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Classical SoV: Definitions

Definition

A solution W (qµ, cν) of the Hamilton-Jacobi equation

H

(
pµ =

∂W

∂qµ
, qµ

)
= E

I is a complete integral if∣∣∣∣ ∂2W

∂qµ∂cν

∣∣∣∣ 6= 0

I is additively separated in the coordinates qµ if

W = W1(q
1, cν) + · · ·+ Wn(q

n, cν)
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Classical SoV: Levi-Civita criterion

Theorem (Levi-Civita 1904)

Given a symplectic manifold M and an Hamiltonian H : M → R,
the Hamilton-Jacobi equation for H admits a complete integral,
additively separated in the Darboux coordinates (qµ, pµ) if and
only if

∂µH∂νH∂µνH+∂µH∂νH∂µνH−∂µH∂νH∂ν
µH−∂µH∂νH∂µ

ν H = 0

where ∂µ =
∂

∂qµ
, ∂µ =

∂

∂pµ
and µ 6= ν are not summed.
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Classical SoV: Stäckel-Eisenhart theory

Extra assumptions:

I The symplectic manifold M is the cotangent bundle T ∗Q of
a Riemannian manifolds (Q, g).

I The Hamiltonian is natural:

H =
1

2
gµνpµpν + V (qµ) = G + V .

As a consequence H is separable only if its geodesic part G
is separable in the same coordinates.

I The separable coordinates are orthogonal:

G =
1

2

(
g1p2

1 + · · ·+ gnp2
n

)
.
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Classical SoV: Stäckel-Eisenhart theory

Theorem (Stäckel 1891)

A geodesic Hamiltonian, written in orthogonal separable
coordinates, assume a Stäckel form: the gµ form a row of the
inverse of a Stäckel matrix

S =

 Φ11(q
1) · · · Φ1n(q

1)
...

...
Φn1(q

n) · · · Φnn(q
n)

 .
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Classical SoV: Stäckel-Eisenhart theory

Theorem (Eisenhart 1934)

A natural Hamiltonian is orthogonally separable if and only if it
admits n independent first integrals in involution of the form

H = H(1) =
1

2

(
g1p2

1 + · · ·+ gnp2
n

)
+ V ;

H(2) =
1

2

(
λ1

(2)g
1p2

1 + · · ·+ λn
(2)g

np2
n

)
+ V(2);

...
H(n) =

1

2

(
λ1

(n)g
1p2

1 + · · ·+ λn
(n)g

np2
n

)
+ V(n).

Eisenhart equations

gν
∂λν

(σ)

∂qµ
= (λµ

(σ) − λν
(σ))

∂gν

∂qµ
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Classical SoV: Killing-Stäckel algebras and
separable webs

Definition

A 2-tensor K is a Killing 2-tensor if

{Kµνpµpν ,G} = 0 ⇐⇒ ∇(σKµν) = 0.

A Killing-Stäckel algebra is the vector space generated n
pointwise independent Killing tensors (including the metric) with
n common normal eigenvectors.

A Killing tensor is called characteristic if it has n real pointwise
distinct eigenvalues and normal eigenvectors.

Killing tensors allow to formulate the Eisenhart theorem in an
intrinsic way.
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Classical SoV: Killing-Stäckel algebras and
separable webs

Theorem (Eisenhart, Kalnins & Miller, Benenti. . . )

A natural Hamiltonian H = G + V is orthogonally separable if
and only if a characteristic Killing tensor K exist (or equivalently
a Killing-Stäckel algebra K) such that

d(KdV ) = 0.

Separable webs and coordinates

The integration of the n distributions orthogonal to each
eigenvector of a characteristic Killing tensor gives the associated
separable web. A set of adapted coordinates can be found
integrating the corresponding closed eigenforms.

Kdzµ = λµgdzµ
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Example: parabolic coordinates in M2

Metric tensor

gµν =

(
1 0
0 −1

)

Pseudo-Cartesian coordinates:

q1 = x , q2 = t.

Looking for eigenforms:

Kdzµ = λµgdzµ

Separation coordinates:

z1 = x − t +
√

1 + 2(x + t)

z2 = x − t −
√

1 + 2(x + t)

Killing tensor

Kµν =

(
1 + 2t x + t
x + t 1 + 2x

)
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Example: other separable coordinates in M2

(
2x t
t 0

)

(
x2 xt
xt t2 − 1

)

(
x2 − 1 xt − 1
xt − 1 t2 − 1

)
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Stäckel-Eisenhart theory

KS algebras

Examples

Complex variables

Characteristic KT

Variables and momenta

Why “variables”?

