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Antony N. Beris

Schedule: (all lectures at 409 Lind Hall)

1. 1/11/05, 10:10 am       Introduction.  One mode viscoelasticity.
2. 1/14/05, 11:15 am Coupled transport: Two-fluid model.
3. 1/21/05, 11:15 am Modeling under constraints:Liquid crystals*.
4. 1/28/05, 11:15 am Non-homogeneous systems: Surface effects.

*Following the development in “Beris and Edwards”, 1994, Chapter 11



Hamiltonian functional formalism*

• For any arbitrary functional F, its time evolution 
can be described as the sum of two contributions:
– a reversible one, represented by a Poisson bracket:

• {F,H}

– an irreversible one, represented by a dissipative 
bracket:

• [F,H]

• The final dynamic equations are recovered 
through a direct comparison with the expression 
derived by differentiation by parts:

{ , } [ , ]dF F dF H F H dVdt dt
δ

δ= + = ⋅∫ x
x

*Beris and Edwards, Thermodynamics of Flowing Systems, Oxford UP, 1994



Dissipation Structure
• Defined for two arbitrary functionals F, G as the 

bilinear functional [F,G]:

• such that the matrix operator Mij, in the limit of 
small departures from equilibrium:
– is symmetric or antisymmetric with respect to an 

interchange of i, j depending on whether the 
corresponding xi, xj components have the same or 
different parities upon time reversal (Generalized 
Onsager-Casimir relations of Linear Irreversible 
Thermodynamics)

[ , ] F GF G M dδ δ
δ δ

≡ Ω∫ x x



Advantages of Hamiltonian 
Formalism (Review)

• It only requires knowledge of the following:
– A set of macroscopic variables, taken uniformly as volume 

densities.  The include, in addition to the equilibrium 
thermodynamic ones (the component mass density, ρi, for 
every component i, the entropy density s), the momentum 
density, ρv, and any additional structural parameter, again 
expressed as a density

– The total energy of the system or any suitable Lagrange 
transform of it, typically the total Helmholtz free energy, 
expressed as a functional of all other densities with the 
temperature substituting for the entropy density

– The Poisson bracket, {F,H}
– The dissipation bracket, [F,H]



The Dynamical Theory of Liquid 
Crystals

• Several levels of description:
– Depending on the structural variable(s) used:

• Director description, n (unit vector)
• Director-scalar order parameter description, n, s
• Tensor order parameter description, m (unit trace)

– Depending on whether or not inertial components are kept in 
the structural evolution equations:

• Inertial formulations (where both c and ċ are considered as 
variables, c representing any structural parameter)

• Inertialess formulations
• Interconnectivity between various formulations:

– Complexity increases as the number of structural variables 
increase (but also the capability of representing more states!)

– Inertial formulations useful to deduce the form of dissipation in 
inertialess models



Hamiltonian/dissipation structure in 
the presence of constraints 

• It is very important to take into account the constraints of the 
structural variables

• Director n: unit vector, nּn = 1
– Variations constrained to be perpendicular to the director:  ∆ n ּn = 0

• This affects the definition of the Volterra derivatives of a functional F with 
respect to n, (δF/δn)c, since those also need to be in the same subspace as 
∆ n : This is defined from the unconstrained functional (δF/δn)u by taking 
its projection to the normal to n space : (δF/δn)c = (δF/δn)u – ((δF/δn)u ּn)n

• It also affects (potentially) the structure of the brackets.  Formally, those 
can be constructed from the equivalent brackets obtained in the absence of 
constraints through the following substitution:

( )
1F F F Fδ δ δ δ

δ δ δ δ
  → − ⋅ =   ⋅  

n n
p n n np p

This is obtained by exploring the relationship between dn/dt and dp/dt when n is 
formally obtained from the unconstrained (still considered unit) variable p as:

( ) ( )
1; d d d

dt dt dt
  = ⇒ = − ⋅   ⋅ ⋅  

p n p pn n n
p p p p



Hamiltonian/dissipation structure in 
the presence of constraints (2)

• Order parameter tensor m: 
• Symmetric and of unit trace matrix, mαβ =mβα ; tr(m) = 1

– Variations constrained to be symmetric and traceless: tr(∆m) = 0
• This affects the definition of the Volterra derivatives of a functional F with 

respect to m, (δF/δm)c, since those also need to be in the same subspace 
as ∆ m : This is defined from the unconstrained functional (δF/δm)u by 
taking its projection to a symmetric and traceless space:

(δF/δm)c = ½( (δF/δm)u + (δF/δm)u
T) - 1/3(tr ( (δF/δm)u ))δ .

