9], turnpike sets were introduced and used to characterize the optimal inventory levels.

Since the problem considered in [9] is associated with a discounted cost over an in�nity horizon,

the dynamic of the problem is time homogeneous. Therefore, the turnpike sets are constants in
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time. However, if the problem is evaluated in �nite horizon, the dynamic will not be homogeneous

anymore. In the following, we modify the turnpike de�nition given in [9] to incorporate the variation

of the turnpike sets with the changes of time.

De�nition. �(s) and  (s) are said to be the turnpike sets for � = �1 and � = �2, respectively, if

for all s 2 [0; T ],

v(s; �(s); �1) = min
x
v(s; x; �1)

and v(s;  (s); �2) = min
x
v(s; x; �2); respectively.

Remark. Under in�nite horizon formulation, normally, turnpike sets are attractors for optimal

trajectories, whereas in the current setting, the turnpike sets are switching curves. To be consistent

with the usual notation, we still call these switching curves turnpike sets.

Let u�(t; x; �) denote the feedback control de�ned as follows.

If �(t) = �1; then u�(t; x; �1) =

8>>>>><
>>>>>:

0 if x > �(t)

_�(t) + z if x = �(t)

�1 if x < �(t):

(3:5)

If �(t) = �2; then u�(t; x; �2) =

8><
>:

0 if x >  (t)

�2 if x �  (t):
(3:6)

We shall show in the following that �(s) and  (s) are absolute continuous and satisfy 0 � _�(s)+z �
�1 and _ (s) + z > �2. Using these properties, it is easy to see that under the control policy

u�t = u�(t; xt; �(t)), the ordinary di�erential equation

_x�t = u�(t; x�t ; �(t))� z; x�s = x

has a unique solution.

In the rest of this section, we devote our attention to showing that the control u�t = u�(t; xt; �(t))

given by (3.5) and (3.6) is optimal.

By virtue of the transformation ~v(s; x; �1) = e��sv(s; x; �1), together (3.3) and (3.4), the problem

de�ned by (2.1) and (2.2) is equivalent to the problems below.

min.
Z T

s
e��(t�s)[e��th(xt) + �v(t; xt; �2)]dt

s.t. _xt = ut � z; xs = x; 0 � ut � �1;
(3:7)
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where v(t; xt; �2) can be obtained from the following problem:

min.
Z T

s
e��th(xt)dt

s.t. _xt = ut � z; xs = x; 0 � ut � �2:
(3:8)

In order to carry out the analysis, we need to evaluate v(s; x; �2) in the �rst place. If �(s) = �2,

by virtue of Assumption (A2) on �(t), �(t) � �2 for t 2 [s; T ]. Therefore, the problem becomes

a deterministic problem. If �2 were larger than z, the problem would become much simpler: one

would only need to produce at the maximum speed if xt < 0 and produce nothing if xt > 0.

However, in our case, such production policy is no longer optimal since the state xt cannot stay at

x = 0. Intuitively, if the initial value xs � 0, then it is better to take ut = �2 in order to keep

xt (� 0) as close as possible to x = 0 from below. If xs � z(T � s), then it is better to take ut = 0

so as to keep xt (� 0) as close as possible to x = 0 from above. Let us now consider the case when

xs is less than z(T � s) but is close to z(T � s). In this case, if we take ut = 0 at the beginning for

a while, then switch the control to ut = �2 before xt actually reaches 0. It can be seen that in this

way the cost will be smaller than the cost incurred if we use ut = 0 until xt = 0, then switch to

ut = �2. Therefore, there must be a curve, say  (s) � 0 (which will be seen to be a turnpike set),

such that ut = 0 when xt �  (t) and ut = �2 when xt < 0. Based on these observations, a crucial

task is to identify this curve  (s).

Let s = 0 and x0 = x which is smaller than zT but close to zT . Then ut = 0 and xt = x � zt

before it reaches  (t). Let 0 � � � T be such that x� = x� z� =  (�). Then the incurred cost is

given by

J =
Z �

0
e��th(x� zt)dt+

Z T

�
e��th(x� z� + (�2 � z)(t� �))dt:

Since  (s) is so given that the cost needs to be minimized,

0 =
@

@�
J = �2

Z T

�
e��thx+(x� z� + (�2 � z)(t� �))dt:

Note that  (�) = x� z�. The curve  (s) has to satisfy

Z T

�
e��thx+( (�) + (�2 � z)(t� �))dt = 0:

Setting � = s, the curve x =  (s) is given by

Z T

s
e��thx+( (s) + (�2 � z)(t� s))dt = 0: (3:9)

The next two lemmas are concerned with properties of  (s).
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Lemma 3.2. Let  (s) be de�ned as in (3.9). Then  (s) is a continuous function uniquely deter-

mined by (3.9) and satis�es

1) 0 <  (s) < j�2 � zj(T � s) for s 2 [0; T ) and  (T ) = 0;

2)  (s) is monotone decreasing and absolute continuous. Moreover, _ (s) + z > �2.

Lemma 3.3. Let J(s; x) denote the cost function under the control de�ned by (3.6), i.e., u�t =

u�(t; xt; �2), and J(s; x) = J(s; x; �2; u
�:). Then J(s; x) is continuously di�erentiable on [0; T ]�R1

and satis�es the dynamic programming equation (3.4). Thus, J(s; x) = v(s; x; �2). Moreover,

v(s;  (s); �2) = J(s;  (s)) = min
x
J(s; x) = min

x
v(s; x; �2):

Since the proofs of these lemmas are rather technical, we postpone them until x5.
Remark. The absolute continuity of  (s) implies that it is di�erentiable almost everywhere in s.

_ (s) + z > �2 says that if xt �  (t) for some t1, then xt will stay below  (t) for all t1 � t � T .

