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Outline:

• Group invariant contact structure on a jet bundle

• Structure equations for invariant frame

• Invariant variational complex

• Invariant Euler-Lagrange operator

• Invariant Noether correspondence

• Symbolic implementation

The talk is based on:

• Invariant Euler-Lagrange Equations and the Invariant Variational

Bicomplex, I. Kogan, P. Olver, Acta Appl. Math. 76, 137-193, (2003)

• Ongoing work with Ian Anderson
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Group invariant contact structure on a jet bundle
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Standard local coframe on J∞(M, p)

Local coordinates: x1, . . . , xp, u1, . . . , uq, um
J , m = 1 . . . q, J –

multi-index.

Basis of horizontal sub-bundle Basis of vertical sub-bundle

Cotangent

horizontal one-forms contact one-forms

d x1, . . . , d xp
θm = dum −∑p

i=1 um
i dxi,

θm
J = dum

J −∑p
i=1 um

Ji dxi.

Tangent

total derivatives: vertical derivatives

d
dxi = ∂

∂xi +
∑q

m=1 um
i

∂
∂um

+
∑

m,J um
Ji

∂
∂um

J

∂
∂um ,

∂
∂um

J
, m = 1 . . . q
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Prolongation of the action

G y M ⇒ G y Jk(M, p) unique prolongation s.t

• G-action respects projections Jk −→ J l, ∀k > l.

• g∗(contact form) = contact form ∀g ∈ G.

Thm. (Ovsiannikov) ∃n < dimG s. t. G acts locally free on an open

dense subset of Jn(M, p).
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Local invariants

G y J∞ ⇒ h : g −→ X (J∞)

Im(h) = Γ infinitesimal generators of G-action.

• invariant functions f(x,u(n)) (differential invariants):

Lvf := v(f) = 0, ∀v ∈ Γ.

• invariant vector fields: Y ∈ X (J∞): LvX = 0, ∀v ∈ Γ.

• invariant differential forms: λ ∈ Λ∗(J∞): Lvλ = 0, ∀v ∈ Γ.
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∃G- invariant contact structure on U ⊂ J∞(M, p).

Invariant horizontal basis Invariant vertical basis

Cotangent

invariant “horizontal” one-forms invariant contact one-forms

ω1, . . . , ωp

H̃ = span
{
ωi
}
6= H = span

{
d xi

}

unless the action is projectable

ϑm
J

C = span {ϑm
J } = span {θm

J }

Tangent

invariant total diff. operators invariant vertical diff. operators

D1, . . .Dp

span {Di} = span
{

d
dxi

}

V1, . . . , Vq, V
J
m, m = 1..q

span {Vm} 6= span
{

∂
∂um

}

unless the action is projectable
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Example SE(2)-invariant contact structure on J∞(R2, 1).

Cotangent

invariant “horizontal” one-form invariant contact one-forms

ω = ds + ux√
1+u2

x

θ, where ds =
√

1 + u2
xdx

ϑ = θ√
1+u2

x

ϑx =
(1+u2

x) θx−uxuxxθ
(1+u2

x)2

. . .

Tangent

invariant total diff. operator: invariant vertical diff. operators

D = 1√
1+u2

x

d
dx = d

ds

V = − ux√
1+u2

x

∂
∂x

+ 1√
1+u2

x

∂
∂u

V x = (1 + u2
x) ∂

∂ux
+ 3 uxuxx

∂
∂uxx

. . .
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Motivation

(S. Lie:)

Most of the symmetric problems can be written in terms of invariants.

It is natural to perform further computations in terms of invariants.
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Example: Lagrangian invariant under

SE(2) = SO(2) ⋉ R
2

y R
2 (Euclidean group.)

L[u] =
∫ u2

xx

2 (1+u2
x)5/2

dx =
∫

Ldx ⇐⇒
∫

1
2κ2 ds



yE =

(
d
dx

)2 ∂
∂uxx

−
(

d
dx

)
∂

∂ux
??



y

E(L) = 0 ⇐⇒ κss + 1
2κ3 = 0

E(L) =

1

2

30 u2
3 u1

2 − 5 u2
3 − 20 u2 u1 u3 − 20 u2 u1

3 u3 + 2 u4 + 4 u4 u1
2 + 2 u4 u1

4

(1 + u1
2)(9/2)

.

( u1 = ux, . . . , u4 = uxxxx)
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Invariantization: moving frame construction

(Fels, Olver 1999)
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Local cross-section: submanifold K of open U ⊂ M , s. t.