Poisson bracket

Extended SoV

H-J equation

Levi-Civita theorem

Eisenhart theorem

Examples

Conclusions

Characteristic Killing tensor, standard definition

Notations

(Q, g) is a pseudo-Riemannian n-dimensional manifold with
coordinates qµ.
Its cotangent bundle T ∗Q has canonical coordinates (qµ, pµ).
The Hamiltonian is geodesic: H = 1

2gµνpµpν .

Definition

The Killing tensor K is characteristic if:

I has real pointwise distinct eigenvalues;

I has eigenvectors all independent and orthogonally integrable
(and hence n functionally independent functions zµ exist).

Kdzµ = λµgdzµ
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Complex variables, conjugate momenta and
associated vector fields

Problems

I How to use complex variables on a real manifold?

I How to introduce their conjugate momenta?

I How to differentiate with respect to these objects?

Solution

The variables zµ are n independent functions T ∗Q → C.

Define Jµ
ν as the inverse of the matrix

∂zµ

∂qν
.

Define conjugate momenta as Pν = Jµ
ν pµ.

∂

∂zµ
= Jµ

ν

∂

∂qν
,

∂

∂Pµ
=

∂zµ

∂qν

∂

∂pν
.
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Complex variables, conjugate momenta and
associated vector fields

Problems

I How to use complex variables on a real manifold?

I How to introduce their conjugate momenta?

I How to differentiate with respect to these objects?

Solution

The variables zµ are n independent functions T ∗Q → C.

Define Jµ
ν as the inverse of the matrix

∂zµ

∂qν
.

Define conjugate momenta as Pν = Jµ
ν pµ.

∂

∂zµ
= Jµ

ν

∂

∂qν
,

∂

∂Pµ
=

∂zµ

∂qν

∂

∂pν
.
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Complex variables and associated vector fields

Lemma

I

[
∂

∂zµ
,

∂

∂zν

]
=

[
∂

∂Pµ
,

∂

∂Pν

]
=

[
∂

∂zµ
,

∂

∂Pν

]
= 0;

I
∂

∂z̄µ
=

∂

∂zµ
and

∂

∂Pµ

=
∂

∂Pµ
;

I
∂

∂zµ
(W ) =

∂

∂z̄µ
(W ) and

∂

∂Pµ
(W ) =

∂

∂Pµ

(W ).

Lemma

The “change of variables” (qµ, pµ) 7→ (zµ,Pµ) is canonical:

{zµ,Pν} =
∂zµ

∂qσ

∂Pν

∂pσ
− ∂Pν

∂qσ

∂zµ

∂pσ
= δµ

ν

{zµ, zν} = {Pµ,Pν} = 0



Complex SoV
for H-J equation

L. Degiovanni

Classical SoV

Definitions

Levi-Civita criterion
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Why “variables” and not coordinates

I Since the zµ are obtained from a real and symmetric tensor,
if they are complex then they form complex conjugate pairs.

I The formalism requires that the complex conjugate variables
zµ and z̄µ are denoted by different indices and treated as
independent.

I The distinction between real and complex coordinates is
only local: even the number of real and complex coordinates
can change from point to point in Q.

I The n functions zµ, eventually all complex, are too many to
be considered as independent coordinates on the
n-dimensional real manifold.

I Nevertheless, the variables zµ always define only n real
coordinates on Q through their real and imaginary parts.
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Real and imaginary parts

Locally, the variables zµ can be divided in two sets: za are the
real ones, while zα and z ᾱ are the complex conjugate pairs.

Wirtinger formal derivatives

If zα = xα + iyα then:

∂

∂zα
=

1

2

( ∂

∂xα
− i

∂

∂yα

)
;

∂

∂z ᾱ
=

1

2

( ∂

∂xα
+ i

∂

∂yα

)
.
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real ones, while zα and z ᾱ are the complex conjugate pairs.

Wirtinger formal derivatives
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Poisson bracket and Hamilton equations

Definition

The Poisson bracket in (zµ,Pµ) variables of two functions
F1, F2 : T ∗Q → C can be defined as:

{F1,F2} =
∂F1

∂zµ

∂F2

∂Pµ
− ∂F2

∂zµ

∂F1

∂Pµ
.

