
Misaligned Principal Component Analysis: Application to Gene Expression Time Series Analysis.
Arnau Tibau-Puig∗, Ami Wiesel†, Raj Rao Nadakuditi∗, Alfred O. Hero III∗
∗Dept. of EECS, University of Michigan, †School of Computer Science and Engineering, The Hebrew University of Jerusalem

High-dimensional Misaligned Time Series
pn: number of time points

, with c = limn→∞
pn

n
> 0

n: number of samples
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Principal Component Analysis
Given the sample covariance S := 1

n

∑n

i=1
xix

T
i ,

h
PCA := arg max

||h||
2
=1

h
T
Sh (PCA)

Covariance PCA

∣

∣〈hPCA,v1 (E [S])〉
∣

∣

2 a.s.→
{

SNR2−c

SNR2

+cSNR
, SNR >

√
c

0, SNR ≤ √
c

[Paul 2007]
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PCA with misalignment
SNR=−15dB
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Misaligned rank-1 linear factor model

xi = aiCdi
h + ni, with

{

di,h : deterministic
ai,ni : random.

Σi := E
[

xix
T
i

]

= SNR Cdi
hh

T
C

T
di

+ I (“Spiked” covariance)

MLE of h,d: The MisPCA problem

d
MisPCA = arg max λ1 (S (τ))

s.t. τ ∈ {0, · · · , dmax}n

h
MisPCA = v1

(

S
(

d
MisPCA

))

S (τ) =
1

n

n
∑

i=1

C
T
τi
xix

T
i Cτi

= “Aligned” sample covariance

Approximations:

1. d = 0: hPCA = v1 (S (0)) (PCA)

2. Alternating-MisPCA, iteration t:

d
A-MisPCA
t = arg max

τ∈{0,··· ,dmax}n
h
A-MisPCA
t−1

T
S (τ)h

A-MisPCA
t−1

h
A-MisPCA
t = v1

(

S
(

d
A-MisPCA
t

))

Theorem: Asymptotic eigenstructure of S (τ)

λ1 (S (τ))
a.s.→

{

(SNRγ + 1)
(

1 + c

SNRγ

)

SNR >
√

c

γ

(1 +
√

c)2 otherwise.

|〈v1 (S (τ)) ,v1 (E [S (τ)])〉|2 a.s.→







(SNRγ)
2−c

(SNRγ)
2

+cSNRγ
SNR >

√
c

γ

0 otherwise.

Loss/gain due to misalignment:

γ = λ1

(

D (d − τ)
1

2 RhD (d− τ)
1

2

)

,

- Rh: Autocorrelation matrix of h

- D (x): diagonal, [D (x)]i,i =
|{j∈{1,··· ,n} : xj=i}|

n
.

Numerical Experiments
Phase Transition for PCA PCA vs MisPCA vs Oracle PCA
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Gene Expression Data Analysis
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