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General aim

Provide mathematical tools to study the passage from models on small scales to models on large scales:

quantum —— atomistic —— microscopic —— MEeSCOSCOpPIC ——> Macroscopic

Here: dynamical models for lattice oscillations but LINEAR

Nonlinear statics:
Arrayo, Braides, E, Elliott, Friesecke, Le Bris, . . .

Nonlinear Hamiltonian dynamics:

Dreyer, Giannoulis®, Herrmann, Friesecke, Truskinovsky, Vainchtein, . . .
y y

* GIANNOULIS & MIELKE; Nonlinearity 2004:
The nonlinear Schrodinger equation as a macroscopic limit for an oscillator chain with cubic nonlinearities.
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1. An intro ductory example

Linear harmonic chain
one—dimensional lattice
equal masses m = 1; equal linear springs (k = 1);

(only nearest—neighbor interaction)

Microscopic model (linear oscillator chain)

Xy = (Xqq1—X5) — (Xy—X4—1) for €Z (LOC)

Macroscopic model (linear wave equation)

Urr= U,, fory €R (LWE)

Connection via discretization:

y=nh ; = ht; x,(t) =u(h ;h ):
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2 for >1,
Initial datum for (LOC): X~(0) = for = 0O; x~(0) = 0.
0 for < —1;

x+(0)

€ Z
@ @ L 4 L 4 L L L
?
2 f > 0;
Macroscopic initial condition: u@;y) = ory u-(0;y) = 0.
0 fory < O;
Explicit solution for > O:
2 fory >
u( ;y) = 1 forl|y|< ;
O fory< —:
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Microscopic solution at time t = 200

(for = —1) 1 & 4
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macroscopic wave speeds +1

e Frontsat =~ 4+t +«—
e Weak/slow convergence to the flat plateau X, = 1 away from the fronts

e No dependence on s seen

e Where does the energy go?
~5/23-
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Energy distribution alpha=—1, total energy=5

in the discrete, microscopic model

| — 1,2 2 2
| &y = X5+ 7(Xqq1—X5) "+ 2(Xy—X421)

—200 ~100 100 200
e Now  matters:

total energy = >, €, = 5 2+ 22— )2 (= left spring + right spring)

e Fluctuations between well-defined curves (Young measures!)

weak convergence (spatially averaged) convergence
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Weak limit of the

energy distribution

2 1+ (—1)3(y= )’
vV V1= (y=)?

e( ;y)=

alpha=-1, total energy=5
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2. General lattices

o O o, O,
. , 0. O,
o ® o O , C R%: discrete lattice of cells (additive group)
. , 0. _ O, - SroUp
o O o, O, € : position of cell (containing several atoms)
o O o, O, Xy = (FiTyi1) € '
0. o. , O, displacement of all atoms in cell
® o ® : : : P
e.. , O, _ O, linear interaction with finite range:
®. ®.
O O O _ :
°. °. °. MXy= — > AgXoyp for € (HLE)
IBI<R
M = M T €R™™: positive definite mass matrix

Az € R™*™: interaction matrix between cells (A _g = A;)

Conserved energy: H(x; x) = Z (%()(_7; M x,) + Z (X~; A5X7+5>).
yeT IBISR

where X = (X)) er € 2
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Plane waves

Special solutions in the form | x.(t) = @7 with € C™.

I € R: frequency
€ C™: eigenvector (“internal shape” of the wave)

S Rff: wave vector
.= {keER?: k. €2 Zforall € } duallattice

€ Tr = R¢ /T torus for the wave vectors

Algebraic eigenvalue problem

2
—I "M = —A( ) Bi—atomic chain: I' =2, m = 2.
—@ —@ —@ —@ —Q@— —@—
i0- Dispersion relation
A — el@ ﬁA (Cme p
) ZWSR B € !

