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Error Localization Problem
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Records and Consistency Rules

Records, �elds and weights

Records, �elds and weights

aia2a1 an

a � � � � � �

I = f 1; : : : ; ng �elds

8
<

:

Categorical ai 2 f "male"; "female"g

Quantitative ai 2 [� 1000; 1000]

wiw2w1 wn

w � � � � � �
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Records and Consistency Rules

Edits or Consistency Rules

Consistency Rules (named "edits")

E:= Set of Edits or Consistency Rules

Ej :=

8
<

:

mj 1y1 + mj 2y2 + � � � + mji yi + � � � + mjnyn � bj

i f yi 2 f " married"g then yk 2 f 14; 15; 16; : : : ; 100; : : :g

for j 2 J

PE :=Set of valid records according toE

Z

X Y

PE
a

y
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Error Localization Problem

Error Localization Problem (ELP)
GivenS � I let

PE(S; a) := f y 2 P E : yi = ai for all i 62Sg

Then

ELP := min
S� I

� X

i 2 S

wi : PE (S; a) 6= ;
	

Z

X Y

PE
a

y

ajaia1 an

a 62PEa � � � � � � � � �

a0
ja0

ia1 an

y y 2 PE� � � � � � � � �
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Error Localization Problem

Continuous Data Editing Problem

Continuous Data Editing Problem (CDEP)

I ai is a real number andai 2 [lbi ; ubi ] for all i 2 I
I Ej is given by a linear inequality

P
i 2 I mij yi � bj for all j 2 J

Under these assumptions

PE := f y 2 [lb1; ub1]�� � �� [lbn; ubn] : My � bg

is a polytope shortly denoted by

PE := f y : My � b; lb � y � ubg

Z

X Y

PE
a
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Error Localization Problem

Continuous Data Editing Problem

Basic Mathematical Model

xi =
�

1 if yi 6= ai

0 otherwise

Z

X Y

PE
a

y

CDEP = min
P

i 2 I wi xi

P
i 2 I mij yi � bj for all j 2 J

ai � (ai � lbi )xi � yi � ai + ( ubi � ai )xi for all i 2 I

xi 2 f 0; 1g for all i 2 I
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Error Localization Problem

Previous work on the CDEP

Previous work on the CDEP
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Error Localization Problem

Applications on Similar Problems

Interesting in Telecommunications:

Sparse Representations of Signals:A signal is a vectorb in Rm.
Before being transmitted, it is coded in a larger and sparser
representation. This makes more complicated the recognition of
the original signal to an attacker, but also help to later correct
potential errors occurred during the transmission.

The representation is a vectorx in Rn with n � m. The key point
is to have a �xedm � n-matrix M, and use the linear system
b = Mx to �nd a representationx for a given signalb. The
solution spaceP is not unique, and a solution with the smallest
number of non-zero elements is preferredminfk xk0 : Mx = bg.

The problem also occurs when a representationx is sent buta is
received. Finding the signaly associated toa is, again, the CDEP.
Indeed, the CDEP is theMinimum Weighted Solutions of a Linear
System of Equations, known to beNP-hard in the strong sense.
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Mathematical Model

Mathematical Model for the CDEP

Basic Mathematical Model

xi =
�

1 if yi 6= ai

0 otherwise

Z

X Y

PE
a

y

CDEP = min
P

i 2 I wi xi

P
i 2 I mij yi � bj for all j 2 J

ai � (ai � lbi )xi � yi � ai + ( ubi � ai )xi for all i 2 I

xi 2 f 0; 1g for all i 2 I
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Mathematical Model

Mathematical Model for the CDEP

2-variable Mathematical Model

x+
i =

�
1 if yi > ai

0 otherwise
x�

i =
�

1 if yi < ai

0 otherwise

Z

X Y

PE
a

y

CDEP = min
P

i 2 I wi (x�
i + x+

i )

P
i 2 I mij yi � bj for all j 2 J

ai � (ai � lbi )x�
i � yi � ai + ( ubi � ai )x+

i for all i 2 I

x�
i ; x+

i 2 f 0; 1g for all i 2 I

I The inequalityx�
i + x+

i � 1 is unnecessary because of the
objective function.



