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Mesoscale Elastic Model for Membranes

Helfrich Free Energy
Nelson, Piran, Weinberg, 1987

H, :Intrinsic curvature
k: Bending Modulus

k: Gaussian Curvature Modulus

Elastic free energy including frame  H—1/2[1/R,+1/R,]
tension on a membrane patch K=1/R. x1/R
1 2
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Mesoscale Linearized Elastic Model for Membrane
(small deformation limit)

Helfrich Free Energy

H, :Intrinsic curvature
k: Bending Modulus

k: Gaussian Curvature

Modulus
Nelson, Piran, Weinberg, 1987 H:>1/2[1/R1+1/R2]
K=1/R, x1/R,

Cartesian (Monge) notation: z=h(x,y)
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Linearized Elastic Model For Membrane: Cartesian Gauge

A Helfrich membrane energy accounts for membrane bending and
membrane area extension.

A In Monge notation, for small deformations, the membrane energy is

Spontaneous curvature Bending modulus
Frame tension Splay modulus

A Consider only those deformations for which membrane topology
remains same.

A Force acting normal to the membrane surface (or in z-direction)
drives membrane deformation

amenable to treatment in Cartesian coordinate system White noise
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Hydrodynamics in the Cartesian Gauge G

Noninertial Navier Stokes equation

: Dynamic viscosity of
surrounding fluid

Surface viscosity of
2 bilayer

md  Surrounding fluid
velocity

Membrane velocity

Fluid velocity=membrane velocity at the membrane boundary
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Hydrodynamics of the Linearized Elastic Membrane

A Non-inertial Navier-Stokes equation

n. kinematic
Vviscosity

A Solution of the above PDEs yields the
Oseen tensor, (Generalized Mobility). g4

Doi and Edwards
Hohenberg and Halperin, 1977
Nelson, Piran, Weinberg, 1987

A Fluid velocity is same as membrane
velocity at the membrane boundary A
no slip condition given by:  geifert, 1994
oz = _oE

— =M —+¢&; whereM = A . .
ot 57 S Langevin Equation

Hydrodynamics versus Time-Dependent Ginzburg Landau (TDGL) Equation
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Hydrodynamics versus Time-Dependent Ginzburg
Landau (TDGL) Equation

Oseen tensor
Mobility scalar

Lak

' - { f ] A |: “ } R ‘ HA.} £ (7]\‘2 ] —1 e~ t/Tk
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Ak
KT kkt £ ok?

Lin, Brown, 2005

Explicit scheme, linear stability analysis, eigen value spectrum computed numerically
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Coarse-Grained Representation of Proteins or
Protein Assemblies

Capsids

membrane

0 .receptor

AP2 \ 00

clathrin
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Coarse-Grained Representation of Proteins or
Protein Assemblies
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Curvature-Inducing Protein Epsin Diffusion on the Membrane

- Membrane '
EEEEEEEE
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] I

EEEEEEE i ' + Metric
=§§==- Protein st H-H epsina) A epsin(a+ao)
FEEEEEH- Intracellular where a, is the lattice size, F is the force
lllll‘llllll' . .
L e e acting on epsin
lllll-lllllllllll-lllllll
[ [ [ T T [ [ ][] HEEEEEEEN

A Each epsin molecule induces a
curvature field in the membrane

A Membrane in turn exerts a force on epsin

Epsin performs a random walk on membrane surface with a membrane
mediated force field
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Choice of Multiscale Integration?

A Regime 1: Deborah number De<<1 4 v

or (a?/D)/(z?/D,,) << 1 KMC # TDGL
|#:1/De | #=1/ At

A Regime 2: Deborah number De~1 or (a?/D)/(z%/D,,) ~ 1

SR Il P(R oc exp— E R Kk
probability

§=(P(R)-RAR)/ KRR
Weinstein, Radhakrishnan, 2006
Agrawal, Weinstein, Radhakrishnan, 2008

membrane |
Constant Temperature Protein-

Mediated Membrane Dynamics
MC-MD algorithm of LaBerge and Tully, 2001

.| epsins ,, v
S ;: oy o : 0 | H=M MC q #=N TDGL J
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State Diagram

A p*, Surface Density 1-100 per pm?
A R, Range 10-100nm
A H,, Intrinsic Curvature 0-40 pm-1

