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Electrical double layers: equilibrium
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lons above positively charged
surface

lon valencez, chargeez,

lon number densityy

At infinity ny — nl

Charge density = ) ; ezn
1-1 electrolytent, = n, = n.,

Electrical potentialy
Thermal equilibrium:

N =n._ exp<—elf'—'1fb>

Poisson’s equation:
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Electrical double layers: equilibrium (2)

If ¢ = ep/KT < 1, linearize:
V2 — Z e22|2n'

wherex 1 is Debye length

= K%

KT /e~ 25 mV

Wall potential(
Typically /KT < 5

1D solution: ¢ = (e~

p=—er’p
Nt = Ny ( — %e"‘"y)

N~ =Ny (1 + %e"“y)

Wall surface charge
o0 =—en.V¢ = er(

Total charge in cloud:

fooo pdy = —er(



Standard electrokinetic problems

Electro-osmosis
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Stokes eqgn:

0= uV2u — Vp+ pE

Plane 2-D channel, widthts> 1

Atwally=0

2 2
@ — er CEe_’{y

oy? 1

Electrophoresis

negative
charge cloud




Electrokinetic problems (2)

Electrophoresis

£ 44+t 4+ 4 Wl
‘charge cloud Mli_l

— @ -
| |

++ ++ o+

. Sphere () in capillary (c)

Thin double layer: apparent slip atwall ~ BC: Utan = Etane(/p

Electric field: : . :
irrotational velocity

V2 =V.E=0
u= gE
with E.n = 0 on surface of particle K



Electrokinetic problems (3)

Streaming Potential

++ + + + + + + + + wall
charge cloud WK,

- .

4+ A+ o+

1

S

Charge cloud convected to right

Return current:
via Ohmic conduction in liquid
or some other route

Sedimentation potential

negative
charge cloud

+

Dipole field

A¢ between top & bottom
of column of sedimenting
particles



Governing equations: the deformed charge cloud

lons move under electric & thermodynamic forces
Vi = U+ wi(—ez Vo — KTV Inn')

whereu is fluid velocity, _
wj is ionic mobility,  conductivitys = >, €22n._wi

No reactions. Conservation of ions
V.(n'vi) = V. [n'u — wi(ezn'Ve + kKTVN)] =0

For typical fluid velocityU and ion mobilityw
Péclet number measures ratio

v convective forces
- wkTx  diffusive forces

Pe



The deformed charge cloud (2)

0.1 molesl/litre NacCl in water

Debye length
Lo\ —1/2
ezn
-1 _ o0 ~
K = < Ei KT ) ~1lnm

Mobility w =4 x 101t m N~1s71
HencewkTk ~ 1.7 ms?!
Péclet number Pe U/(wkTk) < 1

In non-aqueous fluids:

Debye length larger, e.g =1 = 600 nm (Prieve 2008)
mobility smaller, e.gw = 4 x 1019m N~1s1

SetU =Tk Pe=I'/(wkTx?), with wkTx? = 460 s°1



The deformed charge cloud (3)
Look for O(Pe) perturbations

lon density n=nj+n+-
Electric potentialg = ¢g+ 1+ - - -
Charge density p=po+ p1+---

Stokes equation: & —VP + VU — pV¢

At O(Pe) puV2uy = Vp1 + p1Veo + poVr
if potentials small

N

uVauy =V (pl - ani1> + poV (g1 + p1/er?)
i=1

Perturbed velocity field of magnitude

Une (e)? Uec?
WK2p wukT

KT



The deformed charge cloud (4)

Perturbed velocity; /U = O(H)
where electric Hartmann number

> [&\? KT
wpkT — \KT ) pwe?