Solving mixed integer programs arising in statistical dataediting

Mathematical Model

Background on Duality Theory

Background on Duality Theory

Farkas' Lemma says: Given a set of vectorsd1; : : : ; dn and �b in Rm, then

I
Either there are non-negative numbers
y1; : : : ; yn such that �b = y1d1 + : : : yndn,

d1
d2d3

d4

�b

I
or there is a vectoru in Rn such that
dT

1 u � 0; : : : ; dT
n u � 0; and �bT u < 0.

d1
d2d3

d4

u

�bIn other words, denoting�M := [ d1 : : : dn] :
The polyhedronf y 2 Rn : �My = �b; y � 0g has a solution if and only if
all the solutionsu of the conef u 2 Rm : �M T u � 0g satisfy also�bT u � 0.
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Mathematical Model

Background on Duality Theory

Mathematical Model
Let us consider a solutionxS 2 f 0; 1gn, the characteristic vector of a
subsetS. According to Farkas' Lemma there exists a solution of the
polyhedron

PE (S; a) =
�

y :
P

i 2 I mij yi � bj for all j 2 J
ai � (ai � lbi )xS

i � yi � ai + ( ubi � ai )xS
i for all i 2 I

�

if and only if
X

j 2 J

� j bj +
X

i 2 I

� i (ai + ( ubi � ai )xS
i ) �

X

i 2 I


 i (ai � (ai � lbi )xS
i ) � 0

for all directions of the cone

CE := f (�; �; 
 ) : M T � + � � 
 = 0 ; � � 0; � � 0; 
 � 0g

which is equivalent to� 2 IRJ
+ ; � = maxf� M T �; 0g; 
 = maxf M T �; 0g.
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Mathematical Model

Background on Duality Theory

Mathematical Model

By simple operations
X

i 2 I

[� i (ubi � ai ) + 
 i (ai � lbi )]xi � � T (Ma � b);

This inequality is the so-calledBenders' cut.

I � i ; 
 i ; ubi � ai ; ai � lbi are non-negative numbers
I xi 2 f 0; 1g,

If we denote by� x � � the Benders' cut currently generated by
the subproblem, then we better use the inequality

�� x � 1 with �� i := min f
� i

�
; 1g for all i 2 I
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Part II

Exact Algorithms
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Exact Algorithms

Previous Algorithms

[Fellegi and Holt, 1976]

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x1 + x4 � 1
x1 � 1Find a new violated im-

plicit edit k, add the con-
straint

c :=
X

i 2 Ik

xi � 1
C0 :=

�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

Set Covering Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Stop

yes

no
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Exact Algorithms

Previous Algorithms

[Gar�nkel et al., 1988]

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x1 + x4 � 1
x1 � 1

Let us denote by,
� i := � i (ubi � ai )+ 
 i (ai � lbi )
then

c :=
P

i 2 I 0 xi � 1;

for I 0 := f i 2 I : � i > 0g.
C0 :=

�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

Set Covering Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Is min

8

>

>

>

>

<

>

>

>

>

:

P

j 2 J � j bj
+

P

i 2 I � i (ai + ( ubi � ai )~xi )
�

P

i 2 I 
 i (ai � (ai � lbi )~xi ) :

( �; �; 
 ) 2 C E

9

>

>

>

>

=

>

>

>

>

;

� 0?

Stop

yes

no
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Exact Algorithms

Previous Algorithms

[Ragsdale and McKeown, 1996]

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x+
1 + x �

4 � 1

x �
1 � 1

Let us denote by,
� +

i := � i (ubi � ai )
and
� �

i := 
 i (ai � lbi )

c :=
P

i 2 I + x+
i +

P

i 2 I � x �
i � 1;

I + := f i 2 I : � +
i > 0g and

I � := f i 2 I : � �
i > 0g .

C0 :=
�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

Set Covering Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Is min

8

>

>

>

>

<

>

>

>

>

:

P

j 2 J � j bj

+
P

i 2 I � i (ai + ( ubi � ai )~x
+
i )

�
P

i 2 I 
 i (ai � (ai � lbi )~x
�
i ) :

( �; �; 
 ) 2 C E

9

>

>

>

>

=

>

>

>

>

;

� 0?

Stop

yes

no
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New Algorithms

New General Algorithm

First Simple Algorithm

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x1 + x4 � 1
x1 � 1

For a given non feasible
solution ~x

c :=
P

i 2 I 0 xi � 1;

I 0 := f i 2 I : ~xi = 0 g.

C0 :=
�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

Set Covering Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Stop

yes

no
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New Algorithms

Second Algorithm

Second Algorithm: idea

Master
minf wx : s.t. Cg

LP Solver

Subproblem

C := C [ c

Test

P E ( ~x ; a) 6= ; Is min

8

>

>

>

>

<

>

>

>

>

:

P

j 2 J � j bj

+
P

i 2 I � i (ai + ( ubi � ai )~x
+
i )

�
P

i 2 I 
 i (ai � (ai � lbi )~x
�
i ) :

( �; �; 
 ) 2 C E

9

>

>

>

>

=

>

>

>

>

;

� 0?

