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What is New?

• Direct constructive algorithms for:

• Invariant Maurer–Cartan forms

• Structure equations

• Moving frames

• Differential invariants

• Invariant differential forms

• Invariant differential operators

• Syzygies and recurrence formulas

• Basis Theorem for differential invariants
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Further applications:

• Symmetry groups of differential equations

• Vessiot method of group splitting

• Congruence of curves, surfaces, etc. in homogeneous spaces

• Invariant variational bicomplex:

• Calculus of variations

• Gauge theories

• Riemannian submanifolds

• Characteristic classes of foliations, Gelfand-Fuks coho-

mology
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Diffeomorphism Pseudogroup

Mm m dimensional manifold

D = D(M) pseudogroup of local diffeomorphisms of M

Dn ⊂ Jn(M,M) bundle of nth order jets, 0 ≤ n ≤ ∞
σ(jnz ϕ) = z source map

τ(jnz ϕ) = ϕ(z) target map

D∞ inherits the structure Ωr,s of a variational bicomplex from

J∞(M,M):

Coordinates on D∞: (za, Zb, Zbc1 , Z
b
c1c2 , . . . ), where za, Zb

are local coordinates of M about the source and the target,

and Zbc1 , Z
b
c1c2 , . . . stand for the derivative variables.

Horizontal forms: dza

Contact forms: θbc1···cp
= dZac1···cp

−
∑m
i Z

a
c1···cpcp+1

dzcp+1

Split the exterior derivative d = dH + dV into horizontal and

vertical components.
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Horizontal differential dH :

dHz
a = dza, dHZ

b
c1···cp

= Zac1···cpcp+1
dzcp+1 ,

dH(dza) = 0, dHθ
b
c1···cp

= dzcp+1 ∧ θbc1···cpcp+1
.

Vertical differential dV :

dV z
a = 0, dV Z

b
c1···cp

= θbc1···cp
,

dV (dza) = 0, dV θ
b
c1···cp

= 0.

Groupoid Structure : jnϕ(z)(ψ) · jnz (ϕ) = jnz (ψ ◦ ϕ)

Important submanifolds of Dn:

Dn|z = σ−1(z) ⊂ Dn,

Fn = ∪z∈MDnz = ∪z∈M
{
gn ∈ Dn | σ(gn) = τ(gn) = z

}
.

Fn →M is a principal fiber bundle with the structure group

GLn(m).
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Maurer-Cartan forms for D∞

These are represented by invariant contact forms on D∞.

D acts on Dn, n ≥ 0, from both left and right by

Lψj
n
z ϕ = jnz (ψ ◦ ϕ), Rψj

n
z ϕ = jnψ−1(z)(ϕ ◦ ψ).

These actions preserve the bicomplex structure of D∞ and so

they commute with the horizontal and vertical differentials

dH , dV .

Construction of right invariant forms on D∞:

The target coordinate Zb invariant under Rψ =⇒

ωb = dHZ
b =

∑
c

Zbcdz
c, µb = dV Z

b = dZb − Zbcdz
c,

are also invariant under Rψ.
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Operators of invariant differentiation:

DZa = W b
aDzb , where

Dzb =
∂

∂zb
+

∑
p≥0 Z

c
c1···cpb

∂

∂Zcc1···cp

and W = (∇Z)−1.

Right invariant coframe on D∞:

ωa, µab1···bp
= LD

Zb1
· · · LD

Z
bp
µa, p ≥ 0.

Example: M = R. As a coordinate space

D∞(R) = {z, Z, Zz, Zzz, . . . , Zzn , . . . }.

Now

Dz =
∂

∂z
+ Zz

∂

∂Z
+ Zzz

∂

∂Zz
+ · · · .

Basic right invariant horizontal form ω = dHZ = Zzdz.

The dual total differentiation DZ =
1
Zz

Dz commutes with

the group action.
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Right invariant Maurer-Cartan forms:

µ = θ, µZ = LDZ
µ = (Zz)−1θz,

µZZ = L2
DZ
µ = (Zz)−3(Zzθzz − Zzzθz), . . . .

