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Multiscale Pr oblems

® We are interested 1n the macroscale behavior of the system,
which is described by the (incomplete) model:
® We do not have an explicit and accurate model for D;
® Areliable microscale model 1s available:
| | U — L (u)
but this 1s too expensive to be used directly.
We focus on problems in which 1 |

! = : the relaxation time for the microscale model;
Um : the time scale for the dynamics of the macroscale variable.



An example: Complex 3uids

® Macroscale model:
l"U+ (Ua )U)+! P =1 a#
vad =0

'd : unknown

® Microscale model: Molecular Dynamics (M

@ = pi/m;
m=fi, i=12---N

Solving the MD model 1s far too mefficient.

D)



Multiscale methods

Goal: develop efficient multiscale strategies that accurately capture
the macroscale behavior with the help of the microscale model,
without using empirical macroscale models.

Plan of the talk:

® Earlier work: Heterogeneous multiscale methods (HMM).

® Recent work: Seamless multiscale method;

application to polymer fluids.



Heter ogeneous multiscale method (HMM)

E, Engquist (2003)

A general (top-down) framework for dealing with multiscale
problems.

® Macroscale solver: Assume a form of macroscale model,
and then choose a stable numerical scheme for the model;

® Estimate the missing data: Some data needed in the macro
solver are missing due to the incomplete knowledge of the
macro model. These data are estimated from the micro model.

Macro solver - micro solver - data estimator



Coupling scheme in HMM
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At each macro time step, the micro solver 1s invoked and solved for

M steps, where ' < M "' I At;

Use the results to estimate the needed data D (spatial-temporal

averaging);

()

Use the macro solver to evolve U;

Scale separation 1s exploited so that the micro model 1s solved 1 small
spatial-temporal domains.



One difpbculty in HMM
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Observe the large gap between the microscale simulations;
the micro solver needs to be reinitialized at each macro time step.

HMM (and other multiscale methods) requires going back and forth
between the macro and micro states of the system.

Method Macro to micro Micro to macro
Systematic up-scaling Interpolation Restriction (projection)
HMM Reconstruction Compression

Equation-free Lifting Restriction




A seamless coupling scheme
E, Ren, Vanden-Eijnden, J. Comput. Phys. 2009

At = At/M | 1
ﬁ%
N S I S S s S N N A N - t macro
N S S [ ) s S S N N A - | micro
w
0T M1

®  The macro and micro dynamics run continuously on different clocks;
the data are exchanged at each time step;

® Reinitialization of the micro solver is not needed;

® The micro dynamics is effectively evolved on the time step! 't;
this gives the saving factor (from the consideration of time scales
alone): Co=1! "t/ o7



The seamless algorithm

Given {U",u"} : U" =U(n! 't), u" = u(n!")
solve the following for the solution at the next time step:

® u"tl=S5 (u";UM) micro solver
e D" =pD@u"?) data estimation
® uU"t =g, uU":D" macro solver

How to choose ! 't ?

® Accuracy and stability requirements;
® Relaxation time of the micro dynamics.

At= At/M  where M > 1,/"]

| 't is smaller than that required for accurately resolving the macro dynamics;
this 1s to give the micro dynamics sufficient time to adapt to the macro state.



Some earlier and r elated work

Some aspects of the idea were used before:

® Car-Parrinello molecular dynamics (1985)

®  Fiber bundle dynamics (E, Lu 2007)

®  Multiscale chaotic systems (Fatkullin, Vanden-Eijnden 2004)
® Free energy calculations (Maragliano, Vanden-Eijnden 2006)

® Macroscale behavior of complex fluids (Ren, 2007)



Example: SDE with multiple time scales

(dx = (X, y)dt

Ldy: | %(y! " (X)) dt + %dw

w(t) : a Wiener process; | 1

The limiting equationas € ! Qis:

XI= F(X) |
F(x) = lim (X y)H(dy)

1, (dy) 1s the invariant measure of the fast variable y with X fixed.



The seamless algorithm for the SDE

(dx = (X, y)dt

Ldy: | %(y! "(x)) dt + %dw

The seamless algorithm: X" = x(nA‘t), y" =y(n!")

| " | "
y"tt =y m (y"! $(x")) + E%L micro solver

DN+ = yn+t data estimation

+1 _— ! ' +
"= g+ f g, D macro solver



Error estimate

Xh : the numerical solution (fluctuating).
¥ : the solution to the limiting equation:

® Accuracy of the seemless algorithm:  A't = At/M

T A T I
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The first term 1s an estimate of the statistical error.