In water,ekT /uwe? ~ 0.28
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Streaming potential: single phase

Convected currerit = [;° pudy
Approximateu by y4!

ou [°°
e = —
c ay/ yp dy
ood2¢
- / Yae ¥

= —Cea—y

In pipe of radiusR, pressure
gradientG = —8uQ/mR*

du dpR
dr dz2u
Convected current
2
2Rl = —(e d_p ﬁ
o

Streaming potential gradient for
return current through fluid
(conductivity o)

dos _ Ce p
dz podz
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Streaming potential: single phase (2)

Integrate:

Ce
¢s = <—> p (1)
no
Non-uniform shear rate lc == chargecloud A
S

aou . V
Vs. <_<-68_y> = —Un.v¢5

Suppose€ potential uniform

All surfaces rigid, no-slip

Impose velocityu and pressure

Can show (non-trivial) (1) holds for arbitrary geometry
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Streaming potential: two-phase

ocl
SRR
—

Water Qil

> Ew —Eg

Rock charge cloud

Presence of 2nd phase changes
a) wall shear rate

b) electrical conductance

c) streaming potential

Need to understand:
Pore-scale

Darcy scale
Reservoir scale

A
/A pump
\

surface

well

oil

i N

Potential difference between base
of well and infinity changed by
arrival of water

Need very stable electrodes

Morganet al. (1989)
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Tight-fitting rigid sphere

Rigid sphere, radiuR,, velocity U
Capillary radiusR. = R, + hg

Potential(, on particle
(c on capillary wall

lubrication theoryd = (2Rph0)l/2

Integral form of momentum eqn

overz; < z< z

in frame of particle, leakage flux

5hp

4
Qp = —zmRehoU <1——+---

3R

Pressure drop across sphere

P1—pP2 =p(z) —p(z2) =

A7 pdU
hoRc

)
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Tight-fitting rigid sphere (2)

Lubrication theory for streaming potential

erU (2Rphg)/2

¢1— 2= ZT(CC_ Cp)

If (¢ = (p expect

€ _emU¢e 16
P1—2 = a(pl—pz) = 2 2R

For uncharged stress-free bubble
(spherical or Bretherton)

€Ce

$1— 2= a(pl —p2)

sph”/

[

o

capillary wall 7

ZR v
Z, Z

Spherical bubble:

41U
pl—pzziu

(2hoRyp)1/2
Bretherton bubble

- song (%)
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BCs at liquid drop/bubble

Charge at mobile interface?
lonic surfactants
Baygents & Saville (1991)

Charged mercury drop (Ohshinenal.
1984)

Perfect conductor, uniform potential

No ion discharge at interface

Tangential motion of interface enhances
convective flux of ions

Gas — similar problems
Spinning drop interfacial tensiometer
(JDS, JFM162)

capillary wall

charge cloud

external fluid

[P
\ | K :
']

charge cloud

drop interface Us

T F
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Small drop in tube

Charged drop, potentigh
VISCOSIty i = Ap radiusa

A¢ between tube ends:
charge cloud dipole perturbation

Velocity field: Hetsroniet al. (1970)

unperturbed Poiseuille flow

vO = 2(1 - R?/R3)Ug

Need no-slip on drop (velocity)

add perturbation velocity»
viD fails to satisfy no-slip on capillary wall
addv(® etc

AR

ATy

SN

T
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Small drop in tube (2)
Thin double layeax > 1

so- 2 ()

Roo \Ro

Uncharged drop, capillary &t
Drop force free: Stokeslet 0
on centreline: stresslet 0
Far-field perturbation

Upa® ad
0 o~ uUpg—%

RS

un~ R%r?’

decays on lengthscak,
Additional pressure drop

Ap ~ pUoa® /RS

Drop viscosity\u
ax 1+3\ _1
253y 243y 0@

Shear rate at walD(Uga® /R2r4)

Convective ion flux

O(eCUoa> /REr*)

Current normal to wall
O((e(Uoa®/REr)

Integrate once to get change in
axial current

Integrate again

e«CUg [ a)®
Ag ~ oRo <%>
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Small drop in tube (3)

Electric field when no dropE = 4Uge(c /R0
Dipole perturbation due to insulating drop

3
a
Streaming potential change

_ 8Uol (a\®  16U¢
Ag = oRy < ) - oRy

Ro

whereU = U/2 is average flow rate

(

a

Ro

;
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((F =0
2R —UuU
4

Z3 22

Drop viscosityAu
Interfacial tensiony

Capillary number
Ca=puU/y

Viscous Bretherton drop

Fluid (mean) velocityJ
Drop velocityV

Drop cylindrical radiusd = 0R=R—h
Drop volume 4a3/3 = 4r(aR)3/3
Drop lengthL ~ 4a3/3d?

