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Introduction

@ A great strength of finite element methods is that they often
admit a mathematical convergence theory, allowing validation
and comparison of methods.

@ Approximability, consistency, and stability = convergence

@ Stability, like its continuous analogue, well-posedness, can be
extremely subtle

° A Well-posedness + approximability + consistency 7=
stability

@ Exterior calculus, Hodge theory, de Rham cohomology, ...,
were developed to get at well-posedness.
FEEC adapts these tools to the discrete level to get at stability.

B 1IMA




Example 1: Laplacian

o+u =0, o =fon(-1,1), u(£l)=0
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Example 1: Laplacian

o+u =0, o =fon(-1,1), u(£l)=0

oceH uel?: /UT/UT’VTEHI. /Ulv/vaVELz.

In higher dimensions, the solution is not obvious!
2D: Raviart—Thomas '76; Brezzi-Douglas—Marini '85; 3D: Nedelg&”?&A




Ex. 2a: Maxwell eigenvalue problem, unstructured mesh
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Ex. 2a: Maxwell eigenvalue problem, unstructured mesh

/cur|u~cur|v)\/u'v Yv
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Ex. 2b: Maxwell eigenvalue problem, regular mesh
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Ex. 2b: Maxwell eigenvalue problem, regular mesh

254 574 1022 1598

—

O =N WA OO N OO
>
>

1.0043 1.0019 1.0011 1.0007
1.0043 1.0019 1.0011 1.0007
* 1 2.0171 2.0076 2.0043 2.0027
= 4.0680 4.0304 4.0171 4.0110

Y 4.0680 4.0304 4.0171 4.0110

n 5.1063 5.0475 5.0267 5.0171

— 5.1063 5.0475 5.0267 5.0171
: : : : 5.9229 5.9658 5.9807 5.9877
8.2713 8.1215 8.0685 8.0438
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© Roots and ingredients of FEEC
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De Rham's Theorem and . ..

Q C R", HAY(Q) = {w € L2A%(Q) | dw € L2AF1(Q) }

0— HA(Q) - HAYQ) -L - -4 HAY(Q) — 0
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De Rham's Theorem and . ..

Q C R, HAK(Q) = {w € L2A\(Q) | dw € LPA+1(Q) }
0 d 1 d d n
0— HA°(Q) — HAY(Q) — -+ — HA"(Q) — 0

If Q is furnished with a simplicial decomposition 7, a
many-to-one correspondence AX(Q) — C;(7') (space of

k-cochains) is given by

w i (e fLw) (*)

# IMA




De Rham's Theorem and . ..

Q C R", HAX(Q) = {w € [2A%(Q) | dw € [2AKL(Q) }
0— HA(Q) - HAYQ) -L - -4 HAY(Q) — 0

If Q is furnished with a simplicial decomposition 7, a
many-to-one correspondence AX(Q) — C;(7') (space of

k-cochains) is given by

w — (c = [ ;u) (%)
By Stokes theorem A(Q) . AHL(Q)
it's a cochain map, so
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De Rham's Theorem and . ..

Q C R, HAK(Q) = {w € L2A\(Q) | dw € LPA+1(Q) }
0 d 1 d d n
0— HA°(Q) — HAY(Q) — -+ — HA"(Q) — 0

If Q is furnished with a simplicial decomposition 7, a
many-to-one correspondence AX(Q) — C;(7') (space of

k-cochains) is given by

'qu—>(C»—>fC;u) (%)
By Stokes theorem A(Q) . AHL(Q)
it's a cochain map, so
induces a map from l l
de Rham to simplicial -
cohomology. G(T) — C:+1(T)

De Rham’s thm: induced map is an isomorphism on COhomOIO%HMA




The Roots of FEEC

o Whitney '57 constructed a cochain map C;(7) — HAK(Q)
which is a one-sided inverse to (x). Its range consists of
certain piecewise linear k-forms In
this way the simplicial cochain complex is identified with a
subcomplex of the de Rham complex:

0— PIAYT) - PrAYT) - oo~ POAN(T) — 0
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The Roots of FEEC

o Whitney '57 constructed a cochain map C;(7) — HAK(Q)
which is a one-sided inverse to (x). Its range consists of
certain piecewise linear k-forms In
this way the simplicial cochain complex is identified with a
subcomplex of the de Rham complex:

0— PIAYT) - PrAYT) - oo~ POAN(T) — 0
P; (T) = P1(7), all continuous piecewise linear functions
P, (T)="Po(T), all piecewise constants.