• TzK|⊕T |zOz = T |zU , ∀z ∈ K

• K intersects each connected component of Oz ∩ U at the unique

point.

Thm (follows from the Frobenius thm)

G y U semi. reg (⇔ ∃r, ∀z ∈ U : dimOz = r.)

⇓

∃ loc. cross-section on U
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Moving frame map

ρ : U −→ G is defined by the condition ρ(z) · z ∈ K

ρ
ρ

(z)

(gz)

O

z
gz

(z)z=ρ(gz)gz
ρ

K

G y M free ⇒ ∀z ∈ M : dimOz = dimG = κ.

⇓

ρ : U −→ G defined by ρ(z) · z ∈ K smooth, G-equivariant:

ρ(g · z) · (g · z) = ρ(z) · z, freeness
=⇒ ρ(g · z) = ρ(z)g−1.
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Invariantization in terms of ρ : U −→ G.

z0 = Oz ∩ K = ρ(z) · z
Thm: The following maps define a projection on the corresponding

invariant subspaces.

• functions: ι : F(U) −→ FG(U) :

ι(f)(z) := f(ρ(z) · z) = f(z0)

• differential forms: ι : Λ(U) −→ ΛG(U), ∀λ ∈ Λ∗(U), ∀z ∈ U :

ι(λ)|z := ρ(z)∗(λ|z0
).

• vector fields: ι : X (U) −→ XG(U), ∀X ∈ X (U), ∀z ∈ U :

ι(X)|z =
[
ρ(z)−1

]

∗
X |z0

.
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Properties of ι:

• ι preserves linear independence of forms and vector fields.

• ι -preserves pairing: 〈ιλ; ιX〉 =< λ; X >.

• ι-preserves duality of bases.

• ∀z ∈ K, ∀λ ∈ Λ∗(U), ∀X ∈ X (U):

ι(f)|z0
= f |z0

, ι(X)|z0
= X |z0

, ι(λ)|z0
= λ|z0

.

• ι preserves contact ideal.
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Structure equations for invariantized forms.

d ι (λ) = ι (d λ) +
r∑

j=1

ρ∗(µj) ∧ ι
[
Lvj (λ)

]

dimG = dimO = r

v̂ = (v̂1, . . . , v̂r)
T a basis of g;

µ = (µ1, . . . , µr)– dual basis of invariant differential forms on G

(Maurer-Cartan forms)

v = (v1, . . . , vr)
T – basis for infinitesimal generators of G-action

Let zero set K = (K1(z), . . . , Kr(z)) : U −→ R
r define K.

Transversality condition detv(K) := Lvi(K
j) 6= 0 mod K.

ρ∗(µ) = −ι
[
dK · v(K)−1

]
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• K – constructive (∃ coordinate cross-section)

• ρ – non-constructive

How much can be done without ρ? ⇒

Invariantization: implicit approach
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Theorem. ∀f ∈ F(U), ∀λ ∈ Λ∗(U), ∀X ∈ X (U)

∃! locally invariant ιf ∈ FG(U), ιλ ∈ (Λ∗)G(U), ιX ∈ XG(U) s.t.

ιf |K = f |K, ιX |K = X |K, ιλ|K = λ|K.

Structure equations

d ι (λ) = ι [d λ − (dK)A ∧ v(λ)]

where A = v(K)−1,

v(λ) = (Lv1
λ, . . . ,Lvrλ)T
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∃!locally G- invariant frame/coframe on U ⊂ J∞(M, p) which

coincide with the standard frame/coframe on K.

Invariant horizontal basis Invariant vertical basis

Cotangent

invariant “horizontal” one-forms invariant contact one-forms

ω1, . . . , ωp
ϑm

J

C = span {ϑm
J } = span {θm

J }
Tangent

invariant total diff. operators invariant vertical diff. operators

D1 = ι d
dx1

, . . . ,Dp = ι d
dxp

span {Di} = span
{

d
dxi

} V1, . . . , Vq, V
J
m, m = 1..q
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Input:

• group action: v = (v1, . . .vl)
T – basis for inf. generators.

• local cross-section: K – zero set K(z) = (K1, . . . , Kr) : J −→ R
r,

detv(K) 6= 0 mod K.

