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Motivations

� many problems in condensed matter are inherently multiscale

� interplay between di�erent length scales plays the crucial role in the physics of
the system

� an exhaustive description of the system requires the simultaneous treatment of
all the relevant scales implied

� the aim is to treat in a simulation only as many degrees of freedom as
absolutely necessary for the problem considered

� some regions require a treatment on a higher level of detail than the remainder
of the system



Examples



MD simulation

All-Atom MD simulation:

� allows to study processes at the atomic level of detail

� is often incapable to bridge a gap between a wide range of length and

time scales involved in the complex molecular systems

Coarse-Grained MD simulation:

� reduces the number of degrees of freedom by retaining only those

degrees of freedom that are relevant for the particular property of

interest =) longer length and time scales can be reached

� speci�c chemical details are usually lost in the coarse-graining procedure

Solution:

� Hybrid Adaptive MD Schemes



Method and model: General Idea

Adaptive Resolution MD Scheme

� allows an on-the-
y interchange between given molecule's atomic and
coarse-grained levels of description, i.e., changing the molecular degrees of
freedom

Hybrid Model

with: � ex = � �
cg ; pex = pcg ; Tex = Tcg

M.Praprotnik, L.Delle Site and K.Kremer; Annu.Rev.Phys.Chem. 59, 545-571
(2008)



Scale Coupling

The Adaptive resolution scheme scheme is a two-stage procedure:
(a) Derive the e�ective pair potential Ucm between coarse-grained molecules on
the basis of the reference all-atom system.
(b) F �� = w(X � )w(X � )F atom

�� + [1 � w(X � )w(X � )]F cm
��
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M. Praprotnik L. Delle Site and K. Kremer; J. Chem. Phys.; 123; 224106 (2005)

M. Praprotnik L. Delle Site and K. Kremer;Phys.Rev.E;73, 066701 (2006)



Change of Resolution

How the formula works:

� Molecule from Atom ! cg: the contributions of some DOFs become less and
less important until they vanish

� w(x) smoothly " freezes" the dynamical evolution of such DOFs and their
contribution to the interaction with the other molecules

� vice versa,w(x) smoothly \ reactivates" their dynamics and their contributions
to the intermolecular interactions

A further important point: by construction the third Newton's Law is preserved
(crucial in MD) .



Control of the thermodynamical
equilibrium (I)

� The use of the formula abovealone however cannot assure thermodynamic
equilibrium

� The force is not conservative and thus apotential energy cannot be written
explicitly

� BUT the analysis of the meaning (in statistical mechanics terms) of the
process ofvarying resolution provides the tools to preserve equilibrium



Control of the thermodynamical
equilibrium (II)

� The free energy is an extensive quantity and thus proportional to the number
of DOF

� If the di�erent resolutions are interpreted as di�erent spe cies of particles !
preferencial tendency for the molecules of one species to migrate into the
other region

� i.e. the two resolutions are characterized by di�erent chemical potentials,
� atom and � cg

� HOWEVER this process does not stem from the physics of the system, but
only from the di�erent representations.



Geometrical induced phase
transition and corresponding

latent heat

� The change of resolution have asimilarity with a geometrical induced phase
transition , i.e. there exists a latent heat � , associated with acquiring or
releasing DOFs.

� This means:� atom = � cg + � , with � being the chemical potential

� We do not know the explicit form of � .

� However in a simulation this can be donenumerically by coupling the system
to a position dependent thermostat

� Natural question: How to de�ne the temperature in �



Temperature in the region �

� According to the Equipartition Theorem TA = 2hK A i
n A

; TB = 2hK B i
n B

; but in

� , is T� = 2hK � i
n �

? And what is hK � i ?

� Let us calculate it via a simple 2-dimensional example for one generic molecule
of the system

A BD

q q

R RR

� K A = 1
2 [ _R 2 + p2

� ] = 1
2 [ _Rx

2
+ _Ry

2
+ _� 2 ]; K B = 1

2
_R 2 = 1

2 [ _Rx
2

+ _Ry
2
]

� Rx , Ry , and � , contributes to the kinetic energy with an amount of T=2.
Hence, TA = 2<K A >

3 , TB = 2<K B >
2



Adaptive resolution via a continuous
change of the phase space dimensionality

� The switching procedure implies that a DOF, in determining statistical
quantities, fully counts in the atomistic region (

R
:::d� ), while it does not

count at all in the coarse-grained region (no integration over� )

� In � (0 < w (x) < 1) ! by switching on/o� a DOF we continuously change
the dimensionality of the phase space (i.e. of the space of integration)

� This process can be described the formalism of the fractional calculus:
for a �xed value of w, and generic DOF q, the in�nitesimal volume element is
de�ned as:
dVw = dw q �( w=2)=2� w= 2 �( w) = jqjw � 1dx=�( w) = dqw =w�( w).