Similarly, the source coordinates za are invariant under Lψ

=⇒ τa = dza, ϑa =
m∑
c=1

W a
c θ

c are invariant under Lψ.

Left invariant coframe on D∞:

dza, ϑab1···bp
= LD

zb1
· · · LD

z
bp
ϑa, p ≥ 0.

Example: M = R again. Basic horizontal form τ = dz. The

total derivative Dz commutes with the left action of D(R).

Left-invariant Maurer-Cartan forms

ϑ = (Zz)−1θ, ϑz = (Zz)−2(Zzθz − Zzzθ),

ϑzz = (Zz)−3(Z2
zθzz − 2ZzZzzθz − (ZzZzzz − 2Z2

zz)θ), . . .
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Structure Equations

Taylor series method: Write

Za[[h]] =
∑
|J|≥0

1
|J |!

ZaJh
J ,

θa[[h]] =
∑
|J|≥0

1
|J |!

θaJh
J ,

µα[[H]] =
∑
|J|≥0

1
|J |!

µaJH
J .

Then

µ[[Z[[h]]− Z]] = θ[[h]].

(
f(z + h) = f ◦ ϕ−1(ϕ(z) + (ϕ(z + h)− ϕ(z))), and

∂

∂za
(f ◦ ϕ−1(z)) = (DZaf) ◦ ϕ−1(z).

)
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Write H = Z[[h]]− Z. Then

dH = (∇hZ[[h]]dz − ω) + (θ[[h]]− θ),

dθ[[h]] = −∇θ[[h]] ∧ dz.

Apply d and eliminate h =⇒

Diffeomorphism Pseudogroup Structure Equations:

dµ[[H]] = ∇Hµ[[H]] ∧ (µ[[H]]− dZ),

dω = −ω ∧ µ[[0]].

Example: M = R; invariant coframe ω, µ, µZ , . . .

dω = −ω ∧ µZ ,

dµZn = −µZn+1 ∧ ω +
n−1∑
i=0

(
n

i

)
µZi+1 ∧ µZn−i .
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Pseudogroups

G ⊂ D is a pseudogroup if

1. id ∈ G,

2. ϕ, ψ ∈ G ⇒, ϕ ◦ ψ ∈ G where defined,

3. ϕ ∈ G ⇒ ϕ−1 ∈ G.

G is a Lie (or continuous) pseudogroup if, in addition, for all

n ≥ N ,

4. Gn ⊂ Dn is a subbundle,

5. GN+k = prk GN , k ≥ 1,

6. ϕ ∈ G ⇐⇒ jnz ϕ ∈ Gn.

Remark: It follows that Gnz ⊂ Dnz is a (finite dimensional)

Lie group.
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Examples of Lie pseudogroups.

1. Symmetry groups of Euler, Navier-Stokes, boundary layer,

quasi-geostrophic equations and various other equations

arising in fluid mechanics, magnetohydrodynamics, mete-

orology and geophysics.

2. Symmetry groups in gauge and field theories – Maxwell,

Yang-Mills, conformal field theories, general relativity. Cur-

rent/loop groups.

3. Symmetry groups of integrable equations in 2+1 dimen-

sions – KP, Davey-Stewartson, and their variants.

4. Canonical transformations in Hamiltonian mechanics.

5. Configuration spaces:

a) Diff(Ω) → compressible fluid flow

b) Diffvol(Ω) → incompressible fluid flow

c) Canonical transformations → Maxwell-Vlasov
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6. Transformations preserving a geometric structure:

a) Foliations

b) Symplectic/Poisson structures

c) Contact structures (quantomorphisms)

d) Complex manifolds/real hypersurfaces

e) G-structures

7. Image recognition – shape representation.

8. Finite dimensional Lie group actions.
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Infinitesimal generators

A local vector field v ∈ X (M) is a G vector field if the flow

Φv
t ∈ G for all fixed t on some interval about 0.