Fractional solution

X

i 2 I

maxf�  i ; 0g(ubi � ai )x+
i +max f  i ; 0g(ai � lbi )x �

i � � T (Ma� b);

where  = M T � and � � 0.

no
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New Algorithms

Second Algorithm

Second Algorithm: cut and ...

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x+
1 + x �

4 � 1

x �
1 � 1

C0 :=
�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

LP Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Is min

8

>

>

>

>

<

>

>

>

>

:

P

j 2 J � j bj

+
P

i 2 I � i (ai + ( ubi � ai )~x
+
i )

�
P

i 2 I 
 i (ai � (ai � lbi )~x
�
i ) :

( �; �; 
 ) 2 C E

9

>

>

>

>

=

>

>

>

>

;

� 0?

Stop

yes

no
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New Algorithms

Second Algorithm

Second Algorithm: branch-and-cut

1

b

(1,1,0)

1 0

0

b

(0,1,0)

1 0

Start

Preprocessing

C := C [ C0

Master
minf wx : s.t. Cg

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Stop

yes

no
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Computational Experience

Description of the classes of instances

I The elementsmij are zero with probability 0:2, and the
non-zero values are generated in [1; 20] with probability 0 :3
and in [� 20; � 1] with probability 0 :7

I bj 2 [0; 1000]

I wi = 1

I The records were classi�ed into �ve groups according to the
percentage of failed edits: [1%; 8%], [9%; 16%], [17%; 24%],
[25%; 32%] and [33%; 40%].

I The random generator was repeatedly executed until we
obtained �ve instances per group, as described in
[Ragsdale and McKeown, 1996].

Class j Jj j I j Bounds
I 20 50 [� 104 ; +10 4 ]

II(a) 40 100 [� 103 ; +10 3 ]
II(b) 40 100 [� 104 ; +10 4 ]
II(c) 40 100 [� 105 ; +10 5 ]
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Computational Experience

Description of the algorithms
I SCP0: The cutting-plane algorithm for categorical and continuous data.

I SCP1: The cutting-plane algorithm given in [Gar�nkel et al. , 1988], where the master problem computes
an optimal integer solution of a set-covering problem at each iteration, and the subproblem
generates a set-covering constraint from an implied edit obtained as a result of applying the
Farkas' Lemma.

I SCP2: The re�nement proposed in [Ragsdale and McKeown, 1996] for the algorithm SCP1 in which

each variable xi is replaced by the di�erence of two non-negative variablesx+
i and x �

i for all
i 2 I .

I ILP1: A general purpose solver (CPLEX 8.1) for MILP's applied on the model. In addition, special
parameter tunings during the branching phase as described above.

I ILP2: The general solver.

I BC1: The branch-and-cut algorithm, which is a specialized Benders' decomposition approach to solve
the model. It exploits the fact that the subproblem is able to produce cuts from non-integer
vectors of the master problem.

I BC2: The algorithm BC1 on the model.

I BC0: The algorithm BC1 in which the master problem is solved considering the integrality constraints,
i.e., ~x is an integer solution.
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Computational Experience

Computational Experience
Computational time in seconds of solution methods (a).

Class I Class II a Class II b Class II c
Av. Std. Av. Std. Av. Std. Av. Std.

0.24 0.51 - - 738.4 1030.3 574.5 820.6
3.83 7.78 - - 2767.8 0.0 1582.1 866.6

SCP0 3.04 4.24 - - - - - -
71.97 79.35 - - 49.1 0.0 49.0 0.0
72.35 70.20 - - - - - -

0.06 0.06 177.2 0.0 14.3 26.2 7.1 8.2
0.22 0.10 - - 76.7 78.8 75.5 101.7

SCP1 0.18 0.19 - - 870.9 1375.8 350.1 510.6
1.69 1.32 - - 246.4 109.5 358.6 320.7
1.01 0.63 - - 363.3 0.0 465.6 165.3

0.02 0.03 153.9 130.7 0.6 0.5 0.6 0.5
0.05 0.07 - - 16.4 30.6 1.6 1.4

SCP2 0.03 0.03 1108.6 0.0 5.3 4.5 1.0 0.7
0.13 0.11 - - 2.6 2.7 2.5 2.5
0.04 0.03 - - 52.6 75.8 1.0 1.1



Solving mixed integer programs arising in statistical dataediting

Computational Experience

Computational Experience
Computational time in seconds of solution methods (b).

