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The goal of the presentation is to give an analytical descrip-

tion of new solutions [2]–[4] of the ideal magnetohydrodynamics

equations generalizing classical one-dimensional continua motions

with planar and spherical waves. Investigation of solutions of this

type was originated in works [5], [6] for the ideal gas dynamics.

The solution are partially invariant with respect to subgroups of

admissible Euclidean group.

Flow with planar waves
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U = U(t, x), V = V (t, x),

ω = ω(t, x, y, z).

Group of invariance:

{∂y, ∂z,

z∂y − y∂z + w∂v − v∂w}

Flow with spherical waves

ur = U(t, r), M = M(t, r),

ω = ω(t, r, θ, ϕ).

Group of invariance: O(3)
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We will refer to planes x = const and spheres r = const as to

the level surfaces of the corresponding solutions. The common

properties of the solutions are

• Absolute values of normal and tangential projections of vector

field u to the level surface are invariant functions.

• Rotation angle of the vector field u about the normal to the

level surface is non-invariant function.

These solutions generalize the well-known one-dimensional mo-

tions with planar and spherical waves, which correspond to V ≡ 0

in planar case or M ≡ 0 in spherical case. The representation

of the solutions above are prescribed by the condition of partially

invariance [1] of solution with respect to the admissible group of

one rotation and two translations in the planar case, and group

O(3) in the spherical case.

We are going to apply the representations above for construction

of exact solutions to ideal magnetohydrodynamics equations

Dρ + ρ div u = 0,

D u + ρ−1∇p + ρ−1H× rotH = 0,

D p + A(p, ρ) div u = 0,

DH + H div u− (H · ∇)u = 0,

div H = 0, D = ∂t + u · ∇.

(1)

Here u is the velocity vector, p is the pressure, ρ is the density, and

H is the magnetic field vector. All functions depend on time t and

coordinates x = (x, y, z). Function A(p, ρ) = ρc2 (c =
√
∂p/∂ρ

is a thermodynamical speed of sound) is determined by the gas

state equation p = f (ρ, S), with entropy S.
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Solutions with planar waves

In magnetohydrodynamics there are two vector fields at each

particle, namely, its velocity u and its magnetic field vector H. We

will assume, that both vector fields satisfy the above dependencies.

In the planar case we have the following representation of solution
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u = U(t, x), H1 = H(t, x),

v = V (t, x) cosω(t, x, y, z), H2 = N(t, x) cos
(
ω(t, x, y, z) + σ(t, x)

)
,

w = V (t, x) sinω(t, x, y, z), H3 = N(t, x) sin
(
ω(t, x, y, z) + σ(t, x)

)
,

p = p(t, x), ρ = ρ(t, x), S = S(t, x).
(2)

Here function ω is non-invariant as long as it depends on all in-

dependent variables. All the rest of functions are invariant ones

depending only on invariant variables t and x. Substitution of

representation (2) into (1) gives the following. From the first (con-

tinuity) equation of the system (1) we have

ρt + Uρx + ρ(Ux − V sinω ωy + V cosω ωz) = 0. (3)
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This equation implies, that function h

h(t, x) = −V −1(ρt + Uρx + ρUx)

is invariant one, i.e. it depends only on t and x. Another terms of

equation (3) give an equation for ω

sinω ωy − cosω ωz + h = 0. (4)

Besides, we have the following three equations, which relate only

invariant functions:

D̃ U + ρ−1px + ρ−1NNx = 0,

D̃ H + hHV = 0,

D̃ p + A(p, ρ)(Ux + hV ) = 0.

Here and further D̃ = ∂t + U∂x. The rest of equations of system
(1) produce the following overdetermined system for non-invariant
function ω:

ρV ωt +
(
ρUV −HN cosσ

)
ωx +

(
ρV 2 cosω −N 2 cosσ cos(ω + σ)

)
ωy

+
(
ρV 2 sinω −N 2 cosσ sin(ω + σ)

)
ωz −H(Nx sinσ +N cosσσx) = 0.