@ Bossavit '88 observed that these spaces of Whitney forms
coincided with the lowest order cases of mixed finite elements
developed by Raviart—-Thomas '76 and Nedelec '80 for 1-forms
and 2-forms in 2D and 3D.
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Finite Element de Rham subcomplexes

This is the fundamental structure of FEEC.

@ A finite element subcomplex of the de Rham complex

0 — HAYQ) -L HAYQ) -L - - HAP(Q) — 0

0 — /\O(T) /\1(7) — - — N(T) — 0

B IMA




Finite Element de Rham subcomplexes

This is the fundamental structure of FEEC.
@ A finite element subcomplex of the de Rham complex

@ together with a bounded cochain projection

0 — HAYQ) -L HAYQ) -L - - HA"(Q) — 0

ol .|

0 — AN(T) L A7) L LA — 0
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Finite Element de Rham subcomplexes

This is the fundamental structure of FEEC.
@ A finite element subcomplex of the de Rham complex
@ together with a bounded cochain projection

0 — HAYQ) -L HAYQ) -L - - HA"(Q) — 0

ol .|

0— A7) L A7) L L A7) — 0

The AX(T) are finite element spaces in the sense that they can be
assembed from the following data on each simplex:

@ finite dimensional space of polynomials forms on the simplex, and

@ a decomposition of its dual space into subspaces associated to the
subsimplices (degrees of freedom)
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Construction of FE differential forms

The key to the construction is the Koszul differential
i s S
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Construction of FE differential forms

The key to the construction is the Koszul differential
i s S

(kw)x (VY. .., VA = w(x, v L vi1)
o k: PN — PN
0 — PA & PgAl s P AT 0

° (dk + kd)w = (r + k)w Vw € H,A¥ (homogeneous
polynomials)

° H AN = dH, NS kH, N
B IMA




P, A< and P, A*

Using the Koszul differential, we define a special space of
polynomial differential k-forms between PNk and P,_1Ak:

PN =P N+ kM AT d g AT
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Degrees of freedom

To obtain finite element differential forms—not just pw polynomials—we
need degrees of freedom, i.e., a decomposition of the dual spaces

(PN (T))* and (P, A<(T))* , into subspaces associated
to subsimplices f of T.

DOF for P,AX(T): to a subsimplex f of dimension d we associate

W /Tr,rwAn, 77673:+k7d/\d7k(f)
Jf
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Degrees of freedom

To obtain finite element differential forms—not just pw polynomials—we
need degrees of freedom, i.e., a decomposition of the dual spaces

(PN (T))* and (P, A<(T))* , into subspaces associated
to subsimplices f of T.

DOF for P,AX(T): to a subsimplex f of dimension d we associate

WH/TrfWAT], 77673:+k7d/\d7k(f)
Jf

DOF for P, AX(T):

W /Trfw AT, 1 E Prpk—d—1NK(f)
Jf

Given a triangulation 7, we can then define ,AX(7), P, \*(T).
They are subspaces of HAK(Q). B IMA




Finite element differential forms/Mixed FEM

o P, N(T)="P,N(T) c H!
o PN (T)="P,_1A\(T) C L2
° P ANT) C H(curl)
P, N(T) C H(curl)
° P AN(T) C H(curl)

P, AY(T) c H(curl)
P, N(T) C H(div)

P, N2(T) c H(div)

[%%%%%%%%




Finite element de Rham subcomplexes

@ For every r > 1, the P, A spaces give a FE de Rham subcomplex:

0—PA(T) L PANT) % .. L PoA(T) =0

For r =1 this is Whitney's complex.
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@ The projections M : AK(Q) — P AK(T) defined through the
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projection:
there are 27! such sequences for each value of r.




Finite element de Rham subcomplexes

@ For every r > 1, the P, A spaces give a FE de Rham subcomplex:

0—PA(T) L PANT) % .. L PoA(T) =0

For r =1 this is Whitney's complex.
@ The projections M : AK(Q) — P AK(T) defined through the
DOF form a cochain projection.

o There are many ways to form the spaces P,A*(7) and
P, N(T) into a discrete de Rham subcomplex with a cochain
projection:
there are 27! such sequences for each value of r.
@ In every case the cochain projection induces an isomorphism
on cohomology. B IMA




© Applications related to the Hodge Laplacian
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Mixed Hodge Laplacian