Class I Class II a Class II b Class II c
Av. Std. Av. Std. Av. Std. Av. Std.

0.03 0.03 39.8 71.2 3.2 2.9 29.5 58.5
0.11 0.07 91.4 148.8 17.4 18.3 475.1 648.7

BC0 0.10 0.13 522.2 585.2 720.7 474.2 591.9 407.1
0.52 0.49 1523.2 1320.6 234.2 260.1 365.1 428.6
0.42 0.12 1388.0 1373.2 1147.5 0.0 1166.8 191.8

0.02 0.01 14.3 24.7 0.4 0.4 3.6 5.8
0.07 0.05 79.6 140.8 26.3 42.8 19.1 25.6

BC1 0.10 0.13 177.5 244.0 93.8 161.8 50.4 34.8
0.30 0.25 191.6 155.2 107.6 101.7 47.6 43.9
0.33 0.26 212.4 273.4 414.2 271.6 201.1 249.8

0.02 0.02 9.3 17.4 0.3 0.5 0.3 0.3
0.01 0.02 66.2 120.6 2.2 4.1 1.4 2.3

BC2 0.02 0.03 120.1 203.5 0.5 0.3 0.9 0.8
0.08 0.06 155.4 98.7 4.7 3.1 2.0 1.2
0.03 0.05 129.0 137.5 5.5 3.7 1.3 0.8
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Computational Experience

Computational Experience
Computational time in seconds of solution methods (c).

Class I Class II a Class II b Class II c
Av. Std. Av. Std. Av. Std. Av. Std.

0.26 0.12 8.7 9.5 23.1 17.6 416.3 576.9
0.80 0.37 32.6 37.8 423.1 441.1 355.1 0.0

ILP1 0.98 0.56 79.7 78.4 1867.1 923.2 - -
3.01 2.21 80.1 66.0 766.1 857.2 - -
3.36 1.33 80.5 74.5 2095.6 0.0 - -

0.31 0.19 5.4 4.9 12.2 10.5 553.1 780.7
0.84 0.69 24.5 26.9 134.4 121.5 2038.9 0.0

ILP2 0.55 0.10 47.2 42.8 1860.3 1140.5 - -
2.89 3.06 61.6 53.7 200.9 120.0 - -
1.58 0.83 75.2 68.5 - - - -
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Computational Experience

Computational Experience
Number of solved instances and number of separated cuts (a).

Class I Class II a Class II b Class II c
# Cuts # Cuts # Cuts
5 20.2 0 - 3 862.3 4 722.3
5 65.8 0 - 1 892.0 2 663.0

SCP0 5 70.8 0 - 0 - 0 -
5 358.2 0 - 1 169.0 1 169.0
5 554.2 0 - 0 - 0 -

5 4.4 1 501.0 5 138.0 5 108.4
5 12.2 0 - 4 264.5 5 261.0

SCP1 5 8.4 0 - 4 506.8 5 366.6
5 41.4 0 - 3 419.0 5 432.4
5 22.4 0 - 1 1257.0 5 551.4

5 1.6 3 457.0 5 21.2 5 22.8
5 3.6 0 - 5 95.8 5 35.4

SCP2 5 1.2 1 172.4 5 68.0 5 20.2
5 4.8 0 - 5 26.4 5 31.0
5 1.2 0 - 5 129.0 5 12.2
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Computational Experience

Computational Experience
Number of solved instances and number of separated cuts (b).

Class I Class II a Class II b Class II c
# Cuts # Cuts # Cuts
5 3.4 5 45.4 5 62.2 5 163.6
5 10.6 5 73.4 4 114.8 5 628.4

BC0 5 7.0 5 84.8 5 312.2 5 679.8
5 20.6 5 115.6 4 161.0 4 407.0
5 18.4 4 107.3 1 300.0 2 807.0

5 3.6 5 1100.0 5 35.6 5 222.4
5 15.0 5 5790.4 5 1826.8 5 678.8

BC1 5 14.0 5 13120.8 5 6360.6 5 2454.0
5 29.4 5 13783.2 5 7684.0 5 1020.4
5 28.8 5 16130.6 5 26413.4 5 4785.4

5 3.0 5 718.0 5 27.6 5 20.4
5 3.0 5 5433.8 5 150.8 5 82.2

BC2 5 2.0 5 9856.0 5 27.0 5 41.8
5 6.8 5 13479.4 5 256.6 5 64.2
5 3.2 5 12121.8 5 296.4 5 37.2
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Computational Experience

Computational Experience
Number of solved instances and number of explored nodes.

