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Abstract
We present a new on-the-
y method for reachability

analysis of linear hybrid automata with constant rates.
The novelty of our methods lie in the algorithms used to
manipulate polyhedra, and in our encoding of domain-
speci�c behavior (real-time scheduling in our case) into
the model semantics. Our polyhedra operations can be
performed in polynomial time, typically quadratic in the
number of continuous variables in a model. Encoding
scheduling into the model semantics allows us to sig-
ni�c antly reduce the size of the overall system discrete
statespace. We benchmarked a prototype of our method,
HyTech, and Verus using a randomly generated set of
classical real-time uniprocessor workloads. We also ex-
perimented with two optimization methods, a simpli�-
cation of model parameters using results from real-time
scheduling theory, and a simple form of partial order
reduction. When we started our work using HyTech
we were able to consistently analyze workloads having
4 concurrent tasks (81 reachablediscrete states), using
our prototype together with theseoptimization methods
we were able to consistently analyze workloads having
13 concurrent tasks (8192 reachablediscrete states).

1 In tro duction
Linear hybrid automata are �nite state automata

augmented with variables whosevalues change contin-
uously in a way that depends on the current discrete
state. The values of the continuous variables can af-
fect, and can be a�ected by, discrete transitions be-
tween discrete states. Linear hybrid automata can be
subjected to a reachabilit y analysis to verify that a
given set of assertions is true of a system. In gen-
eral, a semi-decision procedure must be used since
the reachabilit y problem for linear hybrid automata is
undecidable[14] (as opposedto timed automata, which
are decideable[3]). It can be shown, however, that rea-
sonable pragmatic restrictions make models for real-
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time allocation and scheduling in distributed heteroge-
neoussystemsdecideable[23].

Linear hybrid automata can be usedto model many
kinds of dynamical systems,but the problem of partic-
ular interest to us is the modeling and schedulability
analysisof real-time systems.The continuous variables
of a linear hybrid automaton can be used as timers to
control task dispatching and detect missed deadlines,
and asso-calledintegration variables to record accumu-
lated task compute time. Linear hybrid automata are
su�cien tly powerful to model a number of interesting
system features, such as remote procedure calls, ren-
dezvousbetweentasks, variations in compute time as a
function of internal task state, and distributed synchro-
nization and communication protocols. Reasonablyde-
tailed models of sourcecode can be written, and linear
hybrid automata are alsouseful for verifying implemen-
tations of such things as time-dependent protocols and
scheduling kernels[24].

The reachablestate spacefor a linear hybrid automa-
ton is a set of regions, where each region consistsof a
discretestate plus a polyhedron that de�nes a setof pos-
sible values for the continuous variables. We present a
reachabilit y procedurethat represents polyhedra assys-
tems of linear inequalities. We present new algorithms
for computing the polyhedron that results when time is
allowed to passand variable valueschangeat speci�ed
rates; and the polyhedron that results when a variable
is unconstrained and removed from the system. These
algorithms might be viewed as generalizations of the
di�erence methods used for timed automata[8, 3] and
exhibit a vague similarit y to the pragmatic algorithm
usedearlier for quanti�er elimination[2]. We present an
algorithm to decide if one polyhedron is contained in
another. We present a reduction algorithm to simplify
the set of constraints that represent a polyhedron. Our
protot ype is an on-the-
y tool that enumeratesregions
as they are encountered, rather than �rst enumerating
the complete reachable discrete state spaceand then
enumerating the reachable polyhedra for each discrete



state. However, our procedure does not provide para-
metric analysis[15].

We alsodiscussdi�eren t ways that real-time schedul-
ing can be incorporated into a linear hybrid automata
model, including a novel way of adding scheduling se-
mantics to create an extendedresourcefullinear hybrid
automata model. Extending the semantics of the model
rather than trying to write a standard linear hybrid au-
tomata model of a scheduling protocol both reducesthe
sizeof the regionspaceand allowsa much broader range
of scheduling protocols to be modeled.

We randomly generateda sequenceof uniprocessor
workloads consisting of periodic and aperiodic tasks
scheduled using preemptive �xed priorit y. For each
of these we generateda linear hybrid automata model
whoseassertionsweresatis�ed only for schedulabletask
sets. Thesemodelswereanalyzedusing a protot ype im-
plementation of our procedure. All thesetask setswere
amenable to analysis using the exact characterization
algorithm[18], which we used to double-check our re-
sults. We submitted the samemodels to HyTech[15], a
linear hybrid automata tool; and to Verus[7], a discrete
timed automata tool.

We also experimented with two optimization meth-
ods. First, traditional uniprocessorpreemptive priorit y
scheduling theory says that we can replace execution
time and event inter-arriv al intervals with their worst-
case values. Second, we experimented with a simple
partial order reduction method.

The earliest reachabilit y tool of which we are aware,
HyTech, represented polyhedra as �nite sets of linear
constraints[2]. The operations performedon thesepoly-
hedra used quanti�er elimination, a formal way to al-
gebraically manipulate and make decisionsabout sys-
tems of linear inequalities in which some of the vari-
ables are existentially quanti�ed. Polka and a later
version of HyTech used a pair of representations, the
traditional system of linear inequalities together with
polyhedra generatorsconsisting of sets of vertices and
rays[12, 15]. Di�eren t operations required during reach-
abilit y are more convenient in the di�eren t representa-
tions, and methods are usedto convert betweenthe two
as needed. These previous methods are subject to the
theoretical risk that somepolyhedra operations may re-
quire a combinatorial amount of time, although we did
not test for this in our experiments. Our polyhedra op-
erations are all doable in polynomial time (although we
usedthe Simplex algorithm in our protot ype), typically
quadratic in the number of constraints usedto represent
a polyhedron.

A variety of di�erences between the tools and cer-
tain aspectsof our useof them make direct comparisons
questionable,and we experimented only with a partic-
ular classof problem. Keeping these caveats in mind,

we were able to solve problems with our protot ype tool
an order of magnitude more quickly than with HyTech,
which wasperhapsthree ordersof magnitude faster than
Verus without automatic variable reordering. Perhaps
as importantly, our protot ype tool was more numeri-
cally robust and usedsigni�cantly lessmemory, it never
failed due to numeric over
o w or memory exhaustion.
We wereable to solve problemsthat HyTech and Verus
could not solve. When we beganour work usingHyTech
wewereableto consistently solvesystemsof 4 taskshav-
ing 81reachablediscretesystemstates. Usingour proto-
type tool together with someexperimental optimization
methods, we were able to consistently solve systemsof
13 tasks having 8192 reachable discrete states. In our
judgement this is not yet adequate for schedulability
analysisbut is at the threshold of utilit y for simple but
practical veri�cation problems[24]. Our work suggests
that future improvements could result in further signif-
icant increasesin the size of solvable problem, and we
discussthis in our concluding section.