Definition

The Hamilton equations for an Hamiltonian H : T ∗Q → C are:
żµ =

∂H

∂Pµ

Ṗµ = − ∂H

∂zµ
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Extended SoV: Hamilton-Jacobi equation

Problem

When the Hamilton-Jacobi equation

H

(
Pµ =

∂W

∂zµ
, zµ

)
= E

admits a complete integral?

Observation∣∣∣∣ ∂2W

∂zµ∂cν

∣∣∣∣ =
∣∣Jσ

µ

∣∣ ∣∣∣∣ ∂2W

∂qσ∂cν

∣∣∣∣ (cν ∈ R).
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Extended SoV: Levi-Civita theorem

Problem

When the Hamilton-Jacobi equation

H

(
Pµ =

∂W

∂zµ
, zµ

)
= E

admits a separated complete integral?

Theorem

The Hamilton-Jacobi equation admits a separated complete
integral if and only if the Levi-Civita criterion is satisfied:

∂µH∂νH∂µνH+∂µH∂νH∂µνH−∂µH∂νH∂ν
µH−∂µH∂νH∂µ

ν H = 0

where ∂µ =
∂

∂zµ
and ∂µ =

∂

∂Pµ
.
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Extended SoV: Levi-Civita theorem (proof)

Set wµ = ∂W
∂zµ , separated solutions of Hamilton-Jacobi equation

coincide with the solutions of the n systems of PDE:

∂wµ

∂zν
= 0;

∂wµ

∂zµ
= Rµ(wν , zν) ≡ −

∂H
∂zµ

∂H
∂Pµ

.

These systems can be rewritten as



∂wa

∂za
= Ra

∂wa

∂zb
= 0

∂wa

∂xα
= 0

∂wa

∂yα
= 0



∂wα

∂xα
= Rα

∂wα

∂yα
= iRα

∂wα

∂xβ
= 0

∂wα

∂yβ
= 0

∂wα

∂za
= 0



∂wᾱ

∂xα
= Rᾱ

∂wᾱ

∂yα
= −iRᾱ

∂wᾱ

∂xβ
= 0

∂wᾱ

∂yβ
= 0

∂wᾱ

∂za
= 0

The integrability conditions give the Levi-Civita criterion.
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∂yα
= −iRᾱ
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Extended SoV: Levi-Civita theorem

Proposition

If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

Proof

If H is real then Rᾱ = Rα.
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Extended SoV: Levi-Civita theorem

Proposition

If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

Proof

If H is real then Rᾱ = Rα. Therefore

∂

∂xα
(wα − w ᾱ) = Rα − R ᾱ = 0;

∂

∂yα
(wα − w ᾱ) = iRα − iR ᾱ = 0.
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Extended SoV: Levi-Civita theorem

Proposition

If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

Proof

If H is real then Rᾱ = Rα. Therefore

∂

∂xα
(wα − w ᾱ) = Rα − R ᾱ = 0;

∂

∂yα
(wα − w ᾱ) = iRα − iR ᾱ = 0.

But wα − w ᾱ has the same imaginary part of wα + wᾱ, it is
constant and can be chosen to be zero.
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Extended SoV: Levi-Civita theorem

Proposition

If a real Hamiltonian H satisfies the Levi-Civita criterion then a
real complete integral of the Hamilton-Jacobi equation exists.

Proof

If H is real then Rᾱ = Rα. Therefore

∂

∂xα
(wα − w ᾱ) = Rα − R ᾱ = 0;

∂

∂yα
(wα − w ᾱ) = iRα − iR ᾱ = 0.

But wα − w ᾱ has the same imaginary part of wα + wᾱ, it is
constant and can be chosen to be zero.

Finally, Wα is always added to Wᾱ in W , and
dWµ

dzµ
= wµ.
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Extended SoV: Eisenhart theorem

Proposition

All the tensors of the Killing-Stäckel algebra associated to the
variables (zµ,Pµ) are simultaneously diagonalized:

G = G(1) =
1

2

(
g1P2

1 + · · ·+ gnP2
n

)
;

G(2) =
1

2

(
λ1

(2)g
1P2

1 + · · ·+ λn
(2)g

nP2
n

)
;

...

G(n) =
1

2

(
λ1

(n)g
1P2

1 + · · ·+ λn
(n)g

nP2
n

)
.
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Extended SoV: Eisenhart theorem

Observation

The Hamilton-Jacobi equations for the geodesic Hamiltonians
G(σ) can be written in matrix form:

g1 · · · gn

λ1
(2)g

1 · · · λn
(2)g

n

...
...