® Accuracy of HMM (with time averaging):
) b o
el t OT
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+ 1t

E’Xhl m‘ " C

Implicit averaging: In the seamless algorithm, the data computed
from the micro dynamics 1s implicitly averaged over time.



Where the first error term come from?

The seamless algorithm can be considered as a standard
discretization of the modified equation with time step! ‘t:

dx = f (X, y)dt
dy =! !l!(y! " (x))dt+\/!zldw
e =¢l ‘t/oT

Denote the exact solution to the modified equation by X!, then
Xp X" IRY Xy X b X
where
Elg! 2 |" O( &)
(E, Liu, Vanden-Eijnden, 2005)



Application to complex (3uids

Assume that the macro model is of the form:

1" U+(UA)U)+! P =1 &k
Vau = 0

® Macro solver: projection method (Chorin);
® Datato be estimated: 74 = 7q(VU)

® Micro model: constrained molecular dynamics.

The assumed functional dependence of !4 1s used as constraints
in molecular dynamics.



Macr o solver: Pr ojection method

Projection method is a fractional step method:

Ut —un , ,
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Staggered grid in space: - e -0 -~ o |-




Computing str ess from MD

MD is constrained by the local rate of strain: A™ =1 U"



Micr oscale model: Molecular dynamics

@ = pi/m
Zﬂ: fi7 1= 1727N

Conservation of momentum in terms of the micro variables:
Irm+ 1 ." =0

m 1s the momentum density:

mx 1= ()" x-g ()
! 1s the momentum flux: |
0= mi (e p)#xT )
| +;! (G © i) 1(5()\ql-+(1—>\)q,-—x)d>\

7E1 0



Imposing velocity gradient in MD

Constant rate-of-strain molecular dynamics:

"o = pi/m;
, =T, 0= 184N
X=AX, A=1U

X : vertices of the MD box.

® The MD box deforms according to the rate of strain;

® Generalized periodic boundary condition 1s imposed on
the deforming box.

® Thermostat is needed to control the temperature.



Constant rate-of-strain MD In 1d

In 1d, this 1s equivalent to the Lees-
Edwards boundary condition for
imposing a simple shear flow:

0 T
:IZ
A=1U 00

Lees-Edwards boundary condition

OXFORD SCIENCE PUBLICATIONS



A 2d example
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The seamless algorithm

Initialization: Start with some initial velocity field U"; discretize
the macro model on the staggered grid; initialize a MD system at
each grid point where the stress is needed; set N = Q.

® Compute the velocity gradient VU" at each grid point;

® Evolve each MD system for one micro time step ! *;
Evolve the MD box by 07 according to! U".

® Compute the stress for the MD results;

® Evolve the macro model by one macro time step! ‘¢ to obtain U"**,

® Setn:=n+ 1 and go to step 1.



Numerical examples

Two examples:

® Channel flow driven by a pressure gradient;

® Driven cavity flow.



Channel flow driven by a pressure gradient

Z
P
X

Macro model: " (u=",#+4+1f(t), 0<z<L



A benchmark problem: Lennard-Jones fluid

Zz=L

ennard-Jones potential:

VLJ (’I“) = 4e — —




Numerical results: Lennard-Jones fluid
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Polymer fluids

Bead-spring model for the polymers;

the spring force 1s modeled by the FENE
potential:

i - 70 oY
krdln 11 = if r<rp

VEene(r) = " 2
) fr#rg



Channel 3ow: Polymer (3u
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A 2d example: driven cavity [3ow

________________________________________

Macro model;: !'(":U+ (Ua YU)+ ! P =1 &a#
vau =20



z/L

Driven cavity flow: Lennard-Jones fluid
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Atomistic-Continuum Navier-Stokes
'd 1s computed from MD. a=pn U+ (U

la = 1q(! V)



z/L

Driven cavity flow: Lennard-Jones fluid
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z/L

Driven cavity 3ow: Polymer [3uid
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z/L

Simple Buid vs. Polymer (3uid
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Summary:

Presented a seamless multiscale method.

The method does not require going back and forth between the
macro and micro models;

No need for the reinitialization of the micro solver;

It has the ability of implicit averaging.

The method was applied to study type B problems (1.e. problems
for which the micro models are used to supply the constitutive

relations), e.g. complex fluids.

The method can also be applied type A problems, for which the
micro models are used to help resolving local singularities, defects,

boundary conditions, etc.
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How to choose the MD box?

® The MD box needs to be reset
when 1t becomes very skewed;

<
\

® This can be avoided (for 2d ﬂow)
by choosing the 1nitial box based \\ /
on the “reproducible lattice”.

(Kraynik and Reinelt 1992)

An example of reproducible lattice
for 2d extensional flow.



