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I. STRAIN TENSOR DESCRIPTION

In this section we review the hydrodynamic description [1] of nonlinear elasticity and its generalization to
viscoelasticity in terms of the Eulerian strain tensor Uij .

Definitions: a is the (initial) coordinate of a point in a stress-free elastic body, while r is that coordinate if
the body is displaced, rotated, compressed and sheared.

Eulerian description: a(r) leading to the
Eulerian strain tensor Uij = 1

2 [δij − (∇jak)(∇iak)], which can be written in the more familiar form Uij =
1
2 [∇jui +∇iuj − (∇iuk)(∇juk)] using the displacement field ui(r) = ri − ai(r).

Since the dynamics for a is simply da/dt = 0 in the absence of phenomenological currents, the dynamics for
the Eulerian strain tensor reads [2, 3]

d

dt
Uij −Aij + Uki∇jvk + Ukj∇ivk = −αijklΨkl (1)

with d/dt ≡ ∂/∂t+v · ∇, where vi is the velocity and Aij = 1
2 (∇ivj +∇jvi) its symmetrized gradient describing

deformational flow.
This equation contains, apart from the transport derivative ∼ v · ∇ due to Galilean translational invariance,

a linear and a nonlinear coupling to flow. The former (∼ Aij) reflects the spontaneously broken translational
symmetry in elastic media (in an equation for the displacement vector the equivalent term subtracts the solid
body translations, which must not change the elastic state of the fluid). The nonlinear ones are of the lower
convected type and result from the freedom to choose the orientation of a material-fixed frame independently
from that of the laboratory frame. For a Lagrangian strain tensor the upper convected derivative would be
obtained. On the right hand side there is the phenomenological relaxation −αijklΨkl, describing viscoelasticity.
Here Ψij is the elastic stress tensor, the thermodynamic conjugate to the strain tensor. The strain tensor Uij

is symmetric, in order to exclude solid body rotations, since the latter must not change the elastic state.
The second relevant dynamic equation is the momentum balance or generalized Navier-Stokes equation

ρ
d

dt
vi +∇ip+∇j(−Ψij + ΨkiUjk + ΨkjUik − νijklAkl) = 0 (2)

with the isotropic pressure p. The linear and nonlinear contributions of the elastic stress tensor Ψij are the
counterterms to the linear and nonlinear flow contributions in Eq. (1) that are necessary to cancel any con-
tribution to the entropy production, since all these terms are reversible. Thus, these parts of the stress tensor
are completely fixed by general physical principles. The phenomenological part of the stress tensor is −νijklAkl

and describes in the simplest form Newtonian viscosity. The stress tensor is symmetric (or can be made so) in
order to guarantee angular momentum conservation.

We assume a linear relation between the ”forces” and the ”fluxes” (linear irreversible thermodynamics).
By allowing nonlinear dependences of the ’fluxes” on the ”forces”, one would leave the solid grounds of well-
established statistical physics, since not very much is known on the validity range of such theories. Nevertheless,
these contributions are nonlinear in the sense that the material tensors depend on the variables of the systems,
in particular on temperature T , pressure and the strain tensor. The dependence on the scalar quantities is
rather trivial and will not be shown explicitly, while the strain tensor dependence is more complicated. Starting
from an equilibrium state Uij = 0 we can expand the material tensors into powers of Uij . Up to quadratic order
in Eqs.(1,2), which is what we need for the comparison with traditional constitutive equations, below, we find
for the general form of the rank 4 material tensors

αijkl =
α1

2
(δikδjl + δilδjk) +

α2

2
(Uikδjl + Ujkδil + Uilδjk + Ujlδik) + α3δijδkl +

α4(δijUkl + δklUij) + α5δijδklUpp + α6(δikδjl + δilδjk)Upp +O(3) (3)

For the viscosity tensor νijkl the form (3) can be simplified, since for incompressibility Akk = 0 and only the
coefficients ν1,2,6 appear in Eq.(2). Note that neither Uij , nor Ψij , nor the total stress tensor σij have to be
traceless, despite Aij being so. If desired, the expansion (3) can easily be continued to arbitrary order.