General stability assumption:

AC)= A" >0 ~» Weinan E’s talk
~» Ryan Elliot’s poster

M pairs of real frequencies

b= 41 5(0), ] = 1;::0,m.
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3. Linear elastodynamics as a macroscopic limit model

Microscopic system (HLE) [ M X, = — > 5 g ApXyyp for €

Interpolation to functions on macroscopic, continuous space-time: ( ;y) € RxR%:

Xa( 1Y) = ZXW(T) sinc p( _¥)

vyel’

0 < " < 1 small length scale = atomic distance

sincr € L%(R%): “sinc” function associated with : sincr := f_lXBriH(p)
Properties:
W interpolation: sincp( ) = ¢, for &€
m orthogonality: [,4SinCr(y— )sincr(y— )dy = Cr 4 |
B slowly decaying, but infinitely differentiable o /\ i /\ Ly :
— A N T
Example:
= ZCR sincp(y) = i
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3. Linear elastodynamics as a macroscopic limit model

Four equivalent descriptions

X = (X4)yer — )Zv( ) = Zyerxvew'e
1 !
X(y) = Zyerxv sincr(y— ) — X()=X()Xm( )
i A .
Fourier transform X © = FX © makes calculations algebraic:
d2 7€ 1 " 7 7€ 1 0 d
X )+ A0 )X ) = Oand sppt[x ( ;-)} c >Brill() c RY

Alexander Mielke
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What remains from 1A(" ) in the limit © — 07

Define V = kernel A(0) and write C"™ = V @V * (V contains rigid translations)
[ |
Ay = A A AR OO0 ) AL 00 1)
Avi() ALi() AV O +oq 1) A o
where A () = FAR( ), (V = acoustic modes, V = = optical modes)
_ _ _ , RY  — Herm ﬁ(V)
Define the quadratic function Q( ) - ) (1) (0) (1)
= Avv()_A _]_()A AJ_V( ):

H?(R% V L2(R% V);

and the second order differential operator D : ( ) — (2)( _ )
X — QYW(—-1@)X:
Proposition:

Then, on HY(R% C™) we have the following Gamma—convergence for " — 0:

T5(X) = [a(D°X; X ydy 22 7°%(X) = { fRdme; X ) dy :Srex (y) €V ae;

where D¢ is the pseudo—differential operator X +— ]:(E%A(" NF~X ]).
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Theorem (Linear Elasto—Dynamics):

Assume for " — O that

B init.conds. converge: (X 5; X ) * (X 8; XY in L2(RY C™)?,

B the energies are boundded: H*(X §; X§) = % [oa(M X ;X D)+ (DX 55 X 5)dy — hj:

Then, 3 [La(M X 5 X D) + (DX J; X $Ydy < hjm and 3! solution X © : R — L*(R% V)? of

MyX .+ DX = 0; (X°0);X20) = (Xg;X}) (LED)

and
Vo eR: (X );@X()* (X°)@xX’ ) inL*RY,C™
where X € : R — L2(R% C™) is the unique sin. of (HLE)® with (X €(0); X £(0)) = (X &; X 9).

Rigorous coarse graining of evolution equations <—=- diagram commutes

(X6 X§) * (X g5 X 0)
time evol. } (HLE)" | (LED)
(X ), X=C) * (X°C ) X°()
atomistic coarse macroscopic
discrete graining continuum
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4. Wigner/Husimi transforms and measures

Wigner: ® quantum mechanics classical mechanics
e semiclassical limit: Planck constant ™ = h — O (uncertainty disappears).

e ldea: obtain simultaneous information on space and momentum

Wigner and Husimi transform for f € L2(R%; C")
Wg(f )(y1 ) = szRdf (y—%) ®W eiz'n dz ¢ CnXxn

HA(F)(y; ) = HA(E)(y; YeH=(f)(y; ) ceCiy"={AeC"" : A>0}
e _ ; _ Iz
with H(f )(y; ) = mf[@ (- = y)f ()I( L) where G°(z) = e
f(y) . .
ﬂ Effective support of the Wigner transform
R

wave length 277%5 X
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Connections and comparison: Wigner versus Husimi

Joa WE(F )y; )dy = (27r1€)d(.7-"f (1)) @(Ff (2)) microscopic wave vector
fRd We(t)(y; )d = f(y)xf (y) Y macroscopic space variable
FycW () ) ) = (2;€)d(.7:f )L+ %)@(]—"f (L — %) macroscopic wave vector

only F,_,cWe(f) € COURYE LY(RY, €™*™y).

