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Some Basics on Single Item Lot-Sizing: The Problem

min ., (pyx: + hyse + fiye)
St—1+ Xt =dy + s V1
zry < Cryr V' T
st,xy > 0,y € {0,1} V ¢.

Classification of Capacity: CAP = {CC,U,C}
Easy for Constant Capacity C'C' or Uncapacitated U using DP
Hard for Varying Capacities C': Reduction from 0-1 Knapsack
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Some Basics on Single Item Lot-Sizing: Normalized Costs

Using s;—1 4+ x: = d:+ s, the objective function can be rewritten either (after elimination
of s¢) as

min Z (prx: + 0s¢ + fryr) + CONy
¢

where p; = p, + > _, h., or (after elimination of x;) as

min Z (Oazt + htSt —|— ftyt) + CONQ
t

where hy = h} + p; — p;H.
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Some Basics on Single Iltem Lot-Sizing: Wagner-Whitin Costs

When h; > 0 for all ¢, (or p; is nonincreasing in t), we say that the costs are Wagner-
Whitin.

Classification of Problem Type: PROB = {LS,WW}

Reformulation with Wagner-Whitin Costs - Produce as Late as Possible

min ), (htst + frye)
st1+ Yy Cutpu > du =Y, dyfor 1<t <1<nm
s >0,y € {0,1}"
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WW — U,CC: Valid Inequalities and Convex Hull

se-1> >0 du(l—ye— ... —y) for 1 <t <1< m
s>0,0<y<1

This polyhedron gives conv(X"W =)

Constant Capacity Case?

s+ CY Ly Zdu =3 dyfor1<t<1<n
s >0,y €{0,1}"
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Mixing Sets

Consider the mizing set X* (s, z, b) consisting of the points (s, z) satisfying

s+z>bforl=1,...,n
SERL z € LY.

Let f; = by — | b;] for all [ and suppose without loss of generality that 0 = fy < f; <
< fa< L

A tight extended formulation for conv(X™ (s, z, b)) is:

322?21]0@'5@'_"“
zt—l—,u—l—z{z.:fizft}&z |bs] + 1 fort=1,...,n

2?205@': 1
§eRY, neR 2z eR.
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Mixing Inequalities

Let T" C {1,..., K} with |T'| = ¢, and suppose that i1, . . . i; is an ordering of T" such
that 0 = f;y, < fi; < fi, < ... < fiy < 1. Then the mixing inequalities

S Z Zi:l(f’iT - fiT_l)(LbiTJ +1- yZT)
and

s> (fir — fi_)(bir) +1—wir) + (1 — £i,)(Lbiy] — i)

are valid for X%IX.
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Example of Mixing Inequalities

Consider the set

X:{(S,y)ERixZgzs—l—ylz1.4,3—|—y222.6,s—|—y320.7}.

With |T'| = 1,
§>0.4(2—y1),s >0.6(3—1y2),s>0.7(1 — y3) ,

then the type 1 mixing inequalities with |T'| > 1

0.4(2—v1) + (0.6 —0.4)(3—y2)
0.6(3 — y2) + (0.7 —0.6)(1 — y3)
0.42—v1) + (0.6—0.4)3—1vy2) + (0.7—0.6)(1—ys)

and the type 2 mixing inequalities with |T'| > 1 have an additional term.

w W W
VIV IV IV
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“Generalized” Constant Capacity Lot-Sizing with Wagner-Whitin

Costs
Suppose that we are given two vectors o, (3 € Ri(n_l)m where each coordinate
corresponds to an interval [t,l] C [1,n]. In addition suppose that o and ( are

nondecreasing over intervals and 8 < «.

Consider now a “generalized” constant capacity lot-sizing set X in which s; denotes
the stock at the end of period ¢t and y; € {0, 1} is the set-up variable in period t. X is
given by:

Stc1+ CYyyyYu > anfor 1 <t<1<n
O yu>Bufor1 <t <l<mn

s € R,y € {0,1}".

Let Yt = (yta Yt —+ Ye+1y - - -5 Yt 4+ ...+ yn) and O{t = (att) c e vy Q{tn). Now the set
X can be rewritten as:
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l
X =n", X"(s;.1/C, YY" o' /C) N {(y € {0,1}": > yu>Bu/Cforl1 <t <1< n}

u=t

conv(X) = [)conv(X"(si-1/C,Y", a'/C))

N{y €10,1]" > yu > [Bu/Cl for 1 < t <1 < n}.

u=t

The proof is obtained by taking the proof based on the extended formulation for constant
capacity lot-sizing with Wagner-Whitin costs in Pochet and Wolsey , and observing that
the addition of a consecutive 1's matrix in the space of the y variables) does not invalidate
the proof.
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The Mixing Set with Flows

The mizing set with flows XM

s+xy >bfort=1,...,n
o <yfort=1,...,n
sERi,xERi,yEZi

whereO:bOSblg...<bn.