The static phenomenological properties are expressed by a relation between the strain and the elastic stress
and derived from an energy functional

Ψij ≡ δ

∫
ε dV/δUij = K1Uij + 2K2UikUjk +K3δijUkk +K4(δijUklUkl + 2UijUkk) +K5δijUkkUll +O(3) (4)

where again a power series expansion is used. There are two linear elastic moduli K1,3 and three quadratic ones
K2,4,5 involved.



II. ORIENTATIONAL ORDER PARAMETER TENSOR DESCRIPTION

In this section we review the hydrodynamic description of transient orientational order in terms of the order
parameter tensor Qij .

Definitions: Qij is the orientational order parameter tensor, symmetric, traceless and of second rank (Qij =
Qji and Qii = 0). In contrast to the case of a nematic phase with spontaneous and permanent orientational
order, there is no nematic order in equilibrium and a director does not exist. The dynamics of a transient Qij

can be written as [4]

Q̇ij + vk∇kQij +QjkΩki +QikΩkj − λijklAkl = −αijklψkl (5)

with 2Aij = ∇jvi + ∇ivj and 2Ωij = ∇jvi − ∇ivj the symmetric and antisymmetric velocity gradients char-
acterizing deformational and rotational flow, respectively. The nonlinear reversible coupling terms to flow are
a priori of the corotational or Jaumann derivative type (containing only Ωij the rotational flow – suitably for
the orientational order involved), but there is in addition a phenomenological reversible coupling to symmetric
velocity gradients that makes the effective convective derivative material dependent. The phenomenological
material tensor λijkl (a kind of generalized flow alignment tensor) is given as a power series expansion in Qij

λijkl = λ1 (δikδjl + δjkδil −
2
3
δijδkl) + λ3δklQij (6)

+ λ2 (δikQjl + δjkQil + δjlQik + δilQjk −
4
3
δijQkl) +O(2)

where higher order terms O(2) are not needed here. It contains one phenomenological, material dependent,
reversible reactive coefficient in linear, and two additional ones in quadratic order. If the Jaumann terms are
combined with the quadratic contribution (6) for the special value λ2 = 1

2 (= − 1
2 ) one gets something that

looks like an upper (lower) convected derivative – with some additional correction terms that ensure Q̇ii = 0.
However, there is no general reason why such a relation should hold for all different materials nor can it hold
for all temperatures and pressures, since λ1,2,3 generally depend on all scalar state variables, like ρ, σ (or p,
T ) and on the invariants QijQij and QijQjkQki. Within the quadratic approximation used here, the latter
dependencies do not show up.

In Eq.(5) the relaxation of Qij is described by a dissipative material tensor αijkl that can be written as a
power series expansion in Qij (with αiikl = 0 = αijkk)

αijkl = α1 (δikδjl + δjkδil −
2
3
δijδkl) + α2 (δikQjl + δjkQil + δjlQik + δilQjk −

4
3
[δijQkl + δklQij ]) +O(2) (7)

with the relaxation parameters α1,2 being functions of the scalar state variables. It should be noted that we stay
very well inside the framework of ”linear irreversible thermodynamics” that has a solid foundation in statistical
mechanics, although the expressions (6,7) are genuinely nonlinear due to the dependence on state variables.

The orientational elastic stress tensor ψkl is defined as the thermodynamic conjugate to Qij . It has to be
taken as symmetric and traceless, since only that part enters the Gibbs relation and has a physical meaning. It
is derived from an energy functional and is given in quadratic order by

ψij ≡ δ

∫
ε dV/δQij = c1Qij + c2(QikQjk −

1
3
δijQklQkl) +O(2) (8)

neglecting gradient terms. Near the nematic phase transition the rotational elastic moduli c1, c2 can be inter-
preted as Landau parameters and the expansion usually is driven to higher powers.