Husimi trafo = "-mollified Wigner trafo: H°(f )(y; ) = [W*(f) x G x G]](y; ) € CL_" (positivity)

= ot Y DAY = (1 0200 ) == IO s ooy < DI P2 o)

Fundamental observation:
Each bounded sequence (f 2).>o in L2(R%; C") there exists a subsequence such that
Hok(fe,) * in M(RXRY; CLE") C (Co(RIXRE €7 ) ™.

Problem with H°:
_ _ ) N
Fy-cH(F)(5 ) ) = ngl W(‘Ff )(Z+ %)@(}“f )(g_%) e—cll* /4G — ) d
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Theorem on Wigner measures (Gérard 1991, Lions & Paul 1993)
Any bounded sequence (f ©).s¢ in L%(R%; C")

has a subsequence (f k) pen such that

LYRY > |fek|2 wace € M(RY
LYRY > |F(Fx)| * Fourier € M(RY)

distr

7?7 ) Wak(f ak) ? Wigner - M(Rd X Rz, Cgén

Moreover, the Wigner measure contains the other two measures:

fRd trace Wigner( dy; ) — Fourier fRf trace Wigner(’; d ) — space
e Most proofs use the fact that WF®k(f °k) dar, = HK(f k) ¥

e Applications in optics, quantum mechanics, elasticity, . . .
e high frequency limits, homogenization in hyperbolic equations
Gerard 1991; Lions & Paul 1993; Rhyzik, Papanicolaou & Keller 1996;

Gérard, Markowich, Mauser & Poupaud 1997
In AMSMSP: C. Lasser, H. Spohn, S. Teufel; from 1999 ~~ today
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5. Energy transport in harmonic lattices
Brillouin 1947/60 [Wenzel, Kramer, Brillouin: WKB method]

A pulse, and hence the energy, is transported with the group velocity

Modulated pulse of a plane wave: X,‘;”'se(t) = A('t " ))el@rted)

. — w
phase velocity Cphase = T
i(0-y+wt) _ eie'('H‘Cphaset))

(since e

group velocity Cgroup = Vi! ()

pulse envelope A depends on macrosc. = "t; y =

@'A — Cgroup ' @/A + O(")

Energy is transported with a continuum of different speeds according to

its microscopic wave vector (  “dispersion”).

The Wigner-Husimi measure contains the information about the location of energy and its wave vector.
Is there an evolution equation for \wn?

Alexander Mielke ¢ 11-15.April 2005 ¢ IMA ¢ Atomic to Macroscopic ¢ -17 /23—
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From M X ., + ELQA( ))Z\ = 0 we find, after diagonalization,
d ~ 1 (") 0 ~ LA 1 . 9.
—U(; )= = Us( ; with US( ;) : =Brill — C™;
d()..(o_i(..)><) () @Bl ()
where () = diag (! ( );:::;! ().
Theorem (GMMP 1997)
Let S C 7t be closed such that all ! ; are C' on 71\ S.
Assume WE(US) *° 0 with 3 (R x S) =0
(no energy concentration on the singular set S is allowed).
Then, for all > 0 we have WE(US( ) *  wn( ) € M(R?Y x Tp; C2m=2my,
The diagonal terms of wn = ( jx)jk=1,.. 2m satisfy the Energy Transport Equation
@ j;= Vol j()-V, j;onRYx Tr\'S (ETE)

Reconstruction of energy density

e( ’) - space( ,) — fTI‘ tr WH( % d )

(only diagonal entries are needed)

Alexander Mielke ¢ 11-15.April 2005 ¢ IMA ¢ Atomic to Macroscopic ¢

~18/23-



|

\/\/\
3 SPP1095 AMSMSP 5. Energy transport in harmonic lattices

lwlilals

ldea of Proof

For U= FU®we have 20%( ; )= 11 ;" )US(; ) < U(; )= e“M70%0; )

dr

The Wigner transform after the Fourier transform Wo( ;- ) 1= Fy W (U;( ;- )) gives
W55 )= @ TS89 U5 2-9).
== Wa( - )= eiAg(@,C)TWa(O; ’ )

. c c e—0

with  o( ; =%(!j( + 2 ) =14 —5))—>V!j()- (only for & S)
In the limit " — O we find for W° = lim .o W® the equation

wo( ; ;)= Vil wo0; ;) «— @w’=iv! () W’
~1

& @ =)@
Technicalities:
e energy conservation difficult due to co propagation speed
tightness estimate no leakage to oo

e adjustments to the case €& %Brill()

e proper convergence in M(R? x 7p \ S; C).

