NonEquilibrium Thermodynamics
of Flowing Systems: 2

Antony N. Beris

;@ , University of Delaware
1/ Chemical Engineering
Schedule: (all lectures at 409 Lind Hall)

1. 1/11/05,10:10 am  Introduction. One mode viscoelasticity.
2. 1/14/05,11:15am  Coupled transport: Two-fluid model.

3. 1/21/05, 11:15am  Modeling under constraints:Liquid crystals®.
4. 1/28/05,11:1Sam  Non-homogeneous systems: Surface effects.

*Following the development in “Beris and Edwards”, 1994, Chapter 11



Hamiltonian functional formalism™® @;

*Beris and Edwards, Thermodynamics of Flowing Systems, Oxford UP, 1994

« For any arbitrary functional F, its time evolution
can be described as the sum of two contributions:

— a reversible one, represented by a Poisson bracket:
* {F.H}
— an irreversible one, represented by a dissipative
bracket:
* [F.H]
* The final dynamic equations are recovered
through a direct comparison with the expression
derived by differentiation by parts:

d%z ={F,H}+[F,H]= 15%X'dxdth



Dissipation Structure )

« Defined for two arbitrary functionals F, G as the
bilinear functional [F,G]:

[F,G) EI§—FM5—GdQ
OX OX

* such that the matrix operator M, in the limit of
small departures from equilibrium:

— IS symmetric or antisymmetric with respect to an
interchange of /, j depending on whether the
corresponding X;, X; components have the same or
different parities upon time reversal (Generalized
Onsager-Casimir relations of Linear Irreversible

Thermodynamics)



Advantages of Hamiltonian
Formalism (Review)

* It only requires knowledge of the following:

A set of macroscopic variables, taken uniformly as volume
densities. The include, in addition to the equilibrium
thermodynamic ones (the component mass density, p,, for
every component i, the entropy density s), the momentum
density, pv, and any additional structural parameter, again
expressed as a density

The total energy of the system or any suitable Lagrange
transform of it, typically the total Helmholtz free energy,
expressed as a functional of all other densities with the
temperature substituting for the entropy density

The Poisson bracket, {F,H}
The dissipation bracket, [F,H]



The Dynamical Theory of Liquid
Crystals

« Several levels of description:

— Depending on the structural variable(s) used:
 Director description, n (unit vector)
» Director-scalar order parameter description, n, s
» Tensor order parameter description, m (unit trace)
— Depending on whether or not inertial components are kept in
the structural evolution equations:

* Inertial formulations (where both ¢ and ¢ are considered as
variables, c representing any structural parameter)

* Inertialess formulations
* Interconnectivity between various formulations:

— Complexity increases as the number of structural variables
increase (but also the capability of representing more states!)

— Inertial formulations useful to deduce the form of dissipation in
iInertialess models



Hamiltonian/dissipation structure in
the presence of constraints

O

 Itis very important to take into account the constraints of the
structural variables

* Director n: unit vector, n-n = 1

— Variations constrained to be perpendicular to the director: An -n=0

» This affects the definition of the Volterra derivatives of a functional F with
respect to n, (8F/dn)., since those also need to be in the same subspace as
An: Thisis defined from the unconstrained functional 6F/6n by taklng
its projection to the normal to n space : (0F/0n), = (6F/6n 8F/6n

* |t also affects (potentially) the structure of the brackets. FormaIIy those
can be constructed from the equivalent brackets obtained in the absence of
constraints through the following substitution:

OoF 1 OoF (5F j OoF
—> — ‘nn|=—
op (p-p) on \ on on

This is obtained by exploring the relationship between dn/dt and dp/dt when n is
formally obtained from the unconstrained (still considered unit) variable p as:

dn
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Hamiltonian/dissipation structure in
the presence of constraints (2

O

* Order parameter tensor m:
» Symmetric and of unit trace matrix, m gz =mg, ; tr(m) = 1

— Variations constrained to be symmetric and traceless: tr(Am) =0

» This affects the definition of the Volterra derivatives of a functional F with
respect to m, (0F/dm),, since those also need to be in the same subspace
as Am: This is defined from the unconstrained functional (dF/dm), by
taking its projection to a symmetric and traceless space:

(BF/5m), = Y4( (5F/5m), + (8F/5m),T) - 1/3(tr ( (5F/5m), ))3 .

