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Classical SoV: Definitions

Definition
A solution W(g", c,) of the Hamilton-Jacobi equation

ow
H <Pu = aqu,q“) =E

» is a complete integral if

2
w

dgtadc,

» is additively separated in the coordinates g* if

W = Wl(qla CV) FocoF Wn(qna Cl/)
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Classical SoV: Levi-Civita criterion

Theorem (Levi-Civita 1904)

Given a symplectic manifold M and an Hamiltonian H : M — R,
the Hamilton-Jacobi equation for H admits a complete integral,
additively separated in the Darboux coordinates (", p,,) if and

only if

o"HO”HO,,, H+0,HO, HO"" H—0" HO, HO,, H—0,,H0" HO; H = 0

where 0,

0

aqr

, Ot

opu

and u # v are not summed.
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Classical SoV: Stackel-Eisenhart theory

Extra assumptions:

» The symplectic manifold M is the cotangent bundle T*Q of
a Riemannian manifolds (Q, g).

» The Hamiltonian is natural:
1
H= Eg'uypupl/ + V(q#) =G+ V.

As a consequence H is separable only if its geodesic part G
is separable in the same coordinates.
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Classical SoV: Stackel-Eisenhart theory

Extra assumptions:

» The symplectic manifold M is the cotangent bundle T*Q of
a Riemannian manifolds (Q, g).

» The Hamiltonian is natural:
1
H= Eg'uypupl/ + V(q#) =G+ V.

As a consequence H is separable only if its geodesic part G
is separable in the same coordinates.

» The separable coordinates are orthogonal:

1 n
G=5(gpi++g p2).
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Classical SoV: Stackel-Eisenhart theory

Theorem (Stackel 1891)

A geodesic Hamiltonian, written in orthogonal separable
coordinates, assume a Stackel form: the gt form a row of the
inverse of a Stackel matrix

¢11(q1) ¢‘1n(q1)
s=| 5
®n(q") -+ Pun(q")
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Classical SoV: Stackel-Eisenhart theory for H.J i
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Theorem (Eisenhart 1934)

A natural Hamiltonian is orthogonally separable if and only if it Siackel Eisenhart theory
admits n independent first integrals in involution of the form P
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Classical SoV: Stackel-Eisenhart theory

Theorem (Eisenhart 1934)

A natural Hamiltonian is orthogonally separable if and only if it
admits n independent first integrals in involution of the form

1
H=Hq = §(g1P%+"'+g"P3) +V;
1 1 1.2 n n, 2 .
Hay = §(A(2)g pit+ -+ A8 Pn) + V2);
1 1 1.2 : n n, 2
Hpny = E(A(n)g pit+ -+ A& Pn) + Vin)-

Eisenhart equations

ON? dg?
v (U) _ 1 v g
£ dgr ()‘(ﬂ) N A(O))aqu
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Classical SoV: Killing-Stackel algebras and
separable webs

Definition
A 2-tensor K is a Killing 2-tensor if

{K“Vp#p,,,G}:O <~ V(UKIW) =0.

A Killing-Stackel algebra is the vector space generated n
pointwise independent Killing tensors (including the metric) with
n common normal eigenvectors.
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Classical SoV: Killing-Stackel algebras and
separable webs

Definition
A 2-tensor K is a Killing 2-tensor if

{K“Vp#p,,,G}:O <~ V(UKIW) =0.

A Killing-Stackel algebra is the vector space generated n
pointwise independent Killing tensors (including the metric) with
n common normal eigenvectors.

A Killing tensor is called characteristic if it has n real pointwise
distinct eigenvalues and normal eigenvectors.
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Classical SoV: Killing-Stackel algebras and
separable webs

Definition
A 2-tensor K is a Killing 2-tensor if

{K“Vp#p,,,G}:O <~ V(UKIW) =0.

A Killing-Stackel algebra is the vector space generated n
pointwise independent Killing tensors (including the metric) with
n common normal eigenvectors.

