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Molecular Parameters

extensive                       bulk
Number of atoms N     Chemical potential μ
Volume V                    Pressure P
Energy E                     Temperature T

e.g. NVE:  ‘microcanonical’ ensemble
ensemble:  defined by what is constrained

A system comprised of two independent copies of 
another system has double N,  V,  E but same P,  T,     μ



Ensemble Equilibrium Distribution

NVE

NVT

NPT

ρ ∝ δ[H − E]

maximize entropy subject to constraints

ρβ,p ∝ e
−β(H+pV )

ρβ ∝ e
−βH



Sampling

Ergodicity:  the dynamics generates space-filling 
curves that map out energy surfaces in the long time 
limit. 

Such dynamics can be used to compute NVE 
statistics according to Birkhoff’s theorem:

A[g] = lim
T→∞

T−1

∫ T

0

g(z(t))dt

A[g] =

∫
Ω

g(z)ρ(z)dz



Problems for Sampling

1 Adjust the ensemble

e.g. compute NVT or NPT (or other) statistics 
from trajectories (with quantified error)

2 Restore Ergodicity

3 Quantify perturbation of dynamics 

...gentle stochastic thermostats...



 Thermostats



Principles for Thermostats

• The canonical measure should be invariant for the 
dynamics

• The dynamics should be ergodic

For a weak thermostat
• Dynamics (autocorrelation functions) should be 
approximated in the thermodynamic limit.

N → ∞, V → ∞, N/V ∼ constant



Thermostats

A thermostat generates trajectories z(t) such that 
(a.s.)

Define:
stationary average

autocorrelation 
function

(T.L.)

Â := lim
t→∞

t
−1

∫
t

0

a(z(s))ds = A

Ĉ(τ) := lim
t→∞

t
−1

∫
t

0

z(s + τ) · Bz(s)ds ∼ C(τ)

flow map

A =

∫
a(z)ρβ(z)dz

C(τ) =

∫
Φτ (z) · Bzρβ(z)dz



Dynamic Thermostats

ż = u(z, ξ)

ξ̇ = v(z, ξ)

invariant measure:

ρ̃ = ρ̃(z, ξ)

∫
R

ϕ(T (z, ξ))ρ̃(z, ξ)dξ1dξ2 . . .dξk = ϕ(z)ρβ(z)



Bulgac-Kusnezov

ż = u(z, ξ)

ξ̇ = v(z)

q̇ = p

ṗ = −U ′(q) − ξp

µξ̇ = p2
− β−1

ρ̃(z, ξ) = ρβ(z)e−
βξ2

2µ

e.g. Nosé Hoover

H =
p2

2
+ U(q)



Ex: Butane
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Figure 1: Momentum distributions from Nosé-Hoover simulations for three stepsizes.

with rij the distance between atoms i and j, γ1,2 are the cosines of the angles ∠q1q2q3 and
∠q2q3q4, respectively, and δ is the cosine of the dihedral formed as the angle between the planes
determined by q1, q2, q3 and q4, q5, q6. The potential terms are

ul.b.(r) =
K0

2
(r − r0)

2, ua.b.(γ) =
K1

2
(γ − γ0)

2, ud.b.(δ) = K2(1− 4δ3 + 3δ) + K3(1− δ).

The parameters used were:

K1 = 317
kcal

molÅ2
, K2 = 118

kcal

mol
, K3 = 1.6

kcal

mol
, K4 = .6

kcal

mol
,

r0 = 1.53, γ0 = −.333.

The interest of course is in more complicated molecules, but a single butane provides an
interesting challenge for thermostatting as the length bonds tend to trap energy. We ran our
simulation at kBT = 0.1, a low temperature case which serves to illustrate the performance of
the different schemes. We also ran the simulation at kBT = 0.4 with similar results to those
reported here.

We implemented a standard explicit Nosé-Hoover scheme [7].2 The parameter µ in Nosé-
Hoover must be selected to give the best performance of the scheme. We found a broad
range of µ gave similar performance and chose µ = 5 within this range. We used stepsizes
corresponding to a range of 2 − 6fs. All simulations were performed on the time interval
[0, 8000] corresponding to 1.33M to 4M timesteps. In Figure 1 we show computed histograms
of the momenta of all variables, superimposed on a graph of the correct (Gaussian) density for
the indicated temperature,

ρmom. =
1√

2πmikBT
e
− p2

i
2mikBT .