λ1
(n)g

1 · · · λn
(n)g

n


︸ ︷︷ ︸

S−1


(∂1W )2

(∂2W )2

...
(∂nW )2

 =


c1

c2

...
cn

 .
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Stäckel-Eisenhart theory

KS algebras

Examples

Complex variables

Characteristic KT

Variables and momenta

Why “variables”?

Poisson bracket

Extended SoV

H-J equation

Levi-Civita theorem

Eisenhart theorem

Examples

Conclusions

Extended SoV: Eisenhart theorem

Proposition

Any function G(σ) = 1
2

∑
µ λµ

(σ)g
µPµ

2 is a first integral for the

geodesic Hamiltonian G = 1
2

∑
ν gνPν

2 if and only if the
Eisenhart equations are satisfied:

gν
∂λν

(σ)

∂zµ
= (λµ

(σ) − λν
(σ))

∂gν

∂zµ
.

Theorem

The Eisenhart equations are satisfied if and only if
∂

∂zµ
Sσ

ν = 0

(µ 6= ν) hold for the components of the matrix S.

In other words, if and only if S is a Stäckel matrix, hence the
coefficients gµ are in Stäckel form.
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Example: parabolic coordinates in M2

Metric tensor

gµν =

(
1 0
0 −1

) Killing tensor

Kµν =

(
1 + 2t x + t
x + t 1 + 2x

)

Separation coordinates

z1 = x − t +
√

1 + 2(x + t), z2 = x − t −
√

1 + 2(x + t).

Hamiltonians

G(1) = 4
P1

2 − P2
2

z1 − z2
, G(2) = 4

z1P2
2 − z2P1

2

z1 − z2
.
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Example: parabolic coordinates in M2

Hamilton-Jacobi equations


(

∂W

∂z1

)2

−
(

∂W

∂z2

)2

=
c1

4
(z1 − z2)

z1

(
∂W

∂z2

)2

− z2

(
∂W

∂z1

)2

=
c2

4
(z1 − z2)
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Stäckel-Eisenhart theory

KS algebras

Examples

Complex variables

Characteristic KT

Variables and momenta

Why “variables”?

Poisson bracket

Extended SoV

H-J equation

Levi-Civita theorem

Eisenhart theorem

Examples

Conclusions

Example: parabolic coordinates in M2

Hamilton-Jacobi equations


(

∂W

∂z1

)2

−
(

∂W

∂z2

)2

=
c1

4
(z1 − z2)

z1

(
∂W

∂z2

)2

− z2

(
∂W

∂z1

)2

=
c2

4
(z1 − z2)

⇓

∂W

∂zµ
=

1

2

√
zµc1 − c2
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Example: parabolic coordinates in M2

Hamilton-Jacobi equations


(

∂W

∂z1

)2

−
(

∂W

∂z2

)2

=
c1

4
(z1 − z2)

z1

(
∂W

∂z2

)2

− z2

(
∂W

∂z1

)2

=
c2

4
(z1 − z2)

⇓

∂W

∂zµ
=

1

2

√
zµc1 − c2

Then, the separated complete integral is the real function:

W =
1

3c1

√
(z1c1 − c2)3 +

1

3c1

√
(z2c1 − c2)3.
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Example: parabolic coordinates in M2

Problem

What happens where the
eigenvalues are complex?



Complex SoV
for H-J equation

L. Degiovanni

Classical SoV

Definitions

Levi-Civita criterion
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Example: parabolic coordinates in M2

Problem

What happens where the
eigenvalues are complex?

Drawing Re(z1) and Im(z1):



Complex SoV
for H-J equation

L. Degiovanni

Classical SoV

Definitions

Levi-Civita criterion
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Example: other separable coordinates in M2

(
2x t
t 0

)

(
x2 xt
xt t2 − 1

)

(
x2 − 1 xt − 1
xt − 1 t2 − 1

)
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Conclusions

I It is possible to deal with complex eigenforms of a Killing
tensor on a pseudo-Riemannian manifold formally in the
same way than with real ones.

I The definition of a characteristic Killing tensor is extended.

I Levi-Civita criterion and Eisenhart theorem can be
reformulated in the extended framework.

I Starting from a real Hamiltonian a real complete integral of
the Hamilton-Jacobi equation is found.

I The complete integral of the Hamilton-Jacobi equation is
defined both where the eigenvalues are real and where they
are complex, assumed that they are distinct.
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