QCR",0< k<n, fel2A Q)

o € HNY(Q), ue HAY(Q):
(o,7) — (dT,u) =0 V1 € HNH(Q)
(do,v) + (du,dv) = (f,v) Vv e HNY(Q)
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Mixed Hodge Laplacian

QCR",0< k<n, fel2A Q)

o € HNY(Q), ue HAY(Q):
(o,7) — (dT,u) =0 V1 € HNH(Q)
(do,v) + (du,dv) = (f,v) Vv e HNY(Q)

k = 0: ordinary Laplacian
k = n: mixed Laplacian

k=1,n=3: 0 =—divu, grado +curlcurlu=f

k=2,n=3: 0 =curlu, curlo —graddivu="f
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Mixed Hodge Laplacian

QCR",0< k<n, fel2A Q)

o€ HNYQ), ue HA Q) :
(o,7) — (dT,u) =0 V1 € HNH(Q)
(do,v) + (du,dv) = (f,v) Vv e HNY(Q)

@ k = 0: ordinary Laplacian
@ k = n: mixed Laplacian
@ k=1n=3: 0 =—divu, grado+curlcurlu=f

@ k=2 n=3: o =curlu, curlo—graddivu="f

For special f these reduce to
o divu=f,curlu=0

o curlcurlu=f, divu=0 B IMA




Well-posedness of the Hodge Laplacian

To obtain well-posedness we must handle the harmonic forms

b .= {u € HA*|du =0, (dr,u) = 0 Vr € HAN<"1}
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Well-posedness of the Hodge Laplacian

To obtain well-posedness we must handle the harmonic forms

kK:={ue HN|du=0, (dr,u) =0 Vr € HAN<"1}

oe HNL, ue HNf, pepr:

(o,7) — (dT,u) =0 Vr € HAK!
(do, v + <du dv) + (p,v) = (f,v) Vv e HA
(u, q) = Vg € b

Need to control ||o||ya + ||ul[Ha + ||p]| by a bounded choice of 7, v, and
q.
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To obtain well-posedness we must handle the harmonic forms

kK:={ue HN|du=0, (dr,u) =0 Vr € HAN<"1}

oe HNL, ue HNf, pepr:

(o,7) — (dT,u) =0 Vr € HAK!
(do, v + <du dv) + (p,v) = (f,v) Vv e HA
(u,q) = Vg € b
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Well-posedness of the Hodge Laplacian

To obtain well-posedness we must handle the harmonic forms

kK:={ue HN|du=0, (dr,u) =0 Vr € HAN<"1}

oe HNL, ue HNf, pepr:

(o,7) — (dT,u) =0 Vr € HAK!
(do, v + <du dv) + (p,v) = (f,v) Vv e HA
(u,q) = Vg € b

Need to control ||o||ya + ||ul[Ha + ||p]| by a bounded choice of 7, v, and
q.

T =0 controls ||o||, v=p controls ||p||, v=do controls
lda |l

v =u controls ||du|, How to control ||u||?? 5 IMA




Well-posedness from the Hodge decomposition

HAKL L HAR 2, gpkt
u € HNK = dHA1 @ (dHA 1)t
Since dHAK=1 @ b* = N(d), (dHA* 1)+ = bk @ N(d)*. Thus

HA* = dHA*! @ h* © N(d)*+ Hodge decomposition

u=dr+q+z, 7eHNT gepk zeN(d)"
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Well-posedness from the Hodge decomposition

HAKL L HAR 2, gpkt
u € HNK = dHA1 @ (dHA 1)t
Since dHAK=1 @ b* = N(d), (dHA* 1)+ = bk @ N(d)*. Thus
HA¥ = dHA*! @ p* @ N(d)*+ Hodge decomposition
u=dr+q+z, 7eHNT gepk zeN(d)"
Easy to bound ||d7|| and ||g||. To bound ||z|| we use Poincaré’s

inequality ||z|| < c||dz|| for z € N(d)*, and the fact that dz = du,
which is already under control.




Stability of the FE for the mixed Hodge Laplacian

Analogous reasoning using the finite element de Rham complex,
establishes stability of the finite element. In place of the Poincaré
inequality we use the Poincaré inequality on the continuous level
and the boundedness of the cochain projections. A full convergence
theory follows for four different families of mixed finite elements!

PrNHT) x PrAK(T)
PNYT) x P7N(T)
r+1/\k NT) x PAN(T)
Y(T) x P.AK(T)

r+1/\




There are lots of other applications of FEEC

Maxwell’s equations and related EM problems
Mixed eigenvalue problems

Preconditioning and multigrid

Stable mixed FEM for elasticity




@ Application to elasticity via BGG
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The equations of elasticity

QCcR3 F: Q- R3 imposed load.