2 Resourceful Hybrid Automata
A hybrid automaton is a �nite state machine aug-

mented with a set of real-valued variables and a set
of propositions about the values of those variables.
Figure 1 shows an example of a hybrid automaton
whose discrete states are preempted, executing and
waiting ; and whosereal-valued variables are c and t.
Waiting is marked as the initial discrete state, and c
and t are assumedto be initially zero.

Each of the discrete states has an associated set of
di�eren tial equations, e.g. _c = 0 and _t = 1 for the dis-
crete state preempted. While the automaton is in a
discrete state, the continuous variables change at the
rates speci�ed for that state.

Edgesmay be labeled with guards involving contin-
uous variables, and a discrete transition can only oc-
cur when the valuesof the continuous variables satisfy
the guard. When a discrete transition doesoccur, des-
ignated continuous variables can be set to designated
valuesas speci�ed by assignments labeling that edge.

A discrete state may also be annotated with an in-
variant constraint to assure progress. Some discrete
transition must be taken from a state before that
state's invariant becomesfalse. For example, the hy-
brid automaton in Figure 1 must transition out of state
computing before the value of c exceeds100.

The hybrid automata of interest to us are called
linear hybrid automata becausethe invariants, guards
and assignments are all expressedas setsof linear con-
straints. The di�eren tial equations governing the con-
tinuous dynamics in a particular linear hybrid automa-
ton discrete state are restricted to the form _x 2 [l ; u]
where [l ; u] is a �xed constant interval.
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Figure 1: A Hybrid Automata Model of a Preemptively Scheduled Task

We want to verify assertionsabout the behavior of
a hybrid automaton. Although it is possiblein general
to check temporal logic assertions[2], we make do by
annotating discrete states and edgeswith sets of lin-
ear constraints labeled as assertions.Theseconstraints
must be true whenever the systemis in a discrete state
or whenever a transition occurs over an edge.

The cross-product construction usedto composecon-
current �nite state processescan be extendedin a fairly
straight-forward way to systems of hybrid automata.
The invariant and assertion associated with a discrete
system state are the conjunction of the invariants and
assertionsof the individual discretestates. The guards,
assertionsand assignments of synchronized transitions
are the conjunction and union of the guards, assertions
and assignments of the individual discrete co-edges.If
there is a con
ict betweenthe rate assignments of indi-
vidual discretestates,or a con
ict betweenthe variable
assignments of co-edges,then the system is considered
ill-formed. Note that concurrent hybrid automata may
interact through sharedreal-valued variables as well as
by synchronizing their transitions over co-edges.

The application of interest in this paper is the analy-
sisand veri�cation of real-time systems.Figure 1 shows
an exampleof a simplehybrid automata model for a pre-
emptively scheduled, periodically dispatched task. A
task is initially waiting for dispatch but may at various
times also be executing or preempted. The variable t is
used as a timer to control dispatching and to measure
deadlines. The variable t is set to 0 at each dispatch
(each transition out of the waiting state), and a sub-
sequent dispatch will occur when t reaches 1000. The
assertion t � 750 each time a task transitions from ex-
ecuting to waiting (each time a task completes) mod-
els a task deadline of 750 time units. The variable c
records accumulated compute time, it is reset at each
dispatch and increasesonly when the task is in the com-

puting state. The invariant c � 100 in the computing
state means the task must complete before it receives
more than 100time units of processorservice,the guard
c � 75 on the completion transition meansthe task may
completeafter it hasreceived 75 time units of processor
service(i.e. the task compute time is uncertain and/or
variable but always falls in the interval [75; 100]).

In this example the edge guards selected and
unselected represent scheduling decisions made at
scheduling events (often called scheduling points in the
real-time literature). These decisions depend on the
available resources (processors, busses, etc.) being
shared by the tasks. There are several approaches to
introducescheduling semantics into a model having sev-
eral concurrent tasks.

Scheduling can be introduced using concepts taken
from the theory of discreteevent control[20]. A concur-
rent scheduler automaton can be added to the system
of tasks. The scheduling points in the task set become
synchronization events at which the scheduler automa-
ton can observe the system state and make control de-
cisions. Many high-level concepts from discrete event
control theory carry over into this domain, such as the
importance of decentralized control and limited observ-
abilit y in distributed systems.

Discrete event control theory provides an approach
to synthesizeoptimal controllers, which in this domain
translates to the automatic construction of application-
speci�c scheduling algorithms. However, classical dis-
crete event control theory doesnot deal with time. The
theory has beenextended to synthesizenonpreemptive
schedulers for timed automata[4, 1], but this excludes
preemptively scheduled systems. It is possible to de-
velop scheduling automata by hand using traditional
real-time scheduling policies such as preemptive �xed
priorit y. Examples have been given in the literature,
where each distinct ready queue state is modeled as



a distinct discrete state of the scheduler automaton[2].
This would allow a very large class of scheduling al-
gorithms to be modeled, but the size of the scheduler
automaton may grow combinatorially with the number
of tasks.

It is possible to model preemptive �xed priorit y
scheduling by encoding the ready queue in a variable
rather than in a set of discretestates. A queuevariable
is introduced that will take on only integer values. At
each transition wherea task i is dispatched, 2i is added
to this queuevariable; at each transition where task i
completes,2i is subtracted. The queuevariable can be
interpreted asa bit vector whosei th bit is set whenever
task i is ready to compute. There is no separatesched-
uler automaton, the scheduling protocol is modeled us-
ing additional guards and states in the task automata.
This is the approach we took when we started our work
using HyTech. This encodes a speci�c scheduling pro-
tocol into each task model, and addsadditional discrete
states, variables and guards to the model. It is awk-
ward to model any scheduling policy other than simple
preemptive �xed priorit y without inheritance.

In the end, we found it simpler and more general to
de�ne a slightly extendedlinear hybrid automata model
that includes resource scheduling semantics[23]. The
discrete state composition of the task set is performed
beforeany scheduling decisionsare made. A scheduling
function is then applied to the composed system dis-
crete state to determine the variable rates to be used
for that systemstate. In essence,the composedsystem
discrete state is the ready queueto which the schedul-
ing function is applied, very much analogousto the way
run-time scheduling algorithms are applied in an actual
real-time system. It is not necessaryto have di�eren t
discretestates for preemptedand computing, sincethis
information is now captured in the variable rates. It
is not necessaryto model a scheduling algorithm as a
�nite state control automaton added to the system, it
is not necessaryto encode a speci�c scheduling seman-
tics into the task automata. One simply codes up a
scheduling algorithm in the usual way and links it with
the rest of the reachabilit y analysiscode. This approach
signi�cantly reduces the number of discrete states in
the model and simpli�es the modeling of the desired
scheduling discipline. The formal details of this model
and its semantics are recordedelsewhere[23].