Let Gn be given locally by Fα(z, Z(n)) = 0. Then a G vector

field v satisfies

Fα(z,Φv
t

(n)) = 0 =⇒ Lα(z, jnz v) = 0.

These are the infinitesimal determining equations for G.
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Invariant coframe for G∞: Simply pull back ωi, µaJ defined

on D∞ to G∞.

Relations: On G∞, the Maurer-Cartan forms µaJ satisfy the

right invariant infinitesimal determining equations

Lα(Z, µaJ) = 0. (1)

Structure equations for G∞ v structure equations for D∞

modulo the relations (1).

The proof is based on the Replacement Principle:

If Ω is a right (or left) invariant form on D∞ and

Ωj∞z id =
∑
a

gi(z)dza +
∑
a,J

hJa (z)dZaJ ,

then

Ω =
∑
a

gi(Z)ωa +
∑
a,J

hJa (Z)µaJ .

(or Ω =
∑
a

gi(z)dza +
∑
a,J

hJa (z)ϑaJ .)
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Example: The general symmetry transformation ΨF,G,H of

the KP equation

(ut + 3
2uux + 1

4uxxx)x + 3
4εuyy = 0, ε = ±1,

is given by

T = F (t), Y = yF ′(t)2/3 +G(t),

X = xF ′(t)1/3 − 2
9
ε y2 F ′′(t)

F ′(t)2/3
− 2

3
ε y

G′(t)
F ′(t)1/3

+H(t),

U =
u

F ′(t)2/3
+

2
9
x
F ′′(t)
F ′(t)5/3

+
4
27
ε y2

(
4
3
F ′′(t)2

F ′(t)8/3
− F ′′′(t)
F ′(t)5/3

)
+

4
9
ε y

(
G′(t)F ′′(t)
F ′(t)7/3

− G′′(t)
F ′(t)4/3

)
+

2
3
H ′(t)
F ′(t)

+
2
9
ε
G′(t)2

F ′(t)2
,

with the composition rule ΨF̂ ,Ĝ,Ĥ = ΨF,G,H ◦Ψf,g,h, where

F̂ = F ◦ f, Ĝ = g(F ′ ◦ f)2/3 +G ◦ f,

Ĥ = h(F ′ ◦ f)1/3 − 2
9
ε
g2 F ′′ ◦ f

(F ′ ◦ f)2/3
− 2

3
ε
g G′ ◦ f

(F ′ ◦ f)1/3
+H ◦ f.
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The infinitesimal generators

v = τ(t, x, y, u)∂t + ξ(t, x, y, u)∂x + η(t, x, y, u)∂y + ϕ(t, x, y, u)∂u,

where

τ = f(t), ξ = 1
3xf

′(t)− 2
9ε y

2f ′′(t)− 2
3
ε yg′(t) + h(t),

η = 2
3yf

′(t) + g(t),

ϕ = − 2
3uf

′(t) + 2
9xf

′′(t)− 4
27ε y

2f ′′′(t)− 4
9ε yg

′′(t) + 2
3h

′(t),

satisfy

τx = 0, τy = 0, τu = 0, ξx − 1
3τt = 0, ξy + 2

3 ε ηt = 0,

ξu = 0, ηx = 0, ηy − 2
3τt = 0, ηu = 0, ϕ− 2

3 ξt + 2
3 uτt = 0,

along with all their differential consequences.

The Maurer-Cartan forms satisfy the “lifted infinitesimal de-

termining equations”

µtX = 0, µtY = 0, µtU = 0, µxX − 1
3µ

t
T = 0, µxY + 2

3ε µ
y
T = 0,

µxU = 0, µyX = 0, µyY −
2
3µ

t
T = 0, µyU = 0,

µu − 2
3µ

x
T + 2

3Uµ
t
T = 0, . . .
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Basis of linearly independent Maurer–Cartan forms:

ω1 := µt, ω2 := µx, ω3 := µy, ω4 := µu,

ω5 := µtT = µt1,0,0,0, ω6 := µyT = µy1,0,0,0,

αi := µui,0,0,0, βi := µui−1,1,0,0, γi := µui−1,0,1,0.