(This is the density for any of three components of pi.) Not unexpectedly, given the well known
lack of ergodicity of this scheme [13], the Nosé dynamics simulation fails to capture the correct
canonical sampling properties in this example.

We next used the recently proposed Hoover-Langevin thermostat (7)-(9). Again the pa-
rameter µ must be selected to obtain a suitable coupling of bath to physical variables, and we
used the same value µ = 5 used for the previous experiments. The additional parameter γ in
the Hoover-Langevin method regulates the strength of the noise term which is introduced. We
chose γ = 5. (Smaller values gave relatively poorer performance.)

The performance is much better. The Hoover-Langevin has been rigorously analysed in
[14] for a harmonic model, and it is likely that the strong harmonic bond is the dominant

2To verify correctness we checked the performance of the Nosé-Hoover method against the Nosé-Poincaré
method [4] and obtained nearly identical results in this simple example.

7

h=6fs h=4fs h=2fs

Error due to discretization
+ lack of ergodicity

lack of ergodicity

r
1
2

γ1 δ

Legoll, Luskin and Moeckel 2006, 2009:
Nonergodicity of NH for integrable model and (weak coupling)

Nose dynamics does not restore ergodicity
but it also does not destroy it.



Hamiltonian Extension

Nosé-Poincaré

q̇ = p

ṗ = −U ′(q) − ξp

µξ̇ = p2
− β−1

− ∆HN

ṡ = sξ

q̇ = p

ṗ = −U ′(q) − ξp

µξ̇ = p2
− β−1

pseudo-microcanonical dynamics

→ symplectic methods

ρ̃ = δ

[

s

(

H(q, p/s) +
π2

2µs2
+ β−1 ln s − Ẽ

)]

Nosé-Hoover



Generalized Distributions

ρ(z)Arbitrary ρ = f(H)or (better)

q̇ = p

ṗ = −U ′(q) − φ(η, ξ)ξp

η̇ = φ(η, ξ)ξ

ξ̇ = µ−1[p2
− φ(η, ξ)β−1]

φ(η, ξ) =
1

f ′(f−1(Ẽ −

µξ2

2
− ηβ−1))

semi-implicit 
reversible scheme

(or symplectic 
alternative)

B. Laird, BL and E. Barth, JCP, 2003



Why Symplectic Methods?
E. Hairer et al
energy drift for a time-reversible method• Stability

• Implies phase space volume preservation 
(needed, e.g. in Hybrid Monte Carlo)
• Allows straightforward error analysis for observables 
based on backward error analysis (BL. and Bond ’07)
• Good foundation for designing stochastic dynamics 
methods with small noise



H[2] =
1

12
pT M−1V ′′M−1p −

1

24
∇V T M−1

∇V

backward error analysis for Verlet

H̄r (q, p) = H (q, p) + h2H[2] (q, p) + · · · + hrH[r] (q, p) .



Nosé-Poincaré Distribution

ρ̄ (q, p) = ρc (q, p) ω (q, p) + O
[

h4
]

,

ω ∝ exp











−
h2

24kBT


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∑

j

∑

k

2pjpkVqjqk

mjmk
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∑

j
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j
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2

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









.

• remove stepsize error (as long as reweighting 
works)
• Corrections computable by finite differences
• Extends to NVE (S. Bond)

2nd order BEA for discretized Nosé Poincaré



 Restoring Ergodicity



More complicated thermostats
Hamiltonian thermostat chains

HGN = H(q, p/Πσα) + HG(σ1, σ2, . . . , σm, π1, π2, . . . , πm)

q,p

σ0,π0

σ1,π1

q,p

σ0,π0

σ1,π1

σ2,π2 σ2,π2

various 
coupling 
structures

(BL + Laird, Sweet)



BK Thermostats

Φ = ξG(z), η = ξ2/2

S = −S
T

Φ = Q(ξ + S(ξ))Q∇H, η = ξ2/2

S = −S
T Q = QT

= Q2

Examples

Φ = (ξI + S(ξ))∇H, η = ξ2/2

ρ̃(z, ξ) = e−βHe−βw(ξ)

ż = J∇H(z) + Φ(z, ξ)

ξ̇ = g(z)



Projective Thermostatting

q̇ = p,

ṗ = −∇U(q) − ξRp − ξ⊥R̂p + σẆ

ξ̇ = pT
Rp − θ,

ξ̇⊥ = pT
R̂p − θ(m − 1),

R̂(q) = I −
∇ξ∇ξT

|∇ξ|2

Separate thermostats in “reaction coordinate”,
transverse directions

∇ξ

Also configurational thermostats...