* |t also affects (potentially) the structure of the brackets. Formally, those
can be constructed from the equivalent brackets obtained in the absence of
constraints through the following substitution:

OF 1 (OF (5}7 j OF (5F j
— — ‘'mi|d|=——| —:m |0
oc tr(e)\ oc oc oc oc

This is obtained by exploring the relationship between dm/dt and dc/dt when mis
formally obtained from the unconstrained variable ¢ (still considered of unit trace) as:

c dm 1 (dc (a’c j
= ;= :m |0
tr(c) dt tr(c) dt \ dt




Inertial Director Theory: Variables @

 For an incompressible, system we have
— Vv, the velocity
— s, the entropy density (alternatively, T, temperature)
— n, the director (constrained to be a unit vector field)
— w, the momentum of the director (w = o dn/dt)



Inertial Director Theory: Hamiltonian €9

* The Hamiltonian (extended Helmholtz free energy
of the system) is assumed to have the form:

A:JV<%pv2 + Yoo W+ W +y)dV

where W is the elastic (Oseen/Frank) distortion free energy density :
W = 4 (k, (divn)’ + k,,(n-curln)’ + k,,((n- V)n)*)
and y the effects of an external field. For example, for magnetically susceptible material

it is given as: ,
W= _%((ZH - Zi)(n°H) + Z¢H°H)

where ¥, and X| are the magnetic susceptibilities perpendicular and parallel to n



Inertial Director Theory : O
Reversible equations N

* For an isothermal system, we get the standard reversible
dynamics for a Hamiltonian system endowed with a vector
structural parameter and its (material) time derivative:

D ow
p—vazFa—p,a—[a nﬂ,aj
Y

where bt n’B’y
Fa — (I)ﬂVaHﬂ and (Da — (Z” —;(L)n-Hna +ZJ_H05
2, = (w, = wynn, )
Dt © o\« Fre
D oH
— W = —

Dt Sn



Inertial Director Theory : ()
Dissipation Bracket -

[F.G]=~[0,, (Va 5—FJ(V 5—G] do

ov, J\ T ov,
Upper convected > +J'a2 ;—F—nﬂvﬂ 55F ;G v, 55(} 10
Lower convected > _ja oF a v oF || oG nV oG 10
ow, 7 ov, )\ow, 7 “ov,
where
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Inertial Director Theory :

Final equations

2v =F —p_ - wW n + ¢
IODt o o p,a @nﬂ]/ p.o ay.y
’ 4

where t,, is exactly the Leslie/Ericksen stress

D 1
tha = —(wa — wﬁnﬁna)

a

I]))t W= gf +a, (%Wa — nyvyva)— a, (%wa + nyvavy)



Inertialess Director Theory: ()
Variables -

 For an incompressible, system we have
— Vv, the velocity
— s, the entropy density (alternatively, T, temperature)
— n, the director (constrained to be a unit vector field)



Inertialess Director Theory:
Hamiltonian

* The Hamiltonian (extended Helmholtz free energy
of the system) is assumed to have the form:

A:jv(%pv2+W+z//)dV

where W is the elastic (Oseen/Frank) distortion free energy density :
W = 4 (k, (divn)’ + k,(n-curln)’ + k,,((n- V)n)*)
and y the effects of an external field. For example, for magnetically susceptible material

it is given as:
V= _%((Z” — Zj_)n -H+ ZLH'H)

where ¥, and X| are the magnetic susceptibilities perpendicular and parallel to n



Inertialess Director Theory : O
Reversible equations N

* For an isothermal system, we get the standard reversible
dynamics for a Hamiltonian system endowed with a vector
structural parameter:

D ow
p—v =F — Do~ o | +1,,,
Y

where Dt an’g’y
F,=®0,V H, ad @, =(y-x)nHn +yH,
_SH
" S,

D
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Inertialess Director Theory :
Dissipation Bracket

oF oG
FaG = - V — VvV, — dQ
[ ] J.Qaﬂ]/é‘ aé‘vﬂji 7/5]}8)