Output (via linear algebra and differentiation)

• structure equations for invariant coframe and frame ⇒ structure

of the differential algebra of invariants

• prolongations of vector fields

• invariant integration by parts ⇒ Euler-Lagrange and Helmholtz

operators
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Variational Bicomplex:

Gelfand, Tulczyjew, Tsujishita, Vinogradov, Takens, Anderson
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Bigrading of exterior differential algebra:

Grading: Λ∗ =
⊕

Λk, where Λk =







∑
1-form ∧ · · · ∧ 1-form
︸ ︷︷ ︸

k times






.

d : Λk −→ Λk+1, d ◦ d = 0 ⇒ de Rham complex:

Bigrading: Λ∗ =
⊕

Λs,t, where Λs,t =






∑
hor. 1-form ∧ · · · ∧ hor. 1-form
︸ ︷︷ ︸

s times

∧ cont. 1-form ∧ · · · ∧ cont. 1-form
︸ ︷︷ ︸

t times







d : Λs,t −→ Λs+1,t ⊕ Λs,t+1 ⇒ d = dH + dV ⇒ Bicomplex:

d2 = (dH + dV )2 = 0 ⇒ d2
H = 0, d2

V = 0, dH ◦ dV = −dV ◦ dH

Example: du = uxdx + (du − uxdx) = dHu + dV u
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Variational Bicomplex (locally exact)

Λ0,0 Λ1,0-
dH

Λ0,1 Λ1,1-dH

6dV
6

Λ0,2 Λ1,2-dH

6dV
6

...
...

6dV
6

. . .-
dH

. . .-dH

6dV
6

. . .-dH

6dV
6

...
6dV

6

Λp−1,0-
dH

Λp−1,1-dH

6

Λp−1,2-dH

6

...
...

dV
6

Λp,0-
dH

Λp,1-dH

dV
6

Λp,2-dH

dV
6

...

dV
6

∂V

�
�

��

F1-
I

F2-I

dV
6
∂V

...

dV
6∂V

• dV dH = −dHdV , d2
H = 0, d2

V = 0

• λ = L(x,u(n))dx1 ∧ · · · ∧ dxp ∈ Λp,0-Lagrangian

• I : Λp,s −→ Fs ⊂ Λp,s - int. by parts operator, I ◦ dH = 0, I2 = I

• ∂V = I ◦ dV - variational derivative, ∂V ◦ dH = 0
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Integration by parts operator, λ ∈ Λp,s:

I(λ) =
∑

m

1

s
θm ∧

((
∂

∂um
yλ

)

+
∑

J

(

− d

dxJ

)(
∂

∂um
J

yλ

))

.

Euler-Lagrange operator (λ ∈ Λp,0)

λ = L(x,u(n))dx
∑

m,J
∂L

∂um
J

θm
J ∧ dx-dV ∑

m ELm(x,u(2n))θm ∧ dx-I

∂V = I ◦ dV ⇒ Em(x,u(2n)) = 0, m = 1, . . . , q – Euler-Lagrange eq.

dV (λ) − ∂V (λ) = dH(µ), µ ∈ Λp−1,1

Λp,0 ⊃ trivial Lagrangians = ker∂V ⊃ dHΛp−1,0

Local exactness: ker ∂V = dHΛp−1,0
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Inverse Problem of Calculus of Variations

Is a given system of equations {ELm(x,u(2n)) = 0|m = 1, . . . , q}
equivalent to an Euler-Lagrange system ?

Simplification: for β =
∑

m ELm(x,u(2n))θm ∧ dx ∈ Λp,1

∃?λ ∈ Λp,0, s. t. ∂V (λ) = β

Euler-Lagrange forms = Im(∂0
V : Λp,0 −→ Λp,1) ⊂ Ker(∂1

V : Λp,1 −→ Λp,2)

Local exactness: ⇒ ker ∂1
V = Im(∂0

V )

25



Noether Correspondence.

Symmetries of
∫

L(x,u(n))dx ↔ Conservation laws of E(L)

generalized divergence symmetry: Y =
∑q

j=1 Qj(x,u(n)) ∂
∂uj s.t

∃A = (A1, . . . , Ap) : prnY (L) = DivA

⇓

conservation law: P = (P1, . . . , Pp) s.t. DivP ≡ 0 mod E(L)

E.L.-eq: E(L) = d
dε

∣
∣
ε=0

L
(
x, (u + εf)(n)

)
− DivM

Q, A, M ⇒ P
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Λ0,0 Λ1,0-
dH

Λ0,1 Λ1,1-dH

6dV
6

Λ0,2 Λ1,2-dH

6dV
6

...
...