A Killing tensor is called characteristic if it has n real pointwise
distinct eigenvalues and normal eigenvectors.

Killing tensors allow to formulate the Eisenhart theorem in an
intrinsic way.
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Classical SoV: Killing-Stackel algebras and
separable webs

Theorem (Eisenhart, Kalnins & Miller, Benenti. . .)

A natural Hamiltonian H = G + V is orthogonally separable if
and only if a characteristic Killing tensor K exist (or equivalently
a Killing-Stackel algebra K) such that

d(KdV) = 0.
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Complex SoV

Classical SoV: Killing-Stackel algebras and for - equation
L. Degiovanni
separable webs

Theorem (Eisenhart, Kalnins & Miller, Benenti. . .) KS algebras

A natural Hamiltonian H = G + V is orthogonally separable if
and only if a characteristic Killing tensor K exist (or equivalently
a Killing-Stackel algebra K) such that

d(KdV) = 0.

Separable webs and coordinates

The integration of the n distributions orthogonal to each
eigenvector of a characteristic Killing tensor gives the associated
separable web. A set of adapted coordinates can be found
integrating the corresponding closed eigenforms.

Kdz* = \gdz"



Example: parabolic coordinates in M,

Metric tensor

1 0
w
=5 %)

Pseudo-Cartesian coordinates:

Looking for eigenforms:
Kdz* = A\gdz*

Separation coordinates:

b= x—t+

z2 = X—t—

142(x+1t)
1+2(x+1t)

Killing tensor

K — 142t x4+t
T\ x4+t 142x
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Characteristic Killing tensor, standard definition

Notations

(Q,8) is a pseudo-Riemannian n-dimensional manifold with
coordinates g*.

Its cotangent bundle T*Q has canonical coordinates (g*, p,,).
The Hamiltonian is geodesic: H = %g“”pupy.
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Characteristic Killing tensor, standard definition

Notations

(Q,8) is a pseudo-Riemannian n-dimensional manifold with
coordinates g*.

Its cotangent bundle T*Q has canonical coordinates (g*, p,,).
The Hamiltonian is geodesic: H = %g“”pup,,.

Definition
The Killing tensor K is characteristic if:
» has real pointwise distinct eigenvalues;

» has eigenvectors all independent and orthogonally integrable
(and hence n functionally independent functions z* exist).

Kdzt = \igdz#
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Characteristic Killing tensor, extended definition

Notations

(Q,8) is a pseudo-Riemannian n-dimensional manifold with

coordinates g*.

Its cotangent bundle T*Q has canonical coordinates (g*, p,,).
The Hamiltonian is geodesic: H = %g“”pupy.

Definition

The Killing tensor K is characteristic if:

» has

» has eigenvectors all independent and orthogonally integrable
(and hence n functionally independent functions z* exist).

Kdzt = \igdz#

pointwise distinct eigenvalues;
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» How to use complex variables on a real manifold?
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» How to use complex variables on a real manifold?

» How to introduce their conjugate momenta?
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» How to use complex variables on a real manifold?

» How to introduce their conjugate momenta?

» How to differentiate with respect to these objects?
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Complex SoV

Complex variables, conjugate momenta and for H-J equation
o 0 L. Degiovanni
associated vector fields

Problems

» How to use complex variables on a real manifold?
Variables and momenta

» How to introduce their conjugate momenta?

» How to differentiate with respect to these objects?

Solution

The variables z* are n independent functions T*Q — C.
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Complex variables, conjugate momenta and for H-J equation
o 0 L. Degiovanni
associated vector fields

Problems

» How to use complex variables on a real manifold?

Variables and momenta

» How to introduce their conjugate momenta?

» How to differentiate with respect to these objects?

Solution

The variables z* are n independent functions T*Q — C.
. . . 0z!
Define JJ as the inverse of the matrix —.

dq



Complex SoV

Complex variables, conjugate momenta and for H-J equation
o 0 L. Degiovanni
associated vector fields

Problems

» How to use complex variables on a real manifold?
. . . Variables and momenta
» How to introduce their conjugate momenta? ‘

» How to differentiate with respect to these objects?