Class I Class II a Class II b Class II c
# Nodes # Nodes # Nodes # Nodes
5 0.2 5 580.0 5 22.6 5 192.2
5 5.2 5 2041.0 5 856.6 5 887.2

BC1 5 6.0 5 3528.4 5 1530.4 5 2484.6
5 24.6 5 4054.8 5 2051.0 5 1725.0
5 19.0 5 3431.2 5 5847.2 5 6281.0

5 0.0 5 469.0 5 15.8 5 10.0
5 0.4 5 2163.6 5 147.6 5 78.2

BC2 5 0.6 5 3104.0 5 24.6 5 55.8
5 1.8 5 4220.8 5 168.0 5 123.4
5 0.8 5 2586.8 5 264.0 5 71.4

5 9.0 5 1451.0 5 2651.4 5 20094.6
5 115.2 5 6571.8 5 51225.8 1 14007.0

ILP1 5 209.2 5 15327.6 3 180902.7 0 -
5 1091.8 5 14719.4 2 43834.0 0 -
5 1035.8 5 10877.8 1 168250.0 0 -

5 14.8 5 958.4 5 951.0 4 14411.8
5 238.8 5 4343.6 5 12602.6 1 25595.0

ILP2 5 27.6 5 9257.2 2 56612.0 0 -
5 1021.4 5 10960.2 2 19985.5 0 -
5 368.8 5 10862.6 0 - 0 -
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Details on BC1 and BC2.
Class I Class II a Class II b Class II c
BC1 BC2 BC1 BC2 BC1 BC2 BC1 BC2

0.0 0.0 5.7 11.9 38.3 13.3 63.3 23.3
13.3 0.0 9.0 15.6 61.3 39.3 65.0 32.0

%UB 25.0 5.0 10.7 11.9 61.3 27.3 77.3 18.0
12.0 16.0 13.1 13.1 65.4 39.0 67.3 24.0
20.0 8.0 11.2 14.9 33.8 30.0 53.3 40.0

6.7 0.0 34.9 32.2 34.9 10.6 36.5 14.6
5.0 5.0 26.1 24.6 36.0 20.5 35.6 18.7

%LB 2.5 0.0 30.8 27.7 39.8 21.5 38.1 18.8
18.5 4.0 27.3 25.7 37.5 20.9 36.6 15.9
16.5 0.0 27.1 26.6 42.6 25.2 37.2 19.0

2.2 2.2 6.4 6.4 3.6 3.6 3.6 3.6
3.4 3.4 9.2 9.2 5.0 5.0 4.8 4.8

Obj. 4.0 4.0 10.0 10.0 5.6 5.6 5.4 5.4
4.8 4.8 12.0 12.0 5.8 5.8 5.6 5.6
5.0 5.0 12.4 12.4 6.6 6.6 6.0 6.0

0.01 0.00 0.2 0.3 0.1 0.0 0.1 0.1
0.02 0.01 0.3 0.3 0.2 0.1 0.2 0.1

Root T. 0.03 0.01 0.5 0.5 0.2 0.1 0.2 0.1
0.06 0.05 0.6 0.7 0.2 0.2 0.2 0.2
0.07 0.02 0.7 0.7 0.3 0.3 0.2 0.2
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Heuristic Algorithm
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Overall Algorithm

Overall Algorithm

function LocalSearch (E,a): S � I
S0  InitialFeasibleSolution (E,a)
repeat

S  S0

S  DoMinimal (E,a,S)
S0  1-Reduction (E,a,S)

until S0 = ;
return S

end function
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Initial Feasible Solution

Initial Feasible Solution

Start

J(a)

m11a1 � m14a4 � b1
m21a1 + m22a2 � b2

+ m34a4 � b3
� m41a1 � b4

Preprocessing

C := C [ C0

C0x1 + x4 � 1
x1 � 1

P

i 2 I [� i (ubi � ai ) + 
 i (ai � lbi )]xi

� � T (Ma � b);

C0 :=
�

P

i 2 Ij
xi � 1 for all j 2 J(a)

�

Master
minf wx : s.t. Cg

Heuristic ILP Solver

Subproblem

C := C [ c

Test
P E (~x; a) 6= ;

Is min

8

>

>

>

>

<

>

>

>

>

:

P

j 2 J � j bj
+

P

i 2 I � i (ai + ( ubi � ai )~xi )
�

P

i 2 I 
 i (ai � (ai � lbi )~xi ) :

( �; �; 
 ) 2 C E

9

>

>

>

>

=

>

>

>

>

;

� 0?