Temperature in the region � : The
extension of the Equipartition Theorem to

non integer DOF

� For the fractional quadratic DOF � we can then write the partition function
as:
exp(� �F w ) = C

R
exp(� �p 2

� =2) dVw =

2C
R1

0 exp(� �p 2
� =2) jp� jw � 1 dp �

�( w ) = 2w= 2 C �( w= 2)
�( w ) � � w= 2 � � � w= 2

� The consequence is thefractional analog of the Equipartition Theorem :
hK w i = d( �F w )

d� = w
2� = wT

2
where hK w i is the average kinetic energy per fractional quadratic DOF with
the weight w

� In equilibrium TA = TB = T� = T and thus: n � = 2 + w (proof of
consistency)



Theoretical Basis: Conclusions

� (1) Changing Resolution formally equivalent to a Phase Transition ! Latent
Heat ! position dependent Thermostat

� (2) The temperature in the switching region, T� , can be obtained by
extending the equipartition theorem to non integer dimensi ons

M.Praprotnik, K.Kremer and L.Delle Site, Phys.Rev.E, 75, 017701 (2007);
M.Praprotnik, K.Kremer and L.Delle Site, J.Phys.A:Math.T h.40, F281 (2007).

� Still to address : Why forces and not potentials



Coupling the atomistic and
mesoscopic scales via a
POTENTIAL approach

The natural question: Why the forces and not the Potentials:

� The coupling scheme using potentials instead of forces :
U�� = w(x � )w(x � )Uatom

�� + [1 � w(x � )w(x � )]Ucg
��

� This implies the introduction of unphysical quantities
F drif t = Uatom

@w
@x + Ucg

@w
@x

not removable on the basis of mathematical derivations

� or, if accepted as physical and thus not removed, to the violation of
fundamental physical laws

L.Delle Site, Phys.Rev.E, 76, 047701 (2007)

M.Praprotnik, K.Kremer and L.Delle Site, J.Phys.A:Math.T h.40, F281 (2007).



The Mathematical Problem I

� A generalization to the potentials using two generic weighting functions f (x)
and g(x) writes:Ucoupling = f (X � ; X � )Ucg + g(X � ; X � )Uatom

� F drif t = 0 !

Ucg
@f(X � ; X � )

@X�
+ Uatom

@g(X � ; X � )

@X�
= 0

Ucg
@f(X � ; X � )

@X�
+ Uatom

@g(X � ; X � )

@X�
= 0 : (1)

equations of �rst order, each 2 boundary conditions (system overdetermined)

� If generalized: Ucoupling = f (X � ; X � )Ucg + g(X � ; X � )Uatom + � : !
overdetermination shifted from f and g to � .



The Mathematical Problem II

Above all:

�
R

[Ucg
@f( x )

x + Uatom
@g( x )

x Uatom ]dx + � 0 = �( x)

B. Ensing, S. O. Nielsen, P. B. Moore, M. L. Klein, and M. Parri nello, J.
Chem. Theory Comput. 3, 1100 (2007).

� cannot be a solution, since onemust have either
�( x0 ) = � 0 = 0 (atomistic region) or
�( x1 ) = � 0 = Uatom � Ucg (coarse-grained region)
but not both! as required by their algorithm.

� Overdetermination of � ! Conserved Energy does not correspond to
dynamical equations



Does the method
work?

By comparing the results of AdResS with those of full atomistic
simulations, we have shown:

� Global and local structures are reproduced

� There is no net 
ux across the transition region

� The di�usion occurs in a correct way

� Method successfully reproduces statistical properties ofthe model liquid.

see in particular:

medium dense liquid: M.Praprotnik, L.Delle Site and K.Kremer,

J.Chem.Phys.123,224106 (2005).

dense liquid: M.Praprotnik, L.Delle Site and K.Kremer, Phys.Rev.E, 73, 066701

(2006).



Results for a medium dense liquid
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Global and local structure are properly reproduced



Number of DOFs
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Di�usion across the transition
regime
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Further application: Solvating a
Polymer

A generic Polymer solvated by a Tetrahedron Liquid



Solvating a Polymer: Results
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M.Praprotnik, L.Delle Site and K.Kremer, J.Chem.Phys.126 134902 (2007).



Further application: Liquid Water

M. Praprotnik, S. Matysiak, L. Delle Site, K. Kremer, C. Clem enti; J. Phys.:

Condens. Matter; 19, 292201 (2007).



Liquid Water: Results

S.Matysiak, C.Clementi, M.Praprotnik, K.Kremer and L.Del le Site;

J.Chem.Phys.128, 024503 (2008).