θ = β−1



Generalized BK Thermostat

ż = u(z, ξ)

ξ̇ = v(z, ξ)
ρ̃(z, ξ) = ρβ(z)e−βw(ξ)

u · ∇zH − β−1
∇z · u + ∇ξw · v − β−1

∇ξ · v ≡ 0.

Condition for augmented canonical distribution: 

Many new possible candidates for thermostats...



Building Thermostats

Given two additive perturbations A,B of 
Hamiltonian dynamics preserving an 
augmented canonical distribution

the perturbation A+B also preserves an 
augmented canonical distribution



Extreme Thermostatting

This preserves an augmented canonical measure for 
some choice of a,b:

But is this in any sense molecular dynamics??
And is it ergodic??  

q̇ = p

ṗ = +λp

λ̇ = p2 − θ + eλ2/2

[

a + b erf(λ/
√

2)p · ∇V
]

D. Smith: erf-based thermostat for self-guided MD



Stochastic-Dynamics

• Additivity properties still apply to verify 
augmented canonical measure

• Stochastic terms stabilize dynamical thermostats 
by adding diffusive terms (distribution evolves 
according to Fokker-Planck equation)

ż = u(z, ξ) + noise + dissipation

ξ̇ = v(z, ξ) + noise + dissipation



A “Barrier Thermostat”

q̇ = p

ṗ = −Ū ′(q) + βξ2F (q)

ξ̇ = βξp · F − γξ +
√

2γβ−1Ẇ

〈βξ2〉 = 1

• Inertial part: reversible (non-Hamiltonian) dynamics

• Part of force field is activated by the auxiliary 
variable



A “Barrier Thermostat”

βξ2
= 1

ξ = 0

q̇ = p

ṗ = −Ū ′(q) + βξ2F (q)

ξ̇ = βξp · F − γξ +
√

2γβ−1Ẇ



A “Barrier Thermostat”

x10-4

βξ2
= 1

ξ = 0

Langevin dynamics: 
does well on this also 
if low friction is used.

kT=1/4



 Gentle Stochastic Thermostats



Hoover-Langevin

• Unifies Nosé-Hoover and Langevin thermostats
• Includes kinetic energy regulator
• Scalar stochastic process

a method suggested by Samoletov, Dettmann &Chaplain

BL., Noorizadeh, and Theil, J. Stat. Phys. to appear

q̇ = M−1p

ṗ = −U ′(q) − εξp

dξ = [pT M−1p − Nβ−1]dt − γξdt + σdW



Degenerate Diffusions

Fokker-Planck Equation

∂ρ

∂t
= L

∗ρ

L
∗ Hypoelliptic:

Elliptic only in some components
Mixing

Stationary solutions are smooth
Uniqueness of invariant measure⇒

stochastic analysis literature
Mattingley, Stuart, E...



Hörmander condition

Span{X0(x), . . . , Xr(x), [Xi, Xj ](x), [Xi, [Xj , Xk]](x) . . . } = R
N

The vector fields                             satisfy a Hörmander 
condition if 

X0(x), . . . , Xr(x)

If Hoover-Langevin is decomposed into X0 (no noise) 
and X1 (multiplying noise) and these satisfy the 
Hörmander condition, then    is hypoellipticL

∗

Difficult to verify globally in general setting, due to high 
order Lie brackets.



Linear system w/o resonance

ωk != ωl, k != l

H =
pT M−1p

2
+

qT Bq

2

Theorem:  Hoover-Langevin is ergodic for this problem.

A = M−1B, Aϕk = ωkϕk

Example:  clamped harmonic spring chain.



Linear system w/o resonance

Zk =
1

2
[Yk,X3], Yk+1 = −

1

2
[Zk,X3]

generates a sequence of 
vectors that span R2n

X0 =





p
−Bq − ξp

‖p‖2 − n − ξ
2



 , X1 =





0

0

1







Butane Momentum Distributions
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Comparisons

K.E. in  10K 
steps of simulation

K.E. in  20M
steps of simulation



With Noorizadeh, Oliver Penrose:

θ =

E
0p2

N
− β−1 ν = E

0ξ

near equilibrium:
[

θ̇
ν̇

]

=

[

0 −Nβ−1C−1

V

εN −γ

] [

θ
ν

]

λ =

−γ ±

√

γ2 − 4
εN2

βCV

2

two real negative evals
or complex pair in 
negative half plane

Damped Oscillations if strong coupling is used

Near equilibrium



Comparisons
• For Nosé-Hoover, coupling (inverse to thermal mass)  has to be 
sufficiently large for system to reach equilibrium. 