3 Reachable Regions
A state of a linear hybrid automaton consists of a

discrete part, the discrete state at sometime t; and a
continuouspart, the real valuesof the variablesat time
t. It turns out that, although this state spaceis un-
countably in�nite, the reachable state spacefor a given
linear hybrid automaton is a subsetof the cross-product

of the discrete states with a recursively enumerable set
of convex polyhedra in < n (where n is the number of
variables)[2]. A region of a linear hybrid automaton is a
pair consisting of a discrete state and a convex polyhe-
dron, whereconvex polyhedra can be represented using
a �nite setof linear constraints. Model checking consists
of enumerating the reachable regions for a given linear
hybrid automaton and checking to seeif they satisfy the
assertions.

Figure 2 depicts the basic sequenceof operations
that, given a starting region (a discrete state and a
polyhedron de�ning a set of possiblevaluesfor the vari-
ables), computes the set of values the variables might
take on in that discrete state as time passes;and com-
putes a set of regionsreachable by subsequent discrete
transitions.

The �rst step is the computation of the time suc-
cessorpolyhedron from the starting polyhedron (often
calledthe post operation). For each point in the starting
polyhedron, the time successorof that point is a line seg-
ment beginning at that point whoseslope is de�ned by
the variable rates speci�ed for the discrete state. This
is the set of variable values that can be reached from
a starting point by allowing some amount of time to
pass. The time successorof the starting polyhedron is
the union of the time successorlines for all points in
the starting polyhedron. A basic result of linear hybrid
automata theory is that the time successorof any con-
vex polyhedron is itself a convex polyhedron (which in
generalwill be unbounded in certain directions)[2].

The secondstep is the intersectionof the time succes-
sor polyhedron with the invariant constraint associated
with the discretestate. Polyhedra are easily intersected
by taking the union of the set of linear constraints that
de�ne the two polyhedra. This is the time successorre-
gion that is feasiblegiven the invariant speci�ed for the
discrete state.

The remaining steps are used to compute new re-
gions reachable from this feasibletime successorregion
by sometransition over an edge. For each edgeout of
the current discrete state, the associated guard is �rst
intersectedwith the feasibletime successorregion. This
polyhedron, if nonempty, de�nes the set of all variable
valuesthat might exist whenever the discrete transition
could occur. Any variable assignments associated with
the edgemust now be applied to this polyhedron. This
is done in two phases. First, a variable to be assigned
a new value x := l is unconstrained (often called the
free operation). This operation leaves unchanged the
relationships between all other variables, i.e. the poly-
hedron is projected onto the subspace< n � 1 of the re-
maining variables. This result is then intersected with
the constraint x = l . This polyhedron, together with
the discrete state to which the edgegoes, is a new re-
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Figure 2: Hybrid Automata Reach Forward Operations

gion for which the above steps may be repeated. In
generala set of assignments whoseright-hand sidesare
linear expressionsare allowed, with some restrictions.
The variables to be assignedare unconstrainedand the
resulting polyhedra are then intersectedwith the appro-
priate linear constraints in someorder. With care,fairly
complex sequencesof assignments can be modeled on a

single edge[24].
The overall method begins at the initial region of a

hybrid automaton. The operations described above are
applied to enumerate feasibletime successorregionsand
the new regionsreachable from thesevia discrete tran-
sitions. As new regions are enumerated, they must be
checked to seeif they have been visited before (other-



wisethe method will not terminate even when there are
a �nite number of regions). This is done by compar-
ing the discrete states of regions for equality, and by
checking to seeif the new polyhedron is contained in
the polyhedron of a previously visited region. This is
summarizedin Figure 3.

4 Op erations on Polyhedra
We use X to denote a set of real-valued variables

x1; x2; :::xn , and e = c1x1 + c2x2 + ::: + cn xn to denote
somelinear expressionover X with rational coe�cien ts.
We use �r 2 < n to denote somespeci�c point in < n , a
speci�c assignment of real valuesto X .

We useP to denote a �nite set of constraints of the
form l � e � u. We use the phrase \p olyhedron P"
to refer to the set of all solutions to the system of con-
straints P. We sometimes abuse notation and write
�r 2 P to mean that the point �r is in the polyhedron P,
i.e. �r satis�es the systemof constraints P.

We use _X = f [ _x1s; _x1f ]; [ _x2s; _x2f ]; :::g to denotea set
of �nite rate intervals for the variables in X . Each in-
terval [ _x is ; _x if ] is speci�ed using rational valuesfor the
slowest and fastest possible rate for variable x i . We
use _x to denotea speci�c real-valued vector rate for the
variables in X , where _x 2 _X , i.e. the rates _x fall within
their speci�ed intervals. We use _e to denote the rate
or derivative of a linear expressione given some _x, i.e.
_e = c1 _x1 + c2 _x2 + :::+ cn _xn . The scalarexpressionrate is
a function of the vector variable rate, but for brevity we
write _e instead of _e( _x). We use _E = [ _es; _ef ] to denote
the rate interval of a linear expressione given some _X .

We use �r " � as a short-hand notation for �r + _x� ,
the point reached from �r after allowing � time to pass
for somepossiblevariable rate _x. Similarly, �r # � is the
point from which �r is reached after allowing � time to
passfor a given _x.
4.1 Time Successor

The time successorof a set of constraints given con-
stant rate interval _X is computed by modifying P in
two steps.

1. Let every constraint l � e � u where _e 6= [0; 0]
be written so that _ef � 0, which can be achieved
by multiplying the constraint by -1 if needed. For
every distinct pair of constraints

l i � ei � ui

l j � ej � uj

where _ei 6= [0; 0] and _ej 6= [0; 0], add to the set
the following constraints under the following con-
ditions.

If _eis � 0 then add the constraint

_ej f (l i � ei � ui ) � _eis (l j � ej � uj )
� _ej f l i � _eis uj � _ej f ei � _eis ej � _ej f ui � _eis l j

elseif _eis < 0 then add the constraint

_ej f (l i � ei � ui ) � _eis (l j � ej � uj )
� _ej f l i � _eis l j � _ej f ei � _eis ej � _ej f ui � _eis uj

If _ej s � 0 then add the constraint

_ej s(l i � ei � ui ) � _eif (l j � ej � uj )
� _ej s l i � _eif uj � _ej sei � _eif ej � _ej sui � _eif l j

elseif _ej s < 0 then add the constraint

_ej s(l i � ei � ui ) � _eif (l j � ej � uj )
� _ej sui � _eif uj � _ej sei � _eif ej � _ej s l i � _eif l j

2. For every constraint l � e � u, if _ef > 0 then omit
the upper bound (replaceu with 1 ), if _es < 0 then
omit the lower bound (replace l with �1 ), if both
conditions hold then remove the constraint.