Stop

yes

no
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DoMinimal

DoMinimal

S 0 1 1 0 1 1 1

S00= f j 2 S : PE (S n j ; a) = ;g

S00 0 1 1 0 1 1 1

DoMinimal (E; a; S) =

min

(
X

i 2 S0[ S00

wi : PE (S0[ S00; a) 6= ; ; S0 � S n S00

)

;

0 0 1 0 0 1 1
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Solution Improvement

1-Reduction

1-Reduction

0 0 1 0 0 1 1

0 0 1 0 0 1 1

1-Reduction (E; a; S) =
�

l 2 (S [ f kg) n f i ; j g :
PE ((S [ f kg) n f i ; j g; a) 6= ; ;
i ; j 2 S; i < j ; k 2 I (S n f i ; j g) � I n S

�
:

0 0 0 0 1 0 1
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Solution Improvement

1-Reduction

1-Reduction (Exhaustive Search)

0 0 1 0 0 1 1

1 0 0 0 0 0 1

0 1 0 0 0 0 1

0 0 0 1 0 0 1

0 0 0 0 1 0 1

0 0 0 0 1 0 1
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Solution Improvement

1-Reduction

1-Reduction (Helped by Benders' Cut)

0 0 1 0 0 1 1

After changingx3 and x6 to 0 the Benders' Cut is

x1 + x3 + x5 � 1

Therefore only positions 1 and 5 should be explored.

1 0 0 0 0 0 1

0 0 0 0 1 0 1

0 0 0 0 1 0 1
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Description of the classes of instances

I The elementsmij are zero with probability 0:2, and the
non-zero values are generated in [1; 20] with probability 0 :3
and in [� 20; � 1] with probability 0 :7

I bj 2 [0; 1000]

I wi = 1

I The records were classi�ed into �ve groups according to the
percentage of failed edits: [1%; 8%], [9%; 16%], [17%; 24%],
[25%; 32%] and [33%; 40%].

I The random generator was repeatedly executed until we
obtained �ve instances per group, as described in
[Ragsdale and McKeown, 1996].

Class j Jj j I j Bounds
I 20 50 [� 104 ; +10 4 ]

II(a) 40 100 [� 103 ; +10 3 ]
II(b) 40 100 [� 104 ; +10 4 ]
II(c) 40 100 [� 105 ; +10 5 ]

III(a) 80 200 [� 103 ; +10 3 ]
III(b) 80 200 [ � 104 ; +10 4 ]
III(c) 80 200 [� 105 ; +10 5 ]

IV(a) 200 500 [� 103 ; +10 3 ]
IV(b) 200 500 [� 104 ; +10 4 ]
IV(c) 200 500 [� 105 ; +10 5 ]

V(a) 400 1000 [� 103 ; +10 3 ]
V(b) 400 1000 [� 104 ; +10 4 ]
V(c) 400 1000 [� 105 ; +10 5 ]
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LS vs exact approach on small instances (Class II).

(a) (b) (c)
Abs Gap t(LS) t(OP) Abs Gap t(LS) t(OP) Abs Gap t(LS) t(OP)

(%) (%) (%)
0.2 3 0.2 5.8 0.2 4 0.1 0.5 1.0 15 0.2 0.2
0.8 7 0.4 32.0 0.8 13 0.3 1.6 0.6 11 0.6 0.3
0.6 5 0.5 66.9 0.4 7 0.3 1.7 0.2 3 0.4 0.4
0.8 6 0.8 102.7 1.2 16 0.4 2.4 0.8 11 0.5 0.8
1.0 7 1.1 137.0 1.0 12 0.6 4.3 0.8 11 0.3 0.5
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Comparative between the Exact and Heuristic algorithm (Class II).
60 sec. 600 sec 900 sec Heu.

