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Outline:
Group invariant contact structure on a jet bundle
Structure equations for invariant frame
Invariant variational complex
Invariant Euler-Lagrange operator
Invariant Noether correspondence

Symbolic implementation
The talk is based on:

Invariant Euler-Lagrange Equations and the Invariant Variational
Bicomplez, 1. Kogan, P. Olver, Acta Appl. Math. 76, 137-193, (2003)

Ongoing work with Ian Anderson



Group invariant contact structure on a jet bundle



Standard local coframe on J* (M, p)

1

Local coordinates: x!, 1

m —
;P ut, o ut i ut ,m=100.q, J -

multi-index.

Basis of horizontal sub-bundle | Basis of vertical sub-bundle

Cotangent
horizontal one-forms contact one-forms
0" = du™ — p u™ dx’,
dxt, ... dzP =1
T =du'’y — z_1qud$
Tangent
total derivatives: vertical derivatives
da:@ 83:@ + Z ’L 8um %Lm’
_|_Zm’JuJi% %,mzl...q




Prolongation of the action
G~ M = G ~ J¥(M,p) unique prolongation s.t
e (G-action respects projections J* — J', Vk > .
e ¢*(contact form) = contact formVg € G.

Thm. (Ovsiannikov) In < dim G s. t. G acts locally free on an open
dense subset of J" (M, p).



Local invariants

GJ®=hg— X(J®)

Im(h) =T infinitesimal generators of G-action.

e invariant functions f(x,u™) (differential invariants):

L,f=v(f)=0,Vvel.
e invariant vector fields: Y € X(J*°): L,X =0, Vv € T.

e invariant differential forms: A € A*(J*°): L,A =0, Vv € T.



1G- invariant contact structure on U C J*° (M, p).

Invariant horizontal basis

Invariant vertical basis

Cotangent

invariant “horizontal” one-forms

wh, .., wP

H = span {w"} #+ H = span {dac"}

unless the action is projectable

invariant contact one-forms

vy

C = span{vV7} = span {07}

Tangent

invariant total diff. operators

D.,...D,
span{D;} = span { dii }

invariant vertical diff. operators
Vl, ceey Vq, Vri,m = 1..(]
span {Von} # span { 525 }

unless the action is projectable




Example SFE(2)-invariant contact structure on J*(R?,1).

Cotangent

invariant “horizontal” one-form

invariant contact one-forms
0

\/ 14?2

w=ds+ —===0, where ds = V1 +uidr | o = (I4uz) 0o —Us Uz 0

\/ 14?2

(1+uz)?

invariant total diff. operator:

D=_1 ¢ _ 4d

\/@ dx ds

Tangent
invariant vertical diff. operators
V14?2 ek T V14?2 Ou

V® = (14 u3) % + 3 Up Uy 871




Motivation
(S. Lie:)

Most of the symmetric problems can be written in terms of invariants.

It is natural to perform further computations in terms of invariants.



Example: Lagrangian invariant under
SE(2) = SO(2) x R* ~ R? (Euclidean group.)

2
f2(1+ 2)5/2dx—dex = tr?ds
_(d\?2 9 d\ o
| B= () 72 - () o 7
E(L)=0 > Ky + 26 =0
E(L) =
1SOUQ3U12—5UQ3—20’U2’U1U3—20’&2’&13’U3—|—2’U4—|—4U4U12—|—2’U4U14
2 (14 u12)9/2)
(U1 = Uz, ..., Us = Uggaa)

10



Invariantization: moving frame construction

(Fels, Olver 1999)

11



Local cross-section: submanifold K of open U C M, s. t.
e ,K|PT|,0,=T| U, Vzek

e /C intersects each connected component of O, N at the unique
point.

Thm (follows from the Frobenius thm)

G ~U semi. reg (& Ir,Vz el : dim O, =r.)

4

3 loc. cross-section on U
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Moving frame map

p:U — G is defined by the condition p(z) -z € K

L-
.-

T .l P(2)7p(2)07

a—7

G M free=Vze M:dimO, =dimG = k.

4

p: U — G defined by | p(z) - z € K | smooth, G-equivariant:

freeness 1

plg-2z)-(g-2)=p(z) 2,7 =  plg-2) =p(z)g
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Invariantization in terms of p: U/ — G.
720 =0, NK =p(z) 2

Thm: The following maps define a projection on the corresponding

invariant subspaces.

e functions: ¢t: F(U) — FC(U) :
(f)(z) = f(p(z) - 2) = f(z0)
o differential forms: t: A(U) — A U), VX € A*(U), Vz € U:

LAz = p(2)"(Alz, )
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Properties of ::
e | preserves linear independence of forms and vector fields.
e | -preserves pairing: (tA;tX) =< \; X >.
e -preserves duality of bases.
e VZzc I, VA e A*(U), VX € X(U):
U )zo = flag, (X2 = Xlag, t(A)]z0 = Alao-

e | preserves contact ideal.
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Structure equations for invariantized forms.

