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Overview

Behavio of material often involvesdi erent length scales.
) Relationshipof modelson di erent length scaless of interest.

Upscalingtechniques:
Derivation of a model on one scalefrom a model on the next ner scale.

{ Thermodynamiclimit / Scalingtechnique(Blanc, Le Bris, Lions[3])
{ Innerexpansiortechnique(A., Griekel [1, 2])
{ Direct expansiontechnique(Rosenau6] et al.)

Couplingtechniques:

Combinationof severalmodelsof di erent scaleswithin one numericalsimulation.

{ Heterogeneoumultiscalemethad (E, Engquist[5])
{ Quasi-continuummethod (Tadma, Ortiz, Phillips [8])
{ Bridging scalesmethod (Wagner,Liu [9])

Here:

Upscalingfrom atomistic to continuum mechanicalevel
For crystallinesolids

Developmentof the inner expansiortechnique
inner exp.

teckrique

Derivedcontinuum
mechanicaimodel

Given
atomistic model

Basicingredientfor modelson both scales:potential energy

inner exp.
Atomistic potential energy: teCT'que z

@) (Fy(x)gx2nv ) '

Continuum potential energy:

insteadof the rst order gradientr y only.

Features:
Allows for an accuratedescriptionof the microscopicmaterial properties.
Capturesdiscretenesg ects within continuummodel.
Retainsconvexiy and boundednesgropertiesof the atomistic potential
) leadsto well-posedproblems.

Atomistic Mo del

In nite lattice:
L:=fx+ Az X2 Leen;z2 2%

Referencecon guration:
Rd

Atom positionsin referencecon guration:

L\

Defarmation function:
y:L\ | R

Generalform of potential energy
@ (Fy(x) g )

Evolution equation(Newton's secondlaw):

@

m@y(x): r 8x2 L\

y(%) ® (Fy(x)gx2nv )
Examples

Model problemfor d = 1: Atomic chain

Examplel: 2-body interaction: eg.' (N =3r 1)
A X
A Fy)gan )= "y y(x 1)
x=1

Example2: 3-body interaction: eg.' (r) = %rz

le
)=

x=1

@ (Fy(x)gean y(x+1) 2Zy(x)+y(kx 1)
Exampledfor physicallyrelevantpotentials:
Stillinger-Weber [7] !

EmbeddedAtom Method (EAM) [4] !

silicon
metallic systems

Inner Expansion Technique [1, 2]

Step 1: Localizationof atomistic potential:

)= B X(Fy(x)gxon )

x2 L\

@ (Fy(x)gxann

(W)X descritesthe interaction of the atoms around X.
Optimal choicefor X: barycenterof positionsof involvedatoms.

Step 2: Power seriesexpansiorof y up to degreeK :
X 1 AK . Ky
Y g 0Ky
k=0
Step 3: Refamulation of the potential:
|
o - Cx 1 :
A X(fy(X)Gean ) BOF ax X) 1 Ky(x)
k=0 x2L\
= 0% y)ir yooir 2y();ir “y(®)
Step 4: Spatial averagingof sumoverx 2 L\
Z
Oyy= OF y;r y®);r 251 “y(x) dx
Evolution equation:
@y _X . :
@z: ( v QX yiryir dysnr Ky) o in
k=0

Examples

Z
2-body interaction: O (y)= Yo&x? + 2—14y°°?x) + ﬁoyoo‘)%’() +10dx

———
, T %% }
3-body interaction: @ (y)= P/f’{(g; + %Zyooctg() + %)yoooogq) +:00dx
=)
| ’ K EZ 7 }

Stillinger-Weber for silicon: see[2]. EAM for shape memay alloys: see[1].