Find stress o : Q — R3x3, displacement u : Q — R? such that

Ao =¢€(u), divo=f




The equations of elasticity

QCcR3 F: Q- R3 imposed load.
Find stress o : Q — R3x3, displacement u : Q — R? such that

Ao =¢€(u), divo=f

Finding stable finite elements for this first order system is a long
open, very challenging, and very important problem.

B IMA




The elasticity complex

For the equations of elasticity, the relevant elliptic complex is

i} C:X(Q,R3X3) dL

sym

0— C°(QR3}) —— C=(Q,RY3)

sym

C=(Q,R3)— 0

J7 = curl(curl 7)T, second order

B IMA




The elasticity complex

For the equations of elasticity, the relevant elliptic complex is

0— C®(Q,R3) — C(Q,RYZ) L C2(QRY3) % €=(Q,R¥)—- 0
T
displacement strain stress load

J7 = curl(curl 7) T, second order
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The elasticity complex

For the equations of elasticity, the relevant elliptic complex is

L, o, RE3) LY 00(Q,R3)— 0

sym

0— CX(QRY) —= C=(QRYS)

sym

T

displacement strain stress load
J7 = curl(curl 7) T, second order
With weakly imposed symmetry the relevant sequence is

B

0— Coo(R3 xR 2) 2470, coo(Rax3) L, coo(rax3) 202, coo(R3 x RE3) 0

skw

where J is extended by zero to skew matrices.

B IMA




Bernstein—Gelfand—Gelfand construction, |

V=R"K=VAV, W=KxV.
1. Start with the de Rham sequence with values in W:

(5a) 6 @)

O—>/\0(Q W) —— /\1(Q W) —— - —— A"(Q;W)— 0
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2. Define K : AX(V) — A(K) by
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V=R"K=VAV, W=KxV.
1. Start with the de Rham sequence with values in W:

(5a) 6 @)

O—>/\0(Q W) —— /\1(Q W) —— - —— A"(Q;W)— 0

2. Define K : AX(V) — A(K) by

) el
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Bernstein—Gelfand—Gelfand construction, |

V=R"K=VAV, W=KxV.
1. Start with the de Rham sequence with values in W:

(5a) 6 @)

O—>/\0(Q W) —— /\1(Q W) —— - —— A"(Q;W)— 0

2. Define K : AX(V) — A(K) by

3. Define automorphisms ® : AK(W) — AK(W) by

SN

d 0

4. DefineA¢O<O d

) o® ! to get a modified de Rham sequence:
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Bernstein—Gelfand—Gelfand construction, |

V=R"K=VAV, W=KxV.
1. Start with the de Rham sequence with values in W:

0 —AO(Q; W) Q) AL(Q; W) —2 <°“’) M AP(Q; W)— 0

2. Define K : AX(V) — A(K) by

3. Define automorphisms ® : AK(W) — AK(W) by

SN

d 0

4. DefineA¢O<O d

) o® ! to get a modified de Rham sequence:

A0 A Al A A A )
0 =A%(W) — AY(W) — (W)—0 % IMA




5. Note that A = (g —dS)’ where S = dK — Kd : A(V) — AKH1(K)
is given by
k41
(Swhe(Ve, - vier) = D (1P Awelvi,oos Gy viers)
j=1

S is algebraic. For k = n—2, S is an isomorphism. dS = —5d.
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5. Note that A = (g —dS)’ where S = dK — Kd : A(V) — A*F1(K)
is given by
k+1
(Sw)e(vis - Visn) = D (=1F v Aw(va, oo, 0,y Vicss)
j=1

S is algebraic. For k = n—2, S is an isomorphism. dS = —5d.
6. Define subspaces ' C AK(W) satisfying A(I'*) < “** and projections

Tk : /\k(W) — Ik satisfying Trp1 A = Amy :




5. Note that A = (g —dS)’ where S = dK — Kd : A(V) — AKH1(K)
is given by
k41
(Sw)x(viy s Vi) = D (1Y Aw(viy oo 0oy viki)
j=1

S is algebraic. For k = n—2, S is an isomorphism. dS = —5d.
6. Define subspaces ' C AK(W) satisfying A(I'*) < “** and projections

Tk : /\k(W) — Ik satisfying Trp1 A = Amy :

M2 = { (w, 1) € A"3(W) : dw = Sy}, T = {(w, 1) € A" (W) 1w =0}

n—2 __ / 0 . AN—2 n—2 n—1 __ 0 0 . an—1 n—1
™ —(S,ld 0)./\ (W) —-r""", = —(ds,l I)./\ (W) —-r".

