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Overview

Behavior of material often involvesdi�erent length scales.

) Relationshipof modelson di�erent length scalesis of interest.

� Upscalingtechniques:

Derivationof a model on onescalefrom a model on the next �ner scale.

{ Thermodynamiclimit / Scalingtechnique(Blanc, Le Bris, Lions [3])
{ Inner expansiontechnique(A., Griebel [1, 2])
{ Direct expansiontechnique(Rosenau[6] et al.)

� Couplingtechniques:

Combinationof severalmodelsof di�erent scaleswithin onenumericalsimulation.

{ Heterogeneousmultiscalemethod (E, Engquist[5])
{ Quasi-continuummethod (Tadmor, Ortiz, Phillips [8])
{ Bridging scalesmethod (Wagner,Liu [9])

Here:

� Upscalingfrom atomistic to continuummechanicallevel
� For crystallinesolids

Developmentof the inner expansiontechnique:

Given

atomistic model

inner exp.
technique� ! Derivedcontinuum

mechanicalmodel

Basicingredientfor modelson both scales:potential energy

Atomistic potential energy:

� (A) (f y(x)gx 2L\ 
 )

inner exp.
technique� ! Continuumpotential energy:Z



� (I) ;x �

y(x); r y(x); : : : ; r K y(x)
�

dx

Continuummodel involveshigherorder gradientsy; r y; r 2y; : : : ; r K y

insteadof the �rst order gradient r y only.

Features:

� Allows for an accuratedescriptionof the microscopicmaterial properties.
� Capturesdiscretenesse�ects within continuummodel.
� Retainsconvexity and boundednesspropertiesof the atomistic potential

) leadsto well-posedproblems.

Atomistic Mo del

In�nite lattice:

L := f x + Az j x 2 L cell ; z 2 Zdg

Referencecon�guration:


 � Rd

Atom positionsin referencecon�guration:

L \ 


Deformation function:

y : L \ 
 ! Rd

Generalform of potential energy:

� (A) (f y(x)gx 2L\ 
 )

Evolution equation(Newton's secondlaw):

m
@2

@t2 y(~x) = �r y( ~x ) �
(A) (f y(x)gx 2L\ 
 ) 8~x 2 L \ 


Examples

Model problemfor d = 1: Atomic chain

Example1: 2-body interaction:
�
e.g. ' (r ) = 1

2 (r � 1)2
�

� (A) (f y(x)gx 2L\ 
 ) =
LX

x =1

'
�
y(x) � y(x � 1)

�

Example2: 3-body interaction:
�
e.g. ' (r ) = 1

2 r 2
�

� (A) (f y(x)gx 2L\ 
 ) =
L � 1X

x =1

'
�
y(x + 1) � 2y(x) + y(x � 1)

�

Examplesfor physicallyrelevantpotentials:
Stillinger-Weber [7] � ! silicon

EmbeddedAtom Method (EAM) [4] � ! metallic systems

Inner Expansion Technique [1, 2]

Step 1: Localizationof atomistic potential:

� (A) (f y(x)gx 2L\ 
 ) =
X

x2 L\ 


� (A) ;x (f y(x)gx 2L\ 
 )

� (A) ;x describesthe interaction of the atomsaround x.

Optimal choicefor x: barycenterof positionsof involvedatoms.

Step 2: Power seriesexpansionof y up to degreeK :

y(x) �
KX

k=0

1
k!

(x � x)k : r k y(x)

Step 3: Reformulation of the potential:

� (A) ;x (f y(x)gx 2L\ 
 ) � � (A) ;x

 (
KX

k=0

1
k!

(x � x)k : r k y(x)

)

x 2L\ 


!

=: � (I) ;x �
y(x); r y(x); r 2y(x); : : : ; r K y(x)

�

Step 4: Spatial averagingof sumoverx 2 L \ 
 :

� (I) (y) :=
Z



� (I) ;x �

y(x); r y(x); r 2y(x); : : : ; r K y(x)
�

dx

Evolution equation:

�
@2y
@t2 =

KX

k=0

(� 1)k+1 divk � (I) ;x
;k (y; r y; r 2y; : : : ; r K y) in 


Examples

2-body interaction: � (I) (y) =
Z



'

�
y0(x)
| {z }
K =1 ;2

+
1
24

y000(x)

| {z }
K =3 ;4

+
1

1920
y00000(x)

| {z }
K =5 ;6

+ : : :
�

dx

3-body interaction: � (I) (y) =
Z



'

�
y00(x)
| {z }
K =2 ;3

+
1
12

y0000(x)

| {z }
K =4 ;5

+
1

360
y000000(x)

| {z }
K =6 ;7

+ : : :
�

dx

Stillinger-Weber for silicon: see[2]. EAM for shape memory alloys: see[1].

Numerical Evaluation

Model problem: atomic chainasde�ned above.