_ej f l i � _eis uj � _ej f ei � _eis ej

_ej sei � _eif ej � _ej sui � _eif l j

The number of operations required by the algorithm
is quadratic in the number of constraints whose ex-
pressionshave non-zero rate, hence cubic in the size
of the constraint matrix. The resulting constraint ma-
trix may have quadratically more rows than the original
constraint matrix.
Theorem: Let P be a feasibleset of constraints, and
let P0 be computed from P using the above algorithm.
Then

� For every �r 2 P and every � � 0, �r " � 2 P 0

(allowing any amount of time to passfor any point
that satis�es P yields a point that satis�es P 0).

� For every �r 0 2 P0 there exists some � � 0 such
that �r # � 2 P (every point in P 0 is reachable from
somepoint in P by allowing someamount of time
to pass).

Pro of: We show the �rst part by demonstrating that
none of the constraints introduced or modi�ed by the
algorithm are invalidated by allowing time to passfrom
any initial value �r 2 P. Step 1 adds constraints that
are linear combinations of existing constraints in P, so
theseareall satis�ed by every �r 2 P. After step2, every
constrainedexpressionthat can have a positive rate has
no upper bound and every constrained expressionthat
can have a negative rate has no lower bound, so that
no amount of time passingcan make any constraint in
P0 infeasible. Note this argument dependsonly on the
signsof the rates of the constrainedexpressions,not on
the speci�c magnitudesof the individual variable rates.
This provesthe �rst part of the theorem.



Entry_Region,
New_Region: Region;
Successor_Polyhedron,
Constrained_Polyhedron,
Guarded_Polyhedron,
Unconstrained_Polyhedro n,
Assigned_Polyhedron: Polyhedron;
Examined,
To_Be_Examined: set of Region;

Examined := empty;
To_Be_Examined:= initial region;
while Not_Empty (To_Be_Examined) loop

Entry_Region := Choose_And_Remove_One_Of (To_Be_Examined);
Add_To_Set (Examined, Entry_Region);
Successor_Polyhedron := Time_Successor (Entry_Region.Polyhedro n);
Constrained_Polyhedron := Intersect (Successor_Polyhedron, Entry_Region.Discrete_Sta te. Inva ria nt);
Check_Region_Assertion (Entry_Region.Discrete _State, Constrained_Polyhedron) ;
for each Transition in Entry_Region.Discrete_ State.T ran siti ons_From loop

Guarded_Polyhedron := Intersect (Constrained_Polyhedron , Transition.Guard);
if Not_Empty (Guarded_Polyhedron) then

Check_Transition_Assert ion (Transition, Guarded_Polyhedron);
Unconstrained_Polyhedro n := Unconstrain (Guarded_Polyhedron, Transition.Assignments.Va riab les );
Assigned_Polyhedron := Intersect (Unconstrained_Polyhedron , Transition.Assignments) ;
New_Region.Discrete_Sta te := Transition.To_Discrete _State;
New_Region.Polyhedron := Assigned_Polyhedron;
for each Previous_Region in Union (Examined, To_Be_Examined) loop

if Contained_In (New_Region, Previous_Region) then
goto next Transition loop;

end if;
end loop;
Add_To_Set (To_Be_Examined, New_Region);

end if;
end loop;

end loop;

Figure 3: High-Level Region Enumeration Procedure

We show the secondpart by demonstrating that �r 0 2
P0 implies there exists some� � 0 and some�xed _x 2
_X such that �r 0 # � 2 P. (The semantics of hybrid

automata allow _x i to vary between _x is and _sif as time
passes,but we will show there exists a particular _x that
satis�es the theorem.)

Observe that any constraint whose expression has
zero rate appears in both P and P 0 and remains sat-
is�ed independent of time. We only needto �nd � and
_x to satisfy constraints originally in P that may have
non-zerorates, and we restrict our attention in the rest
of this proof to constraints that are operated on in steps
1 and 2.

We will show there exists a scalar � � 0 and rate
vector _x 2 _X such that all of

l i � ei � _ei � � ui

in P where _ei 6= [0; 0] are feasiblefor every point �r 0 2 P0.
We can rewrite theseconstraints as

l i � ei � _ei � � ui

� l i � ei � � _ei � � ui � ei

� ei � ui � _ei � � ei � l i
� ei � u i

_ei
� � � ei � l i

_ei
for _ei > 0;

ei � l i
_ei

� � � ei � u i
_ei

for _ei < 0

(1)

There exists a � � 0 that satis�es all these inequal-
ities when evaluated at �r 0 if there exists a value for �
that simultaneously falls between the upper and lower
boundsof all theseconstraints. Such a valueexistswhen
no lower bound exceedsany upper bound, i.e. when the
set of constraints

ej � u j

_ej
� ei � l i

_ei
for _ei > 0; _ej > 0

ej � u j

_ej
� ei � u i

_ei
for _ei < 0; _ej > 0

ej � l j

_ej
� ei � l i

_ei
for _ei > 0; _ej < 0

ej � l j

_ej
� ei � u i

_ei
for _ei < 0; _ej < 0

is feasible for all pairs i and j . For i = j the applica-
ble constraints (�rst and last above) reduce to l i � ui ,



which are always true when P is feasible regardlessof
the variable rates. For i 6= j we can rewrite theseas

_ej l i � _ei uj � _ej ei � _ei ej for _ei > 0; _ej > 0
_ej ei � _ei ej � _ej ui � _ei uj for _ei < 0; _ej > 0
_ej ei � _ei ej � _ej l i � _ei l j for _ei > 0; _ej < 0
_ej ui � _ei l j � _ej ei � _ei ej for _ei < 0; _ej < 0

What we show in the remainder of the proof is that
constraints at leastasstrict astheseappear in P 0, which
wasshown feasibleby the �rst part of the proof, sothere
exists a solution to theseequations.

To do this we must �rst show the e�ects of step 2 on
the constraints added in step 1. Consider the rate of
the expressionin the constraint added in step 1 when
_eis > 0, _ej f _ei � _eis _ej . Since all rates are positive in
this case,the slowest rate occurs when _ei is slowest and
_ej is fastest. This rate is _ej f _eis � _eis _ej f = 0, so the
lower bound of this constraint will be preserved in step
2. Similar reasoningin the other three casesshows that
after step 2, P 0 will contain at least the constraints

_ej f l i � _eis uj � _ej f ei � _eis ej

_ej f l i � _eis l j � _ej f ei � _eis ej

4.2 Unconstrain
To unconstrain a variable x we must remove all con-

straints that contain that variable. However, there may
be constraints between other variables that are tran-
sitively implied by a set of removed constraints. For
example, l1 � y � x � u1 and l2 � x � z � u2 imply
l1 + l2 � y � z � u1 + u2, this information must be
preserved before removing the constraints involving x.
We unconstrain a variable x in a set of constraints P
by constructing a new set of constraints P 0 using the
following steps.