A Potential of Mean Force
A Radial Distribution, Orientational Correlation
A Membrane Height Autocorrelation

J. Weinstein, R. Radhakrishnan, Mol. Phys. 2006
N. J. Agrawal, J. Weinstein, R. Radhakrishnan, Mol. Phys. 2008.
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Membrane-Mediated Protein-Protein Membrane Fluctuations, R=50nm
Spatial Correlations 0*=0.016, C=30

« R=100 nm; C,=20; p =0,01| 1
v 100 nMm: 20: 0,016
100 nm; 20; 0.02
« 100 nm; 30, 0.016

Threshold F/kT

C,*: 10-30
pm-

Nucleation occurs following
spatial patterning of epsins

| ocalization
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Nucleation occurs following spatial patterning of epsins

200 t
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Nucleation via Hexatic Orientational
Ordering: NVOO

1 ~ Epsin arrangement
&0 R=100 nm; C =20; p =0.01

1 100 nm; 20; 0.016 T
100 nm: 20: 0.02

02 d d °
& 100 nm; 30; 0.016 _ Yy dt‘ Q”” <lP (O) r)>
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Sustained orientational correlations beyond nearest-
neighbors drives nucleation
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State Diagram

RU: Repressed Undulations; No N: No nucleation
NVOO: Nucleation via orientational ordering
NVA: Nucleation via diffusional association

D A

1 2 3 O 20 40 60
g(r=ro) Co/ pm-
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Membrane-Mediated Potential of Mean Force (PMF)

&?E~ spring constant; ¢=test function

A

>

between Proteins
PMEF is dictated by both energetic and entropic components

Energy: Epsin experience repulsion due to energetic
component when brought close.

Entropy:

Energy

Regions of non-zero H, assume
iIncreased stiffness and hence reduced
membrane fluctuations

The system can lower its free energy SiiEEe
by localizing epsins on the membrane

Need for Free Energy Calculations
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Free Energy Calculations via Thermodynamic Integration

o,=0
. (S0,0) > (51,0)
Q(4) = AgN —g; ) &P -AEQ) dr"
o J l Re
(O_F] " InO = 8_E> o
04 NV.T O 5 (S0:Co) > (51,Co)

Clathrin Driven Membrane Bud formation

By choosing H, = C, l(ry) and A = C,,

Free energy change with spatial extent of the curvature function
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Free energy change with spatial extent of
the curvature function
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Free energy change with spatial extent of
the curvature function

— system |

— system |
— system I
—— system |V

Entropy change is small (<5% of the Energy change) but is of order kgT
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Need for Theory of Fluctuations when Subject to
Curvature Fields

mode 1
L\/\_——-—’-
| -

mode 2
e ————

‘mode 3

mode 4

mode5

mode number

Fourier Modes are not the Eigen Modes of the System
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CLATHRHEOATENESICLE NUCLEATION IN
RECEPTOR TRAFFICKING

coated
vesicle

clathrin

cargo

receptor — :
s il vesicle

) & dynami adaptin CYTOSOL
cargo molecules

COAT ASSEMBLY BUD VESICLE UNCOATING
AND CARGO SELECTION FORMATION FORMATION

Figure 13-8. Molecular Biology of the Cell, 4th Edition.

Clathrin Mediated
Pathway

Clathrin Clathrin Coat  Clathrin Cage e

e ",

[Tw2) YV
= | |

trimer trimer:AP-2=1:1 27 (50nm)
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Coarse-Grained Representation of Proteins or
Protein Assemblies

membrane

0 .receptor

AP2 \
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Surface Evolution

C Exact minimization of Helfrich energy possible for any (axisymmetric) membrane deformation.

C Energy is minimized instead of Free Energy Seifert, 1995
C Membrane parameterized by arc length, s and angle y .

For topologically invariant transformations, EFrame tension
Bending modulus

Ho: Spontaneous curvature

»
»
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Surface evolution provides a route to compute the profiles and energetics
associated with minimum energy conformations of membranes subject to
extreme curvature
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Bioenergetics of Clathrin Induced Membrane Vesiculation

Critical size of a growing clathrin coat leads to membrane invagination

L]
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Bioenergetics of Clathrin Induced Membrane Vesiculation

Nossal, Traffic, 2001.