UB LB UB LB UB LB Time Obj
Class II (a) -2.5 2.5 -2.5 2.5 -2.5 2.5 0.2 6.6

-5.3 7.3 -7.3 7.3 -7.3 7.3 0.3 9.4
-3.8 7.8 -5.2 5.2 -5.2 5.2 0.5 10.6
-3.1 8.8 -6.0 6.0 -6.0 6.0 0.8 12.8
-4.5 14.4 -7.2 7.2 -7.2 7.2 1.1 13.4

Class II (b) -4.0 4.0 -4.0 4.0 -4.0 4.0 0.1 3.8
-13.0 13.0 -13.0 13.0 -13.0 13.0 0.3 5.8
-6.7 6.7 -6.7 6.7 -6.7 6.7 0.3 6.0

-16.1 16.1 -16.1 16.1 -16.1 16.1 0.4 7.0
-11.9 11.9 -11.9 11.9 -11.9 11.9 0.6 7.6

Class II (c) -15.0 15.0 -15.0 15.0 -15.0 15.0 0.2 4.6
-10.7 10.7 -10.7 10.7 -10.7 10.7 0.6 5.4
-3.3 3.3 -3.3 3.3 -3.3 3.3 0.4 5.6

-11.4 11.4 -11.4 11.4 -11.4 11.4 0.5 6.4
-10.7 10.7 -10.7 10.7 -10.7 10.7 0.2 6.8
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Computational Experience

Comparative between the Exact and Heuristic algorithm (Class III).
60 sec. 600 sec 900 sec Heu.

UB LB UB LB UB LB Time Obj
Class III (a) 10.6 23.0 -3.6 16.0 -3.6 16.0 1.9 15.2

24.7 23.9 1.0 17.1 -0.3 14.7 3.7 16.0
29.7 26.9 3.3 23.8 -2.7 21.5 6.2 20.0
23.8 25.5 14.0 23.1 8.1 22.3 10.0 24.4
15.8 26.2 10.0 24.1 4.5 23.5 12.7 29.2

Class III (b) 23.7 17.8 2.5 12.1 1.0 12.1 2.5 14.4
21.0 25.3 9.7 23.9 9.7 22.7 4.4 16.4
15.0 28.3 6.0 24.8 4.8 24.8 5.2 20.4
15.7 26.2 7.7 23.6 7.7 22.9 11.6 25.0
16.9 27.5 10.9 24.6 7.2 24.6 11.1 27.8

Class III (c) 35.4 22.2 29.8 22.2 29.8 22.2 2.3 15.0
36.0 28.0 29.4 28.0 29.4 28.0 4.5 16.4
28.7 23.3 28.7 23.3 28.7 23.3 6.9 19.2
33.4 27.8 27.4 27.8 27.4 27.8 8.1 25.2
20.2 26.4 13.6 26.4 13.6 26.4 10.4 27.4
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Comparative between the Exact and Heuristic algorithm (Class IV).
60 sec. 600 sec 900 sec Heu.

UB LB UB LB UB LB Time Obj
Class IV (a) 47.3 28.3 26.8 26.4 25.3 26.4 35.4 23.4

27.8 28.3 27.8 28.3 22.1 28.3 81.7 32.4
24.5 25.4 24.5 25.4 24.5 25.4 89.7 40.8
30.0 26.3 30.0 26.3 30.0 26.3 127.8 45.4
31.0 23.9 31.0 23.5 31.0 23.5 198.1 53.4

Class IV (b) 38.0 26.8 26.4 26.8 24.9 26.8 44.3 26.2
27.0 29.1 27.0 29.1 25.4 29.1 86.4 35.0
30.1 24.1 30.1 24.1 30.1 24.1 103.1 40.6
30.0 24.8 30.0 24.8 30.0 24.8 114.5 45.2
26.2 25.6 26.2 25.6 26.2 25.6 148.8 55.4

Class IV (c) 39.0 27.1 30.4 26.2 30.4 26.2 40.0 26.0
30.3 27.3 30.3 27.3 30.3 27.3 92.0 34.2
28.7 24.6 28.7 24.6 28.7 24.6 115.5 40.8
32.2 24.8 32.2 24.8 32.2 24.8 93.6 45.2
26.6 25.9 26.6 25.9 26.6 25.9 152.5 55.6
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Comparative between the Exact and Heuristic algorithm (Class V).
60 sec. 600 sec 900 sec Heu.

UB LB UB LB UB LB Time Obj
Class V (a) 31.5 23.1 31.5 23.1 31.5 23.1 329.8 40.0

33.4 25.3 33.4 25.3 33.4 25.3 391.2 48.6
27.3 26.8 27.3 26.2 27.3 26.2 581.5 64.6
24.2 26.5 24.2 26.2 24.2 26.2 641.3 76.4
17.4 28.2 17.4 28.1 17.4 28.1 915.1 98.8

Class V (b) 34.1 23.4 34.1 23.4 34.1 23.4 284.2 40.2
30.6 26.6 30.6 26.6 30.6 26.6 448.8 49.6
29.7 24.9 29.7 24.9 29.7 24.9 656.8 63.6
26.7 25.8 26.7 25.8 26.7 25.8 646.8 76.0
15.2 28.3 15.2 27.7 15.2 27.5 586.5 99.0

Class V (c) 36.6 25.1 36.6 25.1 36.6 25.1 408.6 40.4
29.2 26.7 29.2 26.7 29.2 26.7 458.5 49.6
26.5 26.3 26.5 26.3 26.5 26.3 658.2 65.2
25.1 26.7 25.1 26.7 25.1 26.7 531.0 77.0
17.8 27.2 17.8 26.6 17.8 26.6 561.2 97.6
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Percentage gap between the heuristic algorithm and di�erent stages of the algorithm.