Bretherton: h = 1.337RC&/3
valid A < Ca~¥3  Park & Homsy (1984)

Hodgeset al. (2004) for higher viscosity
Continuity of stress & velocity

R
pdz 1464 1-1)
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Viscous Bretherton drop (2)

Ap = pressure increase due to drop  V = drop velocity

£

32Ua3y

P toy
1+ 511

vV 2+501-2)
U 1+60N1-1)




29

Viscous Bretherton drop (3)

Change in streaming potential caused by uncharged drop

_ 3Uelead 1+ (64 —6H (A1)
1)

A0 Rty I— At A1 1)]

A¢ = 0when

2?2 —1+(1- 4 e
= 1-1

real roots ifA < 1/5

Change in potential above that expected for pressure change

_ ECCAp _ 32U €a3CC

A¢ po  3R(L—62)[1+ (A1 - 1)




Viscous Bretherton drop (4)

V. 2+82(\1-2)
U - 1+ (54()\_1 -1 o @ ‘ ‘ ]
Expand for§ < 1 e fZ/
V-2U = —§2@2-xHu ——
—25*(\71 = 1)U + 0(s°V) o
V<2U ifA>1/2 _/—()\/A
Normal stress balance o ’ ’ )
V-2U a) wall normal stress
PR " Rs b) steady drop
Hence c) wall shear stress

a=11, Ca=005
§ ~ 2-xYHWcal® A>1/2 =10

~ Cal/ A=1/2

22
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Boundary integral computations

Steady drop profiles
Ca=0.05 A=0.1110

Drop volumegra’ a=a/R=0.6,08,[0.1],1.3
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Boundary integral computations (2)

Steady drop profile at increasing capillary number
(a) A =10, = 0.8, Ca= 0.05,0.1,[0.1],0.5

(b) A =10, = 1.1, Ca= 0.05,0.1,0.2,0.3
(c)A=0.1,a=0.8,Ca=0.050.2,05,1,2
(d)A=0.1,a=11, Ca=0.050.2,05,2.35
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Bl computations: gap width=1 —d

(a) Film thicknessh = h/Rvs. Ca

dotted: )
Brethertonh ~ 1.3375 C&/3

(b) drop breadth5 = 1 — hvs. Ca
same) asin(a)

@ ® dashed~ Ca /3

O C‘l w" oo O‘IIC T dotted~ Ca__:l'/5

e experiments Taylor (1961)
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Bl computations: velocity

(a) Drop velocityV =V/Uvs.Ca  forA=0.1,1,10
e =038 Oa=11
Dotted: Bretherton bubbl&/ ~ 1+ 1.29(3Ca)%/3

(b) 2U —V fora =1.1and\ > 0.5
dashed~Ca??®  dotted~ Ca %>
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Bl computations: velocity (2)

25F

a<

1.5

A=0 A=0.2
< sos
A
A=05
A=1
T g
Ao
\ \
02 04 0.6 038
h/R=1-3§

V/U vs. film thicknessh
Dotted: approximate limit values
of handV for A < 0.5

2 _2(1-2)
© "5\ 1-\

o last point for drop\ < 1

e Soarest al. (2005)
infinite finger, Ca>1
A 1=10%124
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Bl computations: instability

=
=

—— . :

Breakup of low-viscosity drop) = 0.1
a=11

Caincreased from 1to 2 &= tU/R=0
dashed : steady drop profile at €al

Experiments: OlbrichtX = 0.0013?)
Annual Rev. Fluid Mech. 28 (1996) 187



20

Bl computations: instability (2)