OF oG
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where
O, = Binungn n + % B, (8,6, +5,0,)
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Inertialess Director Theory : ()
4
Final equations

2v =F —p - wW n, -+t
th o o p,a @nﬂ]/ p.a ay.y
’ 4

where t, is exactly the Leslie/Ericksen stress for suitably selected parameters

%n _(1"':85)( gV gV =N MgV gV 7) '85( sV aVp n“nynﬂvyvﬂ) L

OH
on
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Inertial Tensor Theory: Variables )

 For an incompressible, system we have
— Vv, the velocity
— s, the entropy density (alternatively, T, temperature)

— m, the tensor order parameter (constrained to be of
unit trace), m = <nn>

— w, the momentum of the tensor order parameter
(w = o dm/dt)



Inertial Tensor Theory: Hamiltonian @

* The Hamiltonian (extended Helmholtz free energy
of the system) is assumed to have the form:

Azjv(%pvz + 4w +W+w+ab)dV

where W, the elastic (Oseen/Frank) distortion free energy density, is written in
terms of gradients of m, for example:

W =Y (b(Vm)’ +b,(V-m)*)

w represents an external field. For example, for magnetically susceptible material it is
given as:

W= _%((Z” _ZL)HH : m"—ZLH'H)

where ¥, and X| are the magnetic susceptibilities perpendicular and parallel to n

Finally, a, represents the bulk free energy that can be represented through a
phenomenological Landau/de Gennes expansion of S = m — 1/3 (trm)d



Inertial Tensor Theory : Reversible )
equations

* For an isothermal system, we get the standard reversible
dynamics for a Hamiltonian system endowed with a tensor
structural parameter and its (material) time derivative:

Dv =F — — oW m
'ODt @« Pa Gmﬁ pea
V4

14

where

F,=0,V H, aa P, =(—xImyHy+yH,

Etmaﬂ = _(Waﬁ - W7ﬁmaﬂ)



Inertial Tensor Theory : Dissipation@,,

Bracket
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Inertial Tensor Theory : Final

equations
D ow
—v =F —p - +T
P Dt Va a« Pa ( amﬂg,y mﬂe,a) y Pa.p
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Inertialess Tensor Theory: ()
Variables -

 For an incompressible, system we have
— Vv, the velocity
— s, the entropy density (alternatively, T, temperature)

— m, the tensor order parameter (constrained to be of
unit trace), m = <nn>



Inertialess Tensor Theory:
Hamiltonian

* The Hamiltonian (extended Helmholtz free energy
of the system) is assumed to have the form:

A:IV(%pv2+W+w+ab)dV

where W, the elastic (Oseen/Frank) distortion free energy density, is written in
terms of gradients of m, for example:

W =Y (b(Vm)’ +b,(V-m)*)

w represents an external field. For example, for magnetically susceptible material it is
given as:

W= _%((Z” _ZL)HH : m"—ZLH'H)

where ¥, and X| are the magnetic susceptibilities perpendicular and parallel to n

Finally, a, represents the bulk free energy that can be represented through a
phenomenological Landau/de Gennes expansion of S = m — 1/3 (trm)d



Inertialess Tensor Theory : )
Reversible equations N

* For an isothermal system, we get the standard reversible
dynamics for a Hamiltonian system endowed with a
tensor, constrained, structural parameter:

D ow
—v,=F, —-p, - m +T7
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Inertialess Tensor Theory : @
Dissipation Bracket

oF oG oF oG
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Inertialess Tensor Theory : Final @

equations
D ow
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Conclusions

* The most important benefit: To be able to draw
comparisons between different levels of
descriptions and in this way “fill up the blanks” .

* Most important example: The demonstration of
the possibility of a generalized convected
derivative for m

— Direct comparison between the inertialess and the
inertial formalisms gives:

g (20(;”)

8 o m m
(a7 —at')
— Even in the dissipationless limit, this parameter (being
undetermined) can still be non-zero!
— This is a crucial parameter as it regulates tumbling