Solution

The variables z* are n independent functions T*Q — C.
ZILL

oq”’

Define conjugate momenta as P, = J&'p,,.

Define J as the inverse of the matrix



Complex SoV

Complex variables, conjugate momenta and for H-J equation
o 0 L. Degiovanni
associated vector fields

Problems

» How to use complex variables on a real manifold?
. . . Variables and momenta
» How to introduce their conjugate momenta? ‘

» How to differentiate with respect to these objects?

Solution

The variables z* are n independent functions T*Q — C.
Z,"L

oq”’

Define conjugate momenta as P, = J&'p,,.

Define J as the inverse of the matrix

) ) o 0zt 0

— yu

oz~ Fog 0P oaon,




Complex variables and associated vector fields

Lemma
0 0
| 4 = = | —— 0,
82“ 82” GP P, Oz*’ OP
0 0
’ R — Rpe—
82“ = oze 8P 8
0 8 — 8 o
Lemma

The “change of variables” (q*, p,.) — (2", P,.) is canonical:
P, P, dz*
(24,P,} = dz" 0 0 3i _gn
9q° Op,  0q° Op,
{22} ={Pu, P} =0
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Why “variables” and not coordinates

» Since the z* are obtained from a real and symmetric tensor,
if they are complex then they form complex conjugate pairs.
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Why “variables” and not coordinates

» Since the z* are obtained from a real and symmetric tensor,
if they are complex then they form complex conjugate pairs.

» The formalism requires that the complex conjugate variables
z" and z* are denoted by different indices and treated as
independent.

» The distinction between real and complex coordinates is

only local: even the number of real and complex coordinates
can change from point to point in Q.
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0" . IT] . Complex SoV
Why “variables” and not coordinates for H.J i
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Definitions

ta criterion

nhart theor

» Since the z* are obtained from a real and symmetric tensor,

if they are complex then they form complex conjugate pairs. Examples
» The formalism requires that the complex conjugate variables Characteristic K1
. . . Variables and momenta
z* and z* are denoted by different indices and treated as Why “variables"?
Independent Poisson bracke

» The distinction between real and complex coordinates is H-J equation
only local: even the number of real and complex coordinates
can change from point to point in Q.

Examples

» The n functions z*, eventually all complex, are too many to
be considered as independent coordinates on the
n-dimensional real manifold.



Why “variables” and not coordinates

Since the z* are obtained from a real and symmetric tensor,
if they are complex then they form complex conjugate pairs.

The formalism requires that the complex conjugate variables
z" and z* are denoted by different indices and treated as
independent.

The distinction between real and complex coordinates is
only local: even the number of real and complex coordinates
can change from point to point in Q.

The n functions z*, eventually all complex, are too many to
be considered as independent coordinates on the
n-dimensional real manifold.

Nevertheless, the variables z* always define only n real
coordinates on @ through their real and imaginary parts.
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Locally, the variables z# can be divided in two sets: z? are the
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Complex SoV

Poisson bracket and Hamilton equations for H-J equation
L. Degiovanni
Definition S

The Poisson bracket in (z/*, P,) variables of two functions s
Fi, F, : T*Q — C can be defined as:

OF1 OF,  0F, 0F

AR =—7—7F———.
thFah =5 P, 9zt 9P,
Definition
The Hamilton equations for an Hamiltonian H: T*Q — C are:
P — ai
oP,
. OH
T o
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Examples
ow
H PH = 7’2” = F Characteristic KT
OzM Variables and momenta
Why “variables"?
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admits a separated complete integral?