AN = 1 (dN) + Y0 () AL, (V)]

dimG =dim QO =r
v = (01,...,0,) a basis of g;

pn=(pt,...,u")— dual basis of invariant differential forms on G

(Maurer-Cartan forms)

v = (v1,...,v,)] — basis for infinitesimal generators of G-action

Let zero set K = (K1(2),...,K"(2)) : U — R" define K.
Transversality condition det v(K) := £, (K?) # 0 mod K.

pH(p) = —u [dK - v(K) ™)
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e K — constructive (3 coordinate cross-section)
e p — non-constructive
How much can be done without p? =-

Invariantization: implicit approach
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Theorem. Vf € F(U), Vie A*U), VX eXU)
3! locally invariant ¢ f € FEU), X € (A)CU), X € X9(U) s.t.

vflc = fle, Xk =Xk, A=Ak

Structure equations
de(N) =1ldXA— (dK)ANV(N)]
where A = v(K)™*,
VA = (Lo Ay Lo )T
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Jllocally G- invariant frame/coframe on U C J*°(M,p) which

coincide with the standard frame/coframe on K.

Invariant horizontal basis

Invariant vertical basis

Cotangent

invariant “horizontal” one-forms

ce,wP

invariant contact one-forms
™m
ﬁJ

C = span {97} = span {07}

Tangent

invariant total diff. operators
_,_d_ _ ., d
D1 —del,...,Dp—dep
d

]

span {D;} = span { o

invariant vertical diff. operators

Vl,...,Vq,VTi,m — 1..(]

19




Input:
e group action: v = (vyq,...v;)! — basis for inf. generators.
e local cross-section: K — zero set K(z) = (K',...,K"): J — R",

det v(K) # 0 mod K.

Output (via linear algebra and differentiation)

e structure equations for invariant coframe and frame = structure

of the differential algebra of invariants
e prolongations of vector fields

e invariant integration by parts = Euler-Lagrange and Helmholtz

operators
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Variational Bicomplex:

Gelfand, Tulczyjew, Tsujishita, Vinogradov, Takens, Anderson

21



Bigrading of exterior differential algebra:

Grading: A* = @ A*, where A¥ = { S~ 1-form A - - A 1-form

Ve

k times
d: A¥ — ATl dod =0 = de Rham complex:

Bigrading: A* = @ A®!, where A% =

> hor. 1-form A --- A hor. 1-form A cont. 1-form A --- A cont. 1-form

Ve N/

s times ¢t times
d: A5t — AT AT = d = dy + dy= Bicomplex:
d? = (dH+dv)2 :Oid%{ = 0, d%/ =0,dgody = —dy odg

Example: du = uzdx + (du — uydx) = dgu + dyu
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Variational Bicomplex (locally exact)

dvf[ dvf[ dvf[ dvf[ dvf[ f[@v

dH du dH

AO2 —H g1 TH o BH L p10 _%H AP:2 _I, 2
SR S B B
AO,l ﬂ, Al,l L N ﬂ, Ap—l,l ﬂ, Ap 1 7 > fl
el e g
Ov
00 5 Al0 _ , Ap—1,0 0
A dn A dn T dm AP —>dH AP

dvdyg = —dpdy, diy =0, di =0
A= L(x,u™)dz' A - AdzP € AP°-Lagrangian
I: AP* — F* C AP® - int. by parts operator, J ody =0, [ =1

Ov = I o dy- variational derivative, Oy odyg = 0
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Integration by parts operator, A € AP%:
1 0 d 0
I(\) = -0 A — A :
(A) ;3 A((@u’mJ )—FZ}:( d:w) (&u?J ))

Euler-Lagrange operator (\ € AP'Y)

A= Lix,uMydx — W 5 O gmndx Ly prmix u@e)gm A gx

J

Oy =Ilody = E™(x,u®) =0, m=1,...,q Euler-Lagrange eq.

dy (A) = Oy (\) = dp(p), p € AP~

AP0 > trivial Lagrangians = ker 0y D dgAP~1H0
Local exactness: ker 9y = dgAP~10
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Inverse Problem of Calculus of Variations

Is a given system of equations {FL™(x,u®) =0lm =1,..., ¢}

equivalent to an Euler-Lagrange system 7

Simplification: for =) EL™(x, u(zr‘))em A dx € APL
I?2A € APV s t. Oy (\) = 3

Euler-Lagrange forms = Im((‘?‘o/: AP0 Ap’l) C Ker(a‘l/: AP Ap,2)

Local exactness: = ker 0‘1/ =1 m(a‘(’/)

25



Noether Correspondence.