Structure equations for the invariant horizontal forms

dσt = ω5 ∧ σt,

dσx = (3
2ω

4 + Uω5) ∧ σt + 1
3ω

5 ∧ σx − 2
3ε ω

6 ∧ σy,

dσy = ω6 ∧ σt + 2
3ω

5 ∧ σy,

dσu = α1 ∧ σt + β1 ∧ σx + γ1 ∧ σy − 2
3ω

5 ∧ σu.
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Structure equations for the Maurer-Cartan forms
dω1 =− ω5 ∧ σt,

dω2 =− ( 3
2ω

4 + Uω5) ∧ σt − 1
3ω

5 ∧ σx + 2
3ε ω

6 ∧ σy,

dω3 =− ω6 ∧ σt − 2
3ω

5 ∧ σy,

dω4 = − α1 ∧ σt − β1 ∧ σx − γ1 ∧ σy + 2
3ω

5 ∧ σu,

dω5 =− 9
2β

1 ∧ σt,

dω6 =− 1
3ω

5 ∧ ω6 + 9
4ε γ

1 ∧ σt − 3β1 ∧ σy,

dα1 =− 3
2ω

4 ∧ β1 − 5
3ω

5 ∧ α1 − Uω5 ∧ β1 − ω6 ∧ γ1

− α2 ∧ σt − β2 ∧ σx − γ2 ∧ σy + 3β1 ∧ σu,

dβ1 =− ω5 ∧ β1 − β2 ∧ σt,

dγ1 =− 4
3ω

5 ∧ γ1 + 2
3ε ω

6 ∧ β1 + 4
3ε β

2 ∧ σy − γ2 ∧ σt,

dα2 =− 3ω4 ∧ β2 − 8
3ω

5 ∧ α2 − 2Uω5 ∧ β2 − 2ω6 ∧ γ2 + 9α1 ∧ β1

+ 3β2 ∧ σu − α3 ∧ σt − β3 ∧ σx − γ3 ∧ σy,

dβ2 =− 2ω5 ∧ β2 − β3 ∧ σt,

dγ2 =− 7
3ω

5 ∧ γ2 + 2ε ω6 ∧ β2 − 9
2β

1 ∧ γ1 − γ3 ∧ σt + 4
3ε β

3 ∧ σy,

...
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Fix the values of the target coordinates T,X, Y, U to get

dω1 =− ω1 ∧ ω5,

dω2 =− 3
2ω

1 ∧ ω4 − Uω1 ∧ ω5 − 1
3ω

2 ∧ ω5 + 2
3ε ω

3 ∧ ω6,

dω3 =− ω1 ∧ ω6 − 2
3ω

3 ∧ ω5,

dω4 =− ω1 ∧ α1 − ω2 ∧ β1 − ω3 ∧ γ1 + 2
3ω

4 ∧ ω5,

dω5 =− 9
2ω

1 ∧ β1,

dω6 = 9
4ε ω

1 ∧ γ1 − 3ω3 ∧ β1 − 1
3ω

5 ∧ ω6,

dα1 =− ω1 ∧ α2 − ω2 ∧ β2 − ω3 ∧ γ2 + 3
2ω

4 ∧ β1 − 5
3ω

5 ∧ α1

− Uω5 ∧ β1 − ω6 ∧ γ1,

dβ1 =− ω1 ∧ β2 − ω5 ∧ β1,

dγ1 =− ω1 ∧ γ2 + 4
3ε ω

3 ∧ β2 − 4
3ω

5 ∧ γ1 + 2
3ε ω

6 ∧ β1,

dα2 =− ω1 ∧ α3 − ω2 ∧ β3 − ω3 ∧ γ3 − 8
3ω

5 ∧ α2 − 2Uω5 ∧ β2

− 2ω6 ∧ γ2 + 9α1 ∧ β1,

dβ2 =− ω1 ∧ β3 − 2ω5 ∧ β2,

dγ2 =− ω1 ∧ γ3 + 4
3ε ω

3 ∧ β3 − 7
3ω

5 ∧ γ2 + 2ε ω6 ∧ β2 − 9
2β

1 ∧ γ1.
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These correspond to the structure equations for the KP sym-

metry algebra obtained by Reid, Lisle, Boulton by Taylor

series expansions.
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Extended Jet Bundles

