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Consider an ideal RBuid 3.

Its velocity beld isi: [0, T)! T3" RS,

U (t,x)+ (ua#u)(t,x) = $# p(t,x)
divu = 0; I p= $ div(ua#u).
Its Row is given by : [0, T)! T3" T3,

Le(t,x) = ut, ! (t,X) 1(0,x) = .

Incompressibility can be expressed!ast = p where
i = dx! %dx? %dx?3 is the volume form.

This is equivalent to debD! (t,x) & 1 for allt and x.



We expect any Ruid to be described by di"eomorphismsTéf
denoted byD(T3).

The incompressible RBuids are a subset described by

Du(T%) = {! 'D (T%:!'u=p}.
The shape of this subset depends on the smoothness we consider.

' One extreme: where! is only
assumed to be in? and p(! [U]) = p(U) for every Borel set
uU.

I Other extreme: all maps are assuméd .

In between, we can considérand! #* to be in HS wheres > 3.

Need this to get! ' C1. Also ensures thaD,, is aC’
submanifold ofD.



The geometry we are interested in is that generated by the

#,7# %
e,y =inf (- T300$gt’x)£udt,

among curvess: [0,1]" D (T3) with $(0) = ! and $(1) = ".
Inspired by the formula for bnitely many particles.
ImagineD,(T3) as a curved surface insidg(T3).

Careful:

' Need objects at leasH® to get smoothness.
! But geometrically onlyL? matters.
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Intuitively we might imagine a smooth interior and rough boundary.
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Geodesics are curves that locally minimize length.

! n
On DM(T3), the geodesics satisfly (t,x) = $# p t,! (t,x) ;i.e
the acceleration is perpendicular to the submanifold.

Variations of geodesics are called Jacobi belds. They satisfy the
Jacobi equation
B2J
w2 P REI)N =
whereR is the

Intuitively we think of this asdt2 + R(t)J(t) = 0. The sign of R
controls the stability.
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Curvature formula:

If u andv are divergence-free, then
# & '
(R(u,v)v,u)2 = o (B(u,u),B(v,Vv)) $(B(u,v),B(u,v)) H,

where
B(u,v) = #! #1div(# yv).

For a bPxedu, the curvature satisbes

(REUVIV. Wz o maxd i p,

1 (
$ - sup #iLIj#jUi * 5
VI X$TN 1]

2 x$TNn i J
where# p = B(u, u).

This is sharp whem = 3. (The right side is not sharp when
n=2.) So curvature is basically £ object.



Roughly the curvature is more negative than positive.

For example, take a basis of curl eigenbélgson T3. Then for
every divergence-free we have

(R("m, V)V, "m) 2 * O.

However there is enough positive curvature to get

Conjugate points are points(a) and ! (b) such that some Jacobi
PeldJ hasJ(a) = J(b) = 0.

If I (a) and! (b) are conjugate, therl is not length-minimizing.

Conversely it is not inbPnitesimally length-minimizing (iany
space), then! (a) and ! (b) are conjugate.



A Ruid rigidly rotating on the surface of the sphere.

The red arrows represent a Jacobi beld along this rotation, which is
zero at the initial and Pnal times.

So the original conbguration is conjugate to the bPnal conbguration
along this geodesic.



To analyze the Jacobi equation: sét=y +!. Then

vt +[u,y] = z; z+ P(ua#z+za#u)=0

!
The brst equation is equivalent tg; ! (t)f ly(t) = I (t)f1z(t).

So sety(t) = ! (t):v(t). Then using conservation of the vorticity
2-form %= du’, we get
& I "
# # |
P HE x) (t x) + 2P &0 %(x) *=0

where #{,x) = D! (t,x) D! (t,x), and P is the Leray projection
onto divergence-free vector pelds.

#(t,x) represents the stretching rate of vectors basedxatvhich
are transported by .



I In two dimensiongs is a function, and & %)*= %' v, i.e.,
the vorticity function times a rotation ofv. Hence
P(&swg)%)" = $P(%# g) = P(g# %) is

I In three dimension&4 is a vector Peld, and&%)"= %! v,
i.e., the cross product. This operator is generally not compact.

In three dimensions, if the initial condition(0, x) is supported
nearx, then the solution is close to the solution of
& .

d dv dv

— # — + %(X)! —=0.

at P0G o) G =0
So we can solve this ODE at each point in time, look for solutions
satisfyingv(a) = v(b) = 0, and use them to Pnd conjugate points
on Dy(T3).



In two dimensions this doesnOt work. Trying to localize near a
point yields & ,
g #(t,x d—v =0
dt dt

so there is no way to detect conjugate points using a local
criterion. This is related to the fact that conjugate points cannot
cluster along a geodesic (due to Fredholmness of the exponential
map [Ebin, MisioSek, P.]).