For the momentum balance or generalized Navier-Stokes equation this leads to

ρ
d

dt
vi +∇ip−∇j(λklijψkl + νijklAkl) = 0 (9)

The counter term to the linear deformational flow term in (5), ∼ λklij , leads to a symmetric part of the stress
tensor, while there are no counter terms to the nonlinear Jaumann terms, since the latter do not at all contribute
to the entropy production due to ψikQjk = ψjkQik.

In the incompressible limit the viscosity tensor, expanded in Qij , reads

νijkl =
ν1
2

(δikδjl + δilδjk) +
ν2
2

(Qikδjl +Qjkδil +Qilδjk +Qjlδik) (10)

with the viscosities ν1,2 generally being functions of the scalar state variables.
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IV. TWO-FLUID DESCRIPTION OF [VISCO]ELASTIC MEDIA

Two-fluid models have been employed in many different physical contexts, e.g. flow of bubbly liquids, fluid
suspensions of particulates, and binary mixtures of simple fluids. Other examples in condensed matter physics
include two-fluid models for superfluid helium, dynamics of plasmas, transport in superconductors, viscoelas-
ticity of concentrated fluid emulsions, flow-induced ordering of wormlike micelle solutions, flow of colloidal
suspensions. Two-fluid models have been used extensively to model a wide range of dynamical phenomena in
polymer solutions and binary blends, including the hydrodynamic modes of quiescent polymer solutions, kinetics
of polymer dissolution, hydrodynamics and rheology of polymer solutions and blends, and polymer migration
and phase separation under flow.

As a general feature, two distinct species or coexisting phases with mass densities ρ1 and ρ2 (ρ ≡ ρ1 = ρ2 and
φ ≡ ρ1/ρ), which are conserved individually in the absence of chemical reactions, move with distinct velocities
v1 and v2, respectively. Due to (usually strong) internal friction, the momenta of the constituent species,
ρ1v1 ≡ g1 and ρ2v2 ≡ g2, are not conserved individually. Of course, total momentum is conserved. In most
cases of fluid mixtures the friction is so strong that the velocity difference v1−v2 ≡ w is nonzero for very short
times only, i.e. it is a very rapidly relaxing quantity that is not included in the hydrodynamic description for
binary mixtures. However, there are systems and situations, where the relaxation of the relative momenta is
slow enough to have a significant influence even on the hydrodynamic time scale. Then a two-fluid description
is appropriate and useful.

In this section we focus on a nonlinear two-fluid description of complex fluids, where one species is a viscous
Newtonian fluid and the other a polymer or elastomer. The Gibbs relation

dε− Tdσ − Φij dUij = µ1 dρ1 + µ̄2 dρ2 + v1 · dg1 + v2 · dg2 = Π′ dφ+ µdρ+ v · dg + m · dw (17)

containes the variables and defines the conjugates (e.g. v = φv1 + (1 − φ) v2 = ρ−1(g1 + g2) and m =
ρ (1−φ)φw = (ρ2g1−ρ1g2)ρ−1). Here we want to display explicitly 2-fluid hydrodynamics under the following
assumptions:
a) convection with natural velocities (for Uij , g2, ρ2 and g1, ρ1 this is v2 and v1, respectively );
b) the linearized elastic force acts on the elastomeric fluid (index 2) only;
c) global incompressibility, δρ = 0 (i.e. δρ1 = −δρ2); and
d) linearizing the phenomenological dissipative currents, but keeping quadratic nonlinearities otherwise. Then
the following set of equations is obtained:
The incompressibility condition (in 3 equivalent versions),

0 = div v = w ·∇ρ1 + ρ1div v1 + ρ2div v2 = w ·∇φ+ φdiv(1− φ)w − (1− φ) divφw (18)

the concentration dynamics (in 3 equivalent versions),

φ̇+∇i (φvi + φ(1− φ)wi)− dij∇i∇j(µ1 − µ̄2)− φ(1− φ)d (T )
ij ∇j∇iT = 0 (19)