We now turn to the problem in (3.7). Let

H(s; x) = h(x) + �e�sv(s; x; �2):

Then,

J(s; x; �1; u:) =
Z T

s
e��(t�s)e��tH(t; xt)dt:

Note that H(s; x) is convex in x for each s. We are to show that the turnpike set for � = �1 is

given by the minimizer of H(s; x), i.e.,

H(s; �(s)) = min
x
H(s; x): (3:10)

Moreover, the control given in (3.5) is optimal for � = �1. To proceed, we need to consider an

important property possessed by �(s), which is described in the following de�nition.

De�nition. A function given by x = 
(s) is said to be traceable on [0; T ] if 
(s) is absolutely

continuous on [0; T ] and 0 � _
(s) + z � z, a.e. in s 2 [0; T ].

It is easy to see that a traceable curve is always decreasing.

By standard real analysis theory, any absolutely continuous function 
(s) is di�erentiable a.e.

and
R b
a _
(s)ds = 
(b) � 
(a) for any a and b. If a function 
(s) is traceable, then there exists a

control 0 � us = _
(s) + z � z < �1 such that the corresponding system trajectory xt may stay on

the curve 
(s) after it reaches 
(s).

The next lemma is concerned with the traceability of �(s). Its proof will be provided in x5.
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Lemma 3.4. Let �(s) be the minimizer of H(s; x). Then �(s) is a single-valued function and

satis�es:

1) 0 � �(s) <  (s) for s 2 [0; T ) and �(T ) = 0;

2) �(s) is traceable.

Let

~H(s; x) = h(x) + �e�s
Z T

s
e��th(x+ (�2�z)(t� s))dt: (3:11)

Note that, by Lemma 3.4, �(s) <  (s) and

v(s; x; �2) =
Z T

s
e��th(x+ (�2�z)(t� s))dt if x �  (s):

It follows that

min
x
H(s; x) = min

x
~H(s; x) = h(�(s)) + �e�s

Z T

s
e��th(�(s) + (�2�z)(t� s))dt: (3:12)

It can also be seen that �(s) is the only solution to (3.12). In the rest of the paper, we shall use

(3.12) as the de�nition of �(s).

Theorem 3.1. Let �(s) and  (s) be given as in (3.12) and (3.9), respectively. Then �(s) and

 (s) are the turnpike sets for � = �1 and � = �2, respectively. Moreover, the feedback control

u�t = u�(t; x�t ; �(t)) given in (3.5) and (3.6) is optimal.

Proof. Lemma 3.3 indicates that  (s) is the turnpike set for � = �2, and u�t = u�(t; xt; �2) is

optimal for � = �2.

Recall that

v(s; x; �1) = inf
0�u:��1

Z T

s
e��(t�s)e��tH(t; xt)dt:

Since �(s) is traceable and it is the minimizer of H(s; x),

v(s; �(s); �1) =
Z T

s
e��(t�s)e��tH(t; �(t))dt:

Moreover,

v(s; x; �1) � v(s; �(s); �1) for all x:

Thus,

v(s; �(s); �1) = min
x
v(s; x; �1): (3:13)

This indicates that �(s) is the turnpike set for � = �1.
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Let � denote the machine breakdown time and let ut =

8><
>:
u1t if t < �

u2t if t � �
denote an arbitrary

control with 0 � u1t � �1 and 0 � u2t � �2, and x
�

t is the trajectory under u�t . Then

J(s; x; �1; u:) =
R T
s e

��(t�s)[e��th(xt) + �v(t; xt; �2)]dt

�
R T
s e

��(t�s)[H(t; x�t)]dt

= v(s; x; �1);

where u�t = u�(t; x�t ; �(t)). The last inequality follows from the fact that the control u�t makes

the corresponding state trajectory x�t go to �(s) in the fastest way, i.e., H(t; x�t ) � H(t; xt): This

completes the proof. 2

Using the control given in (3.5), the value function v(s; x; �1) can be written as

v(s; x; �1) =

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

R T
s e

��(t�s)[e��th(x�z(t�s)) + �v(t; x�z(t�s); �2)]dt

if x � z(T� s)R s1
s e��(t�s)[e��th(x�z(t�s)) + �v(t; x�z(t�s); �2)]dt

+
R T
s1
e��(t�s)[e��th(�(t)) + �v(t; �(t); �2)]dt

if �(s) < x < z(T� s)R T
s e

��(t�s)[e��th(�(t)) + �v(t; �(t); �2)]dt

if x = �(s)R s2
s e��(t�s)[e��th(x+(�1�z)(t�s)) + �v(t; x+(�1�z)(t�s); �2)]dt

+
R T
s2
e��(t�s)[e��th(�(t)) + �v(t; �(t); �2)]dt

if � (�1�z)(T� s) < x < �(s)R T
s e

��(t�s)[e��th(x+(�1�z)(t�s)) + �v(t; x+(�1�z)(t�s); �2)]dt

if x � �(�1�z)(T�s);

where s1 is the �rst time that x�z(t�s) hits �(t) and s2 is the �rst time that x+(�1�z)(t�s) hits
�(t), respectively. Thus,

x� z(s1 � s) = �(s1) and x+ (�1 � z)(s2 � s) = �(s2); respectively:
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Using the control (3.6), we can write the value function v(s; x; �2) as follows:

v(s; x; �2) =

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

R T
s e

��th(x� z(t� s))dt

if x � z(T � s)R s0
s e��th(x� z(t� s))dt+

R T
s0
e��th(x� z(s0 � s) + (�2 � z)(t� s0))dt

if  (s) < x < z(T � s)R T
s e

��th(x+ (�2 � z)(t� s))dt

if x �  (s)

where s0 is the �rst time that x�z(t�s) hits  (t). Thus, x� z(s0 � s) =  (s0).