EPSIN

ENTHUIM =tCLAP m=—NPF

+ +
membrane clathrin
;(r)(:(; of the coat [n?;%(; -14 kBT -9 kBT
2000 4000 6000
E. =E.+E,+E
area of the coat [nmz] Loe e
EI’ = ne*Lé
For 8=20k;T, ~ 500 kgT E, = E,+E,+nQ

University of Pennsylvania Department of Bioengineering




Bioenergetics of Clathrin Induced Membrane Vesiculation

Calculated Experimental

——control
-e-CLAP IgG

H Control
OCLAP IgG

1 1

Agrawal, Nukpezah, Radhakrishnan, submitted Jakobsson, J.; PNAS 2008, 6445.

5000 10000 15000
area of the coat [nmz]

Our results highlight the unique and central role played by epsin in
the process of vesicle nucleation during endocytosis
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ROLE OF THE CLATHRIN COAT

Clathrin Coat

trimer:AP-2=1:1

Membrane

Clathrin Mediated
Pathway

e T
Gk 52 | Cellular-Potts Model

Stochastic Simulation of Clathrin Coat Formation
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Point Defects as a Fraction of

defects

Minimal Model for Clathrin Total Defects
Coat Nucleation o0
% 128 \ = total defect
b ¢ot ;g RN # of point

Point defects serve the role of disclinations in
a hexagonal lattice and enable the coat to
adaptively assume a curvilinear scaffold

200 400 600 800 1000 1200 1400 2000

Autocorrelation and
Persistence Time
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Minimal Model for Clathrin Coat Nucleation

Average number of Pomt Defects vs. Temperature
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Effect of Interaction Energy Variation on Number of Point Defects
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Extreme Non-Axisymmetric Deformations with
Thermal Noise

C Surface represented in terms of local
coordinate systems

C Monge TDGL valid for each local
coordinate system.

C Overall membrane shape evolution 1
combination of local Monge-TDGL.

C Mean curvature- No linearizing
assumptions made.

C Applicable even when membrane has
overhangs

v

N

Local Monge
Gauges

Membrane elastic forces act in
X, y and z directions
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Extreme Non-Axisymmetric Deformations with
Thermal Noise

McMahon, Galop, 2005

300 nm

Figure 1| Local differencesin membrane curvature are hallmarksof cellular
membranes. Many of the fine details of high local membrane curvature can
be seen from the diagram (a) and the sample electron micrographs: b,
fenestrations in the Golgi (from C. Hopkins and J. Burden, Imperial College
London); ¢, tubule on endosomes (from P. Luzio and N. Bright, University
of Utah); and d, HIV-1 viral budding (from W. Sundquist and U. von

Schwedler, University of Utah). All of these can be described as local areas of
positive or negative curvature (areas of high positive membrane curvature
ina cell highlighted in red). Although it is fascinating to wonder how
different membrane mor phologies are adapted to the functions of different
organelles, we concentrate here on how dynamic changes in morphology are
generated. MV B, multi-vesicular body; ER, endoplasmic reticulum.
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Conclusions-n Tr af fi1 cki1 n

A Ginzburg-Landau formalism and thermodynamic integration are
used to quantify role of thermal fluctuations on membrane bud-
formation thermodynamics

A Surface evolution can predict the bioenergetics of membrane
bud formation associated with clathrin coat

A Favorable partitioning of epsin is required to drive the
membrane bud formation

A Our results highlight the unique and central role played by
epsin in the process of vesicle nucleation during
endocytosis

A Minimal model for clathrin coat nucleation based on a cellular-
potts-model provides insight into the evolutionary significance of
the interactions between clathrin and the accessory proteins
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Multiscale Modeling of Membranes

n
Q
48]
Q Generalized elastic model
7
D .
E Monolayer viscous Viscoelastic model
o dissipation
— Bilayer slippage
Molecular
Dynamics (MD)
n
< Fully-atomistic MD Length Scale -
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Hydrodynamics

V-u=0 Incompressibility condition

VZU —VP Non-inertial Navier-Stokes equation

Two boundary conditions required for finding dependence of each
velocity component along each direction. In total, 18 bc required.