Although there are conjugate points i@u(Tz), they are generally
harder to bnd. (The brst examples were found in the 1990s by
Misiodek.)



The fact that vorticity and the stretching matrix are the important
terms in the Jacobi equation suggests that Jacobi beld properties
are related to the Beale-Kato-Majda criterion for blowup.

eOpI like to say: if for some Lagrangian patfi ! (t,x) we have
oTl%t, I(t,x) |dt =+ - , then there are inbnitely many
conjugate point pairg! (t,),! (th+1)} for a sequence, . T.



If it doesnOt work, we can show that there must be orthonormal
vectors{ ey, &, €3} at x, with e; parallel to%(x), such that the
components # = (g, #(t,x)g) and # = (g, #(t,x)* 1g) satisfy

)t 1 # 1
#(()d( _ #33(t)
M oEGa 0 T, ot

Roughly speaking, this says that the largest and smallest
eigenvectors of the stretching matrix are basically transported by
the Row.



Simplibcations:

! Project orthogonally to the vorticity vectofg(x) = |Y%(X)|es,
so the reduced stretching matrix is

* + * +
Y1 %2 _ , 1 Hiutas$ #2;  H#ioHas S Hostis

Yoo Y2 Haz Hio#33$ #Hostis  Hoo#as$ #3,

Note that det %€) & 1.

! Resyalg the time v?}&able by debning
( I'((,x) 7d(, which maps [0T) to [O,- ).

We end up with:

,* + - * +
d = %u(s) %o(s) dY _ 0 $1 dY

45 %(s) Ym(s) ds T 1 0 ds O

with Y (s,) =0 and Y '(s,) = id, and trying to bnd s,+1 > 0 such
that detY (sy+1) = 0.



Even simpler: seW (s) = %(s)Y ().

Then
* +* +
dW = 0 $1  Ypa(s) $%io(S)
-+ =
st 1 0 $%as) Y VOO0
* +
Alternatively W '(s) + JY (s) =0, where J = (1) 01 , SO that

W(s)$ W(s)) = JY(s).

Since deW (s) & 1, we see that TW (s) = 2 if and only if
detY (s) = 0.



Linear ordinary di"erential equation! Just like old times.

Write % in terms of its eigenvalue=® and e” % as
*

9% = cosh) +sinh) cos 2 sinh) sin 2
0~ sinh) sin 2 cosh) $ sinh) cos% -
Write
* ) + * ] +
W = cosh* CO.S+ sin+ $ sinh* $ (.:OS’ sin,
$ sin+ cos+ sin, cos,

Then we get equations fof, , , and * .



We have T\W (s) = 2 cosh* (s) cos+(s). So limgg: +(S) = -
ensures that TW (s) = 2 inbnitely many times.

We have

(:; =cosh) $ sinh) tanh* cos@ + , +29).

So if +(s) does not approach , then we get conditions o) and
$; basically) "- and$" 0.

In other words, the eigenvectors of the reduced stretching matrix
converge, with one stretching and one compressing.



WhatOs the point?

If there is blowup along a Lagrangian path, then either:

there are inPnitely many conjugate point pairs(tn),! (th+1)}

for a sequence, . T, which means the geodesic mp(T3)

fails to be minimizing on successively smaller intervals. This is
a condition, which makes sense even in the very
weak space of? bijections preserving Borel measures.
Techniques of Brenier/Ambrosio/Figalli/Shnirelman for weak
(L?) geometry should be useful for analyzing this.

or, the eigenvectors of the stretching matrix tend to align with
some vectors based ak. Dongho Chae has
produced conditions on the stretching matrix near blowup
which should be helpful here.



ThereOs still more to do. We can get some results without assuming
anything about the components of #, but we can get more if we
assume some monotonicity or that certain limits of ratios exist.
For example, if the feduced stretching matrix

2ks
%(s) = eo ot 2ks for somek > 0, then we can solve the ODE
explicitly. We get inPnitely many conjugate pairs if and only if
k< 1.

However this %) satisbes the conclusion of the previous theorem
for everyk > 0.

So we expect sharper results on the components of %.



We shouljj alsg eliminate the assumption that there is»ah T3

such that 0T|%t,!(t,x) |dt = - . The technique of

approximating Jacobi Pelds near a single Lagrangian path probably
extends to approximate them near any path at all, so we should be
able to bnd a length-reducing perturbation based around the
vorticity-maximizer. Still need to check this, though.

Numerical results on the stretching matrix
#(t,x) = D! (t,x) D! (t,x) would be much appreciated.

Numerical results on sectional curvature (as Koji Ohkitani has
done) would also help.



Thanks to the organizers, and thanks to you!
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