ρ̇1 + v1 ·∇ρ1 + ρ1divv1 − ρ dij∇i∇j(µ1 − µ̄2)−
ρ1ρ2

ρ
d

(T )
ij ∇i∇jT = 0 (20)

ρ̇2 + v2 ·∇ρ2 + ρ2divv2 + ρ dij∇i∇j(µ1 − µ̄2) +
ρ1ρ2

ρ
d

(T )
ij ∇i∇jT = 0 (21)

the entropy dynamics (heat conduction equation),

σ̇ + vi∇iσ +
β

ρ
∇i(ρ1ρ2wi)− κij∇i∇jT −

ρ1ρ2

ρ
d

(T )
ij ∇i∇j(µ1 − µ̄2) = 0 (22)

and the elasticity dynamics

U̇ij + v
(2)
k ∇kUij −

1
2
(∇jv

(2)
i +∇iv

(2)
j )− ρ1

2
(wi∇j + wj∇i) ln

ρ2

ρ
+ Uki∇jv

(2)
k + Ukj∇iv

(2)
k + ζlδijΦkk (23)

+ζtr(Φij −
1
3
δijΦkk)− ξ1δij∆Φkk − ξ2∆Φij − ξ3(∇i∇jΦkk + δij∇k∇lΦkl)− ξ4(∇i∇kΦjk +∇j∇kΦik) = 0

For the momentum balance of the two different species we get

ρ1v̇
(1)
i + ρ1v

(1)
j ∇jv

(1)
i +

ρ1

ρ
∇i(p+

1
2
ρ2wj(v1

j + v2
j )) +

ρ1ρ2

ρ
∇i(µ1 − µ̄2) +

ρ1

ρ
Φkj∇iUkj − ρ1Φij∇j ln

ρ2

ρ

+
ρ1ρ2

ρ
β∇iT + ξρ1ρ2wi − ν

(1)
ijkl∇j∇lv

(1)
k − ν

(12)
ijkl ∇j∇lv

(2)
k = 0 (24)

ρ2v̇
(2)
i + ρ2v

(2)
j ∇jv

(2)
i +

ρ2

ρ
∇i(p−

1
2
ρ1wj(v1

j + v2
j ))− ρ1ρ2

ρ
∇i(µ1 − µ̄2)−

ρ1

ρ
Φkj∇iUkj + ρ1Φij∇j ln

ρ2

ρ

−ρ1ρ2

ρ
β∇iT −∇jΦij +∇j(ΦjkUik + ΦikUjk)− ξρ1ρ2wi − ν

(2)
ijkl∇j∇lv

(2)
k − ν

(12)
ijkl ∇j∇lv

(1)
k = 0 (25)



The ξ-terms describe the coupling of the the two momenta due to the difference of the two velocities (friction).
Note that although we made the approximation that the linear elastic stress does only act on fluid 2, there
are inevitably nonlinear contributions to fluid 1, too. There is also a (nonlinear) coupling of fluid 1 to the
concentration, if elastic distortions are present.

We also give eqs.(24,25) as dynamic equations for the total momentum and for the relative velocity

ρv̇i +∇ip+∇j

(
ρvivj +

ρ1ρ2

ρ
wiwj

)
+ 2∇j(ΦjkUik)−∇jΦij − νijkl∇j∇lvk −

ρ1ρ2

ρ
ν

(c)
ijkl∇j∇lwk = 0 (26)

ẇi +
(
vj +

ρ2 − ρ1

ρ
wj

)
∇jwi + ρξwi +∇i

(
µ1 − µ̄2 + v ·w +

ρ2 − ρ1

2ρ
w2

)
+∇j

1
ρ2

Φij

+
1
ρ2

Φkj∇iUkj −
2
ρ2
∇j(ΦkjUik)− ρ1ρ2

ρ
ν

(m)
ijkl ∇l∇jwk − ν

(c)
ijkl∇j∇lvk = 0 (27)

Convective velocities: A more general theory avoiding the assumptions listed above. has been set up
recently [7]. The comparison with the general theory reveals implicit and explicit assumptions, approximations
and possible generalizations of a given model. A “simple” or “natural” choice in a given model may not be
mandatory, but rather imply a presumption.