No slip boundary condition at the membrane 3 equations

Periodic boundary conditions for u in x and y 6 equations
direction.

Peri odic boundary c on déeguatonss
direction.

FIlui d at rest at f ar a3nequation z =
membrane

T op oo - P 9B g g
ij J i I Ij e . -

Superscript refers to the fluid regions separated by the bilayer.
By symmetry, P(z)=P(-z)



Towards an Integrated Spatial/Stochastic

Model for Orchestrated Trafficking

. Wel in, Radhakrish 2006
Small Membrane Deformation Agranal. Woinstein 2008

oZ M OE Hohenberg and Halperin, 1977 Agrawal, Nukpezah Radhakrishnan, in preparation
o Sz +¢. Nelson, Piran, Weinberg, 1987

2
B y K ;2 2 K 2
E_”dxd{ijtz I—b j Viz +—2V y I—(l) X

z(x,y,t) membrane; y interfacial tension; k
bending rigidity; E elastic free energy; H, is
the intrinsic mean curvature.

Membrane

Panel B. Clathrin Mediated

Epsin diffusion

xSty
. o H, V
AE:%A%F%ILG - [Ho+ °22 VZZJ X ¥ dxdy

Xty rate. a 4D exp{ AEJ
_ 2R2 , = -
Ho = ZCoe ' H e% 1+ (Vz)2 ke T

Large Membrane Deformation

E:j[f H—H02+o-}dA .
A 2 600 i




Membrane Fluctuations, R=10nm
p*=0.004, C,=20 p*=0.03, C,=20

Threshold | F/kT

Co*=20 pm-t
R*=40 nm

| ocalization —

No effective membrane-mediated attraction; no nucleation
below threshold curvature and range
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No effective membrane-mediated attraction; no
nucleation below threshold curvature and range

t
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Membrane-Mediated Protein-Protein
Spatial Correlations

Membrane Fluctuations, R=30nm

» R=60 nm; C _=10; p =0.008

« 60 nm; 20; 0.008
60 nm; 40; 0.008
« 060 nm; 60; 0.008
60 nm; 20: 0.016
60 nm; 40; 0.016

| W 7}“_":.
%

r
F(r)=-kgTIn g(r)+C
FIKT | o3
p*=0.008, C,=10 p*=0.008, C,;=40 p*=0.008, C,=60
Nucleation limited only by diffusional
Localization barrier for association (NVA)
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Nucleation limited only by diffusional barrier for
association (NVA)

40
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Local-TDGL

1. We fit a coordinate system such that point 1 is on the origin and
the normal to the surface (shown in red) at point 1 is the z-axis.

2. For solving dynamics of point 1, we describe neighboring points in
this local coordinate system of point 1.

3. Solve TDGL for point 1 to get new z-coordinate of point 1 along its

l ocal axis. We;,troapgxi geyantdhjsms oz
using rotation matrix.

4. Repeat the process for all points.

O O
O A(i/

d|
XL
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Local-TDGL
(No Hydrodynamics)

A new formalism to minimize Helfrich
energy. #— Monge TDGL

No linearizing assumptions made.

> local TDGL
Applicable even when membrane has
overhangs

exact

At each time step, local coordinate
system is calculated for each grid point.

Monge-TDGL for each grid point w.r.to
its local coordinates.

Exact solution for infinite boundary conditions
Rotate back each gnd point to get TDGL solutions for 1x1 pm? fixed membrane
overall membrane shape.
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Endocytosis: Internalization Machinery in Cells

C Endocytosis is a highly orchestrated process involving a variety of
proteins. Detailed molecular and physical mechanism of the process
still evading.

Application

C Attenuation of endocytosis leads to impaired deactivation of receptors i
linked to cancer

Recent Experimental Observations

¢ Hela Cells: In absence of Clathrin, AP-2 and accessory proteins form
curvature lacking subdomain. Hinrichsen, L. PNAS 2006.

¢ Hela Cells: Knockdown of AP-2 significantly reduced the number of
clathrin coated pits (CCP) at the plasma membrane. Hinrichsen, L. J.
Biol. Chem. 2003.

¢ Neuron: epsin antibodies changed the morphology of CCP. Jakobsson,
PNAS, 2008.

¢ Effect of accessory proteins is receptor (cargo) dependent.
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