(5)

HN sinσ ωx +
1

2
N 2 sin(ω + 2σ)ωy −

1

2
N 2 cos(ω + 2σ)ωz

+ ρ D̃V −H(Nx cosσ −N sinσ σx) +
1

2
hN 2 = 0. (6)

Nωt + (NU −HV cosσ)ωx + V N sinσ sin(ω + σ)ωy

− V N sinσ cos(ω + σ)ωz +ND̃σ +HVx sinσ = 0. (7)

HV sinσ ωx +NV cosσ sin(ω + σ)ωy

−NV cosσ cos(ω + σ)ωz − D̃N +HVx cosσ −NUx = 0. (8)
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N
(
sin(ω + σ)ωy − cos(ω + σ)ωz

)
−Hx = 0. (9)

System (4)–(9) for function ω needs to be investigated for com-

patibility. At that we will look for solutions with functional arbit-

rariness in determination of function ω. This condition is referred

to as ”irreducibility condition”, which means that if it is satisfied

then the partially invariant solution does not coincide with any

invariant one.
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Theorem 1. Partially invariant

solution (2) is irreducible if and

only if σ ≡ 0 or σ ≡ π/2. This

means, that in irreducible solution

velocity vector u at any particle

coplanar with its magnetic field

vector H and directional vector of

Ox axis.

At that, equations for ω take the following form

sinω ωy − cosω ωz + h = 0,

ωt + Uωx + V cosω ωy + V sinω ωz = 0,

Hωx +N cosω ωy +N sinω ωz = 0

(10)

Theorem 2. In the main case h 6= 0 the invariant functions

are determined from the following system of equations

D̃ ρ + ρ(Ux + hV ) = 0, D̃ U + ρ−1px + ρ−1NNx = 0,

D̃ V − ρ−1H0hNx = 0, D̃ p + A(p, ρ)(Ux + hV ) = 0,

D̃ N +NUx −H0hVx + hNV = 0, H = H0h,

D̃ h + V h2 = 0, H0hx + hN = 0.

(11)

Function ω satisfies the implicit equation

F (y − h−1 cosω, z − h−1 sinω) = 0 (12)
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with arbitrary smooth function F .

From equations (10) it follows that ω conserves along particle

trajectories and along magnetic field lines. This implies that these

curves are flat in 3D-space.
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• Particle trajectories and mag-

netic field lines are located in

planes, which are orthogonal

to Oyz-plane and turned on

angle ω about Ox-axis.

• All particles originating from

the same plane x = const

moves along the similar curves

in 3D-space.

• Position of each trajectory in 3D-space is defined by vector

field in plane x = const determined in accordance with equa-

tion (12).

Let us introduce Cartesian frame O′x′l in the plane of particle’s

motion.

z
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w

H

l

O¢ x¢

It is required to solve Cauchy prob-

lem

dx

dt
= U(t, x), x(t0) = x0. (13)

The dependence x = x(t, x0) al-

lows one to determine l = l(t) as

l(t) =

t∫
t0

V (t, x(t, x0))dt. (14)
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In the frame Oxyz particle’s trajectory has the form:

x = x(t, x0), y = y0 + l(t) cosω0, z = z0 + l(t) sinω0. (15)

Magnetic field line, which passes at t = t0 through (x0, y0, z0) is

y = y0 + cosω0

x∫
x0

N(t0, s)

H(t0, s)
ds, z = z0 + sinω0

x∫
x0

N(t0, s)

H(t0, s)
ds.

(16)

Let us now turn to interpretation of implicit equation (12) for

function ω. Let the function F has been fixed. This define a curve

γ : F (y, z) = 0 on plane Oyz.
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In order to find angle ω at arbitrary

point M = (y, z) it is required to

draw a line segment AM of length

τ = 1/h such that A ∈ γ. The

direction of AM defines angle ω as

it is shown in the figure.

The main properties of the obtained vector field are the following

• The solution is determined only inside the stripe of width 2τ

with curve γ : F (y, z) = 0 as a centerline.

y

z

g
t
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• The vector field is directed orthogonally to the boundaries of

the stripe over the boundaries.