1. Let each constraint l � e � u in P where e has an
instanceof x be written in the form l � cx� e0 � u,
wheree0 involvesthe remaining variablesand their
coe�cien ts and c > 0. For each distinct pair of
such constraints in P

l i � ci x � ei � ui

l j � cj x � ej � uj

combine the two in a way that cancelsthe x terms,
adding to P 0 the constraint

cj l i � ci uj � ci ej � cj ei � cj ui � ci l j

2. Each constraint l � e � u wheree hasno instances
of variable x is added to P 0.

Let X n x refer to the set of variables X minus the
variable x, and let �r n x for �r 2 < n refer to the n � 1

vector of values that are identical to �r with the value
for variable x removed.
Theorem: Let P be a feasible set of di�erence con-
straints, and let P 0 be computed from P by applying
the above algorithm to unconstrain the variable x. If
�r 2 P then �r nx 2 P 0, and if �r nx 2 P 0 then there exists
somevalue for variable x such that �r 2 P.
Pro of: We will show that �r 2 P i� �r n x 2 P 0 for some
value for x.

Each constraint added to P 0 in step 1 is implied by
some pair of constraints in P. Constraints added in
step 2 are the samein P and P 0. Consequently, every
constraint in P 0 is implied by one or two constraints in
P, and every value �r 2 P thus satis�es the constraints
in P0. To state this another way, the constraints added
to P0 are never any tighter than constraints that occur
in P. Note that this means P 0 is feasible since P is
assumedfeasible.

For the secondpart of the proof, consider a value
�r nx 2 P 0. We needto show there exists somevalue for
variable x such that �r satis�es all of the constraints

l i � ci x � ei � ui (2)

in P. There will exist a value for x that satis�es the
above constraints if there is a value for x that simulta-
neouslysatis�es every pair of constraints

l i + ei
ci

� x � u i + ei
ci

l j + ej

cj
� x � u j + ej

cj

where ci ; cj > 0. For i = j this reducesto l i � ui ,
which always holds when P is feasible. For i 6= j we can
rewrite theseas

cj l i + cj ei � ci uj + ci ej

� cj l i � ci uj � ci ej � cj ei

Thesewereall addedto P 0 in step 1 and are all satis�ed
for every �r nx 2 P 0 (P0 is feasibleasnoted above). There
thus exists a value for x that satis�es the constraints in
(2), and this value is such that �r 2 P.
4.3 In tersection

The intersection of the solution sets for two systems
of constraints P1 and P2 is the set of valuesthat satis�es
both systemsof constraints, which is the set of solutions
to P1

S
P2 (the union of the sets of constraints has as

its solution the intersection of the corresponding poly-
hedra). This can be done in linear time.
4.4 Feasibilit y

The feasibility of a set of inequalities P can be de-
termined asa side-e�ect of solving the associated linear
programming problem with sometrivial objective func-
tion, e.g.max

P
i x i given P for the variablesx i appear-

ing in P.



We note that feasibility testing seemsfundamentally
ashard aslinear programming[6]. Each linear program-
ming problem has an associated dual problem of the
samesize,with the property that only optimal solutions
are feasiblefor both. Thus, any feasibility test capable
of identifying a feasiblesolution can be usedto solve a
linear programming problem by applying that test to
the union of the constraints of the original problem and
its dual.

We discovered by experiment that guessinga set of
variable values (the mid-point of each rectangular con-
straint) then evaluating the constraints using thoseval-
ues was an e�ectiv e approximate test. This test can
quickly con�rm that certain polyhedra are feasible,and
our experiments suggestthat perhapshalf of all feasibil-
it y tests could be resolved using this method. However,
feasibility testing accounted for a relatively small por-
tion of the overall execution time of our protot ype, and
this approximation had no sigini�can t impact.
4.5 Con tainmen t

Given two setsof constraints I (inner) and O (outer)
we want to determine if every solution to I is also a
solution to O (whether the polyhedron I is contained
in the polyhedron O). We do this using the following
algorithm.

1. If it can be (quickly) determined that I and O do
not intersect, then I cannot be contained in O.

2. If O contains variablesthat do not appear in I then
terminate with a negative result.

3. For each constraint l � e � u in O solve the lin-
ear programming problems �x l = min e given I and
�xu = maxe given I . If l � �x l and u � �xu for ev-
ery constraint in O then polyhedron I is contained
in polyhedron O. Otherwise, the algorithm ter-
minates with a negative result when the �rst con-
straint from O is found that doesnot passthis test.

The �rst step is a pre�lter to e�cien tly detect certain
common caseswhere I obviously cannot be contained
in O. We did not do an exact feasibility test, only an
approximate one that quickly checks to see if the in-
tersection is de�nitely infeasible (discussedlater). Our
experience suggeststhat over 80% of all containment
tests are resolved by this pre�lter. This was impor-
tant for our protot ype, which spent most of its time
searching for containing polyhedra (the loop for each
Previous Region in Figure 3).

To establishthe correctnessof the �nal step we prove
the following.
Theorem: For each constraint l � e � u in O let
�x l = min e given I and �xu = maxe given I be solutions
to linear programming problems. Every feasible value

for I is also a feasible value for O i� l � e( �x l ) and
u � e( �xu ) for every constraint l � e � u in O.
Pro of: Supposel � e( �x l ) and u � e( �xu ) for every con-
straint l � e � u in O. It is known that optimal values
for the objective function of a linear programming prob-
lem areachievedat someboundary vertex or facet of the
polyhedron I (or elsethe value of the objective function
is unbounded). For �x l = min e given I the value of e
at every point in the polyhedron is bounded below by
e( �x l ), and for �xu = maxe given I the value of e at every
point in the polyhedron is bounded above by e( �xu ) (or
elsethe value of e is unboundedbelow or above, respec-
tiv ely). If l � e( �x l ) and u � e( �xu ) then every point in
the polyhedron I satis�es the constraint l � e � u in
O (where we allow l or u to be �1 or 1 respectively).
If this holds for all constraints in O then every feasible
value for I also satis�es all the constraints of O.

4.6 Assertion Checking
An assertion A where A is a system of linear con-

straints can be evaluated for a given polyhedron P by
seeing if P is contained in A. Conjunctions and dis-
junctions of setsof linear inequalities can be evaluated
in the obvious way.

4.7 Reduction
The time successorand unconstrain operations may

causea quadratic increasein the number of constraints.
An essential element of our procedure is the use of an
algorithm to reduce the number of constraints used to
represent a polyhedron by identifying and eliminating
redundant constraints. We combine a fast but approxi-
mate boundstightening procedurewith a more e�ectiv e
but expensive Simplex-basedprocedure to detect and
eliminate redundant constraints.