Quite generally we find that neither the velocity, with which a certain variable is convected, nor the stress
division between the different fluids can be determined by general principles, but is rather system or material
dependent. On the other hand, there are certain restrictions and interrelations among the convective velocities
and other physical effects that limit the possible choices. For the two densities ρ1, ρ2 e.g., the “natural” choice
for the convection velocities (taken in the equations above) seems to be their native velocities v1 and v2,
respectively. This implies that the total density is convected with the mean velocity v (as required by mass
transport, but manifest only, if the incompressibility assumption is lifted), while the concentration φ is convected
with (1/ρ)(ρ2v1 + ρ1v2). Another obvious (“simple”) choice would be the mean velocity as convection velocity
for both, the total density as well as the concentration implying that also ρ1 and ρ2 are convected with v.
However, the actual convection velocity depends on the value of a material dependent (reactive) flow parameter
(call it γ) and is not restricted to the two choices mentioned above (γ = 0 and = −1 for the “natural” and the
“simple” one).

In the case of visco-elastic and elastic media, which are described by a dynamic equation for the (Eulerian)
strain tensor Uij , there are two velocities involved. One is the usual convection velocity (vk∇kUij) and the
other one occurs in the ”lower convected” part (Ukj∇ivk + Uki∇jvk). There is no fundamental reason for the
two to be equal, nor to be one of the obvious choices (v or v2).

In the equations above it was assumed that (linear) elastic stress is carried only by fluid 2. Generally, however,
the distribution of the elastic stress among the two fluids is governed by a phenomenological coefficient (call it
λ(U)). For, respectively, 2λ(U) = 1/ρ2, = 0, or = −1/ρ1, the elastic stress is carried only by fluid 2, is equally
distributed between 1 and 2, or carried only by fluid 1; but λ(U) can have any value in between.

For the evolution equations of the momenta special care has to be taken to get a description, which is
compatible with general laws. The currents and quasi-currents that enter the description in terms of either
the total momentum and the velocity difference or in terms of the two individual momenta are not the same
comparing eqs.(24, 25) with (26, 27). In particular, the momenta g1,2 are convected with v1,2 implying that
the total momentum g and the relative velocity w are convected with v and (1/ρ)(ρ2v1 + ρ1v2), respectively.
Instead of this “natural” choice there are other possibilities governed by some phenomenological parameters
(independent from γ), e.g. the “simple” choice that all 4 quantities are convected with v.

A prominent feature of the 2-fluid description is the coupling of the concentration dynamics to the velocity
difference. Linearizing and Fourier transforming the dynamic equations, thus eliminating w from e.g. the
concentration dynamics and neglecting fourth order gradient terms we get

iωφ− d eff∆Π− ρ1ρ2

ρ2
d(T ) eff∆T − 2λ(φ)∇i∇jΦij = 0 (28)

with frequency dependent effective diffusion and thermo-diffusion coefficients

d eff = d+
ρ1ρ2

ρ2

(γ + 1)2

ρ ξ + iω
and d (T ) eff = d (T ) +

β(γ + 1)
ρ ξ + iω

(29)

and the dynamic coupling to the elastic degree of freedom by

λ(φ) =
ρ1ρ2

ρ
λ(U) 1 + γ

ρξ + iω
(30)

where the dispersion step around ω ≈ ρ ξ is due to the friction (∼ ξ) between the two fluid momenta. Again
these possible additions to the concentration dynamics, however, depend on the choices for the convection
velocities.