@;ﬁe
555‘

(b)

—m=0mo——
—  —
— 10° | I ! I
@ “ 0 200 400 600 800

t=UtR

Travelling wave instability, in centre-of-mass frame
A=10,a=11,Ca=05

Capillary wall shown on first (bottom) profile

(b) maximum normal velocityu’.n)max on drop surface

solid line: N = 100, At = 0.005
dashed: N = 160,At = 0.002

1000
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U’ Nmax

Ca=0.20

0 200 400 600 800 1000
Ut/R

Maximum normal velocity,
A=10,a=11

Various Ca, started from steady
state at lower Ca

Bl computations: instability (3)

ca=03 [C—
04 cC—/—>
06 cC————
038 [ —————
1.0 C——————— ">

12

Drop profilesA = 10,a = 1.1
Only Ca= 0.3 is steady

Kuramoto-Sivashinsky eqgn
Papageorgioet al. (1990)
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Bl computations: instability (4)

Critical capillary number Ca
vsdrop sizea = a/R

A=10

error bars:

last stable and first unstable Ca

100

. h/R -
L e R — 1 - i
Lo 2RIL e 7
! o 71/2 3
0.1t oo °
(b) ’
D'0101 0‘5 1 2
«

drop lengthL

film thicknessh
slenderness ratioRd /L
at last stable Ca
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Bl computations: pressure

-100 -

-150

0.8

50

@

A=01

GO 85 50V 6 6
B-boo-—g-om

11

a=2

0.
000000

0.001

I
0.01

I
0.01

Additional pressure drojzp vs. Ca

oca=0.8 Oa=11 ca=2
(a) A = 0.1 (dashed)
(b) A = 1 (dot-dash) A\ = 10 solid

Drop length (spherocylinder)
| = %(a3 —d®)/d?

Increase in pressure due to drop

Ap 3 -1 1\ -2/3~2/3
LR~ AT oca
dotted lines~ Ca 2/3

A = 1: end caps RAp/uU ~ Ca %3
thick dashed line- Ca >3



Bl computations: pressure (2)

Additional pressure drop\p vs. film
thicknessh (a = 2)
Thin lines: asymptote

Ap™ 32 (1-X)¢6
pU/R T 3 X+ (1— )6

(=6

o numerical results
Dotted: approximate limit film
thickness & < 1/2)

2 _2(1-2)
A=001,a =11 Ca=35 <=5\ 7T

24



Streaming potentiah® = A®(oR/e(U) vs. drop size

Ad °r
0 05 0.1 043 _ a/Rl 2
Wall potential(¢
wp 0 A=t A=0.1,110
a et Dotted line: A¢ = 1602 for small
, spherical drops
1 p 3 thick dashed line in (b) and (c):
o asymptote¥2a® for Ca>> 1
o1 o5 1 2 when\ > 1/2 (long drops)

a=a/R

25



AP — Ap = AD(oR/eU) — Ap(R/pU)

10°F 1L
K] &)
| |
g 10t g 10'E
10°E 10°L i
y (© A=10
0.1 0.1 0.3 _ a/Rl 2
. Dotted: A¢ = 1603 for small
s Y ] spherical drops
|
Rl 1 thick dashed line in (b) and (c):
al e ] asymptote®2a® for Ca>> 1
© A=t when\ > 1/2 (long drops)




27

Polygonal capillary

Modern network simulators for 2-phase flow
in porous media use polygonal capillaries
(e.g. Blunt)

Films of wetting fluid (Wong, Morris &
Radke 1995)

Thicknessh ~ O(Ca&/?) varies downstream
and across capillary

Ifh> k1

convected ionic current computed from
integral of shear rate

Ohmic return current mainly through corners
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Future

Theory now ahead of experiment

Have not discussed: high potentials

Hartmann number
surface conduction at wall

Yet to understand:

1.

o v A wN

Limiting film thickness for\ < 1/2
Onset of capillary wave instability
Electrokinetics at oil/rock interface
Electrokinetics at water/oil interface
Flow through constrictions

Scale up from pore to Darcy scale
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Fig. 1. Frequency dependence of streaming potential (a) and ()
electro-osmosis coefficient (b) when the porous rock is saturated . .
Fig. 2. As figure 1 but saturated with 0.1 mole brine.

with transformer oil.