Jn = Jn(M) = {n-jets of p-dimensional submanifolds of M}.

Local coordinates on Jn: (xi, uα, uαi1 , . . . , u
α
i1···in).

D acts on Jn in the usual fashion, and this action factors into

an action of Dn on Jn.

Let En be the pull-back of Dn → M under π̃no : Jn → M ;

hence gn ∈ En consists of a pair gn = (zn, gn), where both

zn ∈ Jn, gn ∈ Dn are based at the same point z ∈M .

Source and target maps

σ(gn) = zn, τ(gn) = gn · zn.

D acts on En from the left by

Lψgn = (jnz ψ · zn, gn· jnψ(z)ψ
−1).

Then τ(Lψgn) = τ(gn) so that the target coordinates are D
invariant.
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Moving Frames

Let Hn ⊂ En be the subbundle determined by the jets of

transformations in a Lie pseudogroup G.

A moving frame of order n is a G-equivariant section

ρ : V → Hn

defined on some open V ⊂ Jn.

Hence σ(ρn(zn)) = zn and ρn(ψ · zn) = Lψρ(zn), ψ ∈ G.

Existence of moving frames: Isotropy subgroup of zn:

Inzn = {gn ∈ Gnz | gn · zn = zn}.

G acts freely at zn if Inzn = {idnz } and locally freely at zn if

Inzn is a discrete subgroup of Gnz .

Remark: This is a slight generalization of the usual freeness

of Lie group actions.
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Example: The group (x, u) → (x + a, u + bx2 + cx + d)

acts freely on Jn(R2, 1) for n ≥ 0 in the above sense, but in

the usual Lie group terminology, the action is free only when

n ≥ 2.

Write rn = dim Gn|z. If G acts freely at order n, then

rn ≤ dim Jn.

Alternate growth condition to the one provided by Spencer

cohomology!
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Theorem. A local moving frame of order n exists in a neigh-

borhood of z(n) ∈ Jn(M) if and only if G acts locally freely

at z(n).

Theorem. If Gn acts locally freely at zn ∈ Jn, then Gl acts

locally freely at any zl ∈ J l with πln(z
l) = zn for l > n.

Construction: Choose a cross-section K for the action of G
on Jn. Define ρ(zn) by the condition τ(ρ(zn)) ∈ K.

By the invariance of τ , the components of τ ◦ ρ contain a

complete set of (local) differential invariants for the action of

G on Jn.
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Invariantization

Decompose Ω∗(E∞) = ⊕i,j,kΩi,j,k, where

i is the horizontal degree

j is the contact degree in J∞

k is the contact degree in D∞

Let πJ be the projection πJ : Ω∗ → ⊕i,jΩi,j,0.
πJ preserves D invariance.

The lift of ω ∈ Ω∗(J∞) is λ(ω) = πJ(τ∗(ω)).

Let ρ be a moving frame for a pseudogroup G.

The invariantization ι(ω) of ω is ι(ω) = ρ∗λ(ω).

Theorem. The invariantization of a (local) coframe on J∞

produces an G invariant (local) coframe on J∞.
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Structure equations: Formally

dι(ω) = ι(dω + Lprvω). (*)

(
Write Lprvω = ζa,b1···br

ωb1···br
a . Then

ι(Lprvω) = ρ∗(µab1···br
) ∧ ι(ωb1···br

a ).
)

The invariant Maurer-Cartan forms µab1···br
above are subject

to the IDE for G. This can be exploited in analyzing the

structure of invariant objects for G.
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Recurrence formulas.