Example 3.1. In this example, the cost function is given by h(x) = h+maxf0; xg+h�maxf0;�xg.
Then, (3.9) becomes Z t1

s
e��th+dt�

Z T

t1

e��th�dt = 0;

where t1 is given by  (s) + (�2 � z)(t1 � s) = 0. This yields

 (s) =
�2 � z

�
log

h+ + h�e��(T�s)

h+ + h�
:

We now identify �(s). Recall that 0 � �(s) <  (s) � j�2�zj(T � s) and for x <  (s),

v(s; x; �2) =
Z T

s
e��th(x+ (�2�z)(t� s))dt:

Moreover, for 0 � x � j�2�zj(T � s),

v(s; x; �2)

= e��s
Z x

j�2�zj

0
e��th+(x+ (�2�z)t)dt�

Z T�s

x

j�2�zj

e��th�(x+ (�2�z)t)dt

= e��sh+��1[x+(�2�z)��1(1� e��x=j�2�zj)]

+h���1[(x+ (�2�z)(T � s)e��(T�s) + j�2�zj��1(e��x=j�2�zj � e��(T�s))]

This together with (3.12) yields

�(s) = maxf0;�j�2�zj
�

log
�h+ + �(h+ + h�e��(T�s))

�(h+ + h�)
g: (3:14)

Equivalently, �(s) can also be written as:

�(s) = 0 for all s 2 [0; T ] if �h� � �h+ � 0;

13



otherwise,

�(s) =

8>>><
>>>:
�j�2�zj

�
log

�h+ + �(h+ + h�e��(T�s))

�(h+ + h�)
if s � T + ��1 log

�h� � �h+

�h�

0 if s > T + ��1 log
�h� � �h+

�h�

:

As T !1, it is easily seen that

�(s)! maxf0;�j�2�zj
�

log
(�h+ + �h+)

�(h+ + h�)
g;

which provides the same turnpike as in [1].

4 Problem 2: Constant machine capacity

(A1') Let Assumption (A1) be satis�ed with (3.1) replaced by

hx+(x2) � hx+(x1)

x2 � x1
� ch for all � j�0 � z2jT � x1 < 0 � x2 � j�0 � z2jT;

with z2 given below.

(A2') The demand process zt 2 Z is also a two state Markov chain governed by

Lzf(�)(i) =

8><
>:
�0(f(z2) � f(z1)) if i = z1

0 if i = z2:
(4:1)

for any function f on Z.
Let v(s; x; z) denote the value function of the problem, i.e.,

v(s; x; z) = inf
u:2A

J(s; x; z; u:); for z 2 Z:

The next lemma is an analog of Lemma 3.1. Since all the results in this section can be proved

similarly as in the last section, the proofs will be omitted.

Lemma 4.1.

1) The value functions v(s; x; z) are convex functions in x for each s 2 [0; T ] and z 2 Z.

2) v(s; x; z) 2 C([0; T ]; R1) are the only viscosity solutions the following dynamic programming

equations.

8><
>:

0 = vs(s; x; z1) + min
0�u��0

[(u� z1)vx(s; x; z1)] + e��sh(x) + �0(v(s; x; z2)� v(s; x; z1));

0 = v(T; x; z1)
(4:2)
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and 8><
>:

0 = vs(s; x; z2) + min
0�u��0

[(u� z2)vx(s; x; z2)] + e��sh(x)

0 = v(T; x; z2):
2 (4:3)

De�nition. �(s) and  (s) are said to be turnpike sets if

v(s; �(s); z1) = min
x
v(s; x; z1)

and v(s;  (s); z2) = min
x
v(s; x; z2):

Let Ĥ(s; x) = h(x) + �
R T
s e

��th(x+ (�0� z2)(t� s))dt. Then  (s) and �(s) are determined by:

Z T

s
e��thx+( (s) + (�0 � z2)(t� s))dt = 0 (4:4)

and

Ĥ(s; �(s)) = min
x
Ĥ(s; x): (4:5)

2

Lemma 4.2. �(s) and  (s) are single-valued absolute continuous functions. They satisfy the

following properties:

(1) 0 <  (s) < j�0 � z2j(T � s) for s 2 [0; T ) and  (T ) = 0;

(2)  (s) is monotone decreasing and _ (s) + z2 > �0;

(3) 0 � �(s) <  (s) for s 2 [0; T ) and �(T ) = 0;

(4) �(s) is monotone decreasing and _�(s) + z1 � �0 � z2 + z1. 2

Note that by (4) of the above lemma, a su�cient condition for �(s) to be traceable (i.e., 0 �
_�(s) + z1 � �0) is z1 � z2 � �0. Consider related problems in tracking parameter variations of a

time varying system (cf. [2, pp. 123]). In such problems, the system parameter processes cannot

be changing too fast and the signal to noise ratio has to be kept in a reasonable range, i.e., an

identi�ability or tracking capability condition needs to be satis�ed. It seems that the problem

discussed in this section is similar to the tracking parameter variation problems since the total

demand process can be regarded as a parameter process and the main task is to choose control

variables to make the total �nished goods as close to the total demand as possible. In our problem,

the condition z1 � z2+ �0 guarantees the volatility of the total demand to be con�ned in a certain

domain so as to assure the traceability.