• It also affects (potentially) the structure of the brackets.  Formally, those 
can be constructed from the equivalent brackets obtained in the absence of 
constraints through the following substitution:

1 : :
tr( )

F F F F Fδ δ δ δ δ
δ δ δ δ δ

    → − = −        
m δ m δ

c c c c c c
This is obtained by exploring the relationship between dm/dt and dc/dt when m is 
formally obtained from the unconstrained variable c (still considered of unit trace) as:

1; :
tr( ) tr( )

d d d
dt dt dt

  = ⇒ = −     

c m c cm m δ
c c



Inertial Director Theory: Variables

• For an incompressible, system we have
– v, the velocity
– s, the entropy density (alternatively, T, temperature)
– n, the director (constrained to be a unit vector field)
– w, the momentum of the director (w = σ dn/dt)



Inertial Director Theory: Hamiltonian

• The Hamiltonian (extended Helmholtz free energy 
of the system) is assumed to have the form:

( )2 21 1
2 2V

dVA v w Wσρ ψ= + + +∫
where W is the elastic (Oseen/Frank) distortion free energy density :

( )( )21
2 ( )ψ χ χ χ⊥ ⊥= − − ⋅ + ⋅n H H H

where χ┴ and χ║ are the magnetic susceptibilities perpendicular and parallel to n

and ψ the effects of an external field.  For example, for magnetically susceptible material 
it is given as:

2 2 21
2 11 22 33( (div ) ( curl ) (( ) ) )W k k k= + ⋅ + ⋅∇n n n n n



Inertial Director Theory :  
Reversible equations

• For an isothermal system, we get the standard reversible 
dynamics for a Hamiltonian system endowed with a vector 
structural parameter and its (material) time derivative:

( )D 1
Dt
n w w n nα α β β ασ

= −

D
Dt

Hδ
δ

= −w
n

, ,
, ,

D
Dt

Wv F p n
nα α α β α
β γ γ

ρ
 ∂

= − −   ∂ 

F Hα β α β= Φ ∇ ( ) n Hα α αχ χ χ⊥ ⊥Φ = − ⋅ +n H
where

and



Inertial Director Theory : 
Dissipation Bracket

2

3

[ , ] F GF G Q d
v v

F F G Gn n d
w v w v

F F G Gn n d
w v w v

αβγε α γ
β ε

β β γ γ
α α α α

β α γ α
α β α γ

δ δ
δ δ

δ δ δ δα
δ δ δ δ

δ δ δ δα
δ δ δ δ

  
≡ − ∇ ∇ Ω     

  
+ − ∇ − ∇ Ω  

  
  

− + ∇ + ∇ Ω    
  

∫

∫

∫

( )
( ) ( )
( ) ( )

1
21 4

1
2 2 5

1
2 6 3

Q n n n n

n n n n

n n n n

αβγε α β γ ε αγ βε βγ αε

βε α γ βγ α ε

αε β γ αγ β ε

α α δ δ δ δ

α α δ δ

α α δ δ

= + +

+ + +

+ − +

where

Upper convected

Lower convected



Inertial Director Theory :      
Final equations

( ) ( )2 3
D 1 1
Dt

Hw w n v w n v
nα α γ γ α α γ α γ
α

δ α ασ σδ
= − + − ∇ − + ∇

, , ,
, ,

D
Dt

Wv F p n t
nα α α β α αγ γ
β γ γ

ρ
 ∂

= − − +  ∂ 

where tαγ is exactly the Leslie/Ericksen stress

( )D 1
Dt
n w w n nα α β β ασ

= −



Inertialess Director Theory: 
Variables

• For an incompressible, system we have
– v, the velocity
– s, the entropy density (alternatively, T, temperature)
– n, the director (constrained to be a unit vector field)