(a) (b) (c)
IS DM 1-R IS DM 1-R IS DM 1-R

Class II 26.7 15.0 0.0 20.9 5.6 1.5 29.8 17.2 7.4
49.3 26.7 4.0 23.1 11.5 2.8 26.1 14.5 2.6
26.0 19.3 4.0 24.2 19.3 7.8 18.6 10.5 2.8
42.5 25.0 3.3 26.3 10.0 0.9 30.6 16.7 2.6
20.2 11.2 2.5 21.1 10.0 2.3 13.7 7.9 1.5

Class III 20.9 5.6 1.5 29.8 17.2 7.4 27.6 14.5 4.4
23.1 11.5 2.8 26.1 14.5 2.6 26.2 14.8 1.3
24.2 19.3 7.8 18.6 10.5 2.8 29.0 20.3 7.7
26.3 10.0 0.9 30.6 16.7 2.6 25.4 12.9 6.4
21.1 10.0 2.3 13.7 7.9 1.5 21.7 12.8 4.9

Class IV 29.6 24.5 13.9 21.5 17.1 4.7 22.7 15.7 4.3
20.9 11.0 0.6 20.6 13.6 4.5 20.7 13.1 2.9
14.4 8.4 0.0 16.3 10.6 3.1 15.6 10.9 2.4
18.6 12.5 4.5 19.4 9.7 2.6 19.6 13.3 7.9
21.9 13.9 4.2 14.6 11.1 2.9 16.0 11.4 3.1

Class V 19.2 9.5 3.8 21.2 7.1 2.6 19.4 11.9 2.5
21.5 14.6 6.6 16.1 10.6 3.8 17.3 11.7 2.9
16.3 6.8 1.3 15.0 8.2 3.1 15.5 11.5 3.9
12.9 9.2 5.3 15.7 8.9 4.8 12.8 5.7 3.0
6.9 4.1 2.4 4.7 1.5 0.8 6.6 2.4 1.5
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Computational percentage time consumed by di�erent stages of the algorithm.

(a) (b) (c)
IS DM 1-R IS DM 1-R IS DM 1-R

Class II 57.1 11.0 31.9 15.9 6.8 77.4 13.4 6.5 80.1
45.7 16.2 38.0 15.6 3.0 81.4 18.6 6.6 74.8
43.5 8.0 48.5 18.2 3.5 78.3 19.7 4.1 76.2
40.1 13.8 46.2 23.9 5.1 70.9 20.3 5.8 73.8
20.6 8.2 71.2 16.6 5.2 78.2 22.2 3.8 74.0

Class III 15.9 6.8 77.4 13.4 6.5 80.1 16.0 6.6 77.5
15.6 3.0 81.4 18.6 6.6 74.8 11.6 5.3 83.1
18.2 3.5 78.3 19.7 4.1 76.2 13.9 4.3 81.8
23.9 5.1 70.9 20.3 5.8 73.8 25.2 4.3 70.5
16.6 5.2 78.2 22.2 3.8 74.0 20.2 5.9 73.9

Class IV 18.1 6.3 75.6 16.4 3.2 80.4 14.6 3.6 81.8
8.7 3.0 88.4 9.8 2.8 87.4 8.8 3.2 88.0
9.8 2.9 87.3 9.9 3.2 86.9 8.0 1.8 90.1
7.3 5.8 86.8 8.4 7.1 84.5 10.8 5.0 84.1
5.5 2.1 92.4 8.2 1.5 90.3 7.7 2.4 90.0

Class V 7.0 14.6 78.4 7.7 5.9 86.4 5.2 1.5 93.3
6.3 3.2 90.5 6.2 6.5 87.3 5.1 2.3 92.6
6.6 6.3 87.1 4.3 5.9 89.9 4.7 2.5 92.8
5.8 5.1 89.2 7.1 4.1 88.8 6.9 7.5 85.6
5.8 16.8 77.4 8.2 3.3 88.5 7.9 5.3 86.9
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