Let o = s + xx — by > 0. Then substituting for s, we get o, + x; — xx > by — by,
and as a relaxation the set VW which is the intersection of m mixing sets

or+ys > by —byforall0 < k<t<mn
ceRM y ezt
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W(o,y,B) =) X" (o Y", BY)
k

conv(Wi(o,y, B)) = ﬂ conv(XM(ak, \ % Bk))

conv(X'™) = conv(W (s + =, — b, y, B) N {(s,z,y) : 0 < = < y}.
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Generalized Mixing Set: Type |

x; + 2z, > b, forir € M
r € X(a),z € X(B)
reR" zeZ™

where
X)) ={y eR" 1 yi —y; <vi; Vi,5,li <yi < Vil

The o must be tight: a4, < oy + ok V 2, 7, k.
The 3 are integer.

-page 13



Where are the mixing sets?

Using z; — z; < «;; gives the mixing set XJM:

xi+ 2zt > b —ay; Vit ze X(B), ijRi,zEZi.

Combining mixing sets:

conv(m X" = () (conv(X")).

Integrality is preserved with the constraints of x € X («):

conv(m XN X(a)) = (conv(X;")) N X (c).
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Generalized Mixing Set: Type Il

Let XMIXZ pa the set

x+ z; > b fori € M=
zeR', z e X(B)

Let X MIXS pe the set

aﬁ—i—zigciforiEMS
z € R,z € X(B)

Let XEMIX pa the set XMIX2 N XMIXS, or in other words

x4+ z; > b; for i € M=
x4+ 2z < ¢; fori € M=
rcR,ze€ X(B)NZ™.
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Common z variables

Update X (3). Add z; — z; < |¢; — bj].

MIX MIX> MIX<
X — xMIX2 o xMIX<

Integrality is preserved with common x variables:

conv(X MY = conv(X M ¥2) N conv(X M),

Given K such sets

K
conv(ﬂ X,fMIX) = m conv(X,i\ﬂXZ) N ﬂ conV(X,i\HXS).
k=1 k k
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Production Time Windows: The Problem

Problem 1: Distinguishable Orders PROB — CAP — TW P

There are K orders, where K = O(n?).

Order k consists of a quantity D¥ > 0, and a time window [b*, e*] C [1, n].

Order k must be produced during its time interval and delivered to the client in period e”.

In the classical problem LS — CAP, K = n.
Foreach k € {1,...,n}, D* = d; and [b", e*] = [1, K.
Brahimi: Formulations

O(n?) DP Algorithm for WW — U — TW (P)

Special Case of Indistinguishable Orders.
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Production Time Windows: Notation

Data: Orders D* and Time Windows [b", e].

Must be produced in the interval [t, ]
k
Dy = Zk:tgbk’gek’gz D

Order Deliveries in t
Ay =Dy — Dy

Order Arrivals in t
I't = Dy, — Dt—l—l,n

Arrivals in [t,l]: Ty = qu:t Iy,
Deliveries in [t,l]: Ay = Zizt Ay

-page 18



Production Time Windows: LS — CC — TW P Formulations

A basic formulation (Brahimi)

St—1 + xy = Ay + s¢
Zizt Ty 2 Dy
zy < Cyy
s,z € R,y € {0,1}"

l
Valid Inequality s;_1 + Z Ty 2> D1y — Dy -1 = Ay

u=t
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Wagner-Whitin Costs and Constant Capacities WW — CC — TW P

Replace x,, by its upper bound constraints C'y,, gives a relaxation

min ), hese + Y, frys
st_1—|—CZZ:tyt > Ayforl <t<Il<n
CY yy>Dyfor1 <t<I<nm
s € R,y € {0,1}".
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This is a “generalized” constant capacity lot-sizing set X

3t—1+CZL:tyuZAtlf0r1Stglgn
CZL:tyUZDtlforlgtglgn
s € R}, y € {0,1}".

n-) X n~) tight extended rormulation
O(n?) x O(n”) tigh ded formulati

conv(X) = ﬂCOHV(XM(St_l/C,Yt,At/C))

Ny €0,1]":> yu > [Dy/C) for 1 <t <1< n}.

u=t
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Production Time Windows: Indistinguishable Orders

This problem is "easy” by dynamic programming.

It is equivalent to a problem with "non-inclusive” time windows, i.e. the orders and
time windows can be ordered so that b* < b*™! and e* < F 1.

It is equivalent to the standard lot-sizing problem with upper bounds on the stocks.

Both in the uncapacitated and constant capacity cases, one has tight extended formulations
of the convex hull based on the DP algorithms.
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Multi-ltem, Family Set-Up Problem

Lot-sizing for i = 1, ..., m items with demands d. and storage costs h!
Production is in batches of size C.
The cost per batch in period t is f;.

min 33, 3, hysy + 3, fiYs

Si_l—l—xi:di—l—si‘v’i,t
Szl <CY Vit

s, >0,0<Y; <u VvVt

Assumptions: Wagner-Whitin Costs hi >0Va,t
Storage costs are non-increasing over items h! > h!T! V 4 ¢

-page 23



Create Composite Items and Mixing Sets

Composite Product 7 is the sum of the 7 most expensive products:
. ,I: . . 7: . . 7: . . . . .
X; =) =, S;=> s, D;=> d,H =hy—hy >0and X, < CY;.
j=1 j=1 j=1

Relaxation:

min{HS + fY : (S,Y) € () X;"" °°(s", Y, D"}

i=1
where XZ.WW_CC(Si, Y, D") is the Constant Capacity Lot-Sizing Set:
Si  +CY _Y,>Difor1<t<Il<n

SiERZ,YEZi,Ygu
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The Results

The intersection of the convex hulls is integer:

conv([) X,V T9(S, Y, D) =) conv(X; VY (S, Y, DY)).