An important part of our procedureis the initial use
of an e�cien t bounds tightening procedure to simplify
setsof constraints[5]. For each pair of constraints

l i � ei � ui

l j � ej � uj

if there exist ci ; cj > 0 such that ci ei = cj ej = e then
these constraints can be replaced by the single con-
straint

max(ci l i ; cj l j ) � e � min(ci ui ; cj uj )

There are two such rules, one for ci > 0 and one for
ci < 0 (cj can always be made positive). Our pro-
tot ype implementation maintains polyhedra as lists of
constraints that are lexicographically sortedby variable,
so that any two linearly dependent constraints will ap-
pear adjacent in the list. This bounds tightening oper-
ation is applied during each intersection operation (im-
plemented as a linear-time merge of two sorted lists),



including each time a new constraint is added to a con-
straint list.

The time successorand unconstrain operations add
constraints that are di�erences of existing constraints,
and in practice many of theseaddedconstraints are re-
dundant with each other. These two algorithms fre-
quently add triplets of the form

l ij � ei � ej � uij

l j k � ej � ek � uj k

l ik � ei � ek � uik

(3)

wherethe third constraint may be implied by the sumof
the �rst two (ignoring constant multipliers). Similarly,
the �rst constraint of the triplet

l ij � ei � ej � uij

l j � ej � uj

l i � ei � ui

(4)

may be implied by the di�erence of the other two con-
straints. We can check for these implications and use
them to tighten constraints and eliminate redundant
constraints. This could be viewed as an approximate
generalization of the shortest path algorithm used to
simplify bounded di�erence matrices[8, 3].

More precisely, for each triplet of constraints

l i � ei � ui

l j � ej � uj

lk � ek � uk

if there exist ci ; cj ; ck > 0 such that ci ei � cj ej = ck ek

then constraint lk � ek � uk can be replacedby

min(ck lk ; ci l i � cj uj ) � ck ek � max(ck uk ; ci ui � cj l j )

There are four such rules, one for each combination of
possiblesignsfor ci and cj (ck can always be madepos-
itiv e). Linear dependenceis transitiv e in the sensethat
when dependenceis detected, each of the three can be
tightenedusingsimilar formulasinvolving the other two.

Checking all possibletriplets would be O(n3) in the
number of constraints. Instead, we record with most
constraints two referencesTi and Tj to two other con-
straints with whose sum it is likely to be linearly de-
pendent. For each constraint added by the time suc-
cessoroperation, Ti and Tj are the two constraints dif-
ferencedto form that constraint. For each constraint
added by the unconstrain operation, we search for con-
straints that have the same variables as the two that
were di�erenced except for the variable being uncon-
strained. Our experience suggeststhat reasonableTi

and Tj can be identi�ed for most constraints involving
two or more variables.

Let (e;Ti ; Tj ) be a constraint e and its associated
Ti ; Tj references. We iterate over all triplets of con-
straints (e1; Ti ; Tj ); (e2; Tj ; Tk ); (e3; Ti ; Tk ) to produce

candidates likely to have the form shown previously in
(3). We also iterate over all triplets (e;Ti ; Tj ); Ti ; Tj .
Each triplet is checked for linear dependence,which can
be determined by solving a simple 2� 2 systemof linear
equationsinvolving the coe�cien ts of variablescommon
to the three constraints. Where linear dependenceis de-
tected, each of the constraints has its bounds tightened
using the boundsimplied by the appropriate linear com-
bination of the other two constraints.

In our protot ype we associate with each constraint
in the list its index or numeric position in the list. The
pair (Ti ; Tj ) is kept in a canonicalorder wherethe index
of Ti is less than the index of Tj . We produce a list
of referencesto the constraints that is lexicographically
sorted by the index valuesfor (Ti ; Tj ). Using this sorted
list, it is possible to iterate over triplets of constraints
in quadratic time.

In our protot ype the constraint list is orderedsothat
all constraints involving the same variables are adja-
cent to each other. Each time we check a triplet of
constraints ei ; ej ; ek for linear dependence,we check all
triplets having the samevariablesasthe setei ; ej ; ek and
not just those three individual constraints. Our experi-
encesuggeststhis heuristic is worth the additional cost,
which tends to be relatively small sincesubsequencesof
constraints involving identical sets of variables tend to
be relatively short.

In general, multiple such iterations may be needed
to �nd a �xed point at which no constraint bounds are
tightened any further. Our experiencesuggeststhis can
in fact be limited to a small �xed number, such as 3,
without any signi�cant impact.

As constraints are tightened, a note is madefor each
bound as to whether that bound is implied by other
nonredundant constraints on the list. For example, if
l i � ei � ui and ei = ej + ek and l i = l j + lk then the
lower bound l i is implied by the other two constraints
and is redundant, providing l j � ej and lk � ek are
not marked as redundant. A �nal pass is performed
to replace all redundant lower and upper bounds by
�1 and 1 respectively. All constraints whereboth the
lower and upper boundsare redundant are deleted(our
implementation always retains the tightest rectangular
constraint for every variable appearing in a polyhedron
for book-keepingreasons).

If, during any bounds tightening operation, u < l for
any constraint l � e � u then the system is de�nitely
not feasible. This feasibility test is not exact, it is possi-
ble for l � u for every constraint in an infeasiblesystem
of constraints. However, we use this as a fast test to
quickly detect many casesof infeasibility, including the
pre�lter for our containment test. Our experiencesug-
geststhat about 1

3 of all feasibility tests can be decided
in this manner, or about 80% if the containment pre-



�lter is also counted.
If the above bounds tightening procedure fails to

reduce the number of constraints in a polyhedron to
less than half the averagenumber of constraints in all
polyhedra, then our protot ype tool applies a more ex-
pensive but more e�ectiv e procedure. For each con-
straint l � e � u in P solve the linear program-
ming problems �x l = min e given P � f l � e � ug and
�xu = maxe given P � f l � e � ug. If l � �x l and u � �xu

then l � e � u is redundant and is removed. Our
experiencesuggeststhat over 95% of all reductions are
performedusing the boundstightening procedurealone,
but it is neverthelessessential to include this more e�ec-
tiv e procedure. Without this, our protot ype was some-
times unableto completean analysisdueto the presence
of a few polyhedra for which bounds tightening was in-
e�ectiv e, wherethesefew polyhedra formed a brick wall
that prevented complete reachabilit y analysis.

4.8 In teger Mo del Parameters
We restricted our protot ype implementation to mod-

els with integer numeric parametersin order to achieve
improvednumeric stabilit y and e�ciency . Linear hybrid
automata models may in generalhave rational numeric
parameters, so we need to justify our restriction to in-
teger parameters.
Theorem: Let A be a linear hybrid automata model
containing rational numeric parameters. Let v be an
integer value such that multiplying all parametersin A
by v yields a new model A0 having only integer numeric
parameters. The assertionsin model A are true i� the
assertionsin model A0 are true.
Pro of: We �rst note that any �nite set of rational num-
bers has a least common denominator, and multiplying
all numbers in the set by this value yields a set of in-
tegers, so there always exists some v that allows the
theorem to be applied to any linear hybrid automaton.