Study and compare time evolutionof

� original atomistic system
� continuummechanicalsystemobtainedvia

{ inner expansiontechniquefor di�erent approximation orders
{ thermodynamiclimit/scaling technique

Initial condition: equilibrium chainwith perturbation in the center:
Atoms:
Atom density:

Color coding of atom density:
Red: very high atom density
Yellow: high atom density
Gray: equilibrium atom density
Cyan: low atom density
Blue: very low atom density

Axesin graphsbelow:
x

t

thermodynamiclimit/
atomistic system

scalingtechnique
inner expansiontechnique

K = 1 K = 3

2-body

potential

Newton'sequation @2 y
@t 2 = @2 y

@x 2
@2 y
@t 2 = @2 y

@x 2
@2 y
@t 2 = @2 y

@x 2 + 1
12

@4 y
@x 4 + 1

576
@6 y
@x 6

K = 2 K = 4

3-body

potential

Newton'sequation @2 y
@t 2 = 0 @2 y

@t 2 = � @4 y
@x 4

@2 y
@t 2 = � @4 y

@x 4 � 1
6

@6 y
@x 6 � 1

144
@8 y
@x 8

Conclusions:

� 2-body potential: propagationpattern capturedby all upscalingschemes.
� 2-body potential: dispersiononly capturedby inner expansiontechniquewith K � 3.
� 3-body potential: scalingtechniquelosesall information ) uselesshere!
� 3-body potential: inner expansiontechniquecapturesdi�raction pattern quite well for K = 2 and very well for K = 4.
� Scalingtechniqueand inner expansiontechniquecoincidefor K = 1.

Application to Crystalline Silicon

Widely usedpotential for crystallinesilicon: Stillinger-Weber [7]

� (A) (f y(x)gx 2L\ 
 ) =
1
2

X

x 1 ;x 2

' 2(jy(x2) � y(x1)j)

+
1
2

X

x 1 ;x 2 ;x 3

' 3

 

jy(x2) � y(x1)j; jy(x3) � y(x1)j;
(y(x2) � y(x1)) � (y(x3) � y(x1))

jy(x2) � y(x1)jjy(x3) � y(x1)j

!

with 2-body and 3-body interactions:

' 2(r ) =

8
><

>:

"A
�

B
� 4

r 4 � 1
�

exp
�

r � � b
if r < � b;

0 otherwise

' 3(r12; r13; �) =

8
><

>:

"� exp
�


 �
r12 � � b

+

 �

r13 � � b

� �
� +

1
3

� 2

if r12 < � b and r 13 < � b;

0 otherwise

Approximation quality for the stationary case:

� Set up deformed specimen:

d

1

� Parameter� varies from 0 to 0.2
� Measure atomistic and continuum mechanical

potential energy
� Plot absoluteand relativeerrors � !
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Conclusions:

� 2-body term, K = 1; 2: approximation quality moderate
� 3-body term, K = 1; 2: approximation quality not su�cient
� 2-body and 3-body terms, K = 3: very good approximation quality
� Especiallythe angular 3-body terms pro�t from higherorder approximation:

Bendingis taken into account

Thermo dynamic Limit / Scaling Technique [3]

Step 1: Fill 
 successively�ner with atoms

length scale1

L \ 


� !

length scale"

"L \ 


Step 2: De�ne scaledatomistic potential � (A) ;"

� (A) ;" (f y(x)gx 2 " L\ 
 ) := "d� (A) (f " � 1y(x)gx 2 " L\ 
 )

Step 3: Assignpotential to continuumdeformation function y : 
 ! Rd:

� (A) ;" (y) := � (A) ;" (f y(x)gx 2 " L\ 
 )

Step 4: Continuumlimit

� (S) (y) := lim
" ! 0

� (A) ;" (y)

Leadsto continuummechanicalpotential which dependson �rst order gradient r y:

� (S) (y) =
Z



� (S) ;x �

r y(x)
�

dx

Remarks:

� Microscopicpropertiesand discretenesse�ects are lost within limiting procedure.
� Coincideswith the inner expansiontechniquefor K = 1.

Direct Expansion Technique [6]

Here: exemplary for the atomic chainwith 2-body interaction.

Step 1: Expressevolutionequationin terms of z(x) := y(x) � y(x � 1):

m
@2

@t2 y(x) = ' 0� y(x + 1) � y(x)
�

� ' 0� y(x) � y(x � 1)
�

, m
@2

@t2 z(x) = ' 0� z(x + 1)
�

� 2' 0� z(x)
�

+ ' 0� z(x � 1)
�

Step 2: Expansionof ' 0 � z around x:

m
@2

@t2 z(x) = L (' 0 � z)(x)

with L = 4sinh2
�

1
2

@
@x

�
=

1X

k=1

2
(2k)!

@2k

@x2k =
@2

@x2 +
1
12

@4

@x4 +
1

360
@6

@x6 + : : :

Step 3: Truncationor Pad�e approximation of in�nite di�erential operator L . Example:

m
@2

@t2 z =
@2

@x2 z +
1
12

@4

@x4 z:

Step 4: Reconstructionof potential energy:

� (D) (z) =
Z




1
2

z02(x) �
1
24

z002(x) dx

Remarks:

� Capturesmicroscopicdiscretenesse�ects and dispersion.
� Doesnot carry overcoercivity propertiesof atomistic potential to continuumlevel.

) Leadsin generalto ill-posedproblems.
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