6dV
6

. . .-
dH

. . .-dH

6dV
6

. . .-dH

6dV
6

...
6dV

6

Λp−1,0-
dH

Λp−1,1-dH

6

Λp−1,2-dH

6

...
...

dV
6

Λp,0-
dH

Λp,1-dH

dV
6

Λp,2-dH

dV
6

...

dV
6

∂V

�
�

��

F1-
I

F2-I

dV
6
∂V

...

dV
6∂V

• λ = L(x,u(n))dx1 ∧ · · · ∧ dxp ∈ Λp,0-Lagrangian

• dV λ − ∂V λ = dHµ, µ ∈ Λp−1,1

• Y is a variational symmetry: LprY (λ) = dH(α), α ∈ Λp−1,0

• π = Y yµ + α ∈ Λp−1,0 conservation law: dHπ = 0 mod E-L eq.
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Example:

λ = 1
2κ2ds ⇒ EL = κss + 1

2κ3

Generalized symmetry: Y =
−3 u2

2
u1+u3 (1+u2

1
)

(1+u2
1
)
5
2

∂
∂u = κs

√

1 + u2
1

∂
∂u .

Conservation law:

P =
1

4

u4
2 + 36 u4

2 u2
1 − 24 u2

2 u3 u1 − 24 u2
2 u3 u3

1 + 4 u2
3 + 8 u2

3 u2
1 + 4 u2

3 u4
1

(1 + u2
1)

6

=
1

2
κ2

s +
1

8
κ4

Check:

DivP =
dP

dx
= κs

√

1 + u2
1EL

conservation law with characteristic

Q = κs

√

1 + u2
1
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Invariant Variational Complex
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Invariant local coframe/frame on U ⊂ J∞(E, p).

Invariant horizontal basis Invariant vertical basis

Invariants moving coframe

invariant “horizontal” one-forms invariant contact one-forms

ω1, . . . , ωp

H̃ = span
{
ωi
}
6= H = span

{
d xi

}

unless the action is projectable

ϑm, ϑm
J

span {ϑm, ϑm
J } = span {θm, θm

J }

Invariants moving coframe

invariant total diff. operators invariant vertical diff. operators

D1, . . .Dp

span {Di} = span
{

d
dxi

}

V1, . . . , Vq, V
J
m, m = 1..q

span {Vm} 6= span
{

∂
∂um

}

unless the action is projectable
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Invariant Variational “Bicomplex”.

• variational edge is a complex • interior rows are locally exact.

Λ̃
0,0

Λ̃
1,0-

d
H̃

Λ̃
0,1

Λ̃
1,1-d

H̃

6d
Ṽ

6

Λ̃
0,2

Λ̃
1,2-d

H̃

6d
Ṽ

6

.

.

.

.

.

.

6dV
6

. . .
-

d
H̃

. . .
-d

H̃

6d
Ṽ

6

. . .
-d

H̃

6d
Ṽ

6

.

.

.

6d
Ṽ

6

Λ̃
p−1,0-

d
H̃

Λ̃
p−1,1-d

H̃

6

Λ̃
p−1,2-d

H̃

6

.

.

.

.

.

.

d
Ṽ

6

Λ̃
p,0-

d
H̃

Λ̃
p,1-d

H̃

dV
6

Λ̃
p,2-d

H̃

d
Ṽ

6

.

.

.

d
Ṽ

6

∂
Ṽ

�
�

��

F̃
1-

Ĩ

F
2-Ĩ

d
Ṽ

6
∂

Ṽ

.

.

.

d
Ṽ

6∂
Ṽ

• λ ∈ Λ̃p,0-Lagrangian → ∂Ṽ λ = dṼ λ − dH̃µ, µ ∈ Λ̃p−1,1 ( E.-L. eq.)

• variational symmetry: Y ydṼ λ = dH̃(α), α ∈ Λ̃p−1,0

• π = Y yµ + α ∈ Λ̃p−1,0 conservation law: dH̃π = 0 mod E.-L. eq.
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Invariant bigrading: Λ∗ =
⊕

Λ̃s,t =
⊕

ιΛs,t.

Λ̃s,t 6= Λs,t (**)

d ι (λ) = ι [d λ − (dK)A ∧ v(λ)] , where A = v(K)−1.