H-J equation

Levi-Civita theorem

Theorem Eisenhart theorem

Examples

The Hamilton-Jacobi equation admits a separated complete
integral if and only if the Levi-Civita criterion is satisfied:

o"HO"HO,,, H+0,HO, HO"" H—0" HO, HO,,H—0,,H0” HO; H = 0

) .0
where 0# = 8? and 0" = ﬁ



Extended SoV: Levi-Civita theorem (proof)

Set w, = IW " separated solutions of Hamilton-Jacobi equation

OzH !
coincide with the solutions of the n systems of PDE:
dw, dw, 28,
®o_ : © :RM(WV,ZV)E—OZ“.
Ozv OzH oH
oP,
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Extended SoV: Levi-Civita theorem (proof)

_ ow
Set WI—L = Gzu1

separated solutions of Hamilton-Jacobi equation

coincide with the solutions of the n systems of PDE:

ow,,

0zv

These systems can be rewritten

ow,

0z?2
ow,
Ozb
ow,
ox“
ow,
dy~

ow,
ozH

ow,,
ox«
Owy,
Ay
ow,
OxP
Owy
OyP
ow,,

dza

oH

=R.(wy,2") = — 0z

oH
oP,

8W5
Ox®
aWa
Ay~
aW&
OxP
8W@
oyP
aW@
0z7
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Extended SoV: Levi-Civita theorem (proof)

Set w, = gTVZ, separated solutions of Hamilton-Jacobi equation
coincide with the solutions of the n systems of PDE:

ow,, ow,, %
= =0, —— =Ruw,z")=—-5.
0z ozH 5P,
These systems can be rewritten as
ow, 0w
a Ra a _ R&
aWa =R Ox“ Ox
0z2 a ow, P ows iR
3Wa —0 aya - o aya - &
8Zb aWo( -0 8W@ -0
Owa _ 0 oxB oxB
Ox aWa —0 8W@ —0
ow, ~0 8yﬁ o 8}/5 o
Oy ow, 0 ows
0z2 0z3

The integrability conditions give the Levi-Civita criterion.
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If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.
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If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

If H is real then R5 = R..
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Extended SoV: Levi-Civita theorem

Proposition

If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

Proof

If H is real then Rz = R,. Therefore
%(Wa—Wa) = Ra—ﬁazo;
i(w —~Ws) = iRy—iRz=0
aya « (03 - « o .

But w, — wg has the same imaginary part of w, + wg, it is
constant and can be chosen to be zero.
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Extended SoV: Levi-Civita theorem for H.J equation
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Proposition Defintions

Levi-Civita criterion
Stackel-Eisenhart theor

If a real Hamiltonian H satisfies the Levi-Civita criterion then a 16 e
real complete integral of the Hamilton-Jacobi equation exists. o

Characteristic KT

Variables and momenta
Proof o
If H is real then Rz = R,. Therefore
H-J equation
0 _ — = et
ﬁ(wa — Wa) = Ra — R& = 0; t m‘mm }
X
0 _ . =
ay—a(wa—wa) = iR, —iR5=0.

But w, — wg has the same imaginary part of w, + wg, it is
constant and can be chosen to be zero.

dw,
Finally, W, is always added to W5 in W, and

7
dZN = WM'




Extended SoV: Eisenhart theorem

Proposition

All the tensors of the Killing-Stackel algebra associated to the
variables (z*, P,,) are simultaneously diagonalized:

G=Gy = %(glpf+---+g"P3);

1 n n
Goy = 5(Mog'PE++ Ape"P?);

_ 1 1 1 2 . n 2
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Extended SoV: Eisenhart theorem

Observation

The Hamilton-Jacobi equations for the geodesic Hamiltonians
G(,) can be written in matrix form:

gt - g (L W)? c
Ao8' o A" @W) | |
Aln)gl )\E’n)g” (0,W)? Cn
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Any function G,y = %Zu )\é‘a)g"P 2
geodesic Hamiltonian G = 53" g P,? if and only if the
Eisenhart equations are satisfied

is a first integral for the

azn = Moy~ Ao pm

v og”
g

oz+’

2L N G4
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Extended SoV: Eisenhart theorem

Proposition
Any function G(,) = 5 Z# (U 2 is a first integral for the
geodesic Hamiltonian G = 3 ZV g”Pl, if and only if the
Eisenhart equations are satisfied:
8)\” OgV
(@) _ (v _ v 78
g oz (Ao A(U))azu'

Theorem

o . 0
The Eisenhart equations are satisfied if and only if @53 =0
(1 # v) hold for the components of the matrix S.