B IMA




7. The following diagram with vertical projections commutes (dS = —Sd)

C SAT3(W) A An2(W) A AW DS AR(W)— 0

P

“_>/\n73(W) i) rn72 i) rnfl 2N An(w)_>0




7. The following diagram with vertical projections commutes (dS = —Sd)

C SAT3(W) A An2(W) A AW DS AR(W)— 0

P

'“_>/\n73(W) i) rn72 i) rnfl i) An(w)_>0

Therefore, the subcomplex on the bottom row is exact if the top is.
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7. The following diagram with vertical projections commutes (dS = —Sd)

C SAT3(W) A An2(W) A AW DS AR(W)— 0

R

'“_>/\n73(W) i) rn72 i) rnfl i) An(w)_>0

Therefore, the subcomplex on the bottom row is exact if the top is.

8. This subcomplex may be identified with the elasticity complex.




Mixed finite elements for elasticity

We can mimic the BGG construction on the discrete level.

We begin by picking two different finite element de Rham
sequences

s sA3(T) — AN(T) — AYT) — A(T) — 0
o sA(T) — A(T) — MY T) — A(T) — 0




Mixed finite elements for elasticity

We can mimic the BGG construction on the discrete level.

We begin by picking two different finite element de Rham
sequences

s sA3(T) — AN(T) — AYT) — A(T) — 0
o sA(T) — A(T) — MY T) — A(T) — 0

Define K7 = Nz K : AK(T; V) — AY(T;K),
Sr = dKy — Krd : N5(T; V) — AT K).




Mixed finite elements for elasticity

We can mimic the BGG construction on the discrete level.

We begin by picking two different finite element de Rham
sequences
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Mixed finite elements for elasticity

We can mimic the BGG construction on the discrete level.

We begin by picking two different finite element de Rham
sequences

s sA3(T) — AN(T) — AYT) — A(T) — 0
o sA(T) — A(T) — MY T) — A(T) — 0

Define K7 = Nz K : AK(T; V) — AK(T;K),

St = dKy — Krd : A(T; V) — N<TY(T,K). For the discrete
analogue of the construction to go through, we make a
compatibility requirement:

for k = n— 2, S7 is onto.

If this holds, we finally conclude that the spaces A" (7 V) for o,
A"(T; V) for u, and A\"(7;IK) for p gives a stable discretization for

elasticity. ®1IMA




Stable elasticity elements

There are many pairs of finite element de Rham complexes
satisfying the compability condition. The simplest is:

. _)’]Drjrl/\n—?; _)'P’;l/\n—Z = P;lAI771 _)Pr/\n -0

o =P = 73;2/\”’2 — Prig A1 — P.A" —0
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satisfying the compability condition. The simplest is:

- =PLANT(TK) — P AT K) — P AT K) — PA(T;K)— 0
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includes face DOFs, needed for surjectivity of S onto P, ;A" 1,
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Stable elasticity elements

There are many pairs of finite element de Rham complexes
satisfying the compability condition. The simplest is:

- =PLANT(TK) — P AT K) — P AT K) — PA(T;K)— 0
KTT K’TT ST/ KTT K’TT
o PrN"(TV) = PN 2T V) = P AT V) = PA(T;V)— 0
They satisfy the compatibility condition because 73,;2/\"_2

includes face DOFs, needed for surjectivity of S onto P, ;A" 1,

This choice leads to the following stable elements for elasticity:
PraN"~HT; V)

stress
displacement PN (T;V)
multiplier PN (T;K)
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Simplest case

Far simpler than the elements than any previously devised stable
mixed elasticity elements.
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Conclusions

@ FEEC provides a very natural framework for the design and
understanding of subtle stability issues that arise in the
discretization of a wide variety of PDE systems.

@ FEEC brings to bear tools from geometry, topology, and
algebra to develop discretizations which are compatible with
the geometric, topological, and algebraic structure of the PDE
system, and so obtain stability.

@ FEEC has been used to unify, clarify, and refine many known
finite element methods.

@ Via BGG FEEC has enabled major progress in the
long-standing problem of mixed discretizations of elasticity.
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