λ ∈ Λs,t ⇒ ιλ ∈ Λ̃s,t and

Lv(λ) = [Lv(λ)]0 + [Lv(λ)]V ∈ Λs,t
⊕

Λs−1,t+1 (**)

d = dH̃ + dṼ + dW (∗∗)
where

dH̃ ι (λ) = ι [dH λ − (dHK)A ∧ v(λ)0] ,

dṼ ι (λ) = ι [dV λ − (dV K)A ∧ v(λ)0] ,

dW ι (λ) = ι [−(dV K)A ∧ v(λ)V ] ,

(**) unless the action is projectable.
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for s ≥ 1 unless the action is projectable:

d : Λ̃s,t −→ Λ̃s+1,t ⊕ Λ̃s,t+1 ⊕ Λ̃s−1,t+2 ⇒ d = dH̃ + dṼ + dW

d2 = (dH̃ + dṼ + dW )2 = 0

d2
H̃

= 0, d2
Ṽ

+ dH̃dW + dW dH̃ = 0, dH̃ ◦ dṼ = −dṼ ◦ dH̃ , d2
W = 0

∂2
Ṽ

= 0
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Euler-Lagrange operator in the invariant bicomplex

34



Example: Lagrangian invariant under

SE(2) = SO(2) ⋉ R
2

y R
2 (Euclidean group.)

L[u] =
∫ u2

xx

2 (1+u2
x)5/2

dx =
∫

Ldx ⇐⇒
∫

1
2κ2 ds



yE =

(
d
dx

)2 ∂
∂uxx

−
(

d
dx

)
∂

∂ux
??



y

E(L) = 0 ⇐⇒ κss + 1
2κ3 = 0

E(L) =

1

2

30 u2
3 u1

2 − 5 u2
3 − 20 u2 u1 u3 − 20 u2 u1

3 u3 + 2 u4 + 4 u4 u1
2 + 2 u4 u1

4

(1 + u1
2)(9/2)

.

( u1 = ux, . . . , u4 = uxxxx)
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G-invariant variational problems for curves in R
2.

∫

λ̃ =

∫

L̃ (κ, κ1, . . . , κn)ω,

κ− fundamental invariant under G− action

ω− invariant arc-length

κi = Diκ− i-the derivative of κ with respect to invariant arc-length

D derivative with respect to ω

The invariant Euler-Lagrange operator:

A∗E − B∗H

E
(

L̃
)

=
∑n

i=0 (−D)i ∂L̃
∂κi

, H
(

L̃
)

=
∑n

i>j≥0 κi−j (−D)j ∂L̃
∂κi

− L̃.

dṼ (ω) = B(ϑ0) ∧ ω, dṼ (κ) = A(ϑ0)– depend on G, computable by

diff. and linear algebra.

for multi-dimensional formula see Kogan, Olver 2003
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Invariant integration by parts for plane curves.

G y J(R2, 1), ω – invariant differential form, D – dual invariant

differential operator, κ – generating invariant, κi = (D)
i
κ.

λ̃ = L̃ (κ, κ1, . . . , κn)ω

dṼ λ̃ = dṼ L̃ ∧ ω + L̃ dṼ ω =
n∑

i=0

∂L̃

∂κi
(dṼ κi) ∧ ω + L̃ dṼ ω ≡ (mod dH̃)

(dṼ κi) ∧ ω = (dṼ Dκi−1) ∧ ω = (dṼ dH̃κi−1) − κidṼ ω = − (dH̃dṼ κi−1) − κidṼ ω

≡ ∑n
i=0 dH̃

(
∂L̃
∂κi

)

(dṼ κi−1) −
(
∑n

i=0
∂L̃
∂κi

κi − L̃
)

dṼ ω

=
∑n

i=0 (−D)
(

∂L̃
∂κi

)

(dṼ κi−1) ∧ ω − (. . . ) dṼ ω.

repeat!

Symbolic: recursively implement integration by parts, not the

formulas.
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dṼ λ̃ ≡ E
(

L̃
)

dṼ κ ∧ ω −H
(

L̃
)

dṼ ω.

E
(

L̃
)

=
n∑

i=0

(−D)i ∂L̃

∂κi
, H

(

L̃
)

=
n∑

i>j≥0

κi−j (−D)j ∂L̃

∂κi
− L̃.