Fil l in rest of theorem, or �nd a citation.

5 Implemen tation Notes
We implemented our protot ype in a compiled lan-

guage,Ada 95. We represented constraint bounds and
coe�cien ts using 64 bit integers. We useda sparsevec-
tor representation that only storesnon-zerocoe�cien ts.
Polyhedrawererepresented asdoubly linkedlists of con-
straints. The set of reached regionswasstored by hash-
ing the discretesystemstate, then storing a list of poly-
hedra for each discrete systemstate.

Our primal/dual Simplex algorithm useddouble pre-
cision 
oating point and a sparsematrix representation.
The Simplex algorithm is used only as a decision pro-
cedure, it does not compute any values that appear in
any polyhedra. Nevertheless,this is a notable theoret-
ical shortcoming in our protot ype, which would ideally
use rational arithmetic for the Simplex procedure. In

this application large numbers of polyhedra have de-
generatevertices, and our experiencesuggeststhat the
Simplex implementation must include methods to deal
with degeneracy[9, 17].

E�cien t and robust computation of greatestcommon
divisors (GCDs) during polyhedra reduction proved in-
teresting and important enough to merit some com-
ment. If two numbers are represented as products
of their prime factors X = 2x 1 3x 2 5x 3 ::: and Y =
2y1 3y2 5y3 ::: then the exponents in the prime factoriza-
tion of their GCD is the min of the exponents of the
two values[11],

GCD(X ; Y) = 2min (x 1 ;y 1 ) 3min (x 2 ;y 2 ) 5min (x 3 ;y 3 ) :::

When computing the prime factorization of Y for the
purposeof obtaining a GCD, it is only necessaryto de-
termine the exponents out to the last non-zeroexponent
of X , e.g. when computing GCD(12; Y) it is only nec-
essaryto compute the prime factors y1 and y2. This is
becauseall the remaining prime factor exponents for 12
are 0, and min(0; yk ) = 0 for any yk . When comput-
ing the GCD of all numbers appearing in a constraint
we �rst sort those numbers in ascendingorder, which
greatly reducesthe needto determine the exponents of
the larger prime factors of the larger numbers. However,
we still encounter constraints having very large and rel-
atively prime values,too large to be factored using any
reasonablysizedtable of prime numbers. In this casewe
apply Euclid's algorithm to adjacent pairs of numbersin
the sorted list in a way that reducesthe length by half,
e.g.GCD(X 1; X 2); GCD(X 3; X 4); :::. This increasesthe
likelihood the two numbers submitted to Euclid's algo-
rithm have about the samemagnitude. This halved list
of sorted numbers is then processedrecursively.

A new polyhedron is added to the list of regions for
a discrete state only when it is not contained in an
existing region. However, the new polyhedron might
contain a previously visited polyhedron. We check for
this condition for all polyhedra that are still on the to-
be-examined list and remove any polyhedra that are
contained in the newly added one. We accessthe to-
be-examined list in �rst-in-�rst-out order (depth-�rst
search), which seemsto result in a slightly higher per-
centage of to-be-examined polyhedra being removed
than when using a �rst-in-�rst-out order (breadth-�rst
search).

6 Benchmark Results
To exerciseour protot ype we randomly generateda

seriesof 100 linear hybrid automata models for tradi-
tional uniprocessorworkloads consisting of repetitiv ely
dispatched noninteracting harmonic tasks. Each task
had minimum and maximum period and compute time
valueswhosemagnitudes re
ected a reasonablelevel of



real-world precision (e.g. period of 400 with a compute
time range of [61, 73]). Aperiodic tasks were distin-
guishedfrom periodic tasksby having unequalminimum
and maximum periods. Although schedulability in this
caseis known to be a function of the maximum compute
time only, we generatedboth minimum and maximum
compute times becausethis is signi�cant in distributed
systemsand veri�cation problems, and this a�ects the
set of reachable regions. Taskswere scheduled using a
deadlinemonotonic preemptive �xed priorit y discipline.

We wrote a translator to the input speci�cation lan-
guagefor HyTech, a linear hybrid automata reachabilit y
tool[2, 15]. Each task had four discrete states: com-
puting, waiting, preempted, and rescheduling. In addi-
tion to the timer and accumulated compute time vari-
ablesfor each task, weintroduceda singleinteger-valued
queuevariable whosenth bit is set when the nth task is
enqueued. Using this queue variable and a reschedule
synchronization event, we were able to specify preemp-
tiv e �xed priorit y scheduling in a compositional model
of the system. Models were analyzedusing the -o2 op-
tion to reducethe incidenceof numeric over
o w.

With reasonable practical restrictions, continuous
time hybrid automata models of fairly complex real-
time scheduling and allocation problemscan be reduced
to equivalent and decideablediscrete time models[23].
We also wrote a translator to the input speci�cation
languagefor Verus, a discrete timed automata reacha-
bilit y tool[7]. Scheduling was performed by introduc-
ing an additional task for this purpose,as described in
the literature and in examplesthat comewith the tool.
We extended the default number of bits to 20, with a
corresponding increasein the number of boolean state
variables. We were unable to use the -r option to au-
tomatically reorder variables, which is cited as being
almost essential to achieve good performance. The rea-
son is that this option is normally used as models are
developed and grow incrementally , our initial experi-
mentation suggeststhat the time required to do this
from scratch for a full-blown model greatly exceedsthe
time required to analyze the model without automatic
variable reordering.

We generatedtwo variants of this set of models. One
set included both feasibleand infeasible problems. We
used this set to check that all these tools, plus a tra-
ditional exact characterization schedulability analysis
algorith[22], agreed. We generatedanother set that in-
cluded only feasibleproblems. This set forced all tools
to explore the entire reachable region space and was
usedfor benchmarking purposes.

The abilit y of thesetools to solve the generatedfeasi-
ble modelsis summarizedin Figure 4. This �gure shows
the percentage of models that weresolved asa function
of the number of tasks. We imposeda time limit of 1

hour and a memory limit of 300 megabytes all tools.
Tool failures also occurred due to numeric over
o w and
other problems.

Figure 5 shows the solution times in secondsas a
function of the number of tasks for those models that
were solved by all of the tools at each plotted point,
using a logarithmic scale. That is, the �gure does not
include solution times for models that were solved by
our protot ype but not by HyTech. We include both
individual problem solution times and a line showing
the average solution times. The solution times for a
�xed number of tasks (a �xed number of variables and
reachable discrete states) vary signi�cantly becausethe
number of regions can vary signi�cantly due to even
small changesin the valuesof numeric parameterssuch
as task periods.

