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‘ 1. Introduction |

The two dimensional rotating shallow water (RSW) equations are

Oih + V-(hu) = 0,
du+uVu+ Vh+ut =0,

where h and u = (u, us)! denote the total height and velocity of the fluids, respectively,
and ut := (—us,u;)! corresponds to the rotational force.
The perturbations (p,u) := (h — 1,u) are governed by

Op + V-(pu) + V-u = 0, (1)
dru+uVu+ Vp+ut =0. (2)

An important feature of the RSW system is that the relative vorticity § .= V x u — p =
(O1ug — Oouy) — p is convected by u,

910 + V- (hu) = 0. (3)

The equation (3) then suggests that # = 0 be an invariant with respect to time (as long as
uecl), ie.
=0 < 0(t,-) =0 <= V xu=np.

‘ 2. Main Results |

Define the weighted space H'* with the norm

loll gres == 11+ |212)5/2(1 = A 20| 1o

The standard Sobolev space H! .= H0.
Theorem 1 Let k > 52, uy = (uq1,us0)! € H"2F and
po = Or1ug o — dhuq .

If the initial data satisfies ||ug|| ;121 = 0 < g, then there exists a unique classical solution
of RSW. Moreover, there exists v which is a solution of linear homogeneous Klein-Gordon
equations such that

1 .
Z |0] (u(t) — v ()l 15—y < C(L+1)""
=0

Theorem 2 Let k > 52, ||[ug]| grr2 = 0 < &g, then there exist uniform constants Cy, Cy and
eo > 0 which depend only on the stru?ture of RSW system such that for any = < ¢ there

exists a solution of RSW on [0, Cie '), if

1po — (Orug 0 — Oouy o)|| s < €

for s > 10.

3. Reformulation of the Problem |

ntroduce a symmetrizer m = 2 (/T + p — 1) such that p = m + im?, then (1), (2) are
transformed into a symmetric hyperbolic PDE system,

1
0tm+u-Vm+§mV-u+V-u =0, (4)

1
omu+ u-Vu + §me +Vm+ut =0 (D)
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Rewrite (4), (5) into a matrix-vector form,

0;U+ Y  Bau0,U=L(U), (6)
a=1,2

1
where B, = u,l + §mJa, and

. 010 001 o
U:(u), Jy=(1100}), Jo:=1000], and ,C(U) ::—<v J_>.
000 100 mtu

Lemma 1 The flow with zero relative vorticity satisfies the following symmetric system of
quasilinear Klein-Gordon equations for U := (m, u)T,

~

2 2
0U — AU+ U = Z Aij(U)aijU + Z Aoj(U)aojU + R(ﬁ ® U), (7)
i =1 =1

where linear functions A;; and A,; map R’ vectors to symmetric 3 x 3 matrices and satisfy
A;; = Aj. The remainder term R depends linearly on the tensor product U @ U with
U = (U’ 9,ul, 9,Ul, 9,Ul).

The key ideas of poof of Lemma; Differentiating (6) with respect to ¢, then we have

01U + N(U) = £(U),
where the nonlinear term

1 1
N(U) =8 > (ual + >miJa)0aU + L > (ual + >M:Ja)0U

a=1,2 a=1,2
e The £2 term: using the calculus identity
V(V-u)—VH(V xu)=Au

and .
Ooup — Oug = p=m+ ZmQ,
then

L£%(U) = (A — 1)U + quadratic terms

‘ 4. Global A Priori Estimates |

Inspired by the ideas in [2—4], we need only to estimate the following functional

X (t) == su Uli_or _1(8) 4+ (Ul zrr—9(s) + ||OU|| rr—9(s
(1) ogﬁét(‘ k—25,-1(8) + [|U[l griols) + [|OU]| gra—o(s) 8

H(1+5) U gels) + (1 + )00 ()
here, pick any fixed o € (0,1/2), and

Ulpat) == sup D> (145 +]y)~TUls,y)|
U=sst la| <]

Ul u(t) == sup Y [ITYU(s, )l 2.
I Ogsgt‘&|<l Y

The notations involved in above definitions are as follows

['= {F]}?zl — {807 817 627 Lla L27 912}7 78& — 83181&28337 Fﬁ — F?l T Fg67
Lj = :Cjat +t0;, 1=1,2; Q9 :=x109 — x90.

e Decompose U =V + W. W is quadratic in U and has the form

w= (o) @ (o))

G.Q. H)(z) = /RR

After choosing ) appropriately, V satisfies a Klein-Gordon system with cubic and quar-
tic nonlinearity,

where
GT(y)Q(z — y, o — 2)H(z) dydz.

(O —A+1)V =25 (9)

e [°° estimate: L°° estimate for V is obtained by dispersive estimate for 2D Klein-Gordon
equations; the bilinear estimate and interpolation inequalities yield the L estimate for
W.

e Intermediate L? estimate: L? estimate for V is obtained by Duhamel principle and a
priori assumption on highest order L? bounds; The bilinear estimate and interpolation
iInequalities also yield the L~ estimate for W.

e The highest order L? estimate: Energy estimates using the symmetric structure of sys-
tem.

5. Lifespan for the solution with nonzero relative vorticity

When the initial data has non-zero relative vorticity, we decompose the solution as follows
U=Ut+0%4+v,
where (p¥, u¥) satisfies the quasigeostrophic equations

(u? = v,
(& +u?- V) (Ap? — p?) =0,
L A900,) = pf

/o

and U" satisfies the RSW with initial data (,05(, ug(). Here the initial data can be decom-
posed as follows

K K
PO = PO +P82> up = Uy +11§27

K K K
o = 01k — ool uly = —000, uSy = 016§

Indeed, ,082 satisfies

(A — 1)P82 = Jiug, ) — douy ) — po-

Solve the problem for V', one can get its lifespan.
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