λ = L(x, u, u1, . . . , um) dx ↔ λ̃ = L̃ (κ, κ1, . . . , κn)ω

dV (dx) = 0 dṼ (ω) = B(ϑ0) ∧ ω

dV (u) = θ0 dṼ (κ) = A(ϑ0)

dṼ λ̃ ≡
[

A∗E
(

L̃
)

− B∗H
(

L̃
)]

ϑ0 ∧ ω.
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Examples:

• Euclidean group: SE(2) = SO(2) ⋉ R2

A∗ =
(

d
ds

)2
+ κ2

B∗ = −κ

• Affine group: SA(2) = SL(2) ⋉ R2

A∗ =
(

d
ds

)4
+ 5

3κ
(

d
ds

)2
+ 5

3κs

(
d
ds

)
+ 1

3κss + 4
9κ2

B∗ = 1
3

(
d
ds

)2 − 2
9κ
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Example: Lagrangian invariant under

SE(2) = SO(2) ⋉ R
2

y R
2 (Euclidean group.)

L[u] =
∫ u2

xx

2 (1+u2
x)5/2

dx =
∫

Ldx ⇐⇒
∫

1
2κ2 ds



yE =

(
d
dx

)2 ∂
∂uxx

−
(

d
dx

)
∂

∂ux

((
d
ds

)2
+ κ2

)

E + κH


y

E(L) = 0 ⇐⇒ κss + 1
2κ3 = 0

E(L) =

1

2

30 u2
3 u1

2 − 5 u2
3 − 20 u2 u1 u3 − 20 u2 u1

3 u3 + 2 u4 + 4 u4 u1
2 + 2 u4 u1

4

(1 + u1
2)(9/2)

.

( u1 = ux, . . . , u4 = uxxxx)
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Noether correspondence in the invariant bicomplex
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Noether correspondence. Inductive approach.

Classical computation:

• find (generalized) infinitesimal symmetries of a Lagrangian (Lie’s

method),

• compute corresponding conservation laws.

Inductive approach

• reduce a Lagrangian by its group of point symmetries G,

• find (generalized) infinitesimal symmetries of the reduced

Lagrangian (Lie’s method),

• compute corresponding conservation laws (invariant with

respect to G).
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Infinitesimal symmetry condition for λ ∈ Λ̃p,0.

LprY λ ≡ dH̃α mod Λ̃p−1,1

m
prY ydṼ λ = dH̃α, for α ∈ Λ̃p−1,0.

Noether correspondence:

dṼ λ − ∂ṽλ = dH̃µ for µ ∈ Λ̃p−1,1 =⇒ dH̃P = 0 modEL, where

π = prY yµ + α is a conservation law.
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• SE(2) y R
2-inv. Lagrangian: λ = 1

2κ2ω , ω = ds + u1√
1+u2

x

θ.

dṼ λ = EL ϑ ∧ ω + dHM , where M = κ1ϑ1 − κϑ2 .

• Euler-Lagrange equation: EL = κss + 1
2κ3.

• Y = ξ(κ, κs)V. symmetry condition =⇒ ξ = κ1 f(κ2 + 4κ2
1).

Take Y = κ1V

prY y dṼ λ = dH̃A where A = κκ2 +
1

4
κ4 − κ2

1.

• Conservation laws: P = Y yM + A

P = κ2
s +

1

4
κ4, with

d

ds
P = κs(κss +

1

2
κ3) ≡ 0 mod EL.
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• SA(2) y R
2-inv. Lagrangian: λ = µ ω , µ =

u2u4−
5

3
u2

3

u8
2
/3

,

ω = u
1/3
2 dx + u3

3 u
5/3

2

θ .

dṼ λ = EL ϑ ∧ ω + dHM , where M = 2
3ϑ1 − 2

3ϑ2 − ϑ4 .

• Euler-Lagrange equation: −( 2
3µ2 + 2

9µ2).

• Y = ξ(κ, κs)V. symmetry condition =⇒ ξ = κ1 f( 2
9κ3 + κ2

1).

Take Y = κ1V

prY y dṼ λ = dH̃A where A = µ4 + 2µµ2 +
2

27
µ3.

• Conservation laws: P = Y yM + A

P =
2

27
µ3 +

1

3
µ2

1
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Implemented relative to invariant frames

iVBstructure and iVarCalc programmed in Vessiot

environment.

(for maple worksheet contact iakogan@ncsu.edu)

• integration by parts ⇒ E.L equations, Helmholtz conditions.

• vector field prolongation

• exactness of interior rows of variational bicomplex

• Noether correspondence (non divergence symmetries)
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Thank you!
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