Triple Scale

R.Delgado-Buscalioni, K.Kremer and M.Praprotnik; J. Chem. Phys.; 128,
114110 (2008)



Numerical procedure to determine the
latent heat (I)

� The latent heat is :� (x) = � w 1 � � w i (free energy per particle)

� How to calculate a generic � w i with i = 1 ; 2; 3; 4; 5; 6; 7?

atomistic
region

coarse-grained
region

 

w1 w2 w3 w4 w5 w6 w7

Dtransition region:

� One can use an MD technique, that is the insertion particle method (IPM) to
calculate � ; How to proceed in this case?



Latent heat (II)

� Let us take a genericwi , then one has to applied the IPM usingas an
interaction between the particles in the whole box the formula:
F �;� = w1wi F atom + (1 � w1wi )F cg

� This leads to: � 1i : the chemical potential the system would have if all the
molecules were interacting with some = w1wi "resolution"(representation)

� Then this procedure is repeated again but now using:
F �;� = w2wi F atom + (1 � w2wi )F cg

this leads to: � 2i , ! again with w3wi , up to the generic wn wi ! � ni .

� Then: � w i =
P 7

n =1

h
N w i + N w n

N tot
� ni

i

Nw i is the average number of molecules in the regionwi in the "adaptive"
simulation box and equivalently Nw n , while N tot is the total number of
molecules in the system.



latent heat (III)

atomistic
region

coarse-grained
region
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This means that in principle the method is internally consistent



Mixtures (Poster by S.Poblete)

� (a) fundamental questions about the coarse-graining procedure:
Structure reproduced, but how much of the thermodynamics?

� (b) Two species, two resolutions each: ! 4 di�erent chemical potentials

� how to preserve equilibrium?

� Thermodynamic force proportional to the concentration of t he minor
component



Preliminary Results
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Backup Slide: Molecular
Interactions in the Test System

Shifted 12-6 Lennard-Jones potential:

Uatom
LJ (r i�j� ) =

8
<

:

4"
�� �

r i�j�

� 12 �
� �

r i�j�

� 6 + 1
4

�
; r i�j� � 21=6 �

0; r i�j� > 21=6 �

FENE potential:

Uatom
F ENE (r i�j� ) =

8
<

:
� 1

2 kR 2
0 ln

�
1 �

� r i�j�
R 0

� 2 �
; r i�j� � R0

1 ; r i�j� > R 0



Backup Slide: E�ective pair
potential

� In the limit of � ! 0:

Uef f = F (r ) = � K B T ln g(r ) (2)

� For � > 0 we use the above relation as the initial approximation of an
iteration scheme :

Uef f
i +1 (r ) = Uef f

i (r ) + kB T ln
gi (r )

gtarget (r )
(3)

Pressure correction:

� Vlin = A(1 �
r

r cut
): (4)

D. Reith, M. P •utz, F. M •uller-Plathe, J. Comput. Chem., 24, 1624 (2003).



Example: A Polycarbonate
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Inter-chain interactions=
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Intra-chain interaction:
Relevant degrees of freedom:



Backup Slide:Tabulated e�ective
pair potential

Ucm
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Backup Slide: Inverse Boltzmann
method

� Atomistic simulation of a single chain ! P (r; �; �; T )

� Separation of variables

P (r; �; �; T ) = P (r; T )P (�; T )P (�; T ) (5)

� inversion

Ucg (r; T ) = � kB T � ln [P (r; T )=r 2 ] + const (6)

Ucg (�; T ) = � kB T � ln [P (�; T )=sin� ] + const (7)

Ucg (�; T ) = � kB T � ln [P (�; T )] + const (8)

� Separating variables could dramatically change conformational barriers

� An advantage for slowly equilibrating systems (e.g. polymer melts)

� To be taken under control for solvated molecules (e.g. biomolecules in water)



Example: A Polycarbonate
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Backup Slide:Theoretical basis of the
transition region

X

F(x) BA D

-d +d

� What happens in � , i.e. the in�nitesimal region at the interface between A
and B ?

� The number of DOF is n = n(x) with ; nA = constA ; nB = constB ; and
n � = n(x)

� The system is in equilibrium which implies:
lim x ! d �

@FA ( x )
@x = lim x ! d+

@FB ( x )
@x = 0

� If the condition above did not hold, a molecule would 'see' a free energy
density gradient along x within the same level of resolution leading to a drift
along the x axis



Backup Slide:Theoretical basis of the
weighting function

� lim x ! d �
@FA ( x )

@x = lim x ! d+
@FB ( x )

@x = 0 can be shown to be equivalent to

lim x ! d �
@nA ( x )

@x = lim x ! d+
@nB ( x )

@x = 0

� w(x) is such that w(x) = 1; 8x 2 A and w(x) = 0; 8x 2 B , with

lim x ! d+
@w( x )

@x = lim x ! d �
@w( x )

@x = 0 .

� In accordance with the equation above, we require that the weighting function
w(x) is continuous up to the �rst derivative and that goes monoton ically from
the value one to zero in the region� .