Alexander Mielke ¢ 11-15.April 2005 ¢ IMA ¢ Atomic to Macroscopic ¢
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Problem: singular set S C 7r is always nonempty:

e At = 0 always trouble arises: acoustic modes for macroscopic limit

e further singularities may occur in poly-atomic crystals (~~ Weinan E’s talk)

Way out: Define /C to be a compactification of 7 \ S,

such that all VI ; have a continuous extension onto .

Example: Square lattice = Z?

Tr=T"= IR{2:(27%)2
Singularity set S = {(0;0) }

Compactification /C
[ o( : )
O

® o(;)

Alexander Mielke
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Theorem (M. 2005)

Assume that

e the compactification /C is such that continuous extensions V! ; exist,

: : , , c|61—65]
e 3C >0V 15 2€Tp\S: [V ;( 1) = V(2] < min{dist(67,5),dist(05,9)}
e the possible concentration on S is slow enough:

VR > 0: I|m fdlst(95)<Rf|}"U€( )|’d = 0,

e the initial conditions converge: HE(U®) ** Hus,m, e M(RY x fC; C2mr2my:

Then:
Forall > Owehave H(U( ) ¥ usimi( ) € M(R? x [C; €777,

The diagonal terms of  Husimi = (k) j.k=1,...,2m satisfy the energy transport equation

@— jj = VQ! j( )Vy jj OanXIC (ETE)

Use Ha(ue) c Ll(Rd X 7} \ S, CZ’rnme,) C M(Rd ~ ]C, CQmX‘Zm)

Alexander Mielke ¢ 11-15.April 2005 ¢ IMA ¢ Atomic to Macroscopic ¢ -21/23-



|

\/\/\
- SPP1095 AMSMSP 5. Energy transport in harmonic lattices |W| I | A‘ S

Back to the intro ductory example

Linear oscillator chain | X = (Xq41—X5) — (Xy—X4—1) for € Z (LOC)

m =

Diagonal form : (%Ue =

( i!O( ) —i!o( ) >U€in C*with ! () = 2sin( =2).

Initial conditions:
Case 1: Green's function x,(0) = .; x.(0) = O. Us@; ) = (;gg;).

w(0)(1—el?)
(ww)(l—ei@))'

Case 2: Dipol init.cond. X4(0) = — 4_1; X4(0) = O. UsO; )=

Initial Wigner measures  ;; are 11(0) = 22(0) = o(dy)H x( )d
Solving (ETE) gives the energy distribution e(t; y) = feﬂz_w 1( sy )+ 1y )d

Case 1: Case 2:
Hi( ) = 5=(1—cos ) Ho( ) = £(1—cos )°
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Conclusions

For two different questions the transition from the discrete, atomistic model (HLE) to the continuum model is

established rigorously:

linear elasto—dynamics (LED) energy transport equation (ETE)

Future directions:

e Analysis of more concrete systems
Understanding of the fluctuations around the Wigner measure

e Introducing smooth macroscopic lattice parameter variations
@ ;= Vol j(y: ) - Vy 5=Vt lys ) -V g

e Weakly nonlinear interaction of pulse (nonlin. Schrodinger eqns; J. Giannoulis), modulated wave trains
(Whitham equation; cf. Dreyer, Herrmann)

e Stochastic perturbed systems (cf. Spohn, Lukkarinen)

e Surfaces of and interfaces between perfect lattices

Alexander Mielke ¢ 11-15.April 2005 ¢ IMA ¢ Atomic to Macroscopic ¢ -23/23-