1=1 1=1

The linear program

minzithfS%Lthth
(S,Y) € N, conv(XVW=CC(S" Y, DY)
si: Sz—Sz_l,xi:di—l—si—si_1Vi,t

solves the original problem.

Crucial: S} | = maxj—¢_ (D — CY;;)" is nondecreasing in 4, and the same for
Xi
t-
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Stochastic Lot Sizing on a Scenario Tree

Given a rooted directed out-tree T" = (N, A), let D(wv) be the direct successors of
v, S(v) the set of all successors of v and P(j, k) with k € S(j) the set of nodes on
the path from j to k. Node r = 1 € N istheroot. L = {v € N : S(v) = 0}
are the leaves. We add a dummy node 0 and an arc (0, 1), and let p(v) be the unique

predecessor of v for all v € V.

The lot-sizing problem on atree LS — C — TREFE is:

min ZveN(Pqixv + Quyv) + ZUENU{O} HQIJSU
Sp(v) + Ty = dy + 8, for allv € N
Ty, < Cyy, forallve N

s e RV ¢ e RIM 4 e [0, 1)V,

with production costs P), fixed costs Q, and demands d, for all v € N, and storage
costs H, for allv € N U {0}.
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A Relaxation with Constant Capacities

Here we consider the “Wagner-Whitin" relaxation obtained by summing the flow
conservation constraints along each directed path P(v,w) and replacing each x, for
u € P(v,w) by its capacity leading to the set:

Spew) T C 2 vepww) Yu = 2 uepw.w) du for all w € S(v) U {v}
and allv € N

s e RINHL 4 e f0, 13,

denoted XWW—CC—TREE
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The convex hull of XWW-CC-TREE

Specifically for fixed v € N, the set

XTREE(U) = {(8pw), Y) € Ri x {0, 1}|S(v)|+1 satisfying

Sp(v) + C Z Yu > Z d,vV w e S(v)U {v}}
u€eP(v,w) u€P(v,w)
can be rewritten as a mixing set with network dual constraints, and so its convex hull is
known.

COHV(XWW_CC_TREE) — ﬂ COHV(XTREE(’U)).

veEN
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Valid Inequalities for LS — CC — TREFE

e All the mixing inequalities for conv(XWW-CC-TREEY

e Select a subset T" C S(v). Now we obtain a mixing set
Spw) + 2 rer @r + C Zuep(v,w)ﬂT Yy = Zuep(v’w) d, for all w € S(v)
spw) ERL, € RLE”, y € {0, 1}SENTI+L

denoted X7#¥E (4, T) and another family of mixing inequalities.

o If z,w € S(v) and > cpiuwnfor Qv > 2 uepw.o)\ o) us the inequality s, >
Sv = 2 ueP(a)\(v} Gu AN So + OO epuuwn (o} Yu 2 2 ueP(vuw)\ (v} Tu Bive

u€P(v,w)\{v} u€P(v,w)\{v} u€P(v,z)\{v}
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Wagner-Whitin Lot-Sizing with Varying Capacities

Consider the set

z
XYW = f(s,y) € R % {0,1}" st_l—l—z Cuyy > dyfor 1 <t <1l <n}.

u=t

l
Let 6y = min{s;—1 + C’tz Yu : (S,y) € XWW_C}.

u=t

e The inequality

l
St—1 -+ Ct Z Yu Z 5tl

u=t

is valid for X"W=Cfor1 <t <l<n.
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e T he relaxation

St—1—|—ctz;:tyu >ogforl1 <t<I<n
s € RV y e {0,1}"

is the intersection of n mixing sets.
The convex hull of this set is:

m conv (XMIX(St—l/Ct7 (yt7 ce e yn)7 (5tt7 cee 5tn)/Ct)) .
t=1

e When the C} are nondecreasing, i.e. C; < Cyyq for all ¢, then the {64} can be
calculated in polynomial time.
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Questions

Does mixing tell us how to combine two or three general MIP constraints?
Optimization over Mixing Sets and Generalizations (Eisenbrand and Conforti)

Our generalizations of mixing sets are all of the form

Ax + By > b
xERZ,yEZp

with A, B both TU matrices. Is there a more general result about MIPs?
Complexity of Lot-Sizing with Production Time Windows?

Algorithm (non LP) for Multi-ltem Family Set-Up Problem?

Complete Description for Stochastic Lot-Sizing Polyhedron?
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