Numerical Evaluation Application to Crystalline Silicon
Model problem: atomic chain as de ned above. Cola coding of atom densit: Widely usedpotential for crystallinesilicon: Stillinger-Weber [7]
Study and compae time evolution of olar coding ot atom ensiy: .
Red:  veryhigh atom densiy @ R .
original atomistic system high atom densiy (fy()gxonn ) = > 2(y(x2)  y(x1)j)
continuum mechanicalkystemobtainedvia Gray: equilitrium atom densiy X1X2 |
{ inner expansiortechniquefor di erent approximation orders low atom densiy L1 X iy(x2)  YDiY(s) Yt (y(x2) y(x1)) (y(xs) y(x1))
{ thermodynamiclimit/scaling technique Blue:  verylow atom densiy 2 3 2 LIRS Y Tvx2) y(x)iiy(Xs)  y(X1)]
Initial condition: equililrium chainwith perturbationin the center: Axesin graphsbelow: X with 2-body and 3-body interactions:
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Atom densiy: eEEEEEEE—T T t > 4 .
"A Br_4 1 exp ifr< b
. . . ' r- =
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scalingtechnique 8 5
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3(riz;ris; ) = r2 b b 3
-0 otherwise
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potential Approximation quality for the stationary case: 7 o : % o]
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Conclusions:
Conclusions:
2-body term, K = 1;2: approximation quality moderate
2-body potential: propagationpattern capturedby all upscalingschemes. 3-bod§ term K = 1:2: aggoximation gualig not su cient
2-body potential: dispersiononly capturedby inner expansiortechniquewith K 3. 2-body and é-body t,erhs K = 3 verygood apoximation quality
3-body potential: scalingtechniquelosesall information) uselessere! Especiallythe angula 3-b;)dy terr.ns prot from higher order aproximation:
3-body potential: inner expansiontechniquecapturesdi raction pattern quite well for K = 2 and verywell for K = 4. Bendinais takeninto account '
Scalingtechniqueand inner expansiortechniquecoincidefor K = 1. g

Thermo dynamic Limit / Scaling Technique [3]

Step1: Fill  successivelyner with atoms

length scalel length scale”

L\

Step 2: De ne scaledatomistic potential

B yxgarn )= B y(ggenn )

Step 3: Assignpotential to continuumdefamation functiony : ! RY:

Wy = AT (Fy(x)geern )

Step 4: Continuumlimit
(S) (y) = -v|i|m0 (A) (y)
Leadsto continuum mechanicalpotential which dependson rst order gradientr y:
Z

) (y) = (S):x

r y(x) dx

Remaks:

Microscopicpropertiesand discretenesg ects are lost within limiting procedure.
Coincideswith the inner expansiorntechniquefor K = 1.

Direct Expansion Technique [6]

Here: exemplay for the atomic chainwith 2-body interaction

Step 1: Expressevolutionequationin termsof z(x) := y(x) y(x 1)
m% )="%y(x+1) yx) "°y(x) y(x 1)
, m%z(x) ='O%zx+1) 2%z(x) +'%z(x 1)

Step 2: Expansionof' © z around x:

m%z(x) =L(° 2)(x)

R k
with L=asnhz 1@ - 2 6 _©6 16 160, .
2@, @ke@e* @ 12@* 360@°
Step 3: Truncationor Pade approximation of in nite di erential operata L. Example:
m@z = @Z + igz:
@2 @2 12@4
Step 4: Reconstructionof potential energy:
Z
1 1
(D) - -2 L _o@
(2) 22 (x) 242 (x) dx
Remaks:

Capturesmicroscopicdiscretenesg ects and dispersion.
Doesnot carry overcoercivity properties of atomistic potential to continuumlevel.
) Leadsin generalto ill-posedproblems.

References

[1] M. Arndt , Upscalingfrom Atomistic Modelsto Higher Order Gradient Continuum Models
for Crystalline Solids PhD thesis, Institute for Numerical Simulation, University of Bonn,
2004.

[2] M. Arndt and M. Griebel , Derivation of higher order gradient continuum models from
atomistic modelsfor crystalline solids Multiscale Model. Simul., (2005). Accepted.

[3] X. Blanc, C. Le Bris, and P.-L. Lions , From molecula modelsto continuum mechanics
Arch. Ration. Mech. Anal., 164 (2002), pp. 341{381.

[4] M. S. Daw and M. |. Baskes, Embedded-atommethod: Derivation and application to
impurities, surfaces,and other defectsin metals Phys. Rev. B, 29 (1984), pp. 6443{6453.

[5] W. E and B. Engquist , The heterogeneousnulti-scale methods, Comm. Math. Sci., 1
(2003), pp. 87{133.

[6] P. Rosenau, Dynamics of nonlinea mass-sping chains nea the continuum limit, Phys.
Lett. A, 118 (1986), pp. 222{227.

[7] F. H. Stillinger and T. A. Weber , Computer simulation of local order in condensed
phasesof silicon Phys. Rev. B, 31 (1985), pp. 5262{5271.

[8] E. B. Tadmor, M. Ortiz, and R. Phillips
Philos. Mag. A, 73 (1996), pp. 1529{1563.

, Quasicontinuumanalysisof defectsin solids

[9] G. J. Wagner and W. K. Liu, Coupling of atomistic and continuum simulationsusing a
bridging scaledecompsition, J. Comput. Phys., 190 (2003), pp. 249{274.