• If τ > min
x∈γ

R(x), where R(x) is a curvature radius of γ at

point x, then the boundary of the stripe has singularities of a

“dovetail” type. In this case the vector field can not be defined

continuously over all borders of the dovetail.
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One can show a vector field without singularities. Let us choose,

for example, γ : y2 + z2 = R2. The figure shows vector fields

obtained for different relations between τ and R. In order to show
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the corresponding 3D-motion of plasma let us choose a particular
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stationary solution of invariant subsystem (11):

U =
H2

0

cosh x
, V = H2

0 tanhx, τ = coshx,

H =
H0

cosh x
, N = H0 tanhx, ρ = H−2

0 , S = S0.

(17)

Streamlines and magnetic field lines here coincide and are given

by formula

l(x) = coshx− 1. (18)

With the vector field in Oyz plane from previous example one can

build solution, which describe a flow of ideal plasma in axisymmet-

ric canal. The axial section of the canal is given in figures below.

We assume that uniform flow for x < 0 changes at x = 0 to the

R = (0)t

x
=

 0

R < (0)t

x
=

 0

x

R > (0)t

x
=

 0

flow, described by the solution (17). Depending on the relation

between τ (0) and R different pictures of motion are possible.

Solution with spherical waves

We observe the following representation of solution in spherical
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coordinate system:

U = U(t, r), M = M(t, r), H = H(t, r), N = N(t, r),

Ω = ω(t, r, θ, ϕ), Σ = σ(t, r) + ω(t, r, θ, ϕ),

p = p(t, r), ρ = ρ(t, r).
(19)

x x

y y

z z

U
H

u

H

W
S

O O

M

N
r r

Theorem 3. Irreducible solution to the ideal magnetohydro-

dynamics equations (1) of the form (19) exists only when

σ ≡ 0. At that the velocity and the magnetic field vectors at

any particle are coplanar to its radius-vector. The invariant

functions are determined from the invariant system of equa-

tion

D̃M1 +
2

r
UM1 −

H0

r4ρ cos τ
N1r = 0, D̃ = ∂t + U∂r,

D̃ N1 +N1Ur −
H0

cos τ
M1r −M1N1 tan τ = 0,

D̃ p + A(p, ρ)

(
Ur +

2

r
U −M1 tan τ

)
= 0, H =

H0

r2 cos τ

D̃ U +
1

ρ
pr +

N1N1r

r2ρ
− rM 2

1 = 0, H0τr = N1 cos τ,

(20)
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D̃ ρ + ρ

(
Ur +

2

r
U −M1 tan τ

)
= 0,̃D τ = M1,

M1 =
M

r
, H =

H0

r2 cos τ
, N1 = r N.

Here H0 is an arbitrary constant, and τ ∈ (π/2, π/2) is some

function of t and r. The non-invariant function ω is defined

by the following implicit equation

η = f (ζ). (21)

with arbitrary smooth function f ;

η = sin θ cosω cos τ − cos θ sin τ,

ζ = ϕ + arctan
sinω cos τ

cos θ cosω cos τ + sin θ sin τ
.

(22)

One can show that particles’ trajectories and magnetic force

lines are flat curves. All particles, which start from the same

sphere r = const move along similar curves. The location and

orientation of trajectories in the 3D space depend on the particle’s

initial position and its initial velocity vector.

Trajectories and magnetic field lines are given by solutions of

the following Cauchy problem.
dr

dt
= U(t, r), r(t0) = r∗.

Particle’s trajectory in the polar co-

ordinate system is determined by

r = r(t), ψ = τ (t, r(t)) − τ (t0, r∗).

The magnetic force line at the time

t = t0 is

ψ = τ (t0, r) − τ (t0, r∗).