Jiang, Shan, Jin, Zhou & Shen@gophys. Res. Lett. 25 (1998) 1581
Effect of conductivityo: A¢p = (eC/ou)Ap
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AL e e e e e
Crushed Fontainebleau Sandstone [ Sample S4 .
80~ 5= 200 Qm 1 s000l- 10°*S/m
= k=250 _ So0oF ]
s > [ ]
o £ B ]
— < 4000 -
o i = N ]
g 600 k] N ]
2 & 3000 3.107S/m -
& 8 f ]
= g :
o 400 B £ 2000~ =
£l s I ]
3 @ 1000f A
3] [ 107 S/m ]
S 200 4 b 1

[=5) 0
0 50 100 150 200
Hydraulic head (in cm)

o L L . L | Figure 3. Example of typical runs for sample S4 (grain

° 20 o e n 100 size of 212-300 pm) at three water conductivities. We

Differential Pressure (kPa) observe linear relationships between the variation of the

. . . . streaming potentials and the variation of the hydraulic heads
Figure 4. The streaming potential as a function of the ap- = el i )

lied pressure gradient. The maximum pressure gradient used at these different salinities. At each salinity, the streaming
Eor lhl; measurgEmems of streaming poremials a%Tthis perme- potential coupling coefficient is equal to the slope of the
ability was 30 kPa. linear trend.

Lorne, Perrier & Avouac, Boleve, Crespy, Revil, Janod &
J. Geophys. Res. B104 (1999) Mattiuzzo,J. Geophys. Res. B112
17857 (2007) B08204
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Crushed Fontainebleau Sandstone (150 pm grains)

KCl pH = 5.7
25
7

g

ow
\

~9.0 -
1.5 e/nm® ¢
| C,=100 uF/em® 4
C,= 20 uF/cm’

s = 2.0 nm

10

—¢ Potential (mV)

10 Isﬂ 1000 IOI;W
Electrolyte resistivity (Qm)

Figure 7. The { potential, inferred from streaming potential
measurements using crushed Fontainebleau sandstone, as a
function of electrolyte resistivity for KCl solutions with pH =
5.7. The measurement experimental errors are of the size of
the symbols. The lines correspond to the predictions of the
three-layer model [Davis et al., 1978]. The solid line correspond
to the default parameters indicated. The dotted line refers to
the related Stern plane potential. The dashed lines correspond
1o pKy- increased or decreased by 1. When K+ is increased,
the absolute value of the { potential is decreased. The dash-
dotted lines correspond to pK, increased or decreased by 1.
‘When K, is increased, the absolute value of the { potential is
increased.

Crushed Fontamebleau Sandstone (150 um grains)

0| T T T T T

p(KCl/KOH/HC1)=25.5 Qm
pzc = 2.5 pKe = 4.0
2F pK. = 7.5 PK, = -9.0
s = 2.00 nm (=100 uF/cm*
I = 1.5 e/nm°C= 20 uF/cm®

¢ Potential (mV)

20

—iol -

pH

Figure 11. The { potential, inferred from streaming potential
measurements using crushed Fontainebleau sandstone, as a
function of pH for KCI/HCI/KOH solutions with a resistivity of
25.5 O m. The measurement experimental errors are of the size
of the symbols. The lines correspond to the predictions of the
three-layer model [Davis et al., 1978]. The solid line corre-
sponds to the default parameters indicated. The dotted line
refers to the related Stern plane potential.

Lorne, Perrier & Avouac,). Geophys. Res. B104 (1999) 17857
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