Theorem 4.1. Suppose that (A1'), (A2') are satis�ed, and z1 � z2��0. Let u�(t; xt; z) be de�ned
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as follows:

u�(t; x; z) =

8>>>>>>>>>>>><
>>>>>>>>>>>>:

u�(t; x; z1) =

8>>>>><
>>>>>:

0 if x > �(t)

_�(t) + z1 if x = �(t)

�0 if x < �(t)

u�(t; x; z2) =

8><
>:

0 if x >  (t)

�0 if x �  (t):

(4:6)

Then under the control u�t = u�(t; xt; zt), the equation

_x�t = u�(t; x�t ; zt)� zt; x
�

0 = x

has a unique solution. Therefore, the control u�t is optimal. 2

Example 4.1. We consider the cost h(x) = h+maxf0; xg+ h�maxf0;�xg. Then,

 (s) =
�0 � z2

�
log

h+ + h�e��(T�s)

h+ + h�
:

�(s) = 0 if �h� � �h+ � 0:

If �h� � �h+ > 0, then

�(s) =

8>>><
>>>:
�j�0 � z2j

�
log

�h+ + �(h+ + h�e��(T�s))

�(h+ + h�)
if s � T + ��1 log

�h� � �h+

�h�

0 if s > T + ��1 log
�h� � �h+

�h�

:

Remark. Note that the assumption z1 � z2 � �0 in Theorem 4.1 is a relatively conservative one.

In Example 4.1, this condition can be relaxed to

z1 � j�0 � z2j
�h� � �h+

�(h+ + h�)
: (4:7)

It can be seen that (4.7) is also necessary for the traceability of �(s) in this example. If (4.7) fails.

�(s) will no longer be the turnpike of the problem since it is not traceable on [0; T ] anymore. Let

~�(s) denote the turnpike set for � = �1 de�ned as v(s; ~�(s); z1) = minx v(s; x; z1). Then, similarly to

Lemma 4.2, 0 � ~�(s) �  (s). It can be shown that h(x)+�v(s; x; z2) is strictly convex on [0;  (s)],

which implies that v(s; x; z1) is also strictly convex on [0;  (s)] (see [9] for details). Therefore, ~�(s)

is a continuous function. Intuitively, the optimal control u�(t; x; �1) should be given as in (4.6)

with ~�(s) in place of �(s) provided that ~�(s) is traceable. Let s0 = T + ��1 log
�h� � �h+

�h�
. Then,

0 � _�(s) + z1 � �0 for s � s0. This implies ~�(s) = �(s) for s � s0. However, if 0 > s0 > T and

z2 is large enough, the traceability property of ~�(s) will not hold, which makes the problem very

complicated. Explicit optimal solution is very di�cult to obtain.
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5 Proofs of results

In this section, proofs of Lemmas 3.2, 3.3, and 3.4 will be presented.

Proof of Lemma 3.2. Let  (s) be de�ned as in (3.9). The proof of Lemma 3.2 is divided into

several steps.

(1) 0 <  (s) < j�2�zj(T � s) for s 2 [0; T ).

If  (s) � 0, for some s 2 [0; T ), then

Z T

s
e��thx+( (s) + (�2�z)(t� s))dt �

Z T

s
e��thx+((�2�z)(t� s))dt < 0;

since (�2�z)(t� s) < 0 for t 2 [s; T ] and hx+(x) < 0 for x < 0, which contradicts (3.9). This implies

that  (s) > 0 for s 2 [0; T ).

Similarly, it can be shown that  (s) < j�2�zj(T � s) for s 2 [0; T ).

(2)  (s) is a continuous function.

If there exist  1(s) <  2(s) for some s 2 [0; T ] such that

Z T

s
e��thx+( i(s) + (�2�z)(t� s))dt = 0 for i = 1; 2:

Then, following from the monotonicity of hx+, we have

hx+( 1(s) + (�2�z)(t� s)) = hx+( 2(s) + (�2�z)(t� s)); a.e. t 2 [s; T ]: (5:1)

Let t0 = s+
 1(s) +  2(s)

2j�2�zj
. Then,

t0 2 [s; T ] and
 1(s) +  2(s)

2
+ (�2�z)(t0� s) = 0:

There exists a �0 > 0 such that

 1(s) + (�2�z)(t� s) < 0 on [t0 � �0; t0 + �0] \ [s; T ]

and  2(s) + (�2�z)(t� s) > 0 on [t0 � �0; t0 + �0] \ [s; T ]:

This leads to

hx+( 1(s) + (�2�z)(t� s)) < 0 on [t0 � �0; t0 + �0] \ [s; T ]

and hx+( 2(s) + (�2�z)(t� s)) > 0 on [t0 � �0; t0 + �0] \ [s; T ]:

But this contradicts (5.1). Therefore,  (s) is a single-valued function.
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Let F (s; x) =
R T
s e

��thx+(x+ (�2�z)(t� s))dt. Then F (s; x) is continuous in (s; x). This yields

the continuity of  (s).

(3)  (s) is monotone decreasing and absolute continuous.

By means of changing variables, we rewrite (3.9) as follows:Z  (s)

 (s)+(�2�z)(T�s)
exp(� �t

�2�z
)hx+(t)dt = 0 for all s 2 [0; T ]: (5:2)

If there exist 0 � s1 < s2 � T such that  (s1) <  (s2), then

 (s1) + (�2�z)(T � s1) <  (s2) + (�2�z)(T � s2) � 0 <  (s1) <  (s2):

This together with (5.2) implies thatZ  (s2)+(�2�z)(T�s2)

 (s1)+(�2�z)(T�s1)
exp(� �t

�2�z
)hx+(t)dt =

Z  (s2)

 (s1)
exp(� �t

�2�z
)hx+(t)dt: (5:3)

Since hx+(t) < 0 for t 2 [ (s1) + (�2� z)(T � s1);  (s2) + (�2� z)(T � s2)] and hx+(t) > 0 for

t 2 [ (s1);  (s2)], (5.3) cannot hold. The contradiction infers that  (s) is a decreasing function.

(4) _ (s) > �2 � z.