Fix a coordinate cross section. Write

Hi = ι(xi), Iαj1···jr = ι(uαj1···jr )

for the normalized differential invariants. Call an invariant

phantom if it is a constant.

Let

ωi = πHι(dxi),

βi = πHι(ξi), ψαj1···jr = πHι(Lprvu
α
j1···jr ),

and let Di be total differential operators dual to ωi.
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The horizontal component of (*) yields

(DjHi)ωj = ωi + βi,

(Djr+1I
α
j1···jr )ω

jr+1 = Iαj1···jrjr+1
ωjr+1 + ψαj1···jr .

The above equations for phantom invariants can be solved

for the independent horizontal invariantized Maurer-Cartan

forms. Substitute the expression for these into the above

equations for non-phantom invariants to derive the recur-

rence formulas

DjHi = δij + P ij ,

Djr+1I
α
j1···jr = Iαj1···jrjr+1

+Mα
j1···jr,jr+1

.
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Syzygies.

Theorem. A complete system of basic syzygies is given by

Dj1···jrIαk1···ks
= cαj1···jrk1···ks

+Mα
k1···ks,j1···jr ,

Dj1···jrIαk1···ksl1···lt −Dk1···ks
Iαj1···jrl1···lt

= Mα
k1···ksl1···lt,j1···jr −Mα

j1···jrl1···lt,k1···ks
,

where cαj1···jrk1···ks
is a phantom differential invariant and

Iαj1···jrl1···lt , I
α
k1···ksl1···lt are normalized differential invariants

with {j1 · · · jr} ∩ {k1 · · · ks} = ∅.
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KP symmetries continued:

Horizontal invariantized Maurer-Cartan forms

αijkl = πHι(τ,ijkl), βijkl = πHι(ξ,ijkl),

γijkl = πHι(η,ijkl), ζijkl = πHι(ϕ,ijkl),

satisfy the lifted infinitesimal determining equations.

=⇒
A basis for these is provided by

αTn , βTn , γTn , n ≥ 0.
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Consequently,

αTnXpY qUr = 0, if (p, q, r) 6= (0, 0, 0);

βTnX = 1
3αTn+1 , βTnY = − 2

3ε γTn+1 ,

βTnY Y = − 4
9ε βTn+2 , γTnY = 1

3αTn+1 ,

βTnXpY qUr = 0, γTnXpY qUr = 0, for all other choices of (p, q, r);

ζTn = 2
3βTn+1 − 2

3

n∑
s=0

(
n

s

)
Is00αTn−s+1 ,

ζTnX = 2
9αTn+2 − 2

3

n∑
s=0

(
n

s

)
Is10αTn−s+1 ,

ζTnY = − 4
9ε γTn+2 − 2

3

n∑
s=0

(
n

s

)
Is01αTn−s+1 ,

ζTnY Y = − 4
27 αTn+3 − 2

3

n∑
s=0

(
n

s

)
Is02αTn−s+1 ,

ζTnXpY q = − 2
3

n∑
s=0

(
n

s

)
IspqαTn−s+1 , for all other choices of (p, q),

ζTnU = − 2
3αTn+1 , ζTnXpY qUr = 0, if r ≥ 2.
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Correction terms:

ψpqr = 2
9δq1δr0αTp+2 − 4

9δq0δr1ε γTp+2 − 8
27δq0δr2ε αTp+3

−
p∑
s=0

(
p

s

) (
2 + q + 2r

3
+
p− s

s+ 1

)
Ip−s,q,rαT s+1

+ 2
9ε r(r − 1)

p∑
s=0

(
p

s

)
Ip−s,q+1,r−2αT s+2

−
p∑
s=1

(
p

s

)
Ip−s,q+1,rβT s −

p∑
s=1

(
p

s

)
Ip−s,q,r+1γT s

+ 2
3ε r

p∑
s=0

(
p

s

)
Ip−s,q+1,r−1γT s+1
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Recurrence formulas:

dHH
1 = ωt + α, dHH

2 = ωx + β, dHH
3 = ωy + γ,

dHI000 = I100ω
t + I010ω

x + I001ω
y − 2

3I000αT + 2
3βT ,

dHI100 = I200ω
t + I110ω

x + I101ω
y − 5

3I100αT −
2
3I000αTT

− I010βT + 2
3βTT − I001γT ,

dHI010 = I110ω
t + I020ω

x + I011ω
y − I010αT + 2

9αTT ,

dHI001 = I101ω
t + I011ω

x + I002ω
y − 4

3I001αT

+ 2
3 εI010γT −

4
9 εγTT ,

dHI200 = I300ω
t + I210ω

x + I201ω
y − 8

3I200αT −
7
3I100αTT

− 2
3I000αTTT − 2I110βT − I010βTT + 2

3βTTT

− 2I101γT − I001γTT ,

dHI110 = I210ω
t + I120ω

x + I111ω
y − 2I110αT − I010αTT

+ 2
9αTTT − I020βT − I011γT ,

dHI101 = I201ω
t + I111ω

x + I102ω
y − 7

3I101αT −
4
3I001αTT

− I011βT + ( 2
3 εI110 − I002)γT + 2

3 εI010γTT −
4
9 εγTTT ,

dHI020 = I120ω
t + I030ω

x + I021ω
y − 4

3I020αT ,

dHI011 = I111ω
t + I021ω

x + I012ω
y − 5

3I011αT + 2
3 εI020γT ,

...
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We impose normalizations of the invariants so that the re-

sulting phantom recurrence relations can be solved for the

basis of invariantized Maurer-Cartan forms. For this we let

H1 7−→ 0, H2 7−→ 0, H3 7−→ 0,

I000 7−→ 0, I100 7−→ 0, I010 7−→ 0,

I001 7−→ 0, I200 7−→ 0, I101 7−→ 0,

I020 7−→ 1, I011 7−→ 0, I002 7−→ 0,

Ii,0,0 7−→ 0, Ii−1,0,1 7−→ 0, Ii−2,0,2 7−→ 0, for all i ≥ 3.

These yield the following expressions for the basic invari-

antized Maurer-Cartan forms:

α = −ωt, β = −ωx, γ = −ωy,

αT = 3
4 (I120ωt + I030ω

x + I021ω
y), αTT = 9

2 (I110ωt + ωx),

αTTT = 27
8 ε(I012ωx + I003ω

y), . . . ,

βT = 0, βTT = − 3
2I110ω

x, βTTT = − 3
2I210ω

x, . . . ,

γT = − 3
2ε(I111ω

t + I021ω
x + I012ω

y), γTT = 0,

γTTT = 9
4ε(−I110I111ω

t + (I111 − I110I021)ωx − I110I012ω
y), . . . ,
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The higher order invariantized Maurer–Cartan forms can be

recursively determined from the equations

αTp+3 = 27
8 ε(Ip12ω

x + Ip03ω
y) + 3

2

p−1∑
s=0

(
p

s

)
Ip−2,1,0αT s+2

− 27
8 ε

p∑
s=1

(
p

s

)
Ip−s,1,2βT s + 9

2

p−1∑
s=0

(
p

s

)
Ip−s,1,1γT s+1

− 27
8 ε

p∑
s=1

(
p

s

)
Ip−s,0,3γT s ,

βTp+1 = − 3
2Ip10ω

x + 3
2

p−1∑
s=1

(
p

s

)
Ip−s,1,0βT s ,

γTp+2 = 9
4εIp11ω

x − 9
4ε

p−1∑
s=1

(
p

s

)
Ip−s,1,1βT s + 3

2

p−1∑
s=0

(
p

s

)
Ip−s,1,0γT s+1 .
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Recurrence formulas between the differentiated and normal-

ized invariants:

DtI110 = I210 − 3
2I110I120,

DxI110 = I120 − 3
2I110I030 + 3

4εI012,

DyI110 = I111 − 3
2I110I021 + 3

4εI003,

DtI210 = I310 − 9
4I210I120 + 3

2εI
2
111 + 9

8I111I003 + 12I2
110,

DxI210 = I220 − 9
4I210I030 + 3

4εI112 + 3
2εI111I021 + 9

8I003I021 + 27
2 I110,

DyI210 = I211 − 9
4I210I021 + 3

2εI111I012 + 3
4εI103 + 9

8I012I003,

DtI120 = I220 + 3
2εI111I021 −

7
4I

2
120 + 6I110,

DxI120 = I130 − 7
4I120I030 + 3

2εI
2
021 + 6,

DyI120 = I121 − 7
4I120I021 + 3

2εI021I012,

DtI111 = I211 −
(
3I120 − 3

2εI012
)
I111,

DxI111 = I121 −
(
I120 − 3

2εI012
)
I021 − 2I111I030,

DyI111 = I112 −
(
I120 − 3

2εI012
)
I012 − 2I111I021,

...
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Syzygies for I110, I030, I021, I012, I003:
DyI012 −DxI003 + 3

4I012I021 − 2I030I003 = 0,

DxI021 −DyI030 + 5
4I021I030 = 0,

DyI021 −DxI012 − 1
2I

2
021 − 3

4I012I030 − 2ε = 0,

DxDxI110 −DtI030 − 3
4εDyI021 + 3

2I110DxI030 + 2I030DxI110

− 9
8εI

2
021 + 3

16εI030I012 + 3
4I

2
030I110 − 9

2 = 0,

DxDyI110 −DtI021 + I030DyI110 + I021DxI110 + 3
2I110DyI030

− 3
4εDxI003 −

9
8I110I030I021 −

3
4εI030I003 −

9
8εI021I012 = 0,

DxDyI110 −DtI021 + I030DyI110 + I021DxI110 + 3
2I110DxI021

+ 3
4I110I030I021 −

3
4εDxI003 −

9
8εI021I012 −

3
4εI030I003 = 0,

DyDyI110 −DtI012 + 3
2I021DyI110 −

3
4I012DxI110

+
(

3
2DxI012 + 3

4I
2
021 + ε

)
I110 − 3

4εDyI003 −
15
16εI

2
012 = 0,

DyDyDyI110 −DtDxI003 − 2I030DtI003 + 3I021DtI012 − 2I003DtI030

+
(
2DyI021 − 7

4I
2
021

)
DyI110 +

(
21
16I012I021 −

5
4DyI012)DxI110

+
(

3
2DyDyI021 −

15
4 I021DyI021 −

15
8 DyI012I030 + 63

32I021I012I030

+ 3
4I

3
021 + 6εI021

)
I110 − 3

4εDyDyI003 + 9
8εI021DyI003 −

57
16εI012DyI012

+ 3
4εI003DyI021 −

3
8εI

2
021I003 − 3

2I003 + 9
64εI021I

2
012 = 0.
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Theorem. The differential invariants I110, I021, I003 form

a generating set for the algebra of differential invariants for

the KP symmetry pseudogroup.

Specifically,

I110 = u−3/2
xx

(
utx + 3

2uuxx + 3
2u

2
x + 3

4εuyy
)
,

I021 = u−5/2
xx (uxxuxxy − uxyuxxx),

I003 = u−5
xx (u3

xxuyyy − 3u2
xxuxyuxyy + 3uxxu2

xyuxxy − u3
xyuxxx).

Invariant differential operators:

Dt = u−3/4
xx Dt + 3

4u
−11/4
xx (2uu2

xx − εu2
xy)Dx + 3

2εuxyu
−7/4
xx Dy,

Dx = u−1/4
xx Dx,

Dy = −u−3/2
xx uxyDx + u−1/2

xx Dy.