We do not believe our results are su�cien t to con-
cludethere is any inherent superiorit y of continuousover
discrete time models. BDD techniques are sensitive to
variable ordering, and there may be a predictable vari-
able ordering for problems of this particular type that
yields signi�cantly better performance. There are gen-
eralizations of BDD, such asIDD, that may have better
performance[21].

It is di�cult to do a direct comparisonbetween the
methods we employ and thosefound in HyTech because
there is no one single di�erence.

Our polyhedra operations are restricted to constant
�xed rates. HyTech allows rate rangesto be speci�ed
and supports parametric analysis.

On this particular set of benchmarks, our protot ype
used less memory and was more numerically robust.
However, these symptoms may not be due to funda-
mental di�erences, they might both be local and easily
�xed artifacts of the current HyTech implementation.
Improved numeric robustnessmight also be due to our
useof a 
oating point Simplex implementation, a theo-
retically questionableaspect of our current protot ype.

HyTech �rst enumeratesthe reachable discrete state
spacethen enumeratesthe polyhedra. We do on-the-
y
reachabilit y, which may suppressenumeration of some
discrete system states for someproblems becauseedge
guards may prevent transitions that would otherwise
occur in the purely discrete model. However, in our set
of benchmarks all of the discrete states were reached
anyway.

By making scheduling a part of the model semantics
rather than a part of the model itself, we reduced the
size of the discrete state spacefrom 3t to 2t where t
is the number of tasks.1 We cannot say with certainty

1Although each task in the HyT ech model had four discrete
states, transitions to rescheduling states were forced to be simul-
taneous in many cases,and the size of the reachable discrete state
space was only 3t instead of 4t .
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how much of the performance improvement might be
due to our di�eren t polyhedra operations versus the
incorporation of scheduling semantics into the model.
Figure 6 shows a plot of solution time versusnumber of
reachable discrete system states rather than number of
tasks, which seemsto suggestthe two di�eren t sets of
polyhedra operations are about equally e�cien t. How-
ever, our protot ype may be operating on more complex
polyhedra, since information encoded in discrete states
in HyTech must now be encoded in the polyhedra in
our protot ype. Also, with fewer discrete states, the set
of polyhedra that must be checked for containment for
each discrete state is larger for our protot ype (the loop
that searchesfor containing polyhedraaccounts for most
of the execution time). It may or may not be the case
that some of HyTech's numeric problems occur when
attempting to operate on polyhedra that are di�cult
for those algorithms in somefundamental way.

Classical uniprocessorschedulability analysis meth-
ods rely on the fact that analysis can be performed
using only minimum periods and maximum compute
times[19]. We simpli�ed our models in this way. In

our models there were frequently caseswhere periodic
tasks were simultaneously dispatched. We added a test
for these casesand performed such transitions concur-
rently, which is a partial order reduction method. Fig-
ure 7 compares the average solution times with and
without these methods using a logarithmic scale. All
solved problems were shown for all tools and methods
at each point for which more than 75% of the problems
were solved. The partial order method alone is actu-
ally slower than the unoptimized version for the task
setsthat could be analyzedin lessthan 1 hour, presum-
ably becausethe time required to operate on polyhe-
dra and the number of regions dominated the growth
in the number of discrete system states to the extent
that the additional testing required for simultaneous
transitions (which requires among other things extra
feasibility tests) is not worth the reduction in discrete
state spacesize. As the �gure suggests,partial order
reduction did result in a somewhat higher percentage
of problems being solved within one hour. The use of
worst casevalues is signi�cantly bene�cial, this signi�-
cantly reducesthe number of enumeratedregions. What



this �gure does not show is that this also signi�cantly
reducesthe variabilit y in number of regions and solu-
tion times. The �gure shows that the two optimization
methods are complementary and synergistic.

Figure 8 shows the averageand maximum number of
constraints required to represent polyhedraasa function
of the number of tasks in a model. These experiments
suggestthat in practice the sizeof constraint setsgrows
roughly linearly with the sizeof models of this type.

7 Remarks
Our protot ype tool and benchmarking exercisesused

only forward reachabilit y analysis. It should be possible
to perform a backward reachabilit y analysis by using
negated rates in the time successoroperation, which
would essentially run time backwards to obtain the time
predecessorof a polyhedra[2, 3].

We attempted to generateproblems that intuitiv ely
resembled real-world schedulability problems, but ran-
domly generatedproblemsmay not bere
ectiv eof prob-
lems that would be encountered in practice. Moreover,
the models we generated were precisely what would
not be analyzed using linear hybrid automata tech-
niques, since these models were amenable to analysis
using traditional methods. Experience is neededwith
models that include features such as distributed exe-
cution, remote procedure calls, rendezvous, etc., the
kinds of models for which we intended this analysis
technique. Our preliminary experiencewith somesim-
ple distributed scheduling problemsand with a software
veri�cation exercisesuggeststhat our method works as
well on these problems as on the uniprocessorbench-
marks discussedin this paper[24].

We observed an increasedabilit y to solve problems
when only maximum compute times and minimum pe-
riods were used,which classicalpreemptive �xed prior-
it y theory tells us is su�cien t for noninteracting tasks
on uniprocessors. It is known that this is not true in
certain multi-pro cessorsituations[10], and this is likely
inadviseablewhen applying these methods to veri�ca-
tion problems. It would be useful to identify more gen-
eral conditions under which selectedintervals in a model
could be replacedby a scalar, or be expandedto a con-
taining interval, in a way that signi�cantly reducesthe
number of regions.

We addedscheduling semantics to a linear hybrid au-
tomata model rather than explicitly modeling schedul-
ing behavior using standard hybrid automata. The ba-
sic idea, which is to determine the variable rates (or
edgeguards or assignments) using a computable func-
tion of the composedsystemdiscretestates rather than
a simple union of rates (or edgeguardsor assignments)
speci�ed in separateautomata, might be applicable in
other problem domains.

Our results suggestthat the computational complex-
it y of performing a reachabilit y analysis doesnot lie in
the complexity of the individual polyhedra operations
but in the possiblecombinatorial explosionin the num-
ber of reachable regions,at least in practice in the prob-
lem domain we studied. Our work illustrates how the
incorporation of domain semantics into the model and
the use of a partial order reduction method can be ef-
fective in reducing the growth in the sizeof the discrete
state space.An on-the-
y method might reducethe dis-
crete state spacesizein someproblem domains,but not
in the onewestudied. Several other researchershaveex-
plored methods that automatically approximate setsof
polyhedra using a containing polyhedron to reducethe
growth in the region spacesize[12, 16, 13], although we
found during somepreliminary experiments with some
simple methods that it was di�cult to simultaneously
achieveacceptableaccuracyand signi�cant performance
improvements. Our work illustrates another approach,
conservative modi�cations to model parametersto bet-
ter condition a model, that also holds somepromise.
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