Di�erentiating (5.2) with respect to s, we have

_ (s) exp(�� (s)
�2�z

)hx+( (s))

�( _ (s)� (�2�z)) exp(�
�( (s) + (�2�z)(T � s))

�2�z
)hx+( (s) + (�2�z)(T � s)) = 0:

This gives

_ (s)� (�2�z) =
j�2�zjhx+( (s))

hx+( (s))� exp(��(T � s))hx+( (s) + (�2�z)(T � s))
> 0 a.e. in [0; T ]:

This equality also implies that  (s) is absolute continuous. 2

Proof of Lemma 3.3. It su�ces to show that the cost function J(s; x) under the control given in

(3.6) is continuously di�erentiable and satis�es Equation (3.4).

(1) If x �  (s), then u�t = u�(t; xt; �2) = �2. Thus,

J(s; x) =
Z T

s
e��th(x+ (�2 � z)(t� s))dt:

The partial derivatives of J(s; x) with respect to s and x are given by

Js(s; x) = �e��sh(x)� (�2 � z)
Z T

s
e��thx+(x+ (�2 � z)(t� s))dt

Jx(s; x) =
Z T

s
e��thx+(x+ (�2 � z)(t� s))dt

�
Z T

s
e��thx+( (s) + (�2 � z)(t� s))dt

= 0:
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Therefore,

Js(s; x) + min
0�u��2

(u� z)Jx(s; x) + e��sh(x)

= Js(s; x) + (�2 � z)Jx(s; x) + e��sh(x)

= 0:

(2) If x � z(T � s), then u�t = u�(t; xt; �2) = 0 since xt will stay above z(T � t) for all t 2 [s; T ].

Thus,

J(s; x) =
Z T

s
e��th(x� z(t� s))dt:

As a result,

Js(s; x) = �e��sh(x) + z

Z T

s
e��thx+(x� z(t� s))dt

Jx(s; x) =
Z T

s
e��thx+(x� z(t� s))dt

�
Z T

s
e��thx+(z(T � s)� z(t� s))dt

� 0:

Therefore,

Js(s; x) + min
0�u��2

(u� z)Jx(s; x) + e��sh(x)

= Js(s; x)� zJx(s; x) + e��sh(x)

= 0:

(3) If  (s) < x < z(T � s), then there exists s < � < T such that x � z(� � s) =  (�). The

optimal control is u�t = 0 for t � � and u�t = �2 for t > �. Thus,

J(s; x) =
Z �

s
e��th(x� z(t� s))dt+

Z T

�
e��th(x� z(� � s) + (�2 � z)(t� �))dt:

Note that � = �(s; x). For each �xed s, � is increasing in x. Moreover, for each �xed x, � is

increasing in s. Hence,

Js(s; x) = �e��sh(x) + e���h(x� z(� � s))
@�

@s

+z
Z �

s
e��thx+(x� z(t� s))dt� e���h(x� z(� � s))

@�

@s

+
Z T

�
e��thx+(x� z(� � s) + (�2 � z)(t� �))[z � z

@�

@s
� �2

@�

@s
]dt

Owing to the fact that [z � z @�
@s
� �2

@�
@s
] is independent of t,  (�) = x� z(� � s), replacing s by �

in (3.9) yields

Z T

�
e��thx+(x� z(� � s) + (�2 � z)(t� �))dt[z � z

@�

@s
� �2

@�

@s
] = 0:
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Thus,

Js(s; x) = �e��sh(x) + z

Z �

s
e��thx+(x� z(t� s))dt:

Similarly,

Jx(s; x) = e���h(x� z(� � s))
@�

@x
+
Z �

s
e��thx+(x� z(t� s))dt

�e���h(x� z(� � s))
@�

@x
+
Z T

�
e��thx+(x� z(� � s) + (�2 � z)(t� �))dt[1� �2

@�

@x
]

=
Z �

s
e��thx+(x� z(t� s))dt:

It can be seen that

Jx(s; x) �
Z �

s
e��thx+( (s))dt � 0:

Therefore,

Js(s; x) + min
0�u��2

(u� z)Jx(s; x) + e��sh(x)

= Js(s; x)� zJx(s; x) + e��sh(x)

= 0:

By (1), (2), and (3), it can be proved that J(s; x) is continuously di�erentiable. Finally,

vx(s;  (s); �2) = 0. 2

Proof of Lemma 3.4. We divide the proof into four steps.

(1) �(T ) = 0 and 0 � �(s) <  (s) for s 2 [0; T ).

Since H(T; x) = h(x) and 0 is the unique minimizer of h(x), �(T ) = 0.

If �(s) < 0, then h(�(s)) > h(0) and v(s; �(s); �2) � v(s; 0; �2). Thus H(s; �(s)) > H(s; 0). But

this contradicts the de�nition of �(s). Hence, �(s) � 0.

If �(s) �  (s), then H(s; �(s)) � H(s;  (s)) because h(�(s)) � h( (s)) and v(s; �(s); �2) �
v(s;  (s); �2). This means that �(s) �  (s). Thus, �(s) =  (s). However, if we take � > 0 and

small enough, then, as � ! 0,

H(s;  (s))�H(s;  (s)� �)

�

! hx�( (s)) + �
R T�s
0 e��thx�( (s) + (�2 � z)t)dt > 0

= hx�( (s)) + �
R T�s
0 e��thx+( (s) + (�2 � z)t)dt > 0

= hx�( (s)) > 0;

because  (s) > 0 for s < T . In the above, � is the same as in x3. Therefore,

H(s; �(s)) > H(s;  (s)� �) for � > 0 and small enough.
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This contradicts �(s) =  (s). Hence, �(s) <  (s) for s 2 [0; T ).

(2) �(s) is a continuous function.