In other words, if and only if S is a Stackel matrix, hence the
coefficients g* are in Stackel form.
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Z1

=x—-t+

G(l) =14

1+ 2(x +t),

P — Py

Zl 72 °

K =

142t
X+t

X+t
1+ 2x

Z=x—t—+/1+2(x+1).

G(z) =14

21P22 — 22P12

P

Complex SoV/
for H-J equation

L. Degiovanni

Classical SoV/
Definitions
Levi-Civita criterion
Stackel-Eisenhart theory

KS algebras

Examples

Complex variables
Characteristic KT
Variables and momenta
Why “variables”?
Poisson bracket
Extended SoV
H-J equation
Levi-Civita theorem
Eisenhart theorem

Examples

Conclusions



Complex SoV/
for H-J equation

L. Degiovanni

Classical SoV/
Definitions
Levi-Civita criterion
Stackel-Eisenhart theory
KS algebras
Examples
2 2 Complex variables
aW _ BW — ﬂ Zl _ 22) Characteristic KT
621 azz - 4 Variables and momenta
Why “variables”?
2 2 Poisson bracket
ow ow (&)
Noz) Z o) =2 D
z z

Extended SoV

H-J equation
Levi-Civita theorem
Eisenhart theorem
Examples

Conclusions

it
N)
ye)
e



Complex SoV/
for H-J equation

L. Degiovanni

Classical SoV
Definitions

Levi-Civita criterion
Stackel-Eisenhart theory
KS algebras
Examples

Complex variables
Characteristic KT
Variables and momenta
Why “variables”?
Poisson bracket
Extended SoV
H-J equation
Levi-Civita theorem
Eisenhart theorem

Examples

Conclusions



- . . Complex SoV
Example: parabolic coordinates in M, for 1) suation

L. Degiovanni

Hamilton-Jacobi equations Defintions

Levi-Civita criterion

2 2
ow . ow _ ﬂ(zl _2?) Ch
0z1 0z2 4 o

oW\ 2 R AN
#(5z) - (%) — 5=

Eis

senhz eorem
U/ Examples

ow 1
9 VA a

Then, the separated complete integral is the real function:

1 1
W = 376‘1 (zlcl — C2)3 I 376‘1\/ (Z2C1 — C2)3.
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What happens where the
eigenvalues are complex?

Drawing Re(z!) and Im(z?):
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Conclusions

» It is possible to deal with complex eigenforms of a Killing
tensor on a pseudo-Riemannian manifold formally in the
same way than with real ones.

» The definition of a characteristic Killing tensor is extended.

» Levi-Civita criterion and Eisenhart theorem can be
reformulated in the extended framework.
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Conclusions

» It is possible to deal with complex eigenforms of a Killing
tensor on a pseudo-Riemannian manifold formally in the
same way than with real ones.

» The definition of a characteristic Killing tensor is extended.

Levi-Civita criterion and Eisenhart theorem can be
reformulated in the extended framework.

» Starting from a real Hamiltonian a real complete integral of
the Hamilton-Jacobi equation is found.
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Definitions
Levi-Civita criterion
» It is possible to deal with complex eigenforms of a Killing P
tensor on a pseudo-Riemannian manifold formally in the SSnEe
same way than with real ones. e (T
» The definition of a characteristic Killing tensor is extended. Velogiuiotii s

Poisson bracket

Levi-Civita criterion and Eisenhart theorem can be
reformulated in the extended framework. H-J equation

Levi-Civita theorem

Eisenhart theorem

» Starting from a real Hamiltonian a real complete integral of C—
the Hamilton-Jacobi equation is found. Cominae
» The complete integral of the Hamilton-Jacobi equation is
defined both where the eigenvalues are real and where they
are complex, assumed that they are distinct.
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