Inertialess Director Theory: 
Hamiltonian

• The Hamiltonian (extended Helmholtz free energy 
of the system) is assumed to have the form:

( )21
2V

dVA v Wρ ψ= + +∫
where W is the elastic (Oseen/Frank) distortion free energy density :

( )1
2 ( )ψ χ χ χ⊥ ⊥= − − ⋅ + ⋅n H H H

where χ┴ and χ║ are the magnetic susceptibilities perpendicular and parallel to n

and ψ the effects of an external field.  For example, for magnetically susceptible material 
it is given as:

2 2 21
2 11 22 33( (div ) ( curl ) (( ) ) )W k k k= + ⋅ + ⋅∇n n n n n



Inertialess Director Theory :  
Reversible equations

• For an isothermal system, we get the standard reversible 
dynamics for a Hamiltonian system endowed with a vector 
structural parameter:

D 0
Dt
n n v n n n vα β β α α γ β β γ− ∇ + ∇ =

Ht n
nαγ γ
α

δ
δ

=

, , ,
, ,

D
Dt

Wv F p n t
nα α α β α αγ γ
β γ γ

ρ
 ∂

= − − +  ∂ 

F Hα β α β= Φ ∇ ( ) n Hα α αχ χ χ⊥ ⊥Φ = − ⋅ +n H
where

and



Inertialess Director Theory : 
Dissipation Bracket

[ , ] F GF G Q d
v v

F GP n n d
n n

F G G FL n n d
v n v n

αβγε α γ
β ε

αβγε β ε
α γ

αβγε α γ α γ
β ε β ε

δ δ
δ δ

δ δ
δ δ

δ δ δ δ
δ δ δ δ

  
≡ − ∇ ∇ Ω     

  
− Ω     

 
− ∇ −∇ Ω  

 

∫

∫

∫

( )
( )

( )
( )

1
21 2

1
2 3

4

5

Q n n n n

n n n n n n n n

P

L

αβγε α β γ ε αγ βε βγ αε

βε α γ βγ α ε αε β γ αγ β ε

αβγε αγ βε βγ αε

αβγε αγ βε βγ αε

β β δ δ δ δ

β δ δ δ δ

β δ δ δ δ

β δ δ δ δ

= + +

+ + + +

= +

= +

where



Inertialess Director Theory :      
Final equations

, , ,
, ,

D
Dt

Wv F p n t
nα α α β α αγ γ
β γ γ

ρ
 ∂

= − − +  ∂ 

where tαγ is exactly the Leslie/Ericksen stress for suitably selected parameters

( ) ( )5 5 4
D (1 )
Dt

Hn n v n n n v n v n n n v
nα β β α α γ β β γ β α β α γ β γ β
α

δβ β β
δ

− + ∇ − ∇ − ∇ − ∇ = −



Inertial Tensor Theory: Variables

• For an incompressible, system we have
– v, the velocity
– s, the entropy density (alternatively, T, temperature)
– m, the tensor order parameter (constrained to be of 

unit trace), m = <nn>
– w, the momentum of the tensor order parameter   

(w = σ dm/dt)



Inertial Tensor Theory: Hamiltonian

• The Hamiltonian (extended Helmholtz free energy 
of the system) is assumed to have the form:

( )2 21 1
2 2V

dVbA v w W aσρ ψ= + + + +∫
where W, the elastic (Oseen/Frank) distortion free energy density, is written in 
terms of gradients of m, for example:

( )1
2 ( ) :ψ χ χ χ⊥ ⊥= − − + ⋅HH m H H

where χ┴ and χ║ are the magnetic susceptibilities perpendicular and parallel to n

ψ represents an external field.  For example, for magnetically susceptible material it is 
given as:

2 21
2 1 2( ( ) ( ) )W b b= ∇ + ∇ ⋅m m

Finally, ab represents the bulk free energy that can be represented through a 
phenomenological Landau/de Gennes expansion of S = m – 1/3 (trm)δ



Inertial Tensor Theory :  Reversible 
equations

• For an isothermal system, we get the standard reversible 
dynamics for a Hamiltonian system endowed with a tensor 
structural parameter and its (material) time derivative:

( )D 1
Dt
m w w mαβ αβ γβ αβσ

= −

D :
Dt

H Hδ δ
δ δ

 = − +  
 

w m δ
m m

, ,
, ,

D
Dt

Wv F p m
mα α α βε α

βε γ γ

ρ
 ∂

= − −   ∂ 

F Hα β α β= Φ ∇ ( )m H Hα βα β αχ χ χ⊥ ⊥Φ = − +
where

and



Inertial Tensor Theory : Dissipation 
Bracket

2

3

[ , ]

m

m

F GF G R d
v v

F F F G G Gm m m m d
w v v w v v

F F F G G Gm m m m d
w v v w v v

αβγε α γ
β ε

αγ γ βγ γ αγ γ βγ γ
αβ β α αβ β α

αγ β βγ α αγ β βγ α
αβ γ γ αβ γ γ

δ δ
δ δ

δ δ δ δ δ δα
δ δ δ δ δ δ

δ δ δ δ δ δα
δ δ δ δ δ δ

  
≡ − ∇ ∇ Ω     

  
+ − ∇ − ∇ − ∇ − ∇ Ω    

  
  

− + ∇ + ∇ + ∇ + ∇    
  

∫

∫

∫ Ω

( ) ( )
( )( )
( ) ( )
( ) ( )
( ) ( )

1 1
2 21 4

1
2 5

1
2 6

1
2 7

1
2 8

m m

m

m

m

m

R m m m n

m m m m

m m m m m m m m

m m m m m m m m m m m m

m m m m m m m m

αβγε αγ βε αε βγ αγ βε βγ αε

αγ βε αε βγ βε αγ βγ αε

αζ ζγ βε αζ ζε βγ βζ ζε αγ βζ ζγ αε

αζ ζγ βε αζ ζε βγ βζ ζε αγ βζ ζγ αε

αζ ζγ βη ηε αζ ζε βη ηγ

α α δ δ δ δ

α δ δ δ δ

α δ δ δ δ

α

α

= + + +

+ + + +

+ + + +

+ + + +

+ +

where

Upper convected

Lower convected



Inertial Tensor Theory :  Final 
equations

( )D 1
Dt
m w w mαβ αβ γβ αβσ

= −

2 , ,

3 , ,

D 1:
Dt

1

m

m

H Hw a w m v m v
m

a w m v m v

αβ αβ αβ αγ β γ βγ α γ
αβ

αβ αγ γ β βγ γ α

δ δ δ
δ δ σ

σ

   = − + + − −   
   

 + + + 
 

m
m

, , ,
, ,

D
Dt

Wv F p m T
mα α α βε α βα β

βε γ γ

ρ
 ∂

= − − +  ∂ 

( ), , 2 , , 3 , ,
1 12 2m mT R v v a m w m v m v a m w m v m vαβ αβγε γ ε ε γ βγ αγ αε γ ε εγ α ε αγ βγ γε ε β βε ε γσ σ

   = + + − − + + +   
   

where



Inertialess Tensor Theory: 
Variables

• For an incompressible, system we have
– v, the velocity
– s, the entropy density (alternatively, T, temperature)
– m, the tensor order parameter (constrained to be of 

unit trace), m = <nn>



Inertialess Tensor Theory: 
Hamiltonian

• The Hamiltonian (extended Helmholtz free energy 
of the system) is assumed to have the form:

( )21
2V

dVbA v W aρ ψ= + + +∫
where W, the elastic (Oseen/Frank) distortion free energy density, is written in 
terms of gradients of m, for example:

( )1
2 ( ) :ψ χ χ χ⊥ ⊥= − − + ⋅HH m H H

where χ┴ and χ║ are the magnetic susceptibilities perpendicular and parallel to n

ψ represents an external field.  For example, for magnetically susceptible material it is 
given as:

2 21
2 1 2( ( ) ( ) )W b b= ∇ + ∇ ⋅m m

Finally, ab represents the bulk free energy that can be represented through a 
phenomenological Landau/de Gennes expansion of S = m – 1/3 (trm)δ



Inertialess Tensor Theory :  
Reversible equations

• For an isothermal system, we get the standard reversible 
dynamics for a Hamiltonian system endowed with a 
tensor, constrained, structural parameter:

( ), , ,
D 2 0
Dt
m m v m v m m vαβ αγ β γ βγ α γ αβ γε γ ε− + + =

, , ,
, ,

D
Dt

Wv F p m T
mα α α βε α βα β

βε γ γ

ρ
 ∂

= − − +  ∂ 

2 2H HT m m m
m mαβ βγ αβ γε

γα γε

δ δ
δ δ

= −

where



Inertialess Tensor Theory : 
Dissipation Bracket

[ , ] m m

m

m

F G F GF G R d P d
v v m m

F G G FL d
v m v m

F G G FL m d
v m v m

αβγε α γ αβγε
β ε αβ γε

αβγε α α
β γε β γε

ηζγγ αβ η η
ζ αβ ζ αβ

δ δ δ δ
δ δ δ δ

δ δ δ δ
δ δ δ δ

δ δ δ δ
δ δ δ δ

     
≡ − ∇ ∇ Ω− Ω              

 
− ∇ −∇ Ω  

 
 

− ∇ −∇ Ω  
 

∫ ∫
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1 1 1
2 2 21 4 2

1 1
2 23 6
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2 5
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m
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m m m m m m m m m m m m m m m m

m m m m m m m m m m m m

P

αβγε αγ βε αε βγ αγ βε βγ αε αγ βε αε βγ βε αγ βγ αε

αζ ζγ βε αζ ζε βγ βζ ζε αγ βζ ζγ αε αζ ζγ βη ηε αζ ζε βη ηγ

αζ ζγ βε αζ ζε βγ βζ ζε αγ βζ ζγ αε

α

β β δ δ δ δ β δ δ δ δ

β δ δ δ δ β

β

= + + + + + + +

+ + + + + +

+ + + +

( )
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1
2

7

1
2 8

1 6m
m

m m

m m

L m m m m

βγε αγ βε βγ αε αβ γε

αβγε αγ βε αε βγ βε αγ βγ αε

δ δ δ δ
β

β δ δ δ δ

= + +

= + + +

where



Inertialess Tensor Theory :  Final 
equations

( ) ( ) ( ) ( )8 8
, , , , 8

1
3

7

2D 2 1
Dt 2 2

1 3 ( )

m m
m

m

m m v m v m v m v m m v

H Hm m
m m

αβ αγ β γ βγ α γ αγ β γ βγ α γ αβ γε γε

γε αβ αβ
αβ γε

β β β

δ δ δ
β δ δ

+
− + − + + + =

 
− + −  

 

, , ,
, ,

D
Dt

Wv F p m T
mα α α βε α βα β

βε γ γ

ρ
 ∂

= − − +  ∂ 

( ) ( ) ( ) ( ), , 8 8 82 2m m m mH H HT R v v m m m m
m m mαβ αβγε γ ε ε γ βγ αγ αβ γε

γα γβ γε

δ δ δβ β β
δ δ δ

= + + + + − +

where



Conclusions
• The most important benefit:  To be able to draw 

comparisons between different levels of 
descriptions and in this way “fill up the blanks” .  

• Most important example: The demonstration of 
the possibility of a generalized convected
derivative for m
– Direct comparison between the inertialess and the 

inertial formalisms gives: 

– Even in the dissipationless limit, this parameter (being 
undetermined) can still be non-zero!  

– This is a crucial parameter as it regulates tumbling

( )
( )

3
8

2 3

2 m
m

m m

α
β

α α
=

−