Suppose this were not true. Then there would exist �1(s) < �2(s) such that

~H(s; �1(s)) = ~H(s; �2(s)) = min
x

~H(s; x):

Let Is = [�1(s); �2(s)] � [0;  (s)]. Then the convexity of ~H(s; x) yields that ~H(s; x) =constant on

Is. Consequently, ~Hx+(s; x) = 0 on Is. Recall the de�nition of ~H in (3.11) and (3.12). Meanwhile,

notice that

~Hx+(s; x) = hx+(x) +
Z T�s

0
e��thx+(x+ (�2�z)t)dt = 0

and the fact that hx+(x) is an increasing function. Thus,

hx+(x) = constant on Is

and
R T�s
0 e��thx+(x+ (�2�z)t)dt = constant on Is:

In particular, Z T�s

0
e��thx+(�1(s) + (�2�z)t)dt =

Z T�s

0
e��thx+(�2(s) + (�2�z)t)dt:

Because of the monotonicity of hx+(x),

hx+(�1(s) + (�2�z)t) = hx+(�2(s) + (�2�z)t) for almost all t 2 [0; T � s]:

Since hx+(x) is an increasing function, hx+(x) =constant for almost all x 2 (�2(s)� (s); �1(s)). This
implies that h(x) is linear on (�2(s)� (s); �1(s)). By (1), it is obvious that 0 2 (�2(s)� (s); �1(s)).
But this contradicts the fact that h(x) > h(0) for all x 6= 0 in Assumption (A1). Finally, The

continuity of �(s) follows from the continuity of ~H(s; x). This proves (2).

(3) �(s) is Lipschitz on [0; T � �0] for any �0 > 0.

Let s; s0 2 [0; T � �0]. Since �(s) is continuous on [0; T ], it is uniformly continuous. Thus there

exists a �0 > 0 such that

j�(s)� �(s0)j � j�2�zj�0=2; for all js� s0j � �0:

Let us consider those js�s0j � �0 only. Without loss of generality, we may suppose that �(s) 6= �(s0),

say �(s0) > �(s). Since �(s) is the unique minimizer of ~H(s; x) (by step (2)), for each s and n there

exist �n1 (s) < �(s) < �n2(s) such that

�n1 (s) < �(s) < �n2(s);

j�n1 (s)� �n2 (s)j � 1=n;

and ~H(s; �n1(s)) = ~H(s; �n2(s)):
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It follows that lim
n!1

�n1(s) = lim
n!1

�n2(s) = �(s).

Let

In =
1

s� s0

"
~H(s; �n1(s))� ~H(s; �n2 (s))

�n1(s)� �n2 (s)
�

~H(s0; �n1(s))� ~H(s0; �n2(s))

�n1(s)� �n2(s)

#

and IIn =
1

s� s0

"
~H(s0; �n1(s))� ~H(s0; �n2(s))

�n1(s)� �n2(s)
�

~H(s0; �n1 (s
0))� ~H(s0; �n2(s

0))

�n1 (s
0)� �n2(s

0)

#
:

Then, In + IIn = 0.

We �rst show that there exists a constant C such that jInj � C for n large enough. In fact,

In =
�

s� s0

Z T�s

T�s0
e��t

"
h(�n1(s) + (�2�z)t)� h(�n2(s) + (�2�z)t)

�n1(s)� �n2(s)

#
dt:

Note that �����h(�
n
1(s) + (�2�z)t)� h(�n2 (s) + (�2�z)t)

�n1(s)� �n2 (s)

����� � C1;

where C1 = maxfjhx+(j�2�zjT + 1)j; jhx�(�j�2�zjT � 1)jg <1. Thus,

jInj �
����� �

s� s0

Z T�s

T�s0
e��t

�����h(�
n
1(s) + (�2�z)t)� h(�n2(s) + (�2�z)t)

�n1(s)� �n2(s)

����� dt
�����

�
����� �C1

s� s0

Z T�s

T�s0
e��tdt

�����
=

�C1

�

�����e
��(T�s) � e��(T�s

0)

s� s0

�����
� �e��TC1

�
sup
s;s0

�����e
�s � e�s

0

s� s0

�����
< 1:

Let

IIIn =
1

�(s)� �(s0)

"
~H(s0; �n1(s))� ~H(s0; �n2(s))

�n1(s)� �n2(s)
�

~H(s0; �n1 (s
0))� ~H(s0; �n2(s

0))

�n1 (s
0)� �n2(s

0)

#
:

Then
�(s)� �(s0)

s� s0
=

IIn

IIIn
:

Recall that In + IIn = 0. It follows that jIInj = jInj � C. Thus to prove that �(s) is Lipschitz

on [0; T � �0], it su�ces to show that there exists a constant c > 0 such that jIIInj � c for n large

enough. Let

w(s; x) = e�sv(s; x; �2) =
Z T�s

0
e��th(x+ (�2�z)t)dt:
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Then, ~H(s; x) = h(x) + �w(s; x): We write IIIn = III0n + �III00n where

III0n =
1

�(s)� �(s0)

"
h(�n1(s))� h(�n2 (s))

�n1(s)� �n2 (s)
� h(�n1 (s

0))� h(�n2 (s
0))

�n1 (s
0)� �n2(s

0)

#

and

III00n =
1

�(s)� �(s0)

"
w(s0; �n1(s))� w(s0; �n2(s))

�n1(s)� �n2(s)
� w(s0; �n1 (s

0))� w(s0; �n2(s
0))

�n1 (s
0)� �n2(s

0)

#
:

Observe that as n!1,

III0n �
1

�(s)� �(s0)
[hx�(�(s))� hx+(�(s

0))] � 0:

Furthermore,

III00n !
wx(s

0; �(s))� wx(s
0; �(s0))

�(s)� �(s0)
; as n!1:

If it can be shown
wx(s

0; �(s))� wx(s
0; �(s0))

�(s)� �(s0)
� c > 0;

then we are done. To this end, observe the following:

wx(s
0; �(s))� wx(s

0; �(s0))

�(s)� �(s0)

=
Z T�s0

0
e��t

"
hx+(�(s) + (�2�z)t)� hx+(�(s

0) + (�2�z)t)
�(s)� �(s0)

