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microstructure of HIPS.

A useful way to recycle plastics is to melt and 

mix them to form incompatible polymer blends 

An incompatible polymer blend is a new 

material, combining  the desired properties of 

the two original plastics.



Waldmeyer,Mackley,Renardy,Renardy 2008 ICR

A cutaway diagram shows the geometry of the device in which

a drop travels in the experiments of J. Waldmeyer (PhD 2008)

The cross-section on the right shows two sample stream 

lines  of the base flow. If the drop is small, then we can set up 

the boundary conditions in our simple shear flow from the 

strain rates of the baseflow.



We begin with a description of the Newtonian VOF-CSF 
method in the context of drop deformation.

For some simulations, a higher-order method like VOF-PROST 
is needed. e.g. drop retraction when shearing stops. 

Implementation of  3D Oldroyd B or Giesekus constitutive 
model. 

The plan for this presentation



Shear ratekô=

The dimensionless parameters for the Newtonian case are

Viscosity ratio

m=l  / lmatrix

Density ratio Æd / ÆmCapillary number Ca=lmkôa/Ê
viscous force causing deformation / capillary force which keeps 

the drop together.

Ê
Reynolds number Re=Æ

¿
kô a2 / lm

x=Lx
y=Ly

z=Lz
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Governing equations for a volume-of-fluid method for  

Newtonian liquids 
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ÅA color function C(x,y,z,t) is advected by the flowfield 

ÅWe reconstruct the interface from the surface where C jumps 

ÅBody force includes the interfacial tension force

ÅPeriodic boundary conditions in the x and y directions, and no 

slip at the walls z=0, z=1



ȹxi

ȹyj

ȹzk

C(i,j,k)=1

C(i,j,k)=0

e.g. C(i,j,k)=1/3 



The interface is reconstructed from C(i,j,k,t) as a 

plane in each 3D cell, or a line in a 2D cell

Ui-½ Ui+½

V1i,j,k V2i,j,k V3i,j,k

We began with SURFER,  which treats high Re flows. 
(open source, S. Zaleski 1997)



2.  VOF codes typically use the projection method 

on the momentum equations, and an explicit 

temporal discretization.          Chorin 1967
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Å We know the solution at the nth timestep.  

Next, solve for an intermediate velocity field u* without p.

ÅCompute a correction p, using 
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ÅSolve for un+1:
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The explicit scheme is stable when 

Dt <<  time scale of viscous diffusion:  mesh2 / viscosity

Implicit scheme would be slow because variables  
are coupled  Ą large full matrix

Semi-implicit scheme with decoupling of u, v,w  
SURFER++   Li, Renardy, Renardy 1998
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The Stokes operator is associated with viscous 

diffusion.     

Å We know the solution at the nth timestep.  

Next, solve for an intermediate velocity field u* without p.

The Stokes operator causes the 

need for small Dt for low Re, so 

treat some of  this expression 

implicitly  *



We developed and implemented a semi-implicit 

time integration scheme Li,Renardy,Renardy 1998
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Let us take the X-component of the intermediate velocity  field:

Finally, we invert tridiagonal matrices. Analogously for v* and w*.
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The Stokes operator terms for u* are treated implicitly.

=explicit terms

We factorize this (Zang,Street,Koseff 1994).
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3. How  VOF-CSF-PLIC discretizes the interfacial 

tension force Fs .

At the continuum level,

.
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At the discrete level, C=volume fraction of fluid 1 per cell. 

Finite differences of the discontinuous function C 

give ns  , more finite diffs & nonlinear combinations 

give  o .
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ÅCSF Brackbill et.al 1992, Kothe,Williams,Puckett 1998,é

ÅCSS Continuous Surface Stress Formulation   
Lafaurie et.al 1994, Zaleski,Li,Gueyffier,é

Introduce a mollified C in Fs over a distance much larger than 

the mesh:
ñññ
W

e-f= 'dx),x'x()'x(C)x(C
~

where j(x,i) is a kernel.

Diffusion of surface tension force? 
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The Continuous Surface Force Formulation (CSF) 

works well in an average sense for flows.



Application: The Cambridge Shear System was used to obtain 

experimental data on drop deformation for oscillatory, step, & steady 

shear

Ê
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VOF-CSF reproduces the initial transient for oscillatory 

shear experiment at 0.3Hz 250% strain 30.175 mm 

diameter drop.

Numerical 

Expt 



Microchannel application: 3D Newtonian Stokes flow  

Ca=0.4, R0/H=0.34

Inertia is destabilizing, so add a small 

amount to break the drop:

Re=2, Ca=0.4

Monodisperse droplets

VOF-CSF simulation (Re=0.1)

YRenardy, Rheol Acta 2007
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The simulation of surface-tension-dominated 

regimes produce small SPURIOUS CURRENTS