11



Description of the plasma motion as a whole depends on the

value of function ω(τ, θ, ϕ) on some initial sphere. For given point

M in the unit sphere, defined by its spherical coordinates (θ, ϕ) we

introduce auxiliary Cartesian frame of reference Oξ1ξ2ξ3 according

to the figure. Here we pretend to know angle ω at M .

Let ∠MON1 = π/2 − τ . One can

show that coordinates of point N1

in Oxy frame of reference are given

by (x, y, z) = (cos ζ, sin ζ, η) with

η and ζ from (22). This observa-

tion allows us giving the following

algorithm of finding ω at arbitrary

point on a sphere for given depend-

ence (21).

Let a curve γ on the sphere |x| = R be determined by the relation

z = f (ϕ), where (r, ϕ, z) are cylindrical coordinates, and f is the

same as in (21). For given point M let us draw a circle S1 on the

sphere S2 with the center M and the geodesic radius π/2 − τ .

Note, that the angle τ is the same for each points of the sphere.

Theorem 4. We denote by Ni, i = 1, . . . , k points of inter-

section of the curve γ with the circle S1. The angles between

the meridian, which pass through M , and the geodesic curves,

which follow from M to each Ni define all possible values of

ω, which satisfy the relation (21).

Like in planar case, tangential vector field on a sphere is defined

only inside of a stripe of width π − 2τ with the midline γ. For

small or negative τ there could be singularities of a dovetail type

on the boundaries of the stripe.
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In the next figure we give an example of a vector field, generated
in accordance with the presented

algorithm. Curve γ : θ =

π/2 + 1/4 sin 3ϕ and its northern

equidistant γ+(δ) are shown. One

can see the multiple-valuedness of

the vector field inside the dove-

tail. The dovetail appears only when

value of π/2− τ is big enough. The

following theorem shows how big τ

can be.

Theorem 5. Let γ be a smooth curve on the sphere |x| = R.

The equidistants γ±(δ) are smooth curves if and only if the

following inequality holds

tan δ < min
x∈γ

R/kg(x). (23)

Here kg is a geodesic curvature of the curve γ.

Next figure gives an example of vector field without singularities.

The middle curve γ is the parallel θ = θ∗ < π/2. The vector

field is determined in the stripe between the equidistants γ± : θ =

θ∗ ∓ δ. Three possibilities are shown: (a) θ∗ > δ; (b) θ∗ = δ; and

(c) θ∗ < δ.
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Let us choose a particular stationary solution of invariant sub-

system (20) in the form

M1 =
H2

0τ
′

r2 cos τ
, N1 =

H0τ
′

cos τ
, U =

H2
0

r2 cos τ
, ρ =

1

H2
0

. (24)

Here function τ (r) satisfies the following equation

τ ′
2

= r2 cos2 τ − r−2. (25)

For this solution streamlines and magnetic field lines coincide and

are shown in the figure below. Two different curves correspond to

different initial data of equation (25). Shaded region is a spherical

source of plasma.
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Now one can construct 3D-picture of the flow. The following

figure depicts typical magnetic field lines of the stationary flow.
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Here the tangential vector field on a sphere and magnetic field

lines are taken from the previous figures. Domains of the latter

flows are axially symmetric. Below we provide figures of axial

sections of the domains of the flows. The shaded region is the

spherical source of plasma. The flow is determined only inside the

area bounded by the limiting magnetic field lines (solid lines in the

diagrams).
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Another examples of magnetic field lines of the flow from the

spherical source is shown below. The curve γ as the equator θ =

π/2. The magnetic field line is (a) short curve; (b) long curve

depicted in upper figure. The sphere is a source of plasma. Axial

section of domains of the flows in previous figure. The solutions

are determined outside the shaded region in the area between the

limiting magnetic curves. Solid curves are boundaries of the flow

depicted in figure (a), the dashed ones bound the flow in figure (b).

The solid part of the boundary of the shaded region is a source of

plasma.
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In the next pictures the curve γ is (a) θ = π/2+1/4 sin 3ϕ; (b)

θ = 7/8π. At the infinite distance from the spherical source all

particles approach to the surface, which is partially shown in the

diagrams.
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