Symmetries of [ L(x,u™)dx < Conservation laws of E(L)

generalized divergence symmetry: Y = > 9 Q7(x, u(”))% S.t
JA = (A1,...,Ap): pr"Y (L) =DivA

4

conservation law: P = (Py,..., P,) s.t. DivP =0 mod F(L)

EL-eq: BE(L) = &| _ L(x,(u+ef)™)—DivM

Q, A M=P

26



AO2LA12L...%N’_12 du AP:2 _I,]_—z
I e
AOlLA”L .ﬂ,Ap—llﬂ,Apl 7 - Fl
oW e

AOOd—H>A10 i ...d—H>A2°—10—H>Ap’0

A= L(x,u™)dz' A--- AdaP € AP°-Lagrangian
dyv )\ — Oy )\ = dH,u, [N AP~ L1
Y is a variational symmetry: Lyv(\) = du(a), a € AP~

7=Y u+ac AP0 conservation law: dgm = 0 mod E-L eq.
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Example:

A= %/ﬁzds = FL =Ky + %lﬁl?)

. . _ —3usuitusz (1+ui) o G,
Generalized symmetry: Y = 2(1+u2)% Lo = ks V1 F+uig..
1

Conservation law:

1 uj + 36ujud —24ususu; — 24uduzui +4us +8uiuf + 4usui

P =
4 (1 4 u%)s
1 1
5/‘%3 —|— §H4

Check:

dP
DivP = — = Kk, \/1+u%EL
dx

conservation law with characteristic

Q= ks \/1+u?
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Invariant Variational Complex

29



Invariant local coframe/frame on U C J>*(FE, p).

Invariant horizontal basis

Invariant vertical basis

Invariants moving coframe

invariant “horizontal” one-forms

wh, .., wP

H = span {w"} #+ H = span {dac"}

unless the action is projectable

invariant contact one-forms

AN VAL
span {V™ 97} = span {0™, 07}

Invariants moving coframe

invariant total diff. operators

D.,...D,
span{D;} = span { 4 }

invariant vertical diff. operators
Vl, ceey Vq, Vri,m = 1..(]
span {Von} # span { 525 }

unless the action is projectable
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Invariant Variational “Bicomplex”.

e variational edge is a complex e interior rows are locally exact.

H H H
A02 — 2 p o122 o A L ip12 Ty 3p2 L 5 202
d~ d~ d~
d ~ d ~ d ~ d ~
- H . H - H . -
AOL — 7 p 11— o 7, 3p-1,1 — Ly 3p,d — > 7l
d‘~/ d‘~/ dy/ .
Vv
KOO0 ———> R0 ————  ———— P~ 1,0 —— {20

e )\ € APV -Lagrangian — OpA=dyA—dgu, p € AP~LY (E-L. eq.)
e variational symmetry: Y.do A = djg(a), o € AP7H0

o m=Y . pu+ac AP0 conservation law: dzm = 0 mod E.-L. eq.
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Invariant bigrading: A* = @ A" = @ A%,
As,t 7& As,t (>l<>l<)

de(AN)=1[dX— (dK)AAV()N)], where A = v(K)™ 1.

A c At = )\ € ASt and
Lo(A) =[Lo(N)]o + [Lo(N)]y € AT @ A5 DI (%)

d= dﬁ + df/ + dW(**)

where
dgt(A) = t|ldg A= (dagK)AANV(A)o],
diyt(A) = tldy A= (dvK)AANV(N)o],
dwt(A) = t|—(dyK)AANvVv(N)y],

(**) unless the action is projectable.
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for s > 1 unless the action is projectable:
d: As,t N ]\S—l—l,t D As,t—l—l D As—l,t—l—Q — ] = d[:[ + df/ + dW

d2=(dﬁ—|—d‘7—|—dw)2=()

d%:(), d%,—l—dﬁdw—l—dwdgzo, dﬁodf/:—df/odg, d%[/:()

2
92 =0
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Euler-Lagrange operator in the invariant bicomplex

34



Example: Lagrangian invariant under
SE(2) = SO(2) x R* ~ R? (Euclidean group.)

2
f2(1+ 2)5/2dx—dex = tr?ds
_(d\?2 9 d\ o
| B= () 72 - () o 7
E(L)=0 > Ky + 26 =0
E(L) =
1SOUQ3U12—5UQ3—20’U2’U1U3—20’&2’&13’U3—|—2’U4—|—4U4U12—|—2’U4U14
2 (14 u12)9/2)
(U1 = Uz, ..., Us = Uggaa)
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G-invariant variational problems for curves in R?.