#
dt

� e��T
Z T�s0

0

"
hx+(�(s) + (�2�z)t)� hx+(�(s

0) + (�2�z)t)
�(s)� �(s0)

#
dt:

(5:4)

The last inequality follows from the fact

hx+(�(s) + (�2�z)t)� hx+(�(s
0) + (�2�z)t)

�(s)� �(s0)
� 0:

Since any convex function on R1 is absolutely continuous, so is h(x). Hence,

Z b

a
hx+(x)dx = h(b)� h(a)

for any a and b.
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By (5.4),

wx(s
0; �(s))� wx(s

0; �(s0))

�(s)� �(s0)

� e��T

�(s)� �(s0)

"
� 1

j�2 � zjh(�(s) + (�2�z)t) +
1

j�2 � zjh(�(s
0) + (�2�z)t)

# �����
T�s0

0

=
e��T

�(s)� �(s0)

("
1

j�2 � zjh(�(s))�
1

j�2 � zjh(�(s
0))

#

�
"

1

j�2 � zjh(�(s) + (�2�z)(T�s0))�
1

j�2 � zjh(�(s
0) + (�2�z)(T�s0))

#)

=
e��T

j�2�zj

(
h(�(s))� h(�(s0))

�(s)� �(s0)

�h(�(s) + (�2�z)(T�s0))� h(�(s0) + (�2�z)(T�s0))
�(s)� �(s0)

)

� e��T

j�2�zj
[hx+(�(s))� hx+(�(s

0) + (�2�z)(T�s0))]

� e��T

j�2�zj
ch[�(s)� �(s0) + j�2�zj(T�s0)] (by Assumption (A1)

� e��T

j�2�zj
ch

 
�j�2�zj�0

2
+ j�2�zj(T�s0)

!
(since 0 < �(s0)� �(s) � j�2�zj�0

2
)

� e��T

j�2�zj
ch

 
�j�2�zj�0

2
+ j�2�zj�0

!
(since T � s0 � �0):

Hence,
wx(s

0; �(s))� wx(s
0; �(s0))

�(s)� �(s0)
� e��T

2
ch�0: (5:5)

Therefore, for n large enough,

������(s)� �(s0)

s� s0

����� �
���� IInIIIn

���� � C

�0
:

This implies that �(s) is Lipschitz on [0; T � �0] for any �0 > 0. Thus �(s) is absolutely continuous

on [0; T � �0]. Consequently, �(s) is di�erentiable a.e. on [0; T � �0]. Since �0 is arbitrary, �(s)

is di�erentiable on [0; T ] almost everywhere and
Z b

a

_�(s)ds = �(b) � �(a) for all a; b 2 [0; T ).

In the next step of the proof, we shall show that 0 � _�(s) + z � z. This implies that _�(s) is

also bounded on [0; T ]. Therefore, �(s) is absolutely continuous on [0; T ], so for all a; b 2 [0; T ],Z b

a

_�(s)ds = �(b)� �(a).

(4) �(s) is traceable.

Let �(y) =
1p
2�

exp(�y
2

2
) and ��(y) =

1

�
�(
y

�
): Then

Z
1

�1

�(y)dy =
Z
1

�1

��(y)dy = 1:
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Consider the convolution function h� of �� and h de�ned by

h�(x) = (�� � h)(x) =
Z
1

�1

��(y)h(x+ y)dy:

Then it follows that h� 2 C1(R1) and, for all N > 0,

h�(x)� h(x)! 0 uniformly on jxj � N:

Let x� denote the minimizer of h�(x). Then x� ! 0 as �! 0.

We �rst claim that h�(x) > h�(x�) for x 6= x�. In fact, if this were not true, there would exist

x�0, say x
�
0 < x�, such that h�(x�0) = h�(x�). This implies that h�x(x) = 0 on [x�0; x

�]. Now, for any

x�0 � x1 � x2 � x�, we have

Z
1

�1

��(y)[hx+(x2 + y)� hx+(x1 + y)]dy = 0:

Since hx+(x) is increasing in x, hx+(x2+y)�hx+(x1+y) = 0 almost everywhere in y 2 (�1;1). This

implies that h(x) is linear in (�1;1), which contradicts Assumption (A1). Thus, h�(x) > h�(x�)

for x 6= x�.

De�ne

~H�(s; x) = h�(x) + �

Z T�s

0
e��th�(x+ (�2�z)t)dt:

Let ��(s) denote the minimizer of ~H�(s; x), i.e.,

~H�(s; ��(s)) = min
x

~H�(s; x):

Using similar arguments as before, it can be shown that ��(s) is a continuous curve such that

��(T ) = 0 and x� � ��(s) < x� + j�2�zj(T � s) for s 2 (0; T ). ��(s) is uniformly bounded and

��(s)! �(s), as �! 0.

To proceed, we claim that ��(s) is di�erentiable a.e. in [0; T ] for each � > 0. Similarly as in

proving the di�erentiability of �(s), we only have to justify the inequality (5.5) with h�(x) in place

of h(x) and with s; s0 2 [0; T � �0] and 0 < ��(s0) � ��(s) � j�2�zj�0=2. It su�ces to observe the
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following: Z T�s0

0

h�x(�
�(s) + (�2�z)t)� h�x(�

�(s0) + (�2�z)t)
��(s)� ��(s0)

dt

=
Z T�s0

0

Z
1

�1

��(y)

"
h�x(�

�(s) + (�2�z)t+ y)� h�x(�
�(s0) + (�2�z)t+ y)

��(s)� ��(s0)

#
dydt

�
Z
j�2�zj(T�s

0)�x�

�x�
��(y)

�
Z T�s0

0

"
h�x(�

�(s) + (�2�z)t+ y)� h�x(�
�(s0) + (�2�z)t+ y)

��(s)� ��(s0)

#
dtdy

( similar as in proving (5.5) )

�
Z
j�2�zj(T�s

0)�x�

�x�

��(y)

j�2�zj
[hx+(�

�(s) + y)� hx+(�
�(s0) +(�2�z)(T�s0) + y)]dy

�
Z
j�2�zj(T�s

0)�x�

�x�

��(y)

j�2�zj
[ch(�

�(s)� ��(s0) + j�2�zj(T�s0))]dy ( by Assumption (A1))

� ch�0

2j�2�zj

Z
j�2�zj(T�s

0)�x�

�x�
��(y)dy

> 0:

Hence, _��(s) exists a.e. in [0; T ].