• No restriction for Hoover-Langevin (however, rate of decay of 
energy depends on coupling strength)

• Compared to Nosé Hoover Chains, Hoover Langevin is more 
reliable-- it is ergodic for all parameter choices and only one 
coupling parameter needs to be selected.

• Compared to Langevin dynamics, Hoover-Langevin has a built in 
kinetic energy regulator and adds a smoother disturbance of 
dynamics, with only one stochastic diffusion



8 Butane molecules
periodic boundary conditions
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A gentler Hybrid Monte Carlo
Metropolis Adjusted Nosé Hoover (MANH)
[L.&Reich M2AN ’09]

• Randomly perturbs thermostat variable   only

• Uses a volume-preserving reversible formulation 
for NH [Klein ’98]

• Metropolis test based on 

ξ

exp(−θ
−1∆ENH)

∆ENH = H +
ξ2

2µ
+ θ ln s



Butane Momentum Distributions
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Figure 1: Momentum distributions from Nosé-Hoover simulations for three stepsizes.

with rij the distance between atoms i and j, γ1,2 are the cosines of the angles ∠q1q2q3 and
∠q2q3q4, respectively, and δ is the cosine of the dihedral formed as the angle between the planes
determined by q1, q2, q3 and q4, q5, q6. The potential terms are

ul.b.(r) =
K0

2
(r − r0)

2, ua.b.(γ) =
K1

2
(γ − γ0)

2, ud.b.(δ) = K2(1− 4δ3 + 3δ) + K3(1− δ).

The parameters used were:

K1 = 317
kcal

molÅ2
, K2 = 118

kcal

mol
, K3 = 1.6

kcal

mol
, K4 = .6

kcal

mol
,

r0 = 1.53, γ0 = −.333.

The interest of course is in more complicated molecules, but a single butane provides an
interesting challenge for thermostatting as the length bonds tend to trap energy. We ran our
simulation at kBT = 0.1, a low temperature case which serves to illustrate the performance of
the different schemes. We also ran the simulation at kBT = 0.4 with similar results to those
reported here.

We implemented a standard explicit Nosé-Hoover scheme [7].2 The parameter µ in Nosé-
Hoover must be selected to give the best performance of the scheme. We found a broad
range of µ gave similar performance and chose µ = 5 within this range. We used stepsizes
corresponding to a range of 2 − 6fs. All simulations were performed on the time interval
[0, 8000] corresponding to 1.33M to 4M timesteps. In Figure 1 we show computed histograms
of the momenta of all variables, superimposed on a graph of the correct (Gaussian) density for
the indicated temperature,

ρmom. =
1√

2πmikBT
e
− p2

i
2mikBT .

(This is the density for any of three components of pi.) Not unexpectedly, given the well known
lack of ergodicity of this scheme [13], the Nosé dynamics simulation fails to capture the correct
canonical sampling properties in this example.

We next used the recently proposed Hoover-Langevin thermostat (7)-(9). Again the pa-
rameter µ must be selected to obtain a suitable coupling of bath to physical variables, and we
used the same value µ = 5 used for the previous experiments. The additional parameter γ in
the Hoover-Langevin method regulates the strength of the noise term which is introduced. We
chose γ = 5. (Smaller values gave relatively poorer performance.)

The performance is much better. The Hoover-Langevin has been rigorously analysed in
[14] for a harmonic model, and it is likely that the strong harmonic bond is the dominant

2To verify correctness we checked the performance of the Nosé-Hoover method against the Nosé-Poincaré
method [4] and obtained nearly identical results in this simple example.
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Butane Angle Distribution
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Summary
Possible to construct a wide variety of different 
thermostats within an extension of the Bulgac-
Kusnezov framework

One example: “barrier thermostat”

Hoover-Langevin method provides canonical sampling 
with small perturbations and secondary noise

Gentler HMC methods are also possible based on 
Nosé-Hoover dynamics