/i:/f}(m,ml,...,ﬁn)w,

r— fundamental invariant under G— action

w— invariant arc-length

ki = D'k— i-the derivative of k with respect to invariant arc-length
D derivative with respect to w

The invariant Euler-Lagrange operator:

A*E — B*H

E(L) =iy (-D)' 8E, H(L) = S0 o kios (D) 22~ L
di;(w) = B(Yo) Nw, dy(k) = A(Ug)— depend on G, computable by
diff. and linear algebra.

for multi-dimensional formula see Kogan, Olver 2008
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Invariant integration by parts for plane curves.

G ~ J(R?,1), w — invariant differential form, D — dual invariant
differential operator, k — generating invariant, x; = (D)’ k.

A= L (K, Ki,...,6n)w

5 . . "ol .
dgA=dyLNw+ Ldyw = e (dyri) N\w+ Ldyw = (mod dg)
i=0 "
(diyki) N\w = (dyDri—1) Nw = (dydgri—1) — kKidpw = — (dgdykri—1) — Kidpw

>icodp (g,f) (dyri-1) — (Z?:o 9L p;; — i) dyw
= S (-D) (&) (pria) Aw— () dpw,

repeat!

Symbolic: recursively implement integration by parts, not the
formulas.
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dgA= & (L) dpr hw—H (L) dyw.

1=0 >720
A= L(x,u,u; Um)dr — AN=L(K,K1,...,kp)W
dy (dx) =0 di;(w) = B(Yo) ANw
dy (u) = 0o diy (k) = A(Do)
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Examples:
e Euclidean group: SE(2) = SO(2) x R?
A= ()
B* = —k
e Affine group: SA(2) = SL(2) x R?
A= ()" + 55 ()" + §ra () + o + 447

2
B =4 (#)" - 3
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Example: Lagrangian invariant under
SE(2) = SO(2) x R* ~ R? (Euclidean group.)

: 1,2
f2(1+ 2)5/2d:1:—de:1: — sk ds
_(d\? b d) 0 d \2 2
| B=(£) & - (&) & (1) +r2) & +nH |
E(L)=0 <~ liss—l—%li3:
E(L) =
1SOUQ3U12—5UQ3—20’U2’U1U3—20’&2’&13’U3—|—2’U4—|—4U4U12—|—2’U4U14
; L+ w2)@2
(ul:u$7'--7u4:ua¢mma¢)
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Noether correspondence in the invariant bicomplex
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Noether correspondence. Inductive approach.

Classical computation:

e find (generalized) infinitesimal symmetries of a Lagrangian (Lie’s
method),

e compute corresponding conservation laws.

Inductive approach
e reduce a Lagrangian by its group of point symmetries G,

e find (generalized) infinitesimal symmetries of the reduced

Lagrangian (Lie’s method),

e compute corresponding conservation laws (invariant with
respect to G).
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Infinitesimal symmetry condition for )\ € AP,
Lyry A = dgo mod APL1

0

prY ady A = dga, for a € AP0,

Noether correspondence:

di X — O\ = dgu for p € AP~1 = d ;P = 0 modEL, where

m =prY Ju+ «|is a conservation law.
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2 . 1,2 _ U
SE(2) ~ R%-inv. Lagrangian: |\ = sk°w |, w = ds + \/per%@.

dpA=FELYNw +dyM, where | M = k191 — kU3 |.

Fuler-Lagrange equation: | EL = kgs + %/ﬁz?’.

Y = &(k, ky)V. symmetry condition = & = k1 f(k? + 4k?).
Take Y = sV
1

prY ady A = dz A where A = kKo + 1%4 — K.

Conservation laws: |P=Y_M + A

1 d 1
P = /{i - 1&4, with %P = Ks(Kss + 5/4,3) = 0 mod EL.
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2 - . _ _ u2u4—%u§
SA(2) ~ R*-inv. Lagrangian: | A = pw |, p Ve

2>

W = / diE—I— 5/39.

Uy

df/)\:ELﬁ/\w + dyg M, where | M = %191 — %192—194 .

Euler-Lagrange equation: | —(3pu2 + 2 4?).

Y = &(k, ks)V. symmetry condition = £ = K, f(%/iS + K9).
Take Y = 1V

2
prY ady A = dg A where A = u4+2u,u2+2—7,u

Conservation laws: |P=Y_M + A
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Implemented relative to invariant frames

1VBSTRUCTURE and IVARCALC programmed in VESSIOT
environment.

(for maple worksheet contact iakogan@ncsu.edu)
e integration by parts = E.L equations, Helmholtz conditions.
e vector field prolongation
e exactness of interior rows of variational bicomplex

e Noether correspondence (non divergence symmetries)
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Thank you!
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