In what follows, it will be shown that

0 � _��(s) + z � z: (5:6)

Before proving (5.6), we �rst claim that (5.6) implies the following inequalities

0 � _�(s) + z � z: (5:7)

In fact,
�(s)� �(s0) + z(s� s0)

s� s0
= lim

�!0

��(s)� ��(s0) + z(s� s0)

s� s0

= lim
�!0

1

s� s0

Z s0

s
( _��(t) + z)dt:

Since

_�(s) + z = lim
s0!s

�(s)� �(s0) + z(s� s0)

s� s0

and

0 � 1

s� s0

Z s0

s
( _��(t) + z)dt � z;

(5.7) holds.

To complete the proof of step (4), it su�ces to justify (5.6). Observe that

0 = ~H�
x(s; �

�(s))

= h�x(�
�(s)) +

�

j�2�zj
exp(���

�(s)

j�2�zj
)
Z ��(s)

��(s)+(�2�z)(T�s)
exp(

�t

j�2�zj
)h�x(t)dt:

(5:8)
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Di�erentiating both sides of the above equation with respect to s,

0 = h�xx(�
�(s)) _��(s)

+
�

j�2�zj
(� �

j�2�zj
_��(s)) exp(���

�(s)

j�2�zj
)
Z ��(s)

��(s)+(�2�z)(T�s)
exp(

�t

j�2�zj
)h�x(t)dt

+
�

j�2�zj
[h�x(�

�(s)) _��(s)� exp(��(T�s))h�x(��(s) + (�2�z)(T�s))( _��(s) + j�2�zj)]:

Then we solve for _��(s) to obtain

_��(s) =
F1(�; s)

F2(�; s)

where

F1(�; s) = � exp(��(T�s))h�x(��(s) + (�2�z)(T�s))

F2(�; s) = h�xx(�
�(s))� ��

j�2�zj2
exp(���

�(s)

j�2�zj
)
Z ��(s)

��(s)+(�2�z)(T�s)
exp(

�t

j�2�zj
)h�x(t)dt

+
�

j�2�zj
h�x(�

�(s))� �

j�2�zj
exp(��(T�s))h�x(��(s) + (�2�z)(T�s)):

It is not di�cult to see that:8>>>>><
>>>>>:

h�x(�
�(s) + (�2�z)(T�s)) � 0 since ��(s) � x� + j�2�zj(T � s)

h�x(�
�(s)) � 0 since ��(s) � x�

h�xx(�
�(s)) � 0 since h�(x) is convex.

Moreover, by (5.8),

� ��

j�2�zj2
exp(���

�(s)

j�2�zj
)
Z ��(s)

��(s)+(�2�z)(T�s)
exp(

�t

j�2�zj
)h�x(t)dt =

�

j�2�zj
h�x(�

�(s)) � 0:

Thus, F1(�; s) � 0 and F2(�; s) � 0. This yields that _��(s) � 0. Hence, _��(s) + z � z. Note also

that

F1(�; s) + j�2�zjF2(�; s)

= j�2�zjh�xx(��(s))�
��

j�2�zj
exp(���

�(s)

j�2�zj
)
Z ��(s)

��(s)+(�2�z)(T�s)
exp(

�t

j�2�zj
)h�x(t)dt

+�h�x(�
�(s)) � 0:

Therefore,

_��(s) + j�2�zj =
F1(�; s) + j�2�zjF2(�; s)

F2(�; s)
� 0:

As a consequence,

_��(s) + z � �2 � 0:

The proof of Lemma 3.4 is completed. 2
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6 Concluding remarks

In this work, �nite horizon optimal controls of stochastic manufacturing systems were considered.

Time varying turnpike sets were obtained. Various properties of the underlying turnpike sets were

analyzed. By utilizing the notion of traceability, existence of the optimal control policies was

established and explicit formulas of the optimal controls were obtained via turnpike sets.

We would like to say a few words about the �rst problem considered in x3 in which repair

facilities are available (or the strike can be resolved within that quarter). In this case, the machine

capacity process �(t) is allowed to jump back and forth. The explicit optimal control of the resulting

problem is very di�cult to obtain. However, instead of searching for exact optimal solutions, one

may be interested in �nding approximate optimal solutions. If �(t) is assumed to be a �nite state

Markov chain (cf. [1] and [9]), then there exists a sequence of exponential random variables where

the jumps of �(t) take place. One may write the value function v as the limit of a sequence of

value functions v(n) in which only n jumps is allowed in the �nite horizon under consideration (cf.

[10]). In this way, the original stochastic control problem can be approximated by a sequence of

deterministic control problems. For each n one may also de�ne curves �(s) and  (s) similarly as in

sections 3 and 4. The traceability of these curves are again di�cult to verify analytically. One has

to resort to numerical methods for solutions. Some previous discussions on numerical solutions for

production planning problems can be found in [4], [8] and the references therein. Higher dimensional

systems deserve further study and investigation.

We hope that this work will provide us with additional understanding in the �nite horizon

production planning for manufacturing systems. It is conceivable that the approach will render

